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Abstract. We give a formula that relates internal and external angles of poly-
hedra with some geometric applications, and apply it for a new proof of the
celebrated Cauchy’s rigidity theorem.

1 Introduction and notations

Dealing with polyhedra of genus 0 in the usual three dimensional space, we focus on the
relationship between the angles of the faces (the “internal angles”), and the angles between
the faces (the “external angles”). Our formula is based on the description of each star of
the polyhedron (cf. below) by mean of the quaternionic algebra [4], and the Gram-Schmidt
orthonormalisation process. We will restrict our study to triangulated polyhedra, because
each face of a given polyhedron can be triangulated. In this case, some external angles
between consecutive faces may be flat. Cauchy’s rigidity theorem asserts that, if a convex
polyhedron with prescribed faces exists, then it is unique. This means that its external (i.e.
dihedral) angles are determined by its internal (i.e. faces) angles. A. Alexandrov extended the
uniqueness claim in 1948 as follow: if you glue together a collection of flat, rigid, polygonal
faces so that every vertex has a non-negative curvature, then the result is a unique convex
polyhedron. Our proof is based on the notion of “degree of freedom” derived from our formula.

The article is organized as follows. In the remainder of this section we fix the notation.
In Section 2 we introduce the tools required for the formula, which is presented in Section 3
with some applications, and Section 4 is dedicated to the Cauchy’s rigidity theorem.

Let P be a triangulated polyhedron. For a choosen vertex p, there exists at least three
adjacent vertices vy, vy, vz such that the two positively oriented triangles (p,vq,v2) and
(p,v9,v3) are some faces of P. Let:

e 0y € (—2m,0) be the dihedral oriented angle (“external angle”) from (p,vi,vq) to

(p,va,v3), [P, ve] being oriented from vy to p.
e aj € (0,7) be the non-oriented angle at p (“internal angle”) of the face (p, vy, vq).
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Figure 1: Notations

Moreover, we denote S(p) the local polyhedron of vertex p (the “star” of p), that is the
union of the faces containing p, and d the degree of the vertex p, see [1, 3] for an elementary
presentation. This star, seen as a polyhedron with boundary, is not rigid except when d = 3,
i.e when S(p) is a tetrahedron with boundary. We use also the notation S*(p) to design the
minimal half-cone of vertex p containing S(p), and V(P) for the set of vertices of P.

2 Local euclidean conditions

The euclidean parameters presented in Section 1 above are required to define a local poly-
hedron S(p), i.e to describe the local geometry near each vertex p. Indeed, as shown in [4]
the internal and external angles «; and §;, i = 1,...,d at a vertex p of degree d are related
through equations ensuring local constructibility of the polyhedron. We obtain these equa-
tions using the quaternionic algebra as follows, by identifying the vector pg; = pu;/||pv;| with
the unitary corresponding quaternion.

The set of all quaternions H = {q = (A, a, b, ¢)|\, a, b, c € R} is a four-dimensional real algebra,
generated by 1 = (1,0,0,0), ¢ = (0,1,0,0), j = (0,0,1,0) and k£ = (0,0,0,1), with the usual
addition and multiplication rules: 2 = j2 = k* = —1,4j = k, jk =i, ki = j. If A =0,
we say that ¢ is a pure quaternion. In this case, ¢ = ai + bj + ck represents the vector
(a,b, c) of the usual space R?, and the multiplication rule for two pure quaternions becomes:
qq' = —q-¢ +qNq where q-¢ is the usual dot product and ¢ A ¢’ is the cross product. Finally,
the norm of ¢ is defined by |q| = v/q¢* = VA2 + a® + b% + 2 where ¢* = X — ai — bj — ck. If
w is a unitary pure quaternion and @ = cos(6/2) + sin(#/2)u, then the map:

g€ R — QeQ* e R?

—

is the rotation of axis Ru and angle 6. Now, denote f; the faces containing p, d; = f;_1, f; the
external angles and a; = q;, p, ¢i+1 the internal angles, for i = 1,...,d (in fact each index 7 is
replaced by its representative modulo d in {1,...,d}). The unit sphere of centre p intersects
S*(p) in a union of great circles g, ¢i11, and for ¢; = (0,1,0,0), g2 = (0, cos(a;), sin(a;), 0)
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Figure 2: Local polyhedron S(p)

in the canonical basis of H we have (see [4]),

sin(o—1 — @;)q; + sin(o;)Qiqi—1 Q)
sin(a;_1)

Git1 = with Q; = cos((;i) + sin(@)qi, (R)

2

fori=1,...,d — 1. This formula gives ¢;.1 from ¢;_1, ¢;, o;_1, a; and ¢;. Thus, for a vertex
of degree d we have d — 1 parameters for the internal angles aq,...,aq_1, d — 2 parameters
for the external angles d1,...,04_2, and d parameters for the edge lengths, that is a total
3d — 3 parameters. Let us rewrite Eq. (R) in terms of matrices. We first make use of the
Gram-Schmidt orthonormalisation process.

Lemma 1. Fori € Z/dZ let

e cos(@i-1)g;
Z' sin(a;_1)

and f; = q;.

Then (e;, fi,e; N\ f;) is a direct orthonormal basis.
The proof is a straightforward application of the definitions.

Lemma 2. Fori € Z/dZ and Q; as defined in Eq. (R), we have

QieiQ; = —cos(ay)eip1 + sin() fiy1,
Qi [;Q; = sin()eip1 + cos(a) fiya,
Qi(ei N fi) QF = —€iy1 A fir1.
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Proof. By direct calculation

QsesQ = Qz<qz 1 — cos(ay 1)Qz>Qi
(G

sin(o;_1)

o= )Q - COS(@Z 1)QZqZQ

sin(a;_1) sin(a;_1)
qi+1 o COS(al) )

~ sin ;) sin(a;)

where the last result follows from Eq. (R) and Q;¢;QF = ¢;. On the other hand we can express
¢; and ¢; 41 in the basis (€;41, fi+1) by Lemma 1,
{Qi = sin(oy)e;r1 + cos(ey) fita,
Giv1 = fiy1-

For the last formula, recall that the map ¢ — Q;qQ; is a rotation and therefore

Qile: N fi)QF = (QieiQ7) N (Qi f3Q7). u

We are now ready to present Eq. (R) in matrix form.

Proposition 1. Fori € Z/dZ, let

—cos(a;) sin(ay) 0 cos(d;) 0 —sin(0;)
S; = sin(a;) cos(ey;) 0 |, R;:= 0 1 0 :
0 0 -1 sin(d;) 0  cos(0;)
and T; = S; - R;. Then we have,
€i+1 €;
Jiv1 =T fi
eiv1 A fiy1 ei N fi
Proof. We can rewrite the equations of Lemma 2 as
€; €it+1
Qi Ji Q; =5 Jit1
ei N fi eir1 N fir1
Since S; is a rotation of angle 7, this leads to
€it1 €i
fi-i—l == SZ . Qz fl Q:(
eir1 N fir ei N\ fi
On the other hand, we have
€; Qi Q}
Q| fi Q= Qi fiQ;
ei N fi Qiles A fi)Qj
cos(d;)e; — sin(d;)e; A f;
= fl
sin(d;)e; + cos(6;)e; A f;
€;
= R; Ji
ei N fi

and the proposition follows. n
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3 Theorem and applications

We may establish a connection between the internal angles «; and external angles d;. The
fundamental geometric result is that the composition of all T; yields the identity.

Theorem 1. Let T; be defined as in Proposition 1. Then
Td' . 'Tl == IdRB.

Proof. Ty--- Ty is the matrix of a linear map sending the basis (eq, f1,e1 A fi) onto itself, so
it is the identity matrix of R3. O

The above formula can be rewritten as:
Ry-Tyy-Tag=>Sa(Tas---T1)",
and if we denote by (a;;)7;_, the coefficients of the left-hand side, we obtain:
ags = cos(ayg_9) cos(ag_1) + sin(ag_o) sin(ag_1) cos(dq_1)- (1)

This equation shows that cos(d4_1) can be computed in terms of the other external angles
01, ..., 0q_3. As the cosine is sufficient in the convex case, it determine only one solution.
Then, the other coefficients of the matrix provides us the values of cos(dy4_2) and cos(dy),
which gives again d;_» and 4 for a convex star. Thus we have d — 3 degrees of freedom for

the external angles if the internal ones are fixed. In the particular case of the tetrahedron
(d = 3), we find that:

cos(ay) cos(ag) + sin(ay ) sin(ag) cos(ds) = cos(as)
and

sin(d;)  sin(dy)

sin(ag)  sin(ag)

Thus we can express the cosines of the external angles in terms of the internal adjacent
angles, and the sines of the external angles are proportional to the sines of the opposite
internal angles.

Finally, let us look at the angles of a regular star with n faces, for which external angles
are equal, as well as internal ones. Note respectively § and « these common values. The
equation of Theorem 1 becomes:

Tn - IdRB (2)
where:
—cos(a) cos(d) sin(a)  cos(a)sin(d)
T = sin(a)cos(d) cos(a) —sin(a)sin(d)
—sin(0) 0 —cos(6)

It is the matrix of a rotation of angle § = +arccos((tr(T) — 1)/2) where tr(T) = cos(a) —
cos(8) — cos(a) cos(d) = 2sin?(§/2) cos?(a/2) — 1 is the trace of T. Then, equation (2) leads,
after easy calculations, to the well-known formula:

sin(d/2) cos(a/2) = cos(m/n).
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4 Cauchy’s rigidity theorem

The original Cauchy’s rigidity theorem asserts that if two 3-dimensional convex polyhedra P
and P’ are combinatorially equivalent with corresponding facets being congruent, then the
angles between corresponding pairs of adjacent facets are equal (and thus P is congruent
to P'). In addition, Alexandrov’s theorem states that each convex metric defines a convex
polyhedron uniquely. A constructive (algorithmic) proof of the theorem was given by A.L
Bobenko and I. Izmestiev in [2]. We give here a new proof of the rigidity theorem using
Theorem 1 by specifying the notion of “degree of freedom” mentioned above.

We first enlarge the family of polyhedra we’ll be working in. We will say that a polyhedron
Q@ is a “convex polyhedron with boundary” if there exists:

e A convex polyhedron P and faces F7i, ..., F}; of P such that:

Q=r\ U F.

i=1,....l

o A homeomorphism from @ to a hard polygon (connected without hole) Q" of R?. More-

over, we assume that bQ)" has the same number (at least 4) of vertices as bQ).

So, a convex polyhedron with boundary (bounded or not) can be viewed as a “defoliation”
of a convex polyhedron, the result being topologically equivalent to a hard polygon in the
plane. Remark that the induced triangulation of @)’ is in general composed of curvilinear
triangles. Nevertheless, we drew real triangles for a sake of simplicity (see Figure 3).

Let P be a convex polyhedron, with or without boundary. We try to move its external
angles without changing the internal ones and the convexity. If it is impossible, we will say
that the degree of freedom of P is 0, and write Df(P) = 0. Otherwise, let £ be the number
of edges of P (for instance, if Card(V(P)) =n+ 1 > 4, then F = 3(n — 1) when P has no
boundary: see [5]). We can number the (non oriented) edges of P from 1 to £ and consider
the list L = (cos(d;))=F of the cosines of external angles.

Definition 1. Let P be a convex polyhedron (with or without boundary).
1. A sublist [ C L will be called a “generating list” if it allows us to know all the external

angles of P
2. Df(P) = min{Card({)min! C L generating list} will be called the degree of freedom
of P.

Thus P is rigid if and only if Df(P) = 0, and that’s we want to prove for compact convex
polyhedra. Following the discussion of Section 3, we can give a first calculation of this number.

Proposition 2. Let P = S(p) be a convex star of degree d.
1. DE(P) = d — 3.
2. Let Q@ = P\ F where F is any face of P. Then Df(Q) = d — 2.

Proof. For the first point, as mentioned in the discussion following Equation (1), d —3 cosines
are necessary and suffisant to identify the last three cosines, and thus all external angles if
the star is convex. For the second point, we have just to precise d — 2 external angles, and
this is done by the corresponding cosines in the convex case. O

Thus Df(P) = Df(Q) — 1 in the second point of Proposition 2. A similar result will also
appear in the proof of the following theorem.

Denoting the set of the vertices of bQ) by V(bQ), we can generalize Proposition 2 as
follows.
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Figure 3: Convex polyhedron with boundary Q.

Theorem 2. Let () be a convex polyhedron with boundary, then
Df(Q) = Card(V (bQ)) — 3.

Proof. By induction on the number N of faces of Q).
N = 2: ) comes, for instance, from a tetrahedron P from which we have removed some face.
bQ has 4 vertices and Df(Q)) = 4 — 3 = 1 because there is only one cosine to know.
N = N + 1: Let @ be a convex polyhedron with boundary and N + 1 faces (N > 2)
Observe first that, in any triangulation of a hard polygon P, there exists a face with three
consecutive vertices on the boundary (first case below) or a face with two consecutive vertices
on the boundary and the third in the interior of P (second case below). This is because, in
order to add a face to a triangulation, either we must add a point to the set of vertices or
just connect two points of the boundary.
First Case: ()’ has a face formed with three consecutive vertices of b(Q)'.
We remove the corresponding face on (). This leads to a convex polyhedron with bound-
ary @ of N faces. So his degree of freedom is Df(Q) = d — 3 where d = Card(V (bQ)).

But Df(Q) = Df(Q) + 1 because we just have to specify the cosine of one more external
angle (around (g, q)) in the Figure 4) in the convex case. We then obtain:

Df(Q) = Card(V (bQ)) — 3.

Second Case: Q' has a face formed with two consecutive vertices of bQ)’" and some internal
point of @'. We choose some boundary face ((q},p},q)) in Figure 4) and delete the
corresponding one (¢, p1, p;) on @, leading again to a convex polyhedron with boundary
Q of N faces. Recall that Df(Q) is the minimal number of cos(d;) that determines all
external angles of @ In order to close the star S(p;) with the right internal angle qip1q,
we must fix some of these cos(d;), so we loose one degree of freedom for Q). Thus we
have

Df(Q) = Df(Q) — 1 = Card(V(bQ)) — 4 = Card(V(bQ)) — 3. O



46 P. Honvault: Local Geometry of Polyhedra and Cauchy’s Rigidity Theorem

/

q

First case Second case

Figure 4: Iteration step.

We are now able to prove the main theorem (Cauchy’s rigidity theorem).
Theorem 3. Let P be a compact convex polyhedron. Then Df(P) = 0.

Proof. We begin with a triangulated compact convex polyhedron P. By removing a face T,
we have a convex polyhedron with boundary ) = P\ T such that Df(Q) = 0 by Theorem 2.
But P has the same degree of freedom, so the theorem is proved in this case. For the general
case, it is enough to triangulate each face and to apply the foregoing reasoning. O]
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