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Abstract. In the present paper, the concept of “a quadrilateral coordinated with
a circle that forms Pascal points” (“coordinated quadrilateral” for short) is defined
as a quadrilateral for which there exists a circle that forms Pascal points on the
sides of the quadrilateral, and for which it holds that the following four points are
collinear: the point of intersection of the extensions of the two opposite sides of
the quadrilateral, the center of the circle, and the two Pascal points formed by it.

We investigate and prove the properties of this quadrilateral. These properties
may be divided into two sets: (i) properties of the straight lines, line segments,
and angles associated with the coordinated quadrilateral and (ii) properties of
the circles associated with the coordinated quadrilateral. In addition, we show a
method for constructing the coordinated quadrilateral.
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1 Introduction

In order to define the quadrilateral coordinated with a circle that forms Pascal points, we shall
recall the definition of Pascal points and the circle that forms Pascal points. These concepts
are the basis for the theory of the convex quadrilateral and a circle that forms Pascal points
on its sides (see [2-7]).

A circle that forms Pascal points (see [2])

For a convex quadrilateral ABC' D, in which E is the point of intersection of the diagonals
and F is the point of intersection of the extensions of sides BC' and AD, a circle that forms
Pascal points is any circle that passes through points £ and F' and also through interior
points of sides BC' and AD (see Figure 1).
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C D
Figure 1: P and @ are Pascal Figure 2: Line PQ passes Figure 3: Points P, @, O
points formed by circle w. through the center O of circle and F' are collinear, there-
w which forms P and Q. fore ABCD is a coordinated
quadrilateral.

Pascal points on the sides of a quadrilateral (see [2])

Let w be a circle that forms Pascal points, and M =w N BC, N =wnN AD. Also, let
K and L be the points of intersection of w with the extensions of diagonals BD and AC),
respectively (see Figure 1). We further denote P = KN N LM and Q = KM N LN.

There holds: P € [AB], Q € [CD].

Points P and @ are called Pascal points formed by circle w on sides AB and CD.

If for a given convex quadrilateral, there exists one circle that forms Pascal points on sides
AB and CD, then there is an infinite number of such circles (see [4, Proof of Theorem 1]).
In this set of circles there will be one single circle w where the Pascal points formed by it are
collinear with the center of the circle.

For this circle, several additional properties hold (see [2, Theorems 6-9], [3], [5, Theorems
3, 5, 6]). In particular, let us note the following two properties:

Property (i) Chords KL and M N of circle w are parallel to each other (see [2, Theorem 6]);

Property (ii) An inversion with respect to circle w transforms points P and ) into one
another (see [2, Theorems 7-8]). That is to say, points P, @, Fj, and I constitute
a harmonic quadruple where F; and I are the points of intersection of circle w with
straight line PQ (see Figure 2).

We shall now define the concept of “a quadrilateral coordinated with the circle that forms
Pascal points” (for short, “coordinated quadrilateral”).

Definition 1. Let ABCD be a convex quadrilateral in which F is the point of intersection
of its diagonals, and F' is the point of intersection of the extensions of sides AD and BC.

If for this quadrilateral there is a circle w (whose center is O) which forms Pascal points
P and @, and for which the four points F', O, P, and @) are collinear, then quadrilateral
ABCD is coordinated with circle w (see Figure 3).
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Figure 4: {FEG = 90°. Ray FP bisects angle Figure 5: KLNM is an isosceles trapezoid and

AF B, and ray GP, bisects angle BGC'. therefore point F' is the midpoint of arc KL.
K1L{N1M; is an isosceles trapezoid alﬁt\here-
fore point U is the midpoint of the arc KiL;.

This article contains three sections:

In Section 2 we study the collinearity properties of the points, the properties of the angles,
and the properties of the ratios of the lengths of segments of sides associated with a given
coordinated quadrilateral.

In Section 3 we study the properties of the circles associated with a given coordinated
quadrilateral.

In Section 4 we show a way to construct a coordinated quadrilateral and prove the cor-
rectness of the construction.

2 Properties of lines and angles associated with a given
coordinated quadrilateral

Theorem 1. Let ABCD be a quadrilateral (in which E = [AC| N [BD], F = ADN BC)
that is coordinated with circle w (E, F € w) forming Pascal points P and Q on sides AB
and CD, respectively (where M = wN [BC], N =wN[AD], K =wnNBD, L =wnAC).
Also, let G be the point of intersection of the continuation of sides AB and CD, and let 1) be
the circle passing through points E and G. Py and @)1 are the Pascal points formed by ¢ on
sides BC and AD; P, and @)y are collinear with the center Oy of ¥ (where My = v N [AB],
Ni=¢yN[CD], Ky =¢vNBD, Ly =¢yNAC). Then

(i) Straight line P1Q passes through point G.

(ii) LFEG =90° (see Figure 4);

(1ii) Ray FP bisects angle AF B, and ray GP; bisects angle BGC'.

Proof. (i)-(ii) According to Property (i) in the introduction, quadrilateral K LN M is a trape-
zoid inscribed in circle w, therefore it is an isosceles trapezoid in which the diagonals intersect
at point P and the extensions of sides KM and LN intersect at point @) (see Figure 5).
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Figure 6: Straight lines AB and DC' intersect at a point which
belongs to line RS.

Therefore, straight line PQ bisects bases M N and K L of the trapezoid and is perpendicular
to them. From this, it follows that diameter IF* of circle w is perpendicular to chord K L and
bisects arc KL (at point F) and MN (at point ). From the fact that FL = KF, it follows
that {KEF = LAFFEL. In other words, E'F bisects angle K F L.

Similarly, since center Oy of circle ¥ is collinear with Pascal points P; and @4, it follows
that KiL; || NqM; and K ;M; = LyN;. In other words, quadrilateral K;L;N;M; is an
isosceles trapezoid.

We denote by J and U the points of intersection of straight line P;(Q); with circle ¥ (see

—

Figure 5), and we obtain P;Q; 1 K1L;. Therefore, point U is the midpoint of arc K;L;.
Hence, L K1 EU = LUFE L., and therefore EU bisects L K1 FE L.

Since angles K E'L and K;FEL; are supplementary adjacent angles, their angle bisectors
are perpendicular to each other. In other words, L FEU = 90°. In addition, L FEI = 90° (an
inscribed angle that subtends diameter F'I of circle w). Therefore LT EU is a straight angle,
and points I, F, and U lie on a single straight line.

We denote by R and S the points of intersection of straight-line EU with sides AD and
BC, respectively. In triangle AED there holds (1) segment E R is an angle bisector of interior
angle AED, and (2) segment E'F is an angle bisector of exterior angle AEB (see Figure 6).
Therefore, points F', A, R, and D form a harmonic quadruple. In other words, there holds:
(D, A; R F) = —1.

Similarly, in triangle BEC there holds (1) segment ES is an angle bisector of interior
angle BEC, and (2) segment EF is an angle bisector of exterior angle BEA. Therefore,
points F', B, S, and C form a harmonic quadruple. IL.e., (C,B; S, F) = —1.

We have thus obtained that for each of the two straight lines F'D and F'C' there are four
points — F'; A, R, D and F, B, S, C (point F' is common the two quadruples) which satisfy
the following equality of cross-ratios: (D, A; R, F) = (C, B; S, F).
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Therefore straight lines AB, RS, and DC intersect at a single point (see [10, Exercise
233]). Since it has been given that straight lines AB and DC' intersect at point G, straight
line RS also passes through point GG. From the definition of points R and S, it follows that
straight line RS passes through point U.

Let us assume that U and G are two different points of straight line RS. In this case, either
G is an interior point of chord EU (i.e., G lies within circle ¢) or G lies on the continuation
of chord EU (i.e., G lies outside circle ¢) (see Figure 6).

However, both cases lead to a contradiction to the data that point G belongs to circle 1.
Therefore, points U and G must coincide. It thus follows that the line P;(); passes through
point G (we proved item (i) of Property 1), and it also follows that £ FEG = 90° (we proved
item (ii)). -

(777) In the proof of (a), we saw that point I is the midpoint of M Nof circle w. Therefore
AMFI = LNFI. In other words, F'I bisects angle M F'N, which means that ray I'P being
the bisector of angle AF'B (see Figure 5). Similarly, point J is the midpoint of m of circle
1, and therefore L M1GJ = £N;GJ. In other words, ray GP, is the bisector of angle BGC
(see Figure 6). O

Theorem 2. In addition to the data from Theorem 1, we mark eight points of intersection
as follows (see Figure 7): T = PQN PQ,,V =NMNON M, Z=wnNFG, Z; =y NFG,
S = NMQPQ, W = NMQFE, W1 = N1M1 OEG, Sl = N1M1 ﬂPlQl. There holds:

(i) Quadrilaterals TSV .Sy, SWEI, and EW1S1J are cyclic.

(17) Straight line MN passes through point G, and straight line N1 M, passes through point .
(1ii) Straight line IW passes through point Z, and straight line JW, passes through point Z;.

Proof. (i) In proving Theorem 1 we have seen that NM L PQ, NiM; 1 P,Q,, and L{FEG =
90°. Therefore in each of the quadrilaterals — T'SV'Sy, SW EI, and EWS,J — there are two
opposite right angles. Therefore, these quadrilaterals are cyclic.

(7i) From the proof of Theorem 1, it follows that points I, F, and G are collinear. There-
fore straight-line I E passes through point G, in other words straight lines AB and I F intersect
at point GG. Let us prove that straight lines NM and [E also intersect at point G. To do
this, let us denote the point of intersection of straight lines NM and I E by X and then prove
that points X and G coincide.

Let us use the method of complex numbers in plane geometry. We choose a system of
coordinates so that circle w is the unit circle (center O of circle w is located at the origin, and
the radius is OF = 1). In this system, the equation of the unit circle is z - Z = 1, where z and
z are the complex coordinate and the complex conjugate of the coordinate of an arbitrary
point Z located on circle w. We denote the complex coordinates of points F, F', I, K, L, M,
and N ase, f, i, k, [, m, and n, respectively. These points are located on the unit circle, and
therefore there holds:

_r - r - 1 - 1 - 1 __ 1 _ 1
e—ga f_?a l_? /f—%, l_f’ m—E and n—n. (1)
F'I is a diameter of the circle w, therefore holds that
i=—f ©)

In addition, since center O and Pascal points P and () are collinear, it follows that segments
KL and M N are parallel to each other and therefore (see [2, Theorem 6))

mn = kl. (3)
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Figure 7: Straight lines NM and Ny M; pass through points G and
F' respectively.

The equation of straight-line P() that passes through center O of unit circle w is
Pz =Pz (4)

(where z is the complex coordinate of an arbitrary point Z that belongs to straight line PQ).

We use the following property (see [11, p. 181]): Let T'(t), Q(q), R(r), and S(s) be four
points on the unit circle, and let U(u) be the point of intersection of straight lines 7'Q) and
RS. Then for coordinate u and its conjugate, u, there holds:

_ qrs +trs — tqs — tqr
U= ———6 /— and u= .
tq—rs re —tq

()

In our case, since P = KN N LM, we can express the complex coordinate of point P and the
conjugate of the coordinate by using the complex coordinates of points K, L, M, and N, as

follows:

n+k—m-—1 mnl + mkl — mnk — nkl
————— and p= )

Tj:

nk —ml ml — nk

By Equation (3), the expression for p can be simplified to

mn(m+1—n—k)
ml —nk

p:
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We substitute expressions for p and p in Equation (4) and obtain:

mn(m+l—n—k)z_n+k—m—lz
ml — nk  nk—ml '

Hence: ]
zZ=—2. 6
=2 (6)

Point F lies on straight line PQ. Therefore, f = % f = mn= % f, and finally
mn = kl = f*. (7)

Now, let us find the complex coordinate of point X and its conjugate. First we find the
equations of straight lines M N and [ F, which are defined using pairs of points that belong
to unit circle w. For straight line M N, we obtain z +mnz =m-+n — Z = —ﬁz + ”;“;;",
or, according to Equation (7), we thus obtain

- 1 m+n
For straight-line IE, we obtain z +iez = 14+e¢ — 2z = —iz + ij—;, or, according to
Equation (2),
1 _
SRR I ey 9)
fe fe
We then solve the system of Equations (8) and (9): ﬁz + % = —#z + 5%, and hence
(ﬁ + f%) z = m;g" — % Finally, for the coordinate of intersection point X, we obtain:
em+en+ef — f?
Zp =1 = .
f+e
Therefore, the complex conjugate of x is:
ﬁ + i + é _ f% f2n+f2;‘r}42r7{11:nfemn
T = T, 1 = fte ’
Pt i
and using Equation (7) we obtain
. m+4+n+f—e
xr =
2+ fe

We now prove that points A, B, and X are collinear. For that, it is sufficient to prove
that the following equality holds for these points (see [11, p. 156]):

a(b—7)+bZ—a)+x(@a—>b)=0. (10)

We use Equations (5) and express the complex coordinates (and their complex conjugates)
of points A and B through the coordinates of the points located on unit circle w.
f+n—e—1

_ and _eln+tefl— fin—efn
“= fn—el ne e el — fn

(because A = FN N EL, see Figure 6);
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f+m—e—k ekm +efk — fkm —efm
and b=
fm—ek ek — fm

Consider the left-hand side of Equation (10). If we substitute the expressions for a, @, b,
b, z, and T, we obtain

B:

(because B = FM N EK).

eln+efl—fln—efnx <f+m—e—k_m+n+f—e>

el — fn fm — ek f2+ fe
ekm+efk—fkm—efmx <m~|—n+f—e_f+n—e—l>+
ek — fm 2+ fe fn—el
em+en+ef — f2 " <f+n—e—l_f~|—m—e—k> denote
f+e fn—el fm —ek
A B C

+ + )
P+ fe) (el — fn) (fm — k) (F2+ fe) (fr— l) (ek — fm) " (f +€) (fn — el) (Jrm — k)
The last three fractions on the left-hand side of Equation (10) are obtained after adding the
fractions in the parentheses and denoting the numerators by A, B, and C.

The common denominator of these fractions is f(f + e)(el — fn)(fm — ek). Hence, the

last expression can be brought in the following form:

A+B- fC
f(f +e)(el = fn)(fm —ek)’

After opening the parenthesis, replacing products mn and kl with f2, and collecting
similar terms in each expression, we obtain:

A=e2fn? —fln —efin —ef3lm + 26 f31 + € f3m + 2% f3n — €3 21 — 2ef® — efIm?

— 34287 fAm — ef3n? 4+ 2 f2n 4 On + fm — 2ef — 3k — 2 fkn® + ef3kn

+efim + e fkn — % f4,
B = =23k + & fkm + ef3kn — 2 f>m? + efim — 262 f2kn + € f2k + ef*kn® — 22 f3m
—e2f3n+ 33+ 2efk — 22 km — flkn+ ef3m? + 2ef5 — Pm+ 2 — efin + e flm?
+ 23 — e flm — ef?lm,
— fC = —ef*m? 4+ 2 2m? + ef2Im? 4+ 2 f2km — & fkm — 2ef*k — 2€* f2lm — €2 flm?
+ e flm + 2efH + 2% f2kn + €2 fkn® — €2 fkn + ef*n* — 2 f*n? — ef?kn® — €2 fIn
+ 3 fln — 2efim + 2 f3m + 2ef3lm + 32 3k — 2 f2k + 2efin — 2 f3n — 2ef3kn
— 323+ 2+ fPm — fm — O+ fUEkn.
It can be ascertained that the sum of these three expressions is 0. Therefore, Equation (10)
holds. Therefore straight line AB passes through point X (where X = NM N IE).

In summary, we obtained that straight line [E intersects straight line AB at points X
and G. Therefore these points coincide. Likewise, it also follows that straight lines AB, C'D,
IE, Py, and M N intersect at point G.

Similarly, if we choose v as the unit circle, it can be proven that the straight line N, M;
passes through point F'.

(7i) In triangle I FG, segments F'E and G S are altitudes to sides /G and I F', respectively.
These segments intersect at point W (see Figure 8), therefore straight line /W contains the
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Figure 8: The intersection points of lines IW and JW; with line
FG belong to circles w and v respectively.

altitude to side F'G (we denote this altitude by 1Z’), i.e., IZ' 1L FG. On the other hand, in
circle w, angle FZ1 is a right angle (inscribed angle subtending the diameter), therefore there
holds also IZ 1 F'G. Hence points Z and Z’ coincide and there holds IW LFG.

Similarly, in triangle JF'G, segments GE and F'S; are altitudes to sides JF' and JG,
respectively. These segments intersect at point Wi, and therefore straight line JWW; contains
the altitude to the third side (denoted by IZ7). On the other hand, in circle ¢, angle JZ,G
is a right angle. Therefore points Z; and Z; coincide, that is, JW; LFG. ]

Other properties resulting from Theorems 1 and 2 (see Figure 7).

Property (1) The angle between angle bisectors F'P and G P; is equal to the angle between
straight lines M N and M;N;.

Property (2) The angle between straight lines F'P and M;N; is equal to the angle between
straight lines GP; and M N.

Proof of Property (1): Since quadrilateral TSV'S; is cyclic, it follows that L PTP; =
LSVF.

Proof of Property (2): We denote LTFS; = 7. In right-angled triangle T'F'S, there holds:
LFTS; =90° — . Therefore, in right-angled triangle GST there holds £STG = 90° — ~. It
result £LTGS =, and LTFS; = LTGS.

The following property describes the ratios of segments and the lengths of segments
associated with Pascal points.
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Theorem 3. In addition to the data of Theorem 2, we denote the following angles (see
Figure 9): LAFP = APFB = ¢, LS1FP, = o, £TFS, = v, ADFQ = 3, {BGP, =
APGC = ¢, LPGS =0, ATGS =~, LMGC = 0. Therefore:

, _ cos(¢ + ) T  cos(¢+17) . CQ  cos(p+0)
(@) (9 PB  cos(¢ —9)’ (it) TQ, cos(¢p—7) (iii) D cos(¢p—6)

WS- S, oS 0. e
(w(UABZf”“m¢<ma;—®‘Fwﬂ;+®>’

(ii) PQ = FT81H¢< 1_ +COS(¢1+7)>

(iii) CD = FQsin d)( - cos(¢1 +0) )

(iv) BC = GP;sin (COS cos(g@l + a))’

(v) PLQ, = GTsmso<COS 90 " cos(sﬁl‘l' 7))’

40 =60 o, 7))

(¢) Pascal-point pairs P, Q and P’, Q' divide the pairs of opposite sides in a quadrilateral
by ratios satisfying the following equality:
AP CQ CP A
PB QD PB D

Proof. (a) Proof of formula a(i). From the data of Theorem 3, there holds that for the angles
of triangles PGS and FAP:

LFPA=£GPS =90° — § and LFAP = 180° — ¢ — (90° — §) = 90° + 6 — ¢.
Therefore, in AAF P, there holds
AP FP FPsin ¢
sing  sin(90° + 0 — @) ~ cos(¢ —9)’
For the angles of triangle FFAB, we obtain L FBA = 180°—2¢—(90° + § — ¢) = 90°— (¢ + 9).
Hence, in AFPB, there holds

PB FP FPsing
= PB=—1—— 12
sing  sin (90° — (0 + ¢)) — cos (¢ + 0) (12)
From Equations (11) and (12), it follows that
AP cos(¢+9)
PB  cos(¢ —0)’

(11)

Proof of formula a(ii). For the angles of triangles F'T'S; and FT'Q;, we obtain:
LFTS; =90° — v, and therefore L FQ1T = 90° — v — ¢ = 90° — (v + ¢).
Hence, in AFT(Q), there holds
T, FT FTsin ¢
= = TQ1=—F—"—
g Sn(90° + 7 — ) N = Coso— )
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Figure 9: LTFS) =4ATGS=v = f—-a=60-0=1v
For the angles of triangle F'QQ1 P;, there holds:
LFPQp =180° —2¢ — (90° + v — ¢) = 90° — (¢ + 7). Therefore, in AFTP, there holds

PT_ T FTsing.
sing  sin (90° — (¢ + 7)) ~ cos(p+7)

(14)

From Equations (13) and (14) it follows that

PT  cos(¢ — )
TQ: cos(¢p+46)
Proof of formula a(iii). For the angles of triangles GSQ, F'DQ, and FDC, we obtain:

£SQG =90°—0, LFDQ = 90°—0 — ¢, and LFCD = 180°—2¢— (90° — 0 — ¢) = 90° +6 — ¢.
Hence, in AFDQ:

QD FQ _ FQsing

sing  sin (90° — (0 + ¢)) = D= cos (¢ + 0) (15)
and in AFCQ:

cQ FQ ~ FQsing

sing  sin (90° + (6 — ¢)) = C@= cos (¢ — ) (16)

From Equations (15) and (16) it follows that

CQ  cos(¢+0)
QD  cos(¢p—0)
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Since the proofs of formulas a(iv)-a(vi) are similar to each other, we shall only give the
proof for formula a(vi).

Proof of formula a(vi). For the angles of triangles GS; My, FBM;, and BCG, we obtain
LGM1S; =90° — ¢, KGBC = LFBM; = (90° — ¢) — 0, and LGCB = 180° — 2¢ — (90° —
v —a) = 90° + a — ¢. Therefore, in AGBP; there holds that

PIB S G.Pl — PlB: GPlsIIlQO (17)
sing  sin (90° — (¢ + «)) cos (¢ + )
and in AGCP;,
P P P si
¢h ___Gh . op - Ghsine (18)
sing  sin (90° + a — @) cos (p — )

From Equations (17) and (18) it follows that

CP,  cos(p+6)

PiB  cos(p—0)

(b) The formulas of this section are obtained by summing the appropriate pairs of formulas
from Section (a): formula b(7) is obtained by adding formulas (11) and (12), formula b(7i) is
obtained by adding formulas (13) and (14), and so forth.

(c) Let us consider the products of the ratios by which points P and @ divide sides AB
and C'D. From formulas a(7) and (%) we obtain:

AP CQ _ cos(¢+0) cos(¢+0) _ [cos(6 —6) +cos(20+0+0)]
PB QD  cos(¢p—0d) cos(p—0) %[cos(@ — ) + cos(2¢ — 0 — ‘9)]53_:”2@
[cos(6 — &) + cos(2¢ + 2¢)]
[cos(0 — ) + cos(2¢ — 2p)]

Similarly, from formulas a(iv) and a(vi) for the product of the ratios by which points P
and () divide sites BC' and AD, there holds:

Ch AQ _cos(pta) cos(p+f) _
PiB QD cos(p—a) cos(p—p)

_ [cos(8 — a) + cos(2¢ + 2¢)]
[cos(B — ) + cos(2¢ — 2¢)]

Let us prove that the following equality holds: f —a =6 — . For angle § there holds:
f=¢+7=a+vy+v=a+2y (see Figure 9), therefore § — a = 2~.

For angle 6 there holds: § = o +~v =0 + v+ 7 = 6 + 2, therefore § — § = 2. Therefore
the above equality holds, and therefore

[cos(a — ) + cos(2¢ + a+ 3)] _

[cos(B — a) + cos(2¢p — a — ()] a:B/:M

NN =

[cos(0 — ) + cos(20 + 2¢)]  [cos(5 — ) + cos(2¢ + 2¢)]

[cos(0 — &) 4 cos(2¢ — 2¢)]  [cos(B — ) + cos(2p — 2¢)]’

it thus follows that
AP CQ CP A

PB QD PB QD
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Figure 10: The circles X1, ¥ and 33 are tangent to each other in pairs. The circle
3.4 is perpendicular to the circles 31, 3o, and ¥3. The circle X5 is perpendicular to
the circles o, 3.

3 The properties of circles associated with a coordinated
quadrilateral

Theorem 4. In addition to the data of Theorem 2, let (see Figure 10):
Y1 be a circle inscribing quadrilateral TSV Sy;
Y9 be a circle inscribing quadrilateral SWEI;
Y3 be a circle inscribing quadrilateral EW1S,J;
Yy be a circle whose center X is the midpoint of segment F'G and whose radius is segment
XE;
Y5 be a circle whose center Y is the midpoint of segment X E and whose radius is segment
YE. Then:
(a) Clircles ¥1, ¥, and X3 are tangent to each other in pairs.
(b) Circle ¥4 is perpendicular to circles X1, Yo, and 3.
(c) Clircle 35 is perpendicular to circles ¥y and 3.
(d) Clircles ¥4 and X5 are tangent to each other.
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Q
Figure 11: The tangents to circle X at Figure 12: Triangles X; K@ and X; KP
points K and M intersect at the mid- are isosceles, therefore point X; is mid-
point of segment PQ). point of segment PQ).

Proof. First we prove the following lemma (see Figure 11):

Lemma. Let KLMN be a quadrilateral in which LK = AM = 90°; KLMN inscribed in
circle X2; P is the point of intersection of the continuations of sides KN and LM, @ is the
point of intersection of the continuations of sides KL and M N ; X is the midpoint of segment
PQ;

Then: straight lines XK and XM are tangents to circle ¥ at points K and M, respec-
tively.

Proof of the lemma. Let us prove that the tangent k to circle ¥ at point K passes through
point X.

We denote by X; the point of intersection of k with segment PQ (see Figure 12). In
triangle N PQ), segments QK and PM are altitudes to sides NP and N(@, respectively, which
intersect at point L. Therefore, straight line N L contains the third altitude, N H, to side PQ
of the triangle. We denote £ HN P = «. Hence we obtain:

(i) LLKX, = AQKX; = LLNK = « (The angle formed by a tangent and a chord
ending at the point of contact is equal to one half the arc it intercepts on the circle);

(it) ANPH = 90° — «;

(1ii) LKQP = 90° — LK PQ = 90° — (90° — ) = av.

Therefore LQK X; = L KQX;. In other words AQK X, is an isosceles triangle in which

KX, = QX,. (19)

Angles PK X, X; K@, and QKN are complementary to 180°.
Therefore, L PKX; = 180° — o — 90° = 90° — «v. It follows that APK X, is an isosceles
triangle in which
KX, =PX;. (20)

From Equations (19) and (20), we obtain that PX; = QX;. In other words, X is the
midpoint of segment P and therefore points X and X; coincide.

In a similar manner we prove that the tangent at point M to the circle inscribing quadri-
lateral K LM N also passes through the midpoint of segment PQ (i.e., through point X). [
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We return to the proof of the theorem.

(a) For quadrilateral T'SV'S; (see Figure 10), the data of the lemma holds, namely: angles
TSV and T'S;V are right angles, the continuations of sides T'S and SV intersect at point
F, the continuations of sides SV and T'S; intersect at point G, and X is the midpoint of
segment F'G. Therefore, straight lines XS and X .S; are tangent to circle >; at points S and
S, respectively.

Similarly, in quadrilateral SW ET there holds the following: angles I/SW and IEW are
right angles, the continuations of sides 1.5 and EW intersect at point F', the continuations
of sides SW and I'F intersect at point GG, and X is the midpoint of segment F'G. Therefore
straight lines X.S and X E are tangents to circle ¥y at points S and E, respectively.

For quadrilateral E'W;.S;J there holds: angles JEW; and JS;W; are right angles, the
continuations of sides JFE and S;W intersect at point F', the continuations of sides EFW; and
JS7 intersect at point GG, and X is the midpoint of segment F'G. Therefore straight lines XS]
and X F are tangent to circle X3 at points S; and F, respectively.

We have thus obtained that (i) straight line XS is a common tangent to circles ¥; and
Yo at point S, and therefore these circles are internally tangent to each other (circle ¥y lies
inside circle ¥); (ii) straight line X5} is a common tangent to circles ¥; and X3 at point S,
and therefore these circles are internally tangent to each other (circle X3 lies inside circle X);
and (iii) straight line X ' is a common tangent to circles 35 and 3 at point £, and therefore
these circles are externally tangent to each other.

(b) From the proofs of the lemma and of Section (a), it follows that

XE=X5=X5=XF=XG.

Therefore points E, S, S, F, and G lie on circle 4. Since the tangents to circles ¢, ¥,
and X3 pass through the center X of the circle ¥4, it follows that ¥, is perpendicular to each
of the circles 31, X9, and X3 (see [1, Theorem 5.51]).

(c) The center Y of the circle ¥5 lies on the common tangent X E of the circles 3, and
Y3. Therefore circle X5 is perpendicular to circles s and ¥s.

(d) Segment E X is both a diameter of circle ¥4 and a radius of circle X5. Therefore, the
perpendicular to EX that passes through the point E (which is common to ¥4 and ;) is a
common tangent of these circles. Therefore circles ¥4 and 5 are tangent to each other. [

Theorem 5. In addition to the data of Theorem 2, let (see Figure 13): 3¢ be a circle that
passes through points T', O, and Oy; Y7 be a circle that passes through points F', Py, and Q)1;
Yg be a circle that passes through points G, P, and Q).
Then:
(a) Circles w, ¥, Y6, X7, and Xg intersect at a single point (point H in Figure 13).
(b) The circles 1 and X7, w and 3g are perpendicular to each other in pairs.
(c) The angle between circles w and 37 is equal to the angle between circles 1 and Xg.

(d) The angle between circles w and 1 is equal to angle FTG (the angle between straight
lines PQ and PiQ1 ).

Proof. (a) Let H denote the point of intersection of circles w and 1. Let us prove that quadri-

lateral TOHQO; is cyclic. In circle w there holds OI = OH. Therefore triangle OIH is an

isosceles triangle. We denote LOIH = LOHI = «, and hence LHOF = 2« (see Figure 14).
Quadrilateral EHGJ is inscribed in circle ¢, therefore {HGJ = L HEF =: 5.
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Figure 13: Circles ¥, w, ¥g, 27 and Xg intersect at a
single point (at point H).
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Figure 14: wnNy = H; TOHO, is cyclic quadrilateral,
therefore also circle ¥g passes through point H.

In addition, there holds that O1G = O;H, meaning that triangle O;GH is an isosceles
triangle and therefore L HO,J = 2.
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Figure 15: Points G, Hy, and Fj are collinear. Points Hy, J, and U are
collinear.

In circle w, angles FIIH and FFEH are inscribed angles subtending the same arc F'H.
Therefore they are equal, i.e., a = = 2a = 28. Result from here {HOF = LHOT. It
thus follows that quadrilateral TOHO, is cyclic. Therefore, circle ¥4, which passes through
the three vertices T, O, and O; of the quadrilateral, must also pass through the fourth
vertex, H.

We shall now prove that circles w, 1, and Y7 intersect at point H.

Let H; denote the point of intersection (in addition to F') of circles w and Y7, and let
U denote the point of intersection (in addition to F') of straight line F'I and circle ¥;. We
perform the following auxiliary construction: we draw a tangent to circle w at point F, and
denote by Fj the point of its intersection with circle 3; (see Figure 15).

In the geometric state obtained in Figure 15, the following properties hold (see [8, Prop-
erty 4]):

(i) Points G, Hy, and F} are collinear.
(ii) Points Hy, J, and U are collinear.

Segment F1U is a diameter in circle 37 (because £ Fy FU = 90°). Therefore, angle Fy HiU
subtending the diameter is equal to 90°. Therefore we obtain £ F;H;J = 90°.

For £ JH,G, which is supplementary to angle £ FyH;.J, there holds that £JHG = 90°.

This means that point H; lies on the circle whose diameter is segment JG, i.e., Hy € 1.
From the fact that circles w, ¥, and Y7 intersect at point Hy, and circles w and 1 intersect
at point H (in addition to E), it follows that circles w, 1, and Y7 intersect at point H.

We can similarly prove that circles w, 1, and Yg intersect at point H.

(b) Segments JG and FyU are diameters of circles ¢ and X7, respectively (see Figure 16).
We shall prove that radii O; H and Oy H of circles ) and Y7, which have the common endpoint
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Figure 16: £O>HO; is an angle between radii OoH and O1H Figure 17: Straight lines O2H,

of circles ¥7 and ¢. £L02HO; = (90° — «) + a = 90°. Circles OsH, O;H, and OH are tan-

37 and 1 are perpendicular. gent to circles v, w, 7 and Xg.
£LOHQOs = LO1HOs.

H, are perpendicular to each other.

In isosceles triangle O, JH, there holds: £OJH = £O1HJ = a.

Then £0Q1JU = « (because points J, H, and U are collinear).

In circle 7, point U is the midpoint of arc P;();. Therefore diameter F1U is perpendicular
to chord P, Q). It thus follows that in right-angled triangle Y JU, £ JUY = 90°—a. Therefore,
in isosceles triangle OoU H, there holds that {O;HU = £O;UH = 90° — a..

Finally, we obtain £OoHO, = £OsHU + AUHO; = 90° — a4+ a = 90°. In other words,
radii Oy H and O, H of circles ¥ and Y; are perpendicular to each other and therefore circles
1 and X7 are perpendicular to each other (see [9]).

We can similarly prove that circles w and g are perpendicular to each other.

(c¢) From Section (b) above, straight lines OoH, OsH, O1H, and OH are tangent to circles
¥, w, Y7 and g, respectively (see Figure 17). Therefore, angles £O1 HO53 and £O;HO; are
the angles between circles w and Y7 and between circles ¢ and g, respectively.

For these angles there holds: £O1HO3; = LO1HOy — £0sHO3 = 90° — LO5HOs3,
LOHOy; = LOHO3 — £0:HO3 = 90° — £02,HOs.

Therefore, {OHO, = £01HQOs. In other words, the angle between circles w and Y7 is
equal to the angle between circles 1) and >g.

(d) In the geometric state in (see Figure 18) the following are shown:

(i) the three circles, ¢, w, and Xg;
(ii) OF and OH are radii of circle w and O F and O1H are radii of circle 1;
(iii) straight lines EX and EY are tangents to circles w and i at E (the common point of
these circles).
In cyclic quadrilateral TOHO;, there holds that £LOTO; + LOHO; = 180°. Based on the
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Figure 18: LOHO; = LOFEO; and £OTO; + LOFE0O; = 180°.
Y4+ a+ B+ a=180° and a + § = 90°. Therefore 5 = ~.

equalities OF = OH and O1FE = O, H, it follows that quadrilateral EOHQO; is a kite in which
LOHO; = LOFEO;. Therefore there holds that

£LOTO, + LOEO; = 180°. (21)

LOFEX and £O,EY are right angles (an angle between a tangent and a radius to the point
of tangency). It thus follows that {OFY = LO1EX =: «.

We denote LY EX = [ and £OTO; = 7. According to this notation, from Equation (21)
it follows that

v+ 20+ 3 = 180° (22)

On the other hand, from the equality {OFX = L{OFEY + AYEX = a+ [ = 90°, it
follows that

20 + 23 = 180° (23)

Comparing equalities 22 and 23, it follows that § =, where § is the angle between the
tangents to circles w and 1 at their point of intersection, E, and that v is the angle between
lines PQ) and P;();. O
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Figure 19: Steps 1-5 of construction. Figure 20: Steps 6-8 of construction.

4 Method for Constructing the Coordinated Quadrilateral

Stages of construction
1. Let o be an arbitrary circle in which F'H is a diameter and F'F is a chord.

2. Draw straight lines FFH, F'/E, and HE (see Figure 19).

3. Through point E draw straight lines FX and EY’, so that the following condition holds
AFEX = LFFEY.

. Let GG be a point on straight line H E that lies outside circle o, and let Z be a point on
ray F'H that lies outside circle o.
. Draw a point, Z’, that corresponds to point Z by inversion relative to circle o.
6. Draw straight lines GZ and GZ’ through point G (see Figure 20).
Label the points of intersection of straight line GZ with straight lines £X and EY with
C and D, respectively. Similarly, label the points of intersection of straight line GZ’
with straight lines £ X and EY with A and B, respectively.

Connect the following pairs of points using segments: A and B, B and C, C' and D, D
and A.

Quadrilateral ABC'D is a coordinated quadrilateral.

Proof that the quadrilateral constructed in accordance with Steps 1-8 above is a
coordinated quadrilateral First, we must prove that the continuations of the sides AD
and BC' intersect at point F.

Step 3 of the construction assures that segment EF' bisects angle AEB in AAEB. In
addition, given that L FEH = 90° (an inscribed angle subtending the diameter), it follows
that EV LEG (see Figure 21). Therefore, segment EG bisects angle BEC, which is exterior
to AAEB. Therefore, points A, V', B, and G constitute a harmonic quadruple.

In a similar manner, we prove that points D, W, C, and G also constitute a harmonic
quadruple.

We obtained, that on each of the straight lines GA and GD (which intersect at point
() there are three additional points: A, V, B and D, W, C respectively, and the following
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Figure 21: By the assumption, straight Figure 22: Te bisector f of angle AF' B intersects
lines AD and BC intersect at the point straight lines HE, AB, and CD at I, P, and )
belonging to the straight line FE (at respectively. P and () are Pascal points formed
point U, where U # F)). by the circle w whose diameter is segment F'I.

equality holds:

Therefore straight lines DA, WV and CB intersect at a single point (see [10, Exercise
233]), which is equivalent to the fact that straight lines AD and BC intersect at the point
belonging to the straight line F'F.

We denote the point of intersection of AD and BC' by U. Let us assume that U is not the
same as F'. Without restricting the generality, let us assume that U lies in the continuation
of chord F'E (see Figure 21).

From Step 5 above, points Z and Z’ belong to the straight line passing through diameter
FH of circle o, and they transform one into the other by inversion relative to this circle.
Therefore, points Z, H, Z’, and F' constitute a harmonic quadruple. Therefore the four
straight lines GZ, GH, GZ', and GF constitute a harmonic quadruple of straight lines
passing through point G (see [10, Exercise 200]).

We denote by T" and S the points of intersection of straight line BC' with straight lines
GH and GF. From the assumption, it is clear that S # U (see Figure 21). Since points
C, T, B, and S are the four points of intersection of straight line BC' with the above har-
monic quadruple of straight lines passing through point GG, these points constitute a harmonic
quadruple.

On the other hand, in triangle CEB, segment ET bisects angle CEB and segment EU
bisects angle BE A, which is exterior to this triangle. Therefore points C, T', B, and U also
constitute a harmonic quadruple.

To summarize: on straight line BC' there are two harmonic quadruples S, B, T', C' and
U, B, T, C, which coincide at three points, and therefore must also coincide at the fourth
point, in other words S = U. This contradicts with S # U, thereby showing that assumption
F # U is false. From this, it follows that straight lines AD and BC' intersect at point F.
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Let f denote the bisector of angle AF' B (see Figure 22).

Now we prove that f passes through Pascal points P and @ (formed using the circle w
on sides AB and C'D) and through O, the center of circle w.

Let I, P, and () denote the points of intersection of f with straight lines HE, AB, and
CD, respectively (see Figure 22). Consider circle w passing through points F', I, and E (in this
circle F'I is a diameter and F'E is a chord). We denote by M and N the points of intersection
of circle w with sides BC and AD, respectively, and by K and L the points of intersection
of circle w with the continuations of diagonals BD and AC, respectively. Since NI = IM
(because F'I bisects angle NFM), and since LF = FK (because EF bisects angle LEK),
it follows that F'I is a mid-perpendicular of segments M N and K L. Therefore quadrilateral
K LM N is an isosceles trapezoid, and therefore the point of intersection of diagonals KN and
LM and the continuations of legs KM and LN belongs to straight line F'I (that is, to f).

On the other hand, based on the fundamental theorem of the Pascal point theory on
the sides of the quadrilateral (see [2]), straight lines KN and LM intersect on side AB, and
straight lines KM and LN intersect on side C'D of quadrilateral ABC'D. These points of
intersection are the Pascal points formed by circle w.

We have thus obtained that P and @), the points of intersection of straight line F'I with
sides AB and CD, respectively, are also the points of intersection of straight lines KN and
LM, and KM and LN, respectively. Therefore, points P and () are the Pascal points formed
using circle w.

To summarize, for quadrilateral ABCD, in which the continuations of sides BC' and AD
intersect at point F', the diagonals intersect at point F, and circle w (passing through points
F, E, and I) forms Pascal points P and @ on sides AB and CD, there holds: The center O
of w and points F, P, and @ belong to straight line F'I.

Therefore, by definition, ABC'D is a coordinated quadrilateral Q.E.D.
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