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A Sequence of Malfatti Circles
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Abstract. Given a Euclidean triangle, a smaller triangle is formed by joining the
centers of the three Malfatti circles of the given triangle. A sequence of triangles
is obtained by continuing this process. The limit of the sequence of triangles is a
point. The limits of the inner angles of these triangles are /3.
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1 Introduction

Given a Fuclidean triangle T}, it generates another triangle 77 via some geometric construc-
tion. The triangle 7T} generates a triangle 75 via the same construction. Continuing this
process, one obtains a sequence of triangles {7,,}°°,. Studying the limit of the sequence
usually is an interesting question [2-6].

In this paper, a sequence of triangles is generated involving Malfatti circles.

Italian mathematician Gian Francesco Malfatti (1731-1807) posted the following problem
in 1803 [1, Page 147].

To draw within a given triangle three circles each of which is tangent to the other two and
to two sides of the triangle.

These three circles are called the Malfatti circles of the given triangle.

Let AgByCy denote a Euclidean triangle. It has three Malfatti circles with the centers
Ay, By, and C] respectively. The circle ®A; is tangent to the sides AqgBy and AyCy; the circle
® B is tangent to the sides AgBy and ByCy; and the circle ®CY is tangent to the sides AyCy
and B[)O().

The triangle A;B;C; has three Malfatti circles with the centers As, By, and C5 respec-
tively. In general, for n > 0, the triangle A, B, C,, has three Malfatti circles with the centers
Api1, Bpi1, and C, 4 respectively. The process produces a sequence of triangles { A, B,,C,,}.

Theorem 1. The limit of the sequence of triangles {A,B,C,} is a point.
Theorem 2. The limits of the inner angles of the sequence of triangles { A, B,C,} are 7/3.
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To verify the statements about the sequence of triangles, we will prove the following
equivalent ones about the sequence of radii of Malfatti circles. For n > 1, suppose the radii of
the circles ®A,,, ®B, and ®C, are p,, ¢, and r,, respectively. Then the sequence {(pp, Gn, )}
has the following properties.

Theorem 3.
lim (pm An; 7’”) = (07 07 O)

n—oo

Theorem 4.
lim p, :q,:7r,=1:1:1.

n—oo

2 Properties of Malfatti Circles

To prove the theorems, we need to establish some basic properties of Malfatti circles. Suppose
a triangle ABC has three Malfatti circles ©A’, ®B’ and ®C’. The circle ®A’ is tangent to
the sides AB and AC' the circle ®B’ is tangent to the sides AB and BC'; and the circle ©C’
is tangent to the sides AC and BC.

The lengths of the sides of the triangle ABC are |BC| = a,|AC| = b and |AB| = ¢. The
circles ®A’, ®B’, and ®C" have radii p, ¢, and r. Suppose that the inscribed circle of the
triangle ABC' is ®O and its radius is p.

Lemma 5. max{p,q, 7} < p.

Proof. Any Malfatti circle is the incircle of a triangle which has sides parallel to the triangle
ABC' and is strictly contained in the triangle ABC' ]

Lemma 6. Ifa > b, then

_b 1+«
ate=b, (q> >1, Vae(0,V2).
b+c—a P

Proof. The radii of Malfatti circles can be calculated by [7, Formula (3)])

 (I+tanB)(1+tan§) p
N (1+ tan4) )
B (14+tan€)(1+tand) p
B (1+tan Z) 2
. (1+tan4)(1+ tan2) P
(1+tan$) 2

If a > b, then A > B. The above formulas imply p < q.
Since O is on the angle-bisector of the angle A,

1 A
p:§(b+c—a)tan§.

Since O is on the angle-bisector of the angle B,

1 B
pzi(a—i-c—b)tang.
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The inequality
a+c—>b (q) Ita
- > =
b+c—a P

is equivalent to

tan 2 - (q)“‘a _ (1+tan 4242

tan 2 » (1 +tan By2+20

2
which is equivalent to
(14 tan 2)2F2¢ (1 4 tan 4)2F2

, for0<B<A<m,
tan% tan%

which can be derived from the fact that
(1+tanz)*™* (14 tanz)**(1 — tanx)
tan(2z) B 2tanx

is a decreasing function as x € (0, 7/4).
It is enough to show that

(14+y)*?*(1—y)

fly) = o

is a decreasing function as y € (0, 1).
Note that f(y) > 0asy € (0,1). And

['y) N y_3+2a 1 _1:—(3+2a)y2+(2+204)y—1
f(y)_(l ) I+y 1-y y (1+y) (1 —y)y

Since the discriminant of the numerator g(y) = —(3 4+ 2a)y* + (2 + 2a)y — 1 is A =
(2 +20)? —4(3 + 2a) = 4a% — 8 < 0, Va € (0,/2), the numerator g(y) < 0, Vy € R. Hence
f'(y) <0asye(0,1). Therefore f(y) is decreasing as y € (0, 1). O

3 Proof of Theorems

Proof of Theorem 3. Applying Lemma 5

1\/(b+c—a)(a+c—b)(a+b—c}

ma’X{p7Q7r}<p:§ a—l—b—l—c

to the sequence of triangles {A, B,C,}, we have

1 2pn—12Qn—12rn—1
2(

max\PnsQn, Tny < =
{p E } 2 pn—1+Qn—1+Tn—1)

1\/ 4pn—1Qn—1Tn—1
Prn—1 + dn—1 + T'n—1

2
_ Pn—19n—1"n-1
a \/pnl t Gn-1+ Tn-1
< \/ Pn—14n—1Tn—1
-~V 3(Pr-1Gn-17n1)
(pn—IQn—lrn—l)%

V3

Wl
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The above inequality is independent of the index. Replacing the index n by n — 1, we get

Wl

n—2qn—2Tn—
max{pn—laqn—larn—l} < (p 2q\/§ 2)

Pn—24n—2Tn—2
3v3

(pananﬂnan)

- Pn—14n—1Tn-1 <

wl=
W=

(pn71anl7an71)

— <
V3 (VP
Therefore )
(pnflqnflrnfl)g
max{pn, @n, ™t <
{Pns Gny o} 73
< (pn—ZQn—an—Q)%
(V3)?
< (pﬂh?“l)%
(Vo
So we have lim,, (P, Gn, ) = 0. O

Proof of Theorem 4. If |ByCy| = |AoCo|, then p; = ¢;. Therefore |B;C1| = |A;Cy| which
implies py = ¢o. In general, p, = ¢, for any n > 1. Thus lim,, ..o pp : ¢, = 1: 1.
If |ByCy| > |ApCo|, Lemma 6 implies that ¢; > p;. Then

|B1Cy| = q1 + 11 > p1+r1 = |A1C.
Applying Lemma 6 to the triangle A;B;C4, we have g3 > py and

. 1+«
¢ [ABi + |BiCi| — [A G N (Q2) . Ya e (0,v2).

D1 B | Ay By| + |A:Cy| — | B1CY| ]72

Continuing this argument, we can see that

q1 (ﬁ)n—l qn
() > — > 1.

D1 Pn
Therefore (L
1= lim (q“) T s im s
n—oo pl n—oo pn
Hence
lim & — 1.
n—oo pn

If | BoCy| < |AoCy|, consider the sequence {Z—:}. Same arguments show that its limit for
n — oo equals 1. O
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