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Abstract. Given a tetrahedron T, the tetrahedron 7" constructed by connecting
the four centroids of its faces is called the central tetrahedron of T'. A tetrahedron
T can be inscribed in a parallelepiped W so that the edges of T" are the diagonals
of the faces of W. By drawing the remaining six diagonals on the faces of the
parallelepiped W, we obtain a new tetrahedron 7™, and call it the twin tetrahedron
of T. Let S* and S* be the circumcenters of T* and T*, respectively. We will
prove that all tetrahedra T, 7", T*, and T*' have the centroid in common, say
P, and the five points S, S, S* P S’ ﬂd S* are c colhnear in this order such that
55% = 2PS’ SP = 3PS’ SS’ = 25'S*, and S5% = 39757, Moreover, we prove
that (1) 7" and T*' are twins, and (2) if the tetrahedron 7T is orthocentric, then T,
T', T*, T* are orthocentric with orthocenters S*, S*', S, and S’, respectively.
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1 Introduction

Let V; be the volume of a sphere, V,, the volume of the cylinder that tangentially contains
the sphere, and V,, the volume of the circular cone with the same base as the cylinder and
inscribed in the cylinder as in Figure 1. About 2200 years ago, Archimedes of Syracuse
discovered that the ratio of the volumes equals V,, : Vs : V,, =1:2: 3. (For additional 1:2: 3
relations, see [6].)

Euler in 1767 discovered a 1 : 2 : 3 relation as in the following famous theorem.

Theorem 1 (Euler). In any triangle, the orthocenter (H), the centroid (G), and the circum-
center (O) are collinear, with HG = 2(GO) and HO = 3(GO).

The line OH is called the Euler line of a triangle, and William Dunham dedicates almost
the entirety of Chapter 7 to this theorem in his book [4]. Unlike for a triangle, the four
altitudes of a tetrahedron do not usually concur, so an “orthocenter” for a tetrahedron does
not exist in general. Hence, Theorem 1 does not extend to a general tetrahedron.
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Figure 1: Vo : Vs : Vey =1:2: 3.

However, a theorem related to Theorem 1 concerning the nine-point circle of a triangle
was discovered by Poncelet and C. B. Brianchon in 1821, and again by K. W. Feuerbach a
year later (see page 147 of [4]). The statement of the theorem can be found on page 147 of [4]
or in section 1.8 of [3]. A succinct proof of this theorem and of Theorem 1 can be found on
pages 19-20 of [2]. We are interested in the simplified version of this theorem as stated in the
next theorem.

Theorem 2. Let A’, B', and C’ be the midpoints of the edges BC, AC, and AB, respectively,
of a triangle ABC'. If O and O’ are the circumcenters of the triangles ABC and A'B'C’,
respectively, and if H is the orthocenter of the triangle ABC, then O is the midpoint of the
segment OH .

Hence, with some computations using the two Theorems 1 and 2, we have the next corollary
that resembles Theorem 1.

Corollary 1. If O and O’ are the circumcenters of the triangles ABC and A'B'C", respectively,
and if G is the centroid of the triangle ABC, then O, G, O’ are collinear points with OG =
2(GO"), and OO" = 3(GO').

Since Corollary 1 does not mention the orthocenter, we were intrigued by the thought
of finding a related theorem on a tetrahedron by interpreting the points A’, B’, and C’ in
Theorem 2 to be the centroids of the edges BC, AC', and AB, respectively. And we investigated
a tetrahedron.

Definition 1. We denote a tetrahedron ABCD by T throughout this paper. Let A’, B', (',
D' be the centroids of the faces BCD, ACD, ABD, and ABC respectively, of a tetrahedron
ABCD. The tetrahedron A'B’C'D’ is called the central tetrahedron of the tetrahedron T,
and we denote the central tetrahedron A’B’'C’D’ by T'. The circumcenters of 7" and 7" are
denoted by S and §’, respectively. The segments AA’, BB, CC’" and DD’ intersect. This
intersection, denoted by P, is the centroid of the tetrahedron T'.

Definition 2. Let us inscribe the tetrahedron ABC'D into a parallelepiped so that edges of
the tetrahedron are the diagonals of the six faces of the parallelepiped. We label the diagonally
opposite vertices of A, B, C, D of the parallelepiped by A*, B* C*, and D*, respectively.
(See Figure 2.) Hence, for example, the faces AD* BC* and A*DB*C of the parallelepiped
are determined by the planes parallel to the lines AB and C'D. We will call the tetrahedron
A*B*C*D* the twin of the tetrahedron ABC D, and we denote it by 7. They are mirror
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images of each other. Since the twin of the tetrahedron A*B*C*D* is the tetrahedron ABCD,
we have T** = T. Let S* and S* be the circumcenters of the twin tetrahedra 7™ and its
central tetrahedron T%, respectively.

We will show that P, the centroid of T, is also the ce_nt)roid of T, T*, and T, and prove
that S, P, and S’ are collinear points such that SP = 3PS inﬂleorem 3. In Theorem 4, we
will prove that P is the midpoint of the segment SS* so tlﬂ)SS’:_Z)S’S* and SS* = 35'5*.
In addition, S* is the midpoint of the segment SS’, and SS* = 5’S*. (See Figure 3.) As a
corollary, we will prove that 7" and T* are twin tetrahedra, i.e., T* = T"* (Corollary 2).

Definition 3. If four altitudes of a tetrahedron intersect, the tetrahedron is said to be
orthocentric, and the intersection is called the orthocenter.

In Section 3, we will prove that if the tetrahedron T is orthocentric, then 7", T*, and T
are all orthocentric tetrahedra. And the orthocenters of the tetrahedra 7', T”, T*, and T are
S*, S§*¥. S, and 9, respectively.

Dt
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Figure 2: Two tetrahedra T" and T are shown. Figure 3: The positions of five points are shown.

2 The Main Theorem

We will prove our theorems, Theorems 3 and 4, using the Cartesian coordinates similar to the
way Euler proved Theorem 1 as described in Chapter 7 of [4].

Theorem 3. Let T be a tetrahedron. Recall T', S, S’, and P in Definition 1. Then the
following are true:
(1) The point P is also the centroid of the tetmhedmnT_’.}
(2) The points S, P, and S’ are collinear, with SP = 3PS (See Figure 3, and compare this
to Corollary 1.)

Proof. We will use the Cartesian coordinates to prove this theorem. Let T" be a tetrahedron
ABCD. Let A= (1,0,0), B = (a,b,0), C = (c,d,e), D =(0,0,0) for some numbers a, b # 0,
¢, d, e # 0. (See Figure 4).

A calculation i(b_Z+DB+DC+ DD) = <%7 %, §> proves that P = (#’ %’ i)

is the coordinate of the centroid of 7.
The vertices of the central tetrahedron 7" are given by

! _ (atc b+d e I (14c d e ! _ (14a b ! _ (14a+c b+d e
A= (Y Bo(RAD 0= (R0, o ()

37 373 3 3 72 373

We denote vector coordinates by angled brackets and point coordinates by round brackets.
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A calenlation §(DA'+ DB’ + DC" + DD') = (Xtaxe bd ) proves that P = (ke b <)
is also the centroid of T”.

The midpoints F, I, J of the edges DA, DB, and DC, respectively, are given by F =
(5:0.0), 1= (8,2,0). J = (5,4.5).

Then, equations of the planes through F, I, J normal to the edges DA, DB, and DC,
respectively, are given by

p=d ale =) +bly -4 =0, clx—§) +dly—9)+ely-5 =0

The intersection of these three planes is the circumcenter S of the tetrahedron ABC'D, and
we have

S = 1 a?4b%—a b(?+d>+e%—c)—d(a®+b*—a)
T\ 2b ’ 2be '

Let £, I, J' be the midpoints of the edges D'A’, D'B’, and D'C’, respectively. Then

E = 142a+2¢ b+d e I = 24a+2c b+2d e J = 24+2a+c 3b+d e
o 6 ’ 3 3 o 6 6 73 - 6 > 6 76/

Since A'D" = %<1,0,0>, B'D' = é(a,b, 0), C'D" = %(c, d,e), the equations of the planes
through F’, I’; J' normal to the edges D'A’, D'B’, and D'C’ are given, respectively, as

T = 1+2§+267 &(l’ 2+a+20> +b( %) — 07 C(I‘ 2+2a+c> —|—d< 2b+d) +€(Z— 7) = 0.

The intersection of these three planes is the circumcenter S” of the tetrahedron A’B’'C’D’, and
we have

S — (142042 —a®+0°+2bd+a b= 2—d*+e+c)+d(a 2+b2—a)
- 6 6b ) 6be

Since

SS)’ _ [ate— 1 —2a2—b24bd+2a b(—2c2—2d%—e?+2c)+d(2a%+2b%—2a)
- 3 3b ’ 3be ’

a vector equation of the line S5’ is given by

_ /1 a?4b2—a b(A+d*+e?—c)—d(a®+b%—a)
(,y,2) = (3, 2be

atc—1 —2a2—b2+4bd+2a b(—2c®—2d?—e?+2c)+d(2a%+2b%—2a)
+ t< ’ 3b ) 3be > , te& R.

— —

Here, (z,y, 2);—0 = DS and (x,y, )=y = DS".

If we let t = % in the vector equation of the line SS’, we have

_ /1 a®4+b2—a b(*4+d*+e?>—c)—d(a’+b?—a)
<._'L', Y, Z) - <7

20 2 2be
4+ 3(ate= —2a2—b24+bd+2a b(—2c?—2d>—e?42¢)+d(2a%42b%—2a)
4 3 3b ) 3be
_ [ 14atc b+d e
- 4 0 4 04

— DP.

This proves that the points S, P, and S’ are collinear, and SP = 3P—S7 since t = % in the
vector equation of the line SS’ gives SP. O

Theorem 4. Recall S* and S* are the circumcenters of the tetrahedra T and T, respectively.
Then, the centroid P of the tetrahedron T is the centroid of T* and T*. The points S, S*, P

S, and S* are, collmear in ! this order, with the point P being the midpoint of the segment SS*
cmd S'SF = 57 = SS*’ SS = 25'S*, and SS* = 35'S* (see Figure 3).
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C=(cde)

Proof. Let
A = (Lc—l btd g)j B — (1—a+c d—b

¥ _ (a—ctl b—d e * _ (atctl b+d e
2 0 2032 )70_(2’272>7D_<27272)'

Then check that

DA* + DB* = (¢,d,e¢) = DC, DA*+ DC* = (a,b,0) = DB,
DB* + DC* = (1,0,0) = DA, and DA* + DB* + DC* = (ztesl bd ) = DD".

2 72

From these, we can see that the vertices D, A*, B, C*, D*, A, B*, C' form a parallelepiped.
Hence, A*B*C*D* is the twin tetrahedron 7™ of T
The midpoint of D*A* is (“*C bid g), and D*A* = (—1,0,0). So, the normal plane to

T2 02 02
the edge D*A* through its midpoint is
(i) == %=
The midpoint of D*B* is (%, g, %), and D*B* = (—a,—b,0). So, the normal plane to the

edge D*B* through its midpoint is

(ii) ax + by = actbite,
The midpoint of D*C* is (“%1, %, O), and D*C* = (—¢, —d, —e). So, the normal plane to the
edge D*C* through its midpoint is

(ili) cx + dy + ez = 2etbde,

By solving the system of equations (i)—(iii), we obtain the circumcenter S* of the tetrahedron
T as

S* = (atc at+bd—a? blc—c?—d?+d(a®+b%—a)
- 20 2b ’ 2be :

From the proof of Theorem 3, the vector equation of the line S5 is

_ /1 a?4b2—a b(A+d*+e?—c)—d(a®+b%—a)
(r,y,2) = <§7 2% 2be
atc—1 —2a2—b2+bd+2a b(—2c2—2d%—e?+2c)+d(2a%+2b%—2a)
+t< 3 3b ’ 3be , telR

If we let t = % in this equation, we have

20 2 2be
+ 3/ated —2a2 b2 4bd4+2a b(—2c?—2d>?—e2+2c)+d(2a%+2b%—2a)
2 3 3b ) 3be

_ /atc a+bd—a? b(c—c?—d?)+d(a®+b*—a)
—\2 " 2 2be :

_ /1 a®4+b%>—a b(2+d*+e%—c)—d(a®>+b*—a)
<I’, Y, Z> - <7
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This shows that S* is on the line SS’, and ﬁ’: = Sﬁ

Since 1(DA* + DB* + DC* + DD*) = <1+a+c, bid i> P is the centroid of T* from the
proof of Theorem 3.

All things considered, S* correspond to t = % in the vector equation of SS’, S’ corresponds
tot =1, and P corresponds to t = %. Hence, this proves that P is the midpoint of SS* since

3 _ 1.3
$ =

B2y rf‘heorem 3, P is also the centroid of T*. And we can apply Theorem 3 to the tetrahedron
T* in place of the tetrahedron T, and the tetrahedron 7™ in place of the tetrahedrﬂ ', This
allows us to replace (S by S*) and (S’ by S*) in Theorem 3(2) to obtain S*P = 3PS, Since
SP = SPS’ and SP = S*P = 3PS*/ this shows that PS* = PS’. Hence, S* corresponds to
t=s 1n the Vector equations of SS’. Therefore, we have SS* = §*S" = §'S* and SS" = 25'S*,

and SS ¥ = 39'S%. This completes the proof of statement (1) of this theorem. O

Remark 1. A tetrahedron ABC'D is isosceles it AB=CD, AC = BD, and AD = BC. The
parallelepiped that circumscribed to the isosceles tetrahedra T and T is a rectangular box
and all the points S, S*¥, P, S’, and S* are identical since it is known that the circumcenter
and the centroid of an isosceles tetrahedron are the same (see page 97 of [1]).

Corollary 2. The tetrahedron T* is the twin tetrahedron of T'. In short, we have T* = T"*.

Proof. From the proof of Theorem 4, we have
A* = <a+c 1 b+d e) B* = (1—(21+c d—b g)7 C* = (a—c—&—l7 b—d)_

2 7 22 7202

)7 D*:(L@rl b+d 9>‘

2 0 292

)

From these, we have
A*/: <a+c+3 b+d e) B*/: (3a+c+1 3b+d e) C*/: <a+30+1 b+3d 36) D*/: (a-l—c—i—l b+d e)

6 7 6 76

7’6 6 76 76 6 7 6 76

From the proof of Theorem 3, we have
£ (G, 2= (49 O (50) D (550

37 373

From these, we have

BA  =Ya+c+3b+de)—1(2+22d2) =1 {a—c+1,b—d, —e),
BB =1(3a+c+1,3b+de)—L(2+22d2)=1(3a—c—1,3b—d —e),
B'—C'*?:é<a+30+1,b+3d,3e>—%(20+2,2d26>:é<a+c—1,b+d,e),
B'D"=2(a+c+1,b+de)—}(2c+2,2d,2¢) =t (a—c—1,b—d, —e),
B'A' = 1(2a +2c+2,2b+2d,2¢) — L (2c +2,2d, 2¢) = 1 (2a — 2,2b,0),
B'D' =} (2a+2c+2,2b+ 2d,2e) — ¢ (2c + 2,2d, 2¢) = ¢ (2a,2b,0),

B'C" = ¢ (2a+2,2b,0) — § (2¢ +2,2d,2e) = ¢ (2a — 2¢,2b — 2d, —2e) .

Hence, check that
B/cv*/ + B/D*/ — B/A/7 B/c*l + B/A*/ — B/A/, B/A*/ + B/D*/ — B/C/,
and B/D*/+ B/A*/+BIO*/ — B/B*/.

These four vector equations prove that B'C* A'D* | B'C* D'A*, and B'A¥C’'D* are parallelo-
grams, and B'C* A'D*¥ A¥ D' B¥(C" is a parallelepiped. Therefore, the twin parallelogram of T”
is the tetrahedron T*. In other words, we have shown that 7% =T"™ AY = A”™ B* = B’
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3 An Orthocentric Tetrahedron

The next is a known theorem on an orthocentric tetrahedron.

Theorem 5 (See Problem 312 on page 64 of [5].). A tetrahedron is orthocentric if, and only
if, opposite edges of the tetrahedron are mutually perpendicular.

The next theorem shows that an orthocentric tetrahedron has a collinear property similar
to Theorem 1 of Euler.

Theorem 6. The orthocenter of an orthocentric tetrahedron T is the circumcenter of its twin
tetrahedron T™.

Proof. We use the same notations as in the proof of Theorem 3. By Theorem 5, since the
tetrahedron ABC' D denoted by T is orthocentric, we must have

D_C”-zﬁz<c,d,e)-<a—1,b,0>:c(a—1)+bd:O,
AC-DB = (c—1,d,¢e) - (a,b,0) = a(c— 1)+ bd = 0, and
m)~l3—(§’):<1,0,0>'(c—a,d—b,e>:c—a:().

These imply that

(1) c=a,and d = “_5)“2,whereb7£0,e7é0.

Hence, A = (1,0,0), B = (a,b,0), C = (a, %,e), D =(0,0,0).

Let S* be the circumcenter of the twin tetrahedron 7™ of T. By the proof of Theorem 4,
we have

oo _ (ate athda? be-@-@)rd@¥—a)) _ (, aa? (a—a?)(+=a)
- 2 2b ) 2be - > b ) b2e :

(2) Since CS% = <0, 0, (o—a®)@*+t7-a) _ e>, it is normal to the plane ABD.

b%e
(3) We have ASF = <a—1, “’bCLQ, (“_“2)({)6;26+b2_“)> - (a—1)<1, = W> — “b;€1<be, —ae, %(a—

a2—b2)>. A normal vector of the plane BOD is given by DB x DC' = (be, —ae, ad—bc) =
<be, —ae, %(a — a® — 62)>. Hence, the vector AS* is normal to the plane BCD.

b
Similarly, we can see that the vectors BS* and C'S* are normal to the planes ACD and ABD,
respectively. Therefore, S* is the orthocenter of 7T'. [

Corollary 3. Suppose T is an orthocentric tetrahedron. Then T, T*, and T* are all
orthocentric tetrahedra. Moreover, the orthocenters of T and T' are S* and S*, respectively.
And the orthocenters of T* and T are S and S’, respectively.

Proof. Since T" is similar to T', the tetrahedron 7" is orthocentric. By Corollary 2, T is the
twin of T”. Hence, the orthocenter of 7" is S* by Theorem 6. Since T* is congruent to T,
tetrahedra T and T* are orthocentric. Hence, we can see that the orthocenters of T* and
T are S** = S and 5™ = 5’, respectively. H
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