Journal for Geometry and Graphics
Volume 27 (2023), No. 2, 187-193
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Abstract. If the Fermat-Torricelli point Aq is strictly inside a tetrahedron
A1 Ay Az Ay, we prove that the angle bisectors of ZA;AgA;, fori # j, 4,7 =1,2,3,4
form three bisecting lines that meet perpendicular at Ay. From this, we derive a
new characterization of isosceles tetrahedra.
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1 Introduction

Let AjA2A3A4 be a tetrahedron and let A; = (z;,v:, %), ¢ = 1,2,3,4. Then the Fermat’s
Problem states as follow:

Problem 1. Find (z,y, 2) in R3, that minimizes:

fla,y,2) = ; V@ =202+ (y — )2 + (= — 2)2. (1)

The unsolvability of the Fermat-Torricelli problem by Euclidean constructions in R? has
been proved by Bajaj, Mehlhos, Melzak and Cockayne in [4, 6, 12], by applying Galois
theory in some specific examples. Therefore, there is no Euclidean construction to locate the
minimizing point.

Definition 1. The solution to Problem 1 is called the Fermat-Torricelli point of a tetrahedron
A1 A3 A3A, and it is denoted by Aj.

It is well known that the existence and uniqueness of the Fermat-Torricelli point Ay in
R3 is derived by the convexity of the Euclidean norm (distance) and compactness arguments
[5, Theorem 18.3 (I), p. 237, Condition (P3), p. 238].
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Sturm and Lindelof gave a complete characterization of the solutions of the Fermat-
Torricelli problem for m given points in R™ [11, 14]. Kupitz and Martini gave an alternative
proof by using multivariate calculus [9, 10]. Eriksson and Noda, Sakai, Morimoto discov-
ered some new characterizations for the Fermat-Torricelli point for tetrahedra in R? [7, 13].
Characterizations for isosceles tetrahedra with respect to the corresponding Fermat-Torricelli
point, barycenter, solid angles, dihedral angles, planar angles are given by Kupitz and Martini
in [8, 10] and a complete list of references is given in Arnold’s problems [3, pp. 188-191].

We shall focus on the three-dimensional case [5, Theorem 18.3, pp. 237].

We denote by U (j,1) = Hfljiﬁzu the unit vector from A; to A; for ¢,7 =0,1,2,3,4.

Two cases may occur:

(I) If || 5521 50 @(G, )|l > 1, for each i = 1,2,3,4, then
(a) Ay is strictly inside of the tetrahedron A;A;A3Ay,
(b) S4, @(0,i) = 0 (Fermat-Torricelli solution).
(1) If |52y s @(4,9)|| < 1 for some i = 1,2,3,4, then Ay = A;. (Fermat-Cavallieri solu-
tion).
Hence, there are two types for the Fermat-Torricelli point; one case is that A is strictly
inside of the tetrahedron, and the other case is that Ag coincides with one of the vertices.
Abu-Abas, Abu-Saymeh and Hajja proved the non-isogonal property of the Fermat-
Torricelli point for a tetrahedron [1, 2].
In this paper, we will prove the following using vectors:
« The six angle bisectors of the angles ZA;AyA; for 4,5 = 1,2,3,4 and ¢ # j form three
bisecting lines, which meet perpendicularly at Ag (Section 2, Theorem 1).

o The segments formed by the midpoints of the opposite edges of a tetrahedron A; A; A3 Ay
intersect at the right angles at their midpoints, if and only if the tetrahedron A; As A3 Ay
is isosceles (Section 2, Theorem 2).

2 A property of the Fermat-Torricelli point for four points
forming a tetrahedron in R3

We are interested in the case when Ay is strictly inside a tetrahedron A; A; A3Ay.

We denote by Z(ij) = £LA;AoA;.

We denote by P;k the orthogonal projection of A; to the plane defined by AA;AqAy.

We consider proper tetrahedra (four non-coplanar points). Then ij is different from A,
(c.f. Proposition 1 below).

We denote by a; = || AgA;||, for i = 1,2, 3, 4.

We need the following well known lemma [12, 15], in order to prove Proposition 1 and
Theorem 1:

Lemma 1 (see in [12, Property 3, p. 154] or [15, Formulas (6,2), (6.3), p. 8]). The following
relations hold:

cos Z(12) = cos Z(34), (2)
cos Z(23) = cos £(14), (3)
cos Z(13) = cos £(24) (4)

and
1+ cos Z£(12) + cos Z(13) + cos Z(14) = 0. (5)
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Proposition 1. If there is some @, such that sz = Ay, then A1A3A3A, degenerates to a
quadrilateral whose diagonals intersect at a right angle at Ay.

Proof. Case (I): Without loss of generality, we assume that P142 = Ay and P}, # Ag. Taking
into account Lemma 1 and by substituting Z(14) = Z(24) = % in (2), (3), (4), (5), we obtain
Z(13) = 3, £(12) = £(34) = m. Therefore, we derive that A A3A2A4 is a quadrilateral whose
diagonals intersect at a right angle at A,.

Case (IT): Without loss of generality, we assume that P, = P}, = Ay. Taking into account
Lemma 1 and by substituting £(14) = £(24) = £(13) = £(23) = 7 in (2), (3), (4), (5), we
obtain /(12) = Z(34) = m. Therefore, we derive that A; A3A3A, is a quadrilateral whose
diagonals intersect at a right angle at A, O]

We denote by Z(i, jk) = LA; Ay P} ]k, fori,7,k=1,2,3,4.
We denote by w}), = ZPj, AgA;.
Taking into account Proposition 1, Z(i, jk), w; ;i are well defined.

Theorem 1. The siz angle bisectors of Z(ij) fori,j =1,2,3,4 and i # j form three bisecting
lines, which meet perpendicularly at Ag.

Proof. Without loss of generality, we express the unit vectors u(0,4) for i = 1,2,3,4 in the
following form:

7(0,1) = (1,0,0),
7(0,2) = (cos £(12),sin Z(12),0),
0,3) = (cos Z(3,12) cos wiy, cos Z(3,12) sin w?,, sin £ (3, 12)),
0,4) = (cos Z(4,12) cos wi,, cos Z(4, 12) sin wy,, sin Z(4,12)).

~—~ —~ —~
O© 00 J O
= I — T
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We note that P, P, # Ay taking into account Proposition 1. The vector gij of the
angle bisector that connects A, with the midpoint of the segment A;A; is given by:

for i, =1,2,3,4,i # j. By replacing (6), (7), (8), (9) in (10), we get:

312 = (14 cos Z£(12),sin £(12),0), (11)
31y = (1 + cos Z(3,12) coswi,, cos Z(3,12) sinwy, sin £(3,12)), (12)
314 = (14 cos Z(4, 12) coswhy, cos Z(4,12) sin w?,, sin Z(4, 12)), (13)
Sy = (cos Z(12) + cos £(3,12) cos wi,, sin Z(12) + cos (3, 12) sin w?,, sin Z(3,12)),  (14)
8oy = (cos Z(12) + cos £(4,12) cos wi,, sin Z(12) + cos Z(4,12) sinwi,, sin Z(4,12)), (15)
Sau = (cos Z(3,12) cos w?, + cos Z(4, 12) cos wi,, cos Z(3,12) sinw?, (16)

+ cos Z(4,12) sinwiy, sin Z(3,12) + sin Z(4, 12)).

The inner products ©(0,1) - (0, 3), ©(0,2) - Z(0, 3) yield, respectively:

cos Z(3,12) cosw?, = cos Z(13), (17)
cos Z(12) cos Z(3,12) cos w?, + sin Z(12) cos Z(3, 12) sin w?, = cos Z(23). (18)
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By considering (11), (12), (14), we calculate the inner products 312 . 3)23 and 3)12 . 5)13.
S1o- Do = (14 cos Z(12))(cos Z(12) + cos Z(3,12) cos w?,)
+ sin Z(12)(sin Z(12) + cos Z(3, 12) sin w?,)

=1+ cos Z(12) + cos Z(12) cos Z(3,12) cos wi,
+ sin Z(12) cos Z(3,12) sin wiy + cos Z(3,12) cos ws,.

Taking into account (17), (18), we obtain that:

312+ 023 =1+ cos Z(12) + cos Z(13) + cos Z(23). (19)

1o 013 = (14 cos Z(12))(1 + cos £(3,12) cos wiy)
+ sin Z(12) cos Z(3,12) sinw?,
=1+ cos Z(12) + cos Z(12) cos Z(3,12) cos wi,
+ sin Z(12) cos Z(3,12) sinw}, + + cos Z(3, 12) cos w?,.

Taking into account (17), (18), we obtain that:
O12- 013 =1+ cos Z(12) + cos Z(13) + cos £(23). (20)
By applying Lemma 1 in (19), (20), we derive that:
S12- 023 =012+ 013 =0,

which yields that 5)12 1 ?5)23 1 5}13. Therefore, 5}12, 5!23, ?5)13 is an orthonormal system of
unit vectors.

We need to prove that the angle bisectors of the angles Z(12) and Z(34) belong to the
same line.

The inner products @ (0,1) - 7(0,4), @(0,2) - ©(0,4) @(0,3) - ©(0,4) yield, respectively:

cos Z(4,12) cosw, = cos £(14), (21)
cos Z(12) cos Z(4,12) cos wi, + sin Z(12) cos Z (4, 12) sinwy, = cos Z(24), (22)
cos Z(3,12) cos w?, cos Z(4,12) cos wiy+ (23)

cos /(3,12) sinw?, cos Z(4,12) sinwi, + sin £(3,12) sin Z(4,12) = cos Z(34).

By considering (11), (16), we calculate the inner product ﬁ : ‘%ﬁ':

Taking into account (11), we get:

12 = /2(1 + cos £(12)) (24)

Taking into account (16) and (23), we get:

8 3] = /2(1 + cos £(34)). (25)

Moreover, we obtain that:

—

P g (14 cos Z(12))(cos £(3,12) cos w?, + cos £ (4, 12) cos wi, )+
+ sin Z(12)(cos £(3,12) sinw?, + cos Z(4,12) sinw},).
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Taking into account (18), (22), (17), (21), we get:

—

310+ 054 = cos Z(23) 4 cos £(24) + cos Z(13) + cos Z(14) (26)
By taking into account (24) and (25) and by substituting (2), (3), (4), (5) in (26), we derive:

015 Os 1 1 (—2(1+cos £(12))).  (27)

1zl 81 \/2(1+ cos 2(12)) /2(1 + cos £(34))

By replacing Z(34) = Z(12) (Lemma 1) in (27), we derive that:

012 O34 1
= = — 1.
[012] |34

Hence, the angle bisectors of the angles Z(12) and Z(34) belong to the same line.
By following the same process and by applying Lemma 1, we get:

023 O 1
02 Ou _
[ 093] |0 14]

and N N
513 . 624 _
[ 013 |24 ,

which yields that the angle bisectors of the angles Z(23) and Z(14) belong to the same line and
the angle bisectors of the angles Z(13) and Z(24) belong to the same line, respectively. [

The following theorem was conjectured by the reviewer of this paper:

Theorem 2. Let AjAyA3Ay be a tetrahedron. Let A;; be the midpoint of the edge A;A;, for
i,7 =1,2,3,4. Then the segments A19Asy, A13As, A14Ass, intersect each other at the right
angle at their midpoints if, and only if, the tetrahedron A;AsAsAy is isosceles.

Proof. (I) We shall prove that if the segments AjpAsy, A13A494, A14Ass, intersect each other
at the right angle at their midpoints, then the tetrahedron A;A;A3Ay is isosceles.

Let Ag be the intersection point of the segments A9 Ay, A13A24, A14A23, which intersect
each other at a right angle. The point Ag is inside A;AsA3A,. We will prove that Ay is the
Fermat-Torricelli point of A1A2A3A$)

We consider the vectors a; = AgA;, such that ||AgA;|| = a4, for i = 1,2,3,4:

ai = a1(1,0,0), (28)

az = as(cos Z(12),sin £(12),0), (29)

a3 = as(cos Z(3,12) coswi,, cos Z(3,12) sinws,, sin £(3,12)), (30)
a; = as(cos Z(4,12) cos wi,, cos Z(4,12) sinwy,, sin Z(4,12)). (31)

The vector ?52-]- that corresponds to each bisector that connects Ay with the midpoint of the
segment A;A; is given by:
04 = 5(a; W (0,7) + a;(0, 7)) (32)

fori,j =1,2,3,4;1 # 7.
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Taking into account that 5)12 . 75)23 =0, 5)12 . 5’13 =0, we get:
ayay cos Z(12) + ajas cos Z(13) + agas cos £ (23) = —a?. (33)
and
ayay cos Z(12) + ajas cos Z(13) + agasz cos £(23) = —as. (34)

By subtracting (34) from (33), we derive that a; = as.
Similarly, by taking into account that d42- 093 =0, da2- 043 =0, and d43- 013 = 0,
041 013 =0, we derive that a; = ag = az = ay.
51 d34 _

Taking into account that el 0l -1

1 1
V/2(1 + cos £(12)) /2(1 + cos £(34))

(—2(1 + cos £(12))) = —1,

which gives
Z(12) = Z(34).

— —
023 . 014 __

Similarly, taking into account that T = —1 we get

£(14) = £(23).

Hence, we obtain that >}, 7(0,4) = 0, which yields that the intersection point Ay of the
three bisecting lines is the Fermat-Torricelli point of A;A>A3A4.

We need the following auxiliary result ([8, Theorem (4.9),p. 157]), in order to prove that
the tetrahedron A;A;A3A, is isosceles:

If the Fermat-Torricelli point A;AsA3A4 has equal distance to each vertex of
A1A3A3A,, then A1 A3A3A, is an isosceles tetrahedron.

Hence, by applying this result for the Fermat-Torricelli point Ay , we derive that Ay As A3Ay
is an isosceles tetrahedron.

(IT) We shall prove the converse of Theorem 2: If A;A;A3A, is an isosceles tetrahedron,
then the segments Ai9Asy, A13As4, A14Ao3, intersect each other at the right angle at their
midpoints.

Let A1 A3 A3 A4 be a tetrahedron and Ajg is the Fermat-Torricelli point inside of A; A3 A3 A,.
We will obtain a theoretical construction of an isosceles tetrahedron.

Let B; be a point on the ray AgA;, such that |AgB;i| = 1, for each i = 1,2,3,4. The bal-
ancing condition of unit vectors remain the same for A; Ay A3 A4 and By By B3 By, respectively:

where (0,1) = AO—B; is the unit vector from Ay to B; for i = 1,2, 3,4. Thus, by taking into
account Lemma 1, we get £(12) = £(34), £(13) = £(24), £(23) = Z(14) and by applying
the cosine law in ABiAij, for Z,j = 1,2,3,4 we derive that B1B2 = BgB4, BlBg = B2B47
By B3 = B1By. Therefore, B; By B3 By is an isosceles tetrahedron. By applying Theorem 1 the
angle bisectors BisBsy, B13Bays, B14Bs3, intersect each other at Ay at the right angle at their
midpoints and the center of the circumscribed sphere with unit radius defined by By By B3 B,
coincides with the Fermat-Torricelli point Ag of both B1ByB3 B4 and A; Ay AsA,. O



A. N. Zachos: A Property of the Fermat-Toricelli Points for Tetrehedra. . . 193

Acknowledgment

The author acknowledges the anonymous reviewers for his/her valuable comments, which
help him a lot to improve the quality of the paper.

References

[1] Z. ABU-ABBAS and M. HAJJA: A note on the Fermat point of a Tetrahedron. Math.
Gaz. T9(484), 117118, 1995.

[2] S. ABU-SAYMEH and M. HAJJA: On the Fermat-Torricelli points of tetrahedra and of
higher dimensional simplexes. Math. Mag. 70(5), 372-378, 1997. doi: 10.2307/2691175.

[3] V. ARNOLD: Arnold’s Problems. Springer, Berlin, 2004.

[4] C. BAJAJ: The algebraic degree of geometric optimization problems. Discrete Comput.
Geom. 3(1-2), 177-191, 1988. doi: 10.1007/BF02187906.

[5] V. BoLTYANSKI, H. MARTINI, and V. SOLTAN: Geometric Methods and Optimization
Problems. Kluwer, Dordrecht/Boston/London, 1999.

[6] E. J. COCKAYNE and Z. A. MELZAK: Euclidean constructibility in graph-minimization
problems. Math. Mag. 42, 206-208, 1969.

[7] F. ERIKSSON: The Fermat-Torricelli problem once more. Math. Gaz. 81(490), 3744,
1997. doi: 10.2307/3618766.

[8] Y. KupiTz and H. MARTINI: The Fermat-Torricelli point and isosceles tetrahedra. J.
Geom. 49(1-2), 150-162, 1994.

9] Y. KupiTtz and H. MARTINI: Geometric aspects of the generalized Fermat-Torricelli
problem. In Intuitive Geometry, vol. 6 of Bolyai Society Math Studies, 55-127. 1997.

[10] Y. Kupitz and H. MARTINI: Equifacial tetrahedra and a famous location problem.
Math. Gaz. 83(498), 464-467, 1999. doi: 10.2307/3620957.

[11] L. L. LINDELOF: Sur les mazima et minima d’une fonction des rayons vecteurs mens
d’un point mobile a plusieurs centres fizes. Acta Soc. Sc. Fenn. 8, 191-203, 1867.

[12] S. MEHLHOS: Simple counter examples for the unsolvability of the Fermat- and Steiner-
Weber-problem by compass and ruler. Beitr. Algebra Geom. 41(1), 151-158, 2000.

[13] R. NopA, T. SAKAIL, and M. MORIMOTO: Generalized Fermat’s problem. Can. Math.
Bull. 34(1), 96-104, 1991. doi: 10.4153/CMB-1991-015-9.

[14] R. STURM: Ueber den Punkt kleinster Entfernungsumme von gegebenen Punkten. J.
Reine. Angew. Math. XCVII, 49-62, 1884. doi: 10.1515/cr11.1884.97.49.

[15] J. L. SYNGE: The Torricelli-Fermat point Generalised. https://dair.dias.ie/id/ep
rint/824. Preprint, DIAS-STP-87-38.

Received November 11, 2023; final form January 10, 2024.


https://dx.doi.org/10.2307/2691175
https://dx.doi.org/10.1007/BF02187906
https://dx.doi.org/10.2307/3618766
https://dx.doi.org/10.2307/3620957
https://dx.doi.org/10.4153/CMB-1991-015-9
https://dx.doi.org/10.1515/crll.1884.97.49
https://dair.dias.ie/id/eprint/824
https://dair.dias.ie/id/eprint/824

	Introduction
	A property of the Fermat-Torricelli point for four points forming a tetrahedron in R3

