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Abstract. This paper establishes hyperbolic analogues of ten inequalities for
triangles in spherical geometry, originally presented in Mitrinovi¢, Pecari¢, and
Volenec (1989). For comparison, the corresponding Euclidean versions are also
included. Unified formulations of these inequalities across spherical, Euclidean,
and hyperbolic geometries are provided. This work contributes to the broader
effort of translating and unifying geometric results across the three classical ge-
ometries.
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1 Introduction

In [6], the authors established that any polynomial relation involving the side lengths, diagonal
lengths, and circumradius of a Euclidean cyclic polygon also holds for hyperbolic and spherical
cyclic polygons. While [6] focuses on equations, the present paper turns to inequalities.

We consider ten inequalities that hold for triangles in spherical geometry, as presented
in [9], and establish their analogues in hyperbolic geometry. For comparison, corresponding
forms in Euclidean geometry are also provided for some of these inequalities. These Euclidean
versions are, in fact, well known.

The search for hyperbolic analogues of results originally formulated in spherical geome-
try is well established. For example, [10] shows how certain classical theorems in spherical
geometry can be translated into theorems in hyperbolic geometry.

This paper is organized as follows. Section 2 presents ten inequalities in spherical geom-
etry. Section 3 introduces their unified formulations, applicable to spherical, Euclidean, and
hyperbolic geometries. Section 4 discusses the corresponding Euclidean analogues. Section 5
formulates the analogues in hyperbolic geometry. Section 6 provides proofs for the hyperbolic
versions.
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2 Inequalities for Spherical Triangles

In this section, we present ten inequalities for spherical triangles, all of which are included
in [9]. The labels used for these inequalities follow those in [9], and the original references of
these results are also cited there.

Using the notation from [9], let AABC be a spherical triangle with the side lengths
a=BC, b= CA, c= AB, and the angles «, 3, v at the vertices A, B, C, respectively. Let
2s =a+b+cand e =a+ [+ v —m. Let R and r be the circumradius and inradius of
ANABC, respectively.

The sign {P} means the equality of an inequality holds if and only if the condition P is
satisfied. The sign 7z means a = b = c.

The following inequities hold [9, p. 637-640].

b
sin % sin 2 sing > sin(s — a) sin(s — b) sin(s — ¢) {Tr}. (6.6)
tan R > 2tanr {Tr}. (6.7)
2 S
tan Rt < in® = . 6.8
anRtanr < ——sin” o {Tr} (6.8)
1 S
tan?r < in® = . 6.9
an’r < ——sin” 3 {Tr} (6.9)
_ _p _
tan > 5 @ tan 5 tan > 5 €< tan?’g {Tr}. (6.10)
tan® Z < tan g tan® g {Tr}. (6.11)
. 9 € <sin%sin3% (T} (6.12)
sin - < —2__ 6 ) .
4 — COS3% R
S 3 s
5 € _ COSjcos’ g
- >_—_—= 06 . 6.13
coS 17 ot {Tr} ( )
sin® 2 sin 222 sin =2 sin 5=¢
6 2 % 2 {Tr} (6.14)
cos? 3 COS § COS 3 COS §
cos® 2 cos %5% cos 574; cos 53¢ (Tl (6.15)
cos? : Cos § COS g cos §

3 Unified Inequalities

Certain results in spherical, Euclidean and hyperbolic geometries can be unified using the
function p(z), along with its derivative p/(x) and the ratio 5((:2:))' In particular,

I
p(z) = 7 sin(VKz),
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Table 1: Explicit expressions for the functions p, p’, and § corresponding to the curvature values
K=10 -1

K 1 0 -1

p(x) sinzx x sinhz

p(z) cosz 1 coshz

L(z) tanz =z tanhz

where K € {1,0,—1} denotes the constant curvature of the unit sphere, the Euclidean plane,
or the hyperbolic plane, respectively (see, e.g., [5]). Table 1 lists the explicit expressions of
functions p, p/, and ﬁ for each value of K.

The inequalities in spherical geometry, from (6.6) to (6.15), suggest the following unified
forms of inequalities, from (6.6") to (6.15"), applicable to spherical, Euclidean, and hyperbolic
geometries.

Let AABC be a triangle in the unit sphere, the Euclidean plane, or the hyperbolic plane,
with the side lengths a = BC', b = CA, ¢ = AB, and the angles «, (3, 7 at the vertices A, B,
C, respectively. Let 2s=a+b+cande=a+ [ +v — 7.

For inequality (6.7%) and (6.8"), in the case of hyperbolic geometry, we additionally assume
that the triangle AABC has a circumcircle. Indeed, not every hyperbolic triangle admits a
circumcircle.

The condition for the existence of a circumcircle is given by the following theorem:

Theorem 1 (Fenchel [3, p. 118]). A hyperbolic triangle with sides of lengths a,b, and ¢, where
a < b<c, has a circumscribed circle if and only if
inh < < sinh & + sinh 2
sinh — < sinh = + sinh —.
2 2 2
An application of this theorem appears in [4].
A more general result is the following:

Theorem 2 (Beardon [2], Janson [7, (10.22)]). Let T be a hyperbolic triangle with sides of
lengths a, b, and c, where a < b < c. Then the vertices of T lie on a circle, a horocycle, or a
hypercycle, respectively, according as

< sinh ¢ + sinh Z;

c
. L a . b.
sinh 51~ sinh § + sinh g;

> sinh % + sinh g

Assume now R < oo and 7 denote the circumradius and inradius of AABC, respectively.

p(g)p(§>p(;)zp@—wme—wp@—c> (Tl (6.6")

pua>25w> {(Th}. (6.7")
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bwim<so(3) T (68"
) W e
S0 =G0) m e
Wit ((00) o (611)
sinQZ <’ (jz Z)<6> {Tr} (6.12%)
cos? & > o (5)e (3) (Tr}. (6.13%)
o
P (5) () (5) 0 (5) .
HORNOO O R o
P) 40 ()0 (5) u
O OIOrIC R, o

4 Inequalities for Euclidean Triangles

In Euclidean geometry, the general inequalities from (6.6") to (6.15") are specified as follows.

abe

S Zl-as-bs-0o  {Ta}) (6.6°)
R>2r {Tr}. (6.7°)
2, e
Rr < 775 {Tr}. (6.8%)

1
r< 3—\/35 {Tr}. (6.99)
(s—a)s—b)(s—c) <o {Ta) (6.10°)

6.6°) is equivalent to inequality (4) in p. 30 of [9].
6.7¢) is Euler inequality.

6.8°) is equivalent to abe <
6.9°) is inequality (7) in p. 47 of [9].

(6.10°) is equivalent to inequality (2) in p. 30 of [9].

The analogues of (6.11), (6.12), (6.13) are trivial since ¢ = 0 for Euclidean triangles.
The analogue of (6.14) is also (6.10°).

The analogue of (6.15) is trivial.

(a+§+c)3'

(
(
(
(
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5 Inequalities for Hyperbolic Triangles

In hyperbolic geometry, the general inequalities from (6.6") to (6.15") are specified as follows.
Inequality (6.7") was previously established in [11]; for convenience and completeness, we
include a proof in the next section.

sinh % sinh ZQ) sinhg > sinh(s — a) sinh(s — b) sinh(s — ¢) {Tr}. (6.6")
tanh R > 2tanhr {Tr}. (6.7M)
s
< inh® = : 8h
tanh R tanh r < hs sinh 3 {Tr} (6.8")
2r < inh3 > . 9h
tanh®r < ahs sinh 3 {Tr} (6.9")
_ s _
tanh © L tanh ©Ztanh 0 C < tanh®> {7, (6.10")
2 2 2 6
tan? < < tanh  tank® {Tr}. (6.11%)
4 2 6
: S i3 S
. o€ _ sinh$sinh” 2 N
-l ——2 Tr} 6.12
sin” - < cosl” 2 {Tr} ( )
h s h3 2
cos? S > 2PN 6 g (6.13")
4 cosh” 2

sinh® % sinh sinh ST_b sinh %
>

2 ) 6.14"
cosh® g —  cosh % cosh g cosh % {Tn} ( )
cosh? 2 cosh 222 cosh 2=% cosh ¢

32 < 2 a z - 2 {Tr}. (6.15h)
cosh 3 cosh 5 cosh 5 cosh 5
6 Proofs
Proof of (6.6"). The inequality
sinh 2 sinhy < sinh? x—;y {z =y}

holds for any z,y > 0.
One approach to verify it is to observe that the function f(z) = Insinh z satisfies f”(x) < 0
on x > 0. By Jensen’s inequality, we have

F@)+ ) _
i

r+y
2

f( ) {r =y}
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An alternative approach is as follows.

1
sinh? 2 ;— y_ 5(cosh(:zc +y)—1)

1
2 5 (cosh(z +y) — cosh(z —y)) {z=y}
= sinh x sinh y.
With x = s —a,y = s — b,z = s — ¢, multiplying

T+ Z+x

z . . .
,sinh zsinhz < sinh?

y, sinh y sinh z < sinh? yt

sinh z sinh y < sinh?
yields (6.6").
Proof of (6.7"). Since
2sinh § sinh g sinh §
\/sinh ssinh(s — a) sinh(s — b) sinh(s — ¢)
tanh r — \/smh(s — a) sinh(s — b) sinh(s — ¢)

tanh R =

sinh s ’
we have
tanh R 2sinh § sinh g sinh §
tanhr  sinh(s — a)sinh(s — b) sinh(s —¢) —
by (6.6").

Proof of (6.8").

b
- sinh a sinh — sinh E.
sinh s 2 2 2

Since f(x) = Insinh z satisfies f”(x) < 0 on z > 0, by Jensen’s inequality, we have

tanh Rtanhr =

a b c a_ b ¢
f(2)+f(2)+f(2)§f(2+2+2) {CL:b:C},
3 3
or 1
sinh & sinh - sinh © < sinh® {a=b=c}.
2 2 2 3

Proof of (6.9").

1
tanh®r < 5 tanh Rtanhr by (6.7")

1 s
< in® ~ 8M.
Ssins 3 by (6.87)
Proof of (6.10"). The inequality
tanh z tanh y < tanh? x;ty {z =y}

holds for any z, y > 0.
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One approach to verify it is to observe that the function f(x) = Intanh z satisfies f”(z) <
0 on z > 0. By Jensen’s inequality, we have

f(x)+ f(y) T+y
2

< f( 5 ) {z =y}

An alternative approach is as follows. It is equivalent to

sinh z sinh y < cosh(z +y) —1
coshzcoshy ~ cosh(z +y) + 1

{z =y}

0 < cosh(x + y)(cosh(z —y) — 1) {z =y}

which is true.
Applying this inequality, we have

_ —b _
tanhs atanhs tanhs Ctanh%
1 s—a s—0> 1 s—c s
< tanh? = 2 )tanh?= —
< tanh” o (= + =) tanh" 5 (=4 5)
2 2b —
= tanh? 2 tanh? a+120
1l ¢ 2a+2b—c¢
< tanh* = (- + — — —
< tanh” o (7 + ———5—)
s
= tanh* —.
an 5
Equality holds if and only if
b S 2a +2b—c
S—a=38— S—cCc= — c= ————
) 37 3 )
which are equivalent to
a=b=c. [l

Proof of (6.11"). The following equation holds [1, p. 66]

_ —b _
tanzi = tanhgtanh i 5 ¢ tanh 5 5 tanh 5S¢

2
By (6.10"),
tan? < < tanh s tanh® f. O
4 2 6
Proof of (6.12").
sin? - L
4 l+tan™?%
1
~ 1+tanh™* %tanh_3 : by (6'11h)
sinh 3 sinh® :

sinh % sinh® g + cosh % cosh® %
: S 1 3 s
sinh 5 sinh :

cosh? %
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The last equation holds since
sinh 3z sinh® x + cosh 3z cosh® z = cosh?® 2z
which can be verified as follows.

sinh 3z sinh® & + cosh 3z cosh® x
= (sinh z cosh 2 + sinh 2z cosh z) sinh® z 4 (sinh 2z sinh = + cosh 2z cosh x) cosh® x
— sinh* 2 cosh 22 + 2 cosh? zsinh* z + 2sinh? x cosh® x + cosh 2z cosh* z
= (sinh® + cosh® ) cosh 2z + 2 cosh® 2 sinh® 2(sinh® 4 cosh® z)
= (sinh® 4 cosh® z 4 2 cosh? x sinh? ') cosh 2

= cosh?® 2z. O

Proof of (6.13").

by (6.11")

> 3
1 + tanh % tanh g

s 3s
cosh 5 cosh .

cosh % cosh? % + sinh % sinh? %

s 3s
cosh 5 cosh .

B cosh® : -
Proof of (6.14"). The following equation holds [8, Theorem 1.1 (iii)]
sin? € _ sinh $ sinh *5# sinh ST_I’ sinh #5<
4 cosh £ cosh 2 cosh £ ‘
Substituting it into (6.12") yields (6.14"). O
Proof of (6.15"). Combining the formulas of tan? ¢ and sin® £ gives
cos? € _ cosh 3 cosh *5* cosh ST_b cosh *%¢
4 cosh § cosh % cosh £
Substituting it into (6.13") yields (6.15"). O
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