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The Weyl group as fixed point set of smooth involutions
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Abstract.  We show that the Weyl group W = M’/M of a noncompact
semisimple Lie group is obtained by taking fixed point sets of smooth
involutions in K/M . More precisely, one considers first the fixed point set
X of the involutions defined on K/M by the elements of order 2 in expid.
The Weyl group is either X, or the fixed point set of the involutions defined
on X by special elements of order 4 in expid.

1. Introduction.

The primary motivation for studying the problem at hand comes from the observa-
tion ([2]) that if the Weyl group W can be obtained from K,/M, by successively
taking fixed point sets of smooth involutions preserving Hessenberg manifolds,
then one can also reverse Morse inequalities for real Hessenberg manifolds using
Floyd’s theorem [4] (see Section 1 for notations, and the second remark at the end
of Section 2 for the Hessenberg—preserving property). The result proved in this
paper, however, is of some independent interest, and we think that it might be
useful in a variety of contexts. If one removes the smoothness assumption, it is
easy to obtain W as the fixed point set of a single discontinuous involution: just
view Ky/M, as the adjoint Ky—orbit of a suitable regular element in ay and “flip”
across ag.

In order to explain our ideas, we now briefly discuss an example. Let the
group M, = {diag(e1,e2,e3) | e; = £1, [le; = 1} act by conjugation on
Ky = SO(3,R). Clearly, each m € M, induces a smooth involution on the flag
manifold Ky/My. The points in Ky/My simultaneously fixed by all three non—
trivial involutions are in correspondence to those k € K for which the following
property holds: for all m € M, there exists m’ € My such that mkm = km'. It is
immediate to see that such a k normalizes — by conjugation — the set ay of trace
zero diagonal matrices. Indeed, if H € ag and Y = kHEk™!, then Y is left fixed by
all m € My. On the other hand, this last condition is expressed by the equalities
Yi; = €ig;Yi;, so that Y is itself diagonal. Thus, modulo My, k is a permutation,
i.e. an element of the Weyl group of SL(3,R).
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If we attempt to obtain the same result for SL(2,R) using as set of involutions
the centralizer of ag in Ky = SO(2,R), that is My = {Zid}, we get as fixed
point set in the projective space Ky/M, the identity coset alone. But if we use the
involution defined by diag (i, —i), which still centralizes ay, we achieve the target.
These considerations suggest on the one hand that the right involutions should
centralize ag, and on the other hand that the problem should be analyzed inside
some “complexification” of the semisimple Lie group G, that is, inside the adjoint
group G of its complexified Lie algebra.

The appropriate set of involutions turns out to be I, = {f € expiay | f? = e},
where ay denotes as usual a maximal abelian subspace of the symmetric part of
the Lie algebra go of Go. When acting as group of smooth maps on X, := Ky/M,,
however, Fy singles out the Weyl group W as fixed point set only if the (restricted)
root system associated with (go,ag) is reduced. Otherwise X; := Fix(F3, Xp)
contains properly W and one has to consider a special set Fy of elements of order
4 in expiag. At this stage one gets equality, namely Fix(Fy, X;) = W. The
elements of F, take into precise account the non-reduced roots, in a sense that
will be made clear in Section 4. The nature of Fix(Fy, X;), in particular the fact
that the action of Fy on X; is well-defined, is a slightly delicate matter, and is
best understood via the Bruhat decomposition. The key step (Theorem 10) is
proved by using basic properties of the Bruhat decomposition (Crollary 5.3) and
SU(2,1)-reduction (Lemma 5.6).

2. Preliminaries and notation.

Let Gy be a semisimple, connected, non—compact Lie group with finite center, g,
its Lie algebra, and g = g§ its complexification viewed as real Lie algebra. Thus g
is semisimple. Denote by ¢ the automorphism of g corresponding to conjugation
with respect to go,i.e. 0: X +1Y — X — Y for X|Y € go.

Let ad denote the adjoint representation of g. We then have Lie algebra inclusions
adgy C adg C gl(g) = End(g). Let G = Int(g) be the adjoint group of g, i.e. the
connected Lie subgroup of GL(g) = Aut(g) correspoding to adg. If G, denotes
the connected Lie subgroup of Int(g) corresponding to ad go, then G, is a closed
Lie subgroup of G diffeomorphic to Int(gg), the adjoint group of gy ([6], Lemma
6.2, Ch. III, p.181). The adjoint representation of Gy maps Gy onto G, with
kernel Zj, the center of Gy. Thus G, ~ Go/Z,.

Let now 6 be a Cartan involution of gg and gy = €y + po the resulting Cartan
decomposition. Let ay be a maximal abelian subspace of py of dimension say [.
Call a linear functional « € ajj a restricted root if

oo ={X€go | [H,X]=a(H)XV H € ay} #0.

The set of non—zero restricted roots (resp. positive, simple) will be denoted by %
(resp. X*, A). The simultaneous diagonalization of all the X — [H, X] € End(g,)
with H € ay leads to the root—space decomposition of gg

g0 = goo + Z Foa-

aEX
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In turn,
goo = do + My,
where my = {X € & | [X,H] =0VH € ap} is the centralizer of ay in €. Put
Ny = Z Joa;
aext

so that the Iwasawa decomposition of go reads:
go = no + ap + €.

Let now Ny, Ay and K, denote the Lie subgroup of Gy corresponding to £y, ag
and ng. Thus Gg = NygAgKj is the Iwasawa decomposition of Gy. Here Kj is a
maximal compact subgroup of Gy, Ay is abelian and Ny is nilpotent. Moreover,
there exists an involutive automorphism © of Gy with d©® = 0, such that K is
the set of points fixed by ©. Let M, and M| denote respectively the centralizer
and normalizer of ay in Ko, i.e. Mo={m € Ky | Adm(H) = H, VH € ap} and
M, = {meK, | Adm(H) € ap, VH € ap}. Here Ad, stands for the adjoint
representation of Gy. The Lie algebras of M, and M| coincide and are equal to
mgy. The finite group W = Mj/M, is the Weyl group of Gy associated to the
previous data. Clearly, W sits inside the boundary K/Mj.

3. The case of reduced root systems.

The Cartan involution 6 extends in a unique fashion to an involution of g, also
denoted by 0 ([7], Ch. III, p. 368), and there exists an involutive automorphism
© of G such that d© = 0. Let Kg denote the Lie subgroup of G of fixed points
of ® and by K its identity component. Put

F2:{f€expz’ao | f2:e}CG.

It is easy to give an explicit description of Fy ([7], ex. 7 p. 384). Indeed, if
{Hy,..., H;} is the basis of ay dual to A, then:

l
F, = {exmeVjHj | v :O,l}.

j=1
Thus card 5 = 2'. Observe also that if f = expiA € F,, then
Of = Oexpid = exp(PiA) = exp(—id) = f ' = f,
so that Fy C Kg. More precisely, Fy is the group of components of Kg, i.e. ([8])
Ko =K - F.

The first step of our construction consists in showing that Fy acts on Xy = Ky/M,
by smooth involutions. The fixed point set X; = Fix(F», Xj) is in many cases W,
but not always. If the root system X is not reduced, then X; is an “intermediate”
manifold between Ky/My and W .

JFrom now until the end of this section, we will use the subscript * to indicate
images under the adjoint representation Ad of Gj.
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Proposition 3.1. If f € F;, , then fK.f = K..

Proof. Let fK.f = Ky, and let £; be its Lie algebra in g. It is clear that
t; = Adg f€. Therefore, £ is f—invariant. If f =expiA, and Tj € &, then:

o(AdgfTy) = o(Adg(expiA)Ty)

= Adg(expo(iA))(oTh)
= Adg(exp —iA)Ty
= AdgfTo.

Thus Adg f1y € goN€ = £. This shows &5 = £y, thereby proving the Proposition,
since K, is the connected subgroup of GG corresponding to the Lie subalgebra €,
of g. [ ]

Proposition 3.2.  F, acts on Ky/M,y by:

(-) denoting the class mod My and Ad the adjoint representation of Gy. Moreover,
as maps, all the f’s commute with each other and f? = id.

Proof. First of all notice that Ad™'e = Z,, the center of Gy. But Z, is
contained in Mj, so that all the elements in Ad™'z belong to the same M, coset.
Since Fy centralizes M, , for k € Ky and m € M,, we have:

flkm).f = fkom.f
= (fhf)(fm.f)

= (),

(K'm).,

where kl = fk.f € K, because of the previous Proposition. Thus:
Ad7N(f(km),f) = K'mZ,

and (k'mZy) = (k') depends only on (k). The remaining assertions are clear,
since F5 is abelian in G. [

Denote by Fix(F,, Xy) the set of points in Xy = Ky/My which are simultaneously
fixed by all f € Fy. It is clear that Fix(F3, Xo) is a smooth manifold. Indeed,
it By ={f1,...,fn}, N =2 let X} = Fix(fi,Xo) and for 1 < j < N put
X} = Fix(f;, X{™"), (here X = X;). Then X} is a smooth manifold because
it is the image under 7 : Ky — Ko/My of K} = {k € Ky | k™ fikfi € Mo}.
Similarly, Xg is a smooth manifold because it is the image under 7 : Ky — Ky/M,
of K ={k € K{™" | k7'f;kf; € My}. But X} = Fix(Fy, X;) because all the
f’s commute as maps.

Theorem 3.3.  If ¥ is reduced, then Fix(Fy, Xo) = W.
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Proof. Let H € ag be a regular element, and let (k) € Fix(Fy, X). This
means that given f € Fy there exists m € M, such that:

fhof = kim,.
Then Y := Adk,H = AdkH € p, depends only on (k) and we may write:
Y=Y+ ) Y,

a€d

where Yy € my and Y, € g,. Since f centralizes ag,
AdfY = Ad fk,fH = Adk,m,H = Adk.H =Y,
so that Y is fixed by all f € F,. Therefore, if f = expiAy,
Y, = (AdexpidgY ), = (e*0Y), = gle Aoy

Fix now o and write
o= vs(a)d.
ISTAN
If ¥ is reduced, there are no roots « for which vs(«) is even for all § ([1]). Thus
vs(a) is odd for at least one simple restricted root 0. Select Ay = mHz, so that
a(Ap) is an odd multiple of 7. It follows that Y, = —Y, = 0. This shows that
Y =Y, € ag, namely that £ € M. Thus (k) € W and Fix(F,, Xo) C W. The
reverse inclusion is obvious. |

Remarks i) It is clear from the proof of 3.3 that if the root system 3 is not
reduced, (k) € Fix(Fy, Xo) and H € ag is a regular element, then Y = AdkH =
Yo+ ack Ya, where E is the set of even roots, namely those roots oo = > 5cp vs(a)d
for which vs(a) € 2Z for all 6 € A.

ii) The involutions defined by F» have the additional property of preserving Hes-
senberg manifolds. We recall ([2], [3]) that for a fixed regular element H € ag, a
(real) Hessenberg manifold Hessg (H) is defined for any subset R of the set 3~
of negative roots having the following Hessenberg property:

acR, X, a+pBecY = a+BcR.

One then defines the Hessenberg subspaces po(R) of poy by summing vectors of
the form X, — 06X, with a € R. More precisely, set

po(R) = ap+ Z (80,0 + 80,—a) NPo).
aER
Finally,
Hess () = {(k) € Ko/My | Adk™"H € po(R)}.

It is clear that since F, centralizes ag, it maps Hessg(H) into itself. A similar
situation occurs for the action of Fj; which will be presented in Section 5.

We will simplify the notation thinking of all the subgroups of G as subgroups of
G under the adjoint representation. In this process, the center becomes trivial.
Thus we suppress the subscripts * and write, for example, K, in place of K,
whenever no confusion arises.
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4. The Weyl group of SU(2,1).

As we will see in the next section, the general case is handled by reducing the
problem to an SU(2,1) computation, via the “Bruhat decomposition” of K,. We
therefore analyze this group in full detail.

Recall that Gy = SU(2,1) consists of those elements in GL(3,C) having determi-
nant equal to one and satisfying g*l519 = I, where

—I, 0O
[271:[ 02 1]

The Lie algebra gy of Gy is therefore
EU(2, 1) = {X S g[(g,C) | X*IQ,l +IQ’1X = O, tr X = 0}

_ Hé{k _5/1] |Aeu(2),BeMg,1(C)},

where evidently 1(2) is the Lie algebra of 2 x 2 skew—hermitian matrices. Let 6
and © denote the Cartan involutions on go and G| respectively, so that § = dO.
Then:

0X =1, X1, Og = Iy1915,1.

eoz{lg‘ _t(iA] |Aeu(2)},

{2 5] o)

A maximal abelian suspace of pg is:

Consequently,

0 0 1
g = tH(] ‘ HOZ 0 0O ,tER
1 00

Next, a maximal compact subgroup of Gg corresponding to € is:

KOIS(UQXU1>:{l1§ 6(3t‘| | AEU(Q), detA:e*"t, tER}

The centralizer M, of ag in K is

e 0 0
My = 0 e 0| |seRy,
0 0 €

whereas the normalizer M| of ay in K is

ge' 0 0
M = 0 e 0 || seR e==+1
0 0 e
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It follows that the Weyl group W = M| /M, is (isomorphic to) the two—element
group.
The root—space structure of SU(2,1) is easily written. Indeed, goo = ag+mg with

i 0 0
mog=<tly | To=|0 —2i 0|,teR,,
0 0 =«

0 2 O 0 z 0

900 = -z 0 z|,2€Ch, go-a= -z 0 —z|,2€eCy,
0 2 O 0 —2 0
it 0 —it it 0 it

90,200 = 0 0 O ,teR S, 90,—2a = 0 0 O ,t€eR
it 0 —it —it 0 —it

Taking exponentials in GL(3,C), we have

cost 0 zsint
exp iy = 0 1 0 | teRy,
1sint 0 cost

so that
e 00
Fy={fecexping | f2=1}=4|0 10| | e==+l
0 0 ¢
Observe that:
-1 0 0
expimtHo=1| 0 1 0
0 0 -1

We will also need the following set of elements of order 4 in expiag: Fy =
{f € expiag | f*=expinHy}. Clearly:

Next we analyze X; := Fix(Fy, Ko/My). To this end, let (k) € X;. If k =

[A 0 ] with A = li b € U(2), and f = f. € F,, then there exists

0 e d
m = mg(e) € My such that fkf = km. Since
a b 0 ae® be * 0
fkf=1]¢e d 0 |, and km= | ce® de * 0 |,

0 0 eit 0 0 ezt s



60 DE MARI

we immediately obtain e =1, i.e. m,(¢) = id = e independently of . Choosing

e = —1, we see that A must be diagonal, i.e.,
e 0 0
k=10 €@ 0 u+v+te 2.
0 0 e

We stress that we have proved that if (k) € X1, then fkf =k forall f € Fy, avery
special situation which will be used in the proof of 5.6. Nonetheless, X; # W.
In order to obtain W as the fixed point set of (smooth) involutions, we need
to consider the action of Fj on Fix(Fy, Ko/My). This fact illustrates a general
situation. Observe that if (k) € X; and f € F}, then:

0 0 ie et 0 0 0 0 —ie et 0 0
fkf'=10 10 0 e 0 0 1 0 |=]0 e 0],
ie 00 0 0 e —ic 0 0 0 0 e

so that Fj sends fixed points into fixed points. Now, the requirement that (k) €
Fix(Fy, X1) is equivalent to asking that, given e, there exists m € Mj such that
fkf~' = km. Since

ei(qus) 0 0
km = 0 =2 ,
0 0 6i(tJrs)

we obtain the system
u+s==t+2mm
v —28 =v+ 2nym
t+s=u-+2nsmw

for some integers ny, no and ng, that is:

s = nm, u=t+n'm,
-1 0 0
for some integers n and n’. If nisodd,then m=| 0 1 0 |,and fkf=km
0 0 -1
implies ¢ = —e™, whence v = (2n” + 1)m — 2u, and so:
-t 0 0
k=] 0 —e % 0 | € M.
0 0 e
Finally, if n is even, then m = id and fkf = km forces e = ™, whence
eV = —e7?% je.
et 0 0
k=0 e 0 | €McC M.
0 0 e

This shows that Fix(Fy, X;) = W.
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For the reader’s convenience, we conclude this section by briefly recalling the
general structure of a root system of type (BC'); because it will be used in Section
5. The root system associated to SU(2,1) is of course of type (BC);. Let g,
denote the j™ standard basis element in R!. The rank [ root system of type
(BC); is (isomorphic to):

(BC’)l:{j:eiiej, 1§Z<]§l, :I:ej, 1§j§l, :|:2€j, 1§j§l}

Slightly modifying the standard notation ([6], Theorem 3.25, Ch. X, p. 475), a
basis A = {dg,1,...0;_1} of simple roots is given by:

50:61, 5j:6j_6j+17 ].S]Sl—]_

Finally we list the expression of the positive roots in terms of the basis elements;
here 1 <i < j <[, and if j =1[ the sum 6; + ...+ d;—; is zero:

e —€ =0 +...+0;_1;
ej:50+(5j+---+5l71>;
26j:250+2(5j+...+51_1);

€Z+€J:(5Z—|—+(5],1)—|—260—|—2(5J+—|—5l,1)

Using the terminology introduced in the first remark following Theorem 3, the
only even roots in (BC); are 2e;, for j =1,...,1.

5. Bruhat decomposition and SU(2,1) reduction. The general case.

We recall that if By = NyAqMy, then the Bruhat decomposition of Gy is the
disjoint union:
Go = H BO'LUBO.

weWw

A better parametrization of the double cosets Bow By may be achieved as follows
(see [5]). For we W, let ¥ ={a € Xt | —wa € X1}, and set

N, = Z Jwa, NV, = exphy,.

aexy

Then the Bruhat decomposition may be rewritten as

GO = H (NQAQ)N;’UJM(),

weW

giving rise to a “Bruhat decomposition” of Kj:

KQ = H k(N;)wMO,
weW
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where k() refers to the Kjy—coordinate function in the Iwasawa decomposition
Go = NoAoKy. When we write k = k(m)wm, we think of w as a fixed represen-
tative in M.
We will write B(w) = BywBy = (NgAo)N, wMy and C(w) = k(N,,)wMy, and
refer to B(w) and C(w) as the Bruhat cells of Gy and K, respectively. Observe
that:

C = k(B).

Next, we recall ([1]) a few crucial properties enjoied by the cells B(w), and show
that they hold for the cells C(w) as well.
Let S be a set of generators of W, with e € S. Let s € S and w € W, then

| B(sw) if B(w) ¢ B(s)B(w)
B(s)B(w) = { Blw)UB(sw) if Blw)C B(s)B(w) (2)
Let w = s;-...-s, be areduced expression in terms of generators, and let v € W;
then
B(si-... s,)B(v) C IT  B(siy .. siv), (3)
1<ip<...<ie<p
where (i,...,14;) ranges over all — possibly empty — ¢-uples of increasing integers

in the interval [1,p]. Finally, let lg(-) denote the length function on W with
respect to the set S of generators of W. Let wy,...,w, € W and suppose that

ls(w) = lg(wy) + ...+ ls(wy,), then B(w) = B(wy) - ... B(w,). In particular, if
w=S5y... 5, is a reduced expression of w in terms of generators, then:
B(w) = B(s1) ... B(sp). (4)

Our first concern will be to show that 2, 3 and 4 hold for C(w) as well.

Lemma 5.1.  Let u,w € W. Then k(B(u)) - k(B(w)) = k(B(u) - B(w)).

Proof. Let z € B(u) and y € B(w). Write = bjuby, b, € By, and
y = na - k(y). Then xy = bjubsna - k(y) = (byubly) - k(y). Since byub, € B(u),
biuby = n'd'k’ with k' € k(B(u)). Thus xy = n'd'k’ - k(y), so that k(xy) =
k' -k(y) € k(B(u)) - k(B(w)), thereby showing k(B(u) - B(w)) C k(B(u)) - k(B(w)).
On the other hand, k(B(u)) - k(B(w)) = k(B(u) - k(B(w))) C k(B(u) - B(w)), and
the lemma is proved. [ ]

Lemma 5.2.  k(B) C B and NyA - k(B) = B.
Proof.  As for the first statement, let nak € B = BywBy and put b = (na)™! €

NoAoMy = By. Then k = b(nak) € BoB = B. As for the second, NyAg - k(B) C
By - k(B) C BoB =B, and B € n(B) - a(B) - k(B) C NoA, - k(B). .

Corollary 5.3.  Formulae (2), (3) and (4) hold for the Bruhat cells in K.
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Proof. Suppose C(w) C C(s)C(w), i.e. k(B(w)) C k(B(s))k(B(w)). Then
NoAp - k(B(w)) C NoAg - k(B(s))NoAg - k(B(w)), that is, by Lemma 5, B(w) C
B(s)B(w). Thus (2) gives B(s)B(w) = B(w) U B(sw), so that, applying Lemma 4
and observing that k(AU B) = k(A)Uk(B), we obtain C(s)C(w) = C(w)UC(sw).
If instead C(w) ¢ C(s)C(w), then necessarily B(w) ¢ B(s)B(w), otherwise taking
k() and applying Lemma 5.1 we would obtain the inclusion which negates our
assumption. But then, by (2), B(s)B(w) = B(sw), which yields C(s)C(w) =
C(sw). This proves that 2 holds for the cells in K. As for 3 and 4, simply apply
Lemma 5.1. |

Next we analyze the action of F, on the Bruhat cells C(w). We simply write fkf
in place of (1), and keep in mind the convention established at the end of Section
2.

Lemma 5.4.  Fy leaves each Bruhat cell C(w) invariant. In particular, if
feF and k = k(R,)wm € C(w):

fEf = k(ffi, flw'm
where fh,f € N, , w' =w-m(f,w) € M}, and m(f,w) € My.

Proof. Let @, = nau be the Iwasawa decomposition of 7,,, so that u = k(7).

Then fr,f = (fnf)(faf)(fuf) =n'a(fuf), where clearly

fnf =exp Z Ad fX, = Z e X, e N,.
aext aext
Therefore k(fr,f) = fk(my)f.
Moreover, if f =expinA, and 7, = exp Zaez$ Xwa, then

fAuf=exp > AdfX,a=exp > e™*WX, e N,.

aexy aexsy

so that fm,f € N, . Next, it is clear that since f centralizes My, w/ = fwf
normalizes ag:

Adw’A = Ad fufA = Ad fwA = AdwA € ay,

which also shows that w/ € M{ coincides with w modulo My, i.e. w/ = wm(f,w).
The result follows, since fkf = (fk(m,)f)(fwf)(fmf) and fmf =m. n

Let now S = {s1,...,s;} be the set of generators of W consisting of all the reflec-
tions associated with the simple roots A = {d1,...,0;}. Recall that {Hy, ..., H;}
is the dual basis of A. Thus to each s € S there corresponds a unique H of the
basis, and viceversa.

Lemma 5.5.  Let s # s, with s,s9 € S. Let fy = expinHy € Fy, where H
is the element corresponding to so. Then fo leaves C(s) pointwise fized.
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Proof. Let k € C(s). Thanks to Lemma (5.4), if k = k(7s)sm, then fokfy =
k(fomsfo)s™om. Now, ¥} consists of the integral multiples of § in $*. Indeed, s
permutes the positive roots which are not multiples of §, and sends § (resp. 26)
to —d (resp. —26). It follows that 7, = exp(X_s + X_95), where we agree that
X _95 =0 if 20 is not a root. Therefore:

fonsfo = foexp(X_s + X_25)fo
= expAd fo(X 5+ X _25)
= expAd(expimHy)(X_s + X _o5)
= exp e T(X 5+ X g5)
— eXp(eiiﬂé(HO)X,(g + efi7r25(Ho)X725)
= exp(X_s + X o).

= nS

Moreover, AdsHy = Zé‘:l viH; for some coefficients vq,...,1,. But if ¢ corre-
sponds to s, from the fact that 6(Hy) = 0 it follows:

v; = 0;(AdsHy) = s - 0;(Ho) = (6; — ¢5,,50)Ho = 6;(Hop),
namely AdsHy = H,. Thus
sfos = expin(Ad sHy) = expinHy = fo,
that is s/o = s. |

Let now ¥ = U;3 be the decomposition of ¥ into irreducible root systems, and
assume Y non-reduced. Then at least one of the ¥/ is non-reduced, hence of type
(BC); ([6], Theorem 3.25, Ch. X, p. 475). Let ¥y = UjZé denote the collection of
all such subsystems, let &} be the only simple root in ¥} such that 267 is a root,
and let H] be associated with &). These data enable us to select special elements
in Fy, namely
fl = expimHj.
Denote by F¥ the set of all such elements and define a new set of elements of order
4
F, = {f cexpiay | f?¢€ FQO}

For simplicity, we may assume that Y, consists of a single system, so that Fy
reduces to {fo}. All the results that follow hold in full generality, but in order to

avoid cumbersome notation, they will be stated and proved under this simplifying
assumption. The necessary modifications are obvious.

Lemma 5.6.  Let k € C(sg) be such that fokfo = km for some m € My. Then
m=e.

Proof. Let k = k(mg)sou. Then My = exp(Xg + X7), with X} (resp. X?)
in the root space corresponding to —dy (resp. —2dgp). Select now two non-zero
vectors in these spaces, coinciding with X} and X2 if neither one vanishes, and
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denote them again X} and X2. Then since ¢y is indivisible, the Lie algebra g
generated by X}, X2, 60X} and X2 is isomorphic to su(2,1) ([6], Theorem 3.1,
Ch. IX, p. 409). Give now to all general Lie algebra concepts connected with
g; the superscript *. In particular, let G, K Aj,Ng and N, be the analytic
subgroups corresponding to g, €, aj, ng and n. In particular 7y € expnj.
Next, consider the elements Y € p; and Z € & corresponding to

~[oo o o Jo
Y=|00 —i|esu21), Z=|i
0 i 0 0

OO .

0
0 | €su(2,1),
0

respectively. It is immediate to check that for all H € aj:
Thus, ([6], Lemma 2.4, Ch. VII, p. 286), sp may be realized as

n * *
So = GXP(WZ) eG ﬂKO = KO'

Observe also that k(mg) € K§. It follows that the equality fo(k(7o)sop)fo =
(k(T9)sop)m in Ky yields the equality:

fo(k(Mo)so) fo = (k(To)so)pmp ™"

in K¢, that is in S(Uy x U;) C SU(2,1). This gives umu~! = e, namely m = e.
m

Remark. The previous lemma should be thought of as an “SU(2, 1)-reduction”.
It also explains the first reason for choosing §y as we did; the second reason will
become clear in the proof of Theorem 12.

Theorem 5.7.  Let k be such that (k) € Fix(Fy, Ko/My). Then fokfo=Fk.

Proof. Let k € C(w) be as in the statement. We now show by induction on
ls(w) that fokfo=k.

If Is(w) =1 the results follows from Lemma 5.5 and Lemma 5.6.

Suppose the statement true for [g(w) < p and let w = ss1-,...- s, be a reduced
expression. Two cases arise: either s # sq or s = s¢.

Suppose first that s # so. By hypothesis, fokfy = km for a suitable m € M.
Because of (4), C(w) = C(s)C(sy - ...-s,) and writing 0 = s;-,... - s,, we have
k = ksk,, where evidently ks € C(s) and k, € C(0). But s # s¢, so that Lemma
(5.5) gives foksfo = ks. Therefore

folksks) fo = (foksfo)(fokofo) = ks(foko fo),

and this is equal to ksk,m. It follows that fok,fo = k,m. By induction, m = e.
Suppose next that s = so. Put again 0 = s;-,...-5s, and k = ksk,. From
(foksfo)(fokofo) = kskom we obtain

Jfoksfo = ks(komfok ;" fo).
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Now k, € C(s), and let k,mf,k ' fo € C(u), so that:
foksfo € C(s) N C(s)C(u).
Using now (2), we infer that
a) either foksfo € C(s) NC(su).
b) or foksfo € C(s) NC(u).

In case a), u must be equal to e, which yields k,mfk;1fy € C(e) = My, that
is foksfo = ksp for suitable pu € My which is forced to be e by induction. Thus
k,m = fok, fo and again by induction m = e.

Next, we see that case b) cannot occur. Indeed, in this circumstance u = s. Let
us be more precise about u. The defining condition is that

p = (kem)(fok;" fo) € C(u).
But k,m € C(o) and fok,;'fy € C(c7'). By (3)
C(sp-...-s8,)C(c7 ") C II  Clsiyooivsio),

1< <...<it<p

so that p € C(sy, + ... s;,0° 1) for a suitable choice of indices. On the other hand,
Siyt... 8,0 ' =u=s ie s;-... 8, =50 =w. This is a contradiction because
ls(siy«oooos,) =t <p<p+1=lg(w). u

Recall that the set Fj of order 4 elements is now assumed for simplicity to be:
Fy= {f €expiag | f*= fo}-
Proposition 5.8.  Fj acts on X = Fix(Fy, Ko/My).

Proof.  With the notation of Section 2, the action of F, on X is given by
[ (k) = (Ad"Y(fk.f~1)). As agreed earlier, however, whenever appropriate we
will think of all the supgroups of G as subgroups of G under Ad (whereby the
center has become trivial), and remove the subscript .

Let Ky ={ke Ky | fokfo=Fk}, a closed, hence compact, Lie subgroup of Kj.
Let &, be its Lie algebra. Our first concern is to show that:

Ad foT =T, VT € ¢ (5)
Indeed, for all t € R:
exp(t Ad fyT) = folexptT) fy = (exptT) € K,

thereby showing Ad foT € &;. Next, since Ad fy is an involution on &, we have
a vector space decomposition £, = €] + €] corresponding to the £1 eigenvalues
of Ad fy. Thus, if T =T" + T~ is the resulting decomposition of T', then for all
teR:

exp(t(TT —T7)) = exp(t Ad foT) = fo(exptT) fo = exptT = exp(t(TT +T7)).
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For t sufficiently small, this yields T~ = 0, which is equivalent to saying €, = 0.
This proves (5).
Now we prove that if k € K, then fkf~! is fixed by ©. In fact since f? = f,
we have

f=1"fo=fof 7, ft="Fffo=fof
On the other hand, since O(f) = O(expiA) = exp(ifA) = exp(—i4) = f~! we
have

O(fkf™") = fT'kf = ffokfof = = fRf™h

Suppose now k = expT € K;. We may take T' € ¢;. Then fkf = exp(Ad fT)
and if o denotes conjugation in g with respect to go, then by (5)

o(Ad fT) = o(Ad(expiA)T)
= Ad(expo(iA))(a(T))
= Ad(exp —iA)T
= Adf'T
= AdffT
= Ad[fT.

Thus, Ad fT € &, ie. fkf~'e K.
Finally, let (k) € X3, so that, by Theorem 5.7, k € K; and by the above argument
fkf~' € Ky. In order to see that F sends fixed points of F, into fixed points of
F5, we must show that for all f € F; and for all g € F, there exists m € M, such
that g(fkf=1)g = (fkf~')m. But this is obvious because f and g commute, and
there exists m € My such that gkg = km.

]

Theorem 5.9.  Fix(Fy, X;) =W.

Proof.  Since Y is of type (BC),, all roots of the form o = Z] _ovi(a)d; with
vj(a) € 27 (i.e. even roots) are such that vy(a) = £2, as it is clear from the list
at the end of Section 2. More precisely, all the non-vanishing coefficients of an
even root must be equal to 2, but for each fixed ¢; # dy there is an even root «
for which v;(a) = 0. This is the second reason for choosing Jy as we did.

Let now (k) € Fix(Fy, X,), H € ay a regular element, and Y = AdkH. Then Y
is fixed by all elements of Fj. According to the remark following Theorem 3.3, we
may write:

Y =Yo+ ) Ya,
ack
where E is the set of even roots in Y. Therefore, if f = expi4,
Y, = ey,
Take now Ay = ZH, (so that (expiAg)? = fy) and observe that:
-1
a(Ag) = Z Hy) = ﬂ-VOQ(a) = 7.

Thus Y, = —Y, =0 and Y € ay. Hence k € M|, that is (k) € W, which shows
that Fix(Fy, X;) C W. The reverse inclusion is obvious. n
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