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A Note on Central Extensions of Lie Groups
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Abstract. In this note we show that the existence of a central extension
of a Lie group G for a prescribed central extension of its Lie algebra can
be completely characterized by the exactness of a certain set of 1-forms on
G which are obtained by contracting the left-invariant 2-form Q defined by
the 2-cocycle of the Lie algebra extension with right-invariant vector fields.
This criterion simplifies a criterion derived by Tuynman and Wiegerinck in
the sense that they required in addition that the group of periods of Q is
discrete.

Introduction

Let G be a connected Lie group with Lie algebra g and A a connected abelian
Lie group with Lie algbera a. A central extension of G by A is a short exact
sequence of Lie groups

(%) {1} A H G {1}.

It is clear that each such sequence induces a short exact sequence

(+) {0} a b g {0}

on the level of Lie algebras, but in general a central extension of Lie algebras
does not integrate to a central extension on the group level.

In [TW87] Tuynman and Wiegerinck have shown that for dimA = 1,
the existence of the central extension on the group level can be characterized
by two conditions. To explain these conditions, we write h as g x R with the
bracket given by

[(Xv t>7 (X/7t/>] = ([X7X/]7w([X7 Xl])v

where w € A%(g*) is a cocycle defining the Lie algebra extension of g by a. Let
) denote the corresponding left-invariant 2-form on G defined by

Qg)(dAg(1)v,dAg(1)w) := w(v, w)
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for v,w € g = T1(G), where A\;(z) = gz denotes the left-translations on G. Let
further
Per Q) := {/Q:y 2-cycle on G } CR

~

denote the group of periods of ). Since the mapping v — f7 ) is a homomor-
phism of abelian groups, it is clear that Per Q2 is a subgroup of R.

To formulate the aforementioned criterion, we need one more definition.
For g € G we write p4: x — xg for the right translations on G and for X € g we
write X, for the right-invariant vector field on G given by X,(g) = dp,(1).X,
geq.

Now the criterion proved in [TW87, Th. 5.4] states that for a Lie algebra
extension (k%) a central extension (x) exists if and only if

(C1) for each X € g the 1-form i(X,).Q on G is exact, and
(C2) Per( is a discrete subgroup of R.

In this note we show that (C2) is superfluous, i.e., that the existence of H
asin (x) is equivalent to (C2). In view of the results of Tuynman and Wiegerinck,
this shows in particular that (C1) implies (C2). The basic tool in our proof is
Lie’s Third Theorem which ensures the existence of a simply connected Lie group
for a given finite dimensional Lie algebra. We note that a general treatment of
extensions of connected Lie groups by abelian groups can be found in [Ho51].

I. A Criterion for the Existence of a Central Extendsion

We consider the situation described in the introduction where

{0} a b g {0}

is a central extension of the Lie algebra g by the abelian Lie algebra a. We
are asking for a criterion which describes the condition under which this central
extension integrates to a central extension of G by A.

Let A , G and H denote the simply connected Lie groups with Lie
algebras a, g and h. Further we write ga: A — A and qg:G — G for the
corresponding covering homomorphisms.

Lemma I.1. The natural homomorphisms A — H - G define a central
extension of G by A.

Proof. Since H is simply connected, the connected normal subgroup exp a

which is the image of A under the natural map %5 A — H is closed and simply
connected ([Ho65, p.135]). Therefore i7 1s an embedding and in particular
injective.

Moreover, H/A is also simply connected ([Ho65, p.135]), so that the
fact that its Lie algebra is h/a = g implies that the kernel of the map H— G
coincides with A. |
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In the preceding lemma we have used Lie’s Third Theorem which ensures
the existence of at least a central extension on the level of simply connected
groups. Now we have to modify this “first approximation” appropriately to find
a solution of our problem. The first crucial observation is that the kernel of the
adjoint representation Adx: H — Aut(h) coincides with the center of H, hence

contains A and thus factors to a representation Adz b G — Aut(h). Further

we recall that ker g C G can be identified with the fundamental group m;(G).
Now we can state our group theoretical condition for the existence of the central
extension:

Theorem 1.2. If G and A are given, then a central extension a — h — g
integrates to a central extension A — H — G if and only if the fundamental
group m1(G) acts trivially on b, i.e., T1(G) C ker Adx b

Proof.  Suppost first that the central extension A — H — G exists. Then
the adjoint representation Adg: H — Aut(h) factors to a representation Adg j
of G on b satisfying Adg oqc = Adx b It follows in particular that 7 (G) =
ker g C ker Ada,h . This proves the neéessity of the stated condition.

Now we assume that 71(G) acts trivially on h. We identify A with a
subgroup of H (Lemma I.1) and write 5: H — G for the canonical homomor-
phism. Let C := 371! (Trl(G)) and note that our assumption implies that

C =ker(gg o 8) C ker Ady; = Z(H).

It follows in particular that C is a closed abelian subgroup of H. Moreover,
g = bh/a implies that the identity component Cy of C' coincides with A. Now
we have an exact sequence

{1}—— A~ C 71 (G)——{1},

and since the group A which is isomorphic to the additive group a is in particular
divisible, the identity map A — A extends to a homomorphism C' — A of abelian
groups which is continuous because it is continuous on the identity component.
We conclude that C' = Cy x m1(G). In this sense we identify m1(G) in a non-
canonical fashion with a discrete subgroup of Z(H).

Now let D := m;(A) x m1(G) and note that this is a discrete subgroup
of C, hence a discrete central subgroup of H. We put H := H /D and write
qu: H — H for the quotient map. Then ker gy N A= m1(A), so that A H
factors to an embedding A = A/m(A) — H. Moreover, D C ker(qg o 8), so
that there exists a morphism of Lie groups v: H — G with yoqy = ggo3. Then
g = b/a implies that ~ is surjective, and y(A4) = v(qu(4)) = gc (B(A)) = {1}.
Conversely, * = qp(y) € ker~ implies that y € ker(gqg o ) = C', hence that
2 € qu(C) = qu(A) = A. This proves that kery = A, i.e., that A — H — G is
a central extension. |

Corollary 1.3. The existence of the central extension A — H — G for a
given Lie algebra extension a — h — g does not depend on the global structure
of the group A. [ |
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Example I.4. A typical example of a Lie algebra extension which does not
integrate to an extension of the corresponding group is the following. Let g = R?
with the cocycle w(z,y) = z1y2 —x2y; defining the central extension R — h — g,
where § is the three dimensional Heisenberg algebra.

If we consider the group G := R?/Z?, a two-dimensional torus, then the
fact that Z2 acts non-trivially via the adjoint action on b implies that there
exists no central extension

A H G.

This example also shows clearly that the difficulties for the existence of
global central extensions are caused by the fact that for a central subgroup A of
a Lie group H the center of H/A might be bigger than the image Z(H)/A of
the center of H. Thus for any discrete central subgroup D C H/A which is not
contained in Z(H)/A the central extension a — h — h/a does not integrate to
a central extension of the type

A H, (H/A)/D. n

I1.2. An Interpretation in Terms of Coadjoint Orbits

To see how Theorem 1.2 can be interpreted in the light of the criterion of Tuynman
and Wiegerinck, we assume from now on that dima = 1. We consider the Lie
algebra h = g x R with the bracket

[(Xv t)? (X/7t/>] = ([X7X/]7w([X7 Xl])v

where w € A%(g*) is a cocycle defining the central extension.

Let A := (0,1) € h* denote the linear functional given by A(X,t) = t.
We recall that the adjoint representation Adz of H also defines an action on the
dual h* of h which is given by Ad%(h) = Adﬁ(h_l)* and called the coadjoint
action. We also note that this action clearly factors to a representation Ad%
of G on h*. We write Oy for the coadjoint orbit of the element f € bh*.

The following lemma shows that the action of G on the orbit Oy already
displays the obstruction for the existence of the central extension.

)

Lemma I1.1. The following conditions are equivalent:

(1) m(G) acts trivially on g.

(2) m(G) acts trivially on g*.

(3) m(G) acts trivially on Oy .

(4) The functional X is fized by m (G).
Proof. The equivalence of (1) and (2) is trivial, and also that (2) implies (3)
implies (4).

To see that (4) implies (2), we note that the dual g* of g = h/a can

be identified with the subspace at = {(a,0) € h*:a € g*} in a natural way.
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It follows in particular that the corresponding natural embedding g* — b* is
equivariant with respect to the action of the group G on g* and h*. So it
is clear that m(G) acts trivially on the hyperplane g* C h*. Therefore the
assumption that m1(G) fixes the element A = (0,1) implies that 71 (G) acts
trivially on g*. ]

Now we will show that (3) in the preceding lemma can directly be
shown to be equivalent to condition (C1) from the introduction. To see this,

let n: G — O, denote the orbit map and €2, the canonical symplectic form on
O, which satisfies

QD (MN(Aoad X, AoadY) = A\([X,Y])
for X,Y €p.

Lemma IL.2. 7*Q) = ¢5 ).

Proof. The mapping #: G — O, is equivariant with respect to the left action
of G on itself. This shows that both 2-forms are left-invariant, and thus we only
have to check at the idetity that they coincide. For the right hand side we have

(2.1) (M (1)(X,Y) = w(X,Y).
To calculate the left hand side we note that

d

dn(1)(X) 4 exp(tX).\ = 71l +—o

T dt| t=0 Aot h 0 = —Xoady(X,0).

Thus

(") (1)(X,Y) = Q\(N) ()‘ o ady, (X,0), A0 ady (Y, O)) = A([(X,0), (Y, 0)])
— X, Y], w(X,Y)) = w(X,Y).

In view of (2.1), this proves the lemma. u

Proposition I1.3.  The group m (G) acts trivially on Oy if and only if the
condition (C2) is satisfied.

Proof. Let us first assume that 71 (G) acts trivially on Oy and pick X € g.
We have to show that the 1-form i(X,).Q on G is exact. For that purpose we

first note that the orbit map n: G — O, factors to an orbit map ng: G — O, .
We consider the function

fx:G—=R, g~ ((X,0),nc(9))

and note that Hx: Oy — R, a — (X, 0) is a linear functional with fx = niHx .
For a« € O\ Ch* and Y € h we have

dHx(a)(aoadY) = % —0 (oo etady (X,0)) = of[Y, (X, 0)])

= Qy(a)(acadY,aoad(X,0)) = —(ix, ) () (a0 Y),
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where Xy is the vector field on Oy given by Xj,(a) = aoad(X,0). Next we
observe that (ng)..X, = Xy follows from ng(exptXg) = ng(g) o e t24(X0) for
all g € G. Now we can calculate

I(X)Q = i (X )G = 05 (X)) = —nGdHx = —d(ngHx) = —dfx.

This shows that (C2) is satisfied.

Suppose, conversely, that the condition (C2) is satisfied and that fx is
a function on G with dfx = —i(X,)Q. Then the function fX = fx oqg on G
satisfies dfy = —i(X;)(¢58?). On the other hand the calculations from above

applied to G instead of G imply that
i(Xr)(gcQ)) = —d(Hx o).

We conclude that the function H x on—fX is constant, which implies in particular
that Hx on is constant on the cosets of the subgroup m1(G).

Since the function a — «(0,1) is constant on the orbit Oy C h* because
(0,1) € b is central, the functions Hy, X € g separate the points on Oy .
Therefore the fact that all these functions are 71 (G)-invariant implies that w1 (G)
acts trivially on O, . This completes the proof. [ ]

We collect our observations in the following theorem.

Theorem I1.4. Let R — § — g be a central extension of the Lie algebra g

and G a connected group with Lie algebra g. Let further w € A2?(g*) denote

a cocycle defining the Lie algebra extension by identifying b with g x R with

the bracket [(X,t), (X', )] = ([X,X'],w(X,X")), Q on G the corresponding

left-invariant 2-form, and X\ = (0,1) € h*. Then the following are equivalent:
(1) There exists a central extension A — H — G corresponding to the Lie

algebra extension a =R — h — g.

7m1(G) acts trivally on the Lie algebra b.

m1(G) acts trivally on the coadjoint orbit Oy C h*.

m1(G) fizes the functional A € bh*.

The 1-forms i(X,).Q, X € g on G are exact. u

(2
(3
(4
(5

S N N

Remark I1.5. In view of the criterion of Tuynman and Wiegerinck, it follows
that the condition (C1) implies the condition (C2) that the group of periods
Per 2 C R is discrete. [
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