Journal of Lie Theory
Volume 7 (1997) 147-164
©1997 Heldermann Verlag

Contraction of an Adapted Functional Calculus
P. Cotton and A. H. Dooley

Communicated by J. Ludwig

Abstract. We aim to show, using the example of a Riemannian sym-
metric pair (G, K) = (SLy(R),SO(2)), how contraction ideas may be applied
to functional calculi constructed on coadjoint orbits of Lie groups. We con-
struct such calculi on principal series orbits and generic orbits of the Cartan
motion group V X K, and show how the two are related. Since the cal-
culi are adapted to the representations traditionally attached to the orbits,
we recover at the Lie algebra level the contraction results of Dooley and
Rice [5].

1. Introduction

Let G be a real semisimple Lie group with finite centre and K a closed subgroup
making (G, K) a Riemannian symmetric pair ([8] p. 209). We have the Cartan
decomposition g = €+ V where V' is an Ad(K)-invariant subspace and £ is the
Lie algebra of K. The Cartan motion group associated with the pair (G, K) is
the semidirect product V' x K formed with respect to the adjoint action of K on
V.
The motion group is related to G by a family of contraction mappings

my: V X K — G defined by

(v, k) = expg(Av) - k,

for v € V and k € K, and indexed by A € RT. These maps were introduced
by Dooley and Rice in [5] and are approximate group homomorphisms. In [5] the
unitary irreducible representations of V' x K are obtained as limits of sequences
of principal series representations of G composed with contraction mappings.

The derivatives dmy : V + & — g have in a sense been around for longer,
albeit in a less desirable form. The idea of obtaining a new Lie algebra by
deformation of the structure constants first appears in Inonu and Wigner [9]. It is
clear however that Dooley’s contraction mappings

dry (v, A) = v+ A
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forve V,A et and A € RT represent a more coordinate free approach.

The present work is stimulated by the above considerations and a recent
PhD thesis by Benjamin Cahen of the University of Metz [3]. Cahen has shown that
on certain coadjoint orbits of G we may construct a symbol calculus (a mapping
from a class of functions or distributions on the orbit to operators in a Hilbert
space) which is adapted to the orbit in the following sense : Let O be some such
orbit and do : g — 'H the representation of g associated with O by the traditional
orbit methods [10]. For each X € g, define the function X on O by

X(€) = (& X)

for £ € O C g*. Then the symbol X is assigned to an operator Ag acting on ‘H,
and

X

Ao = %do—(X)

holds on a dense subspace of H.

Cahen’s procedure is analogous to that of Arnal and Cortet [1] and Wild-
berger [17], establishing first suitable parametrisations of the coadjoint orbits of a
nilpotent (connected simply connected) group and using the same parametrisations
given by Duflo in [6]. If O is a principal series orbit then we have a diffeomorphism

U:NxuxO0y— O

where N is a nilpotent Lie group with Lie algebra @, Oy, is a coadjoint orbit of a
compact subgroup M C K and O is an open dense subset of O. A combination
of the Berezin calculus (Berezin [2], Rawnsley [12]) on Oy and a generalisation
of the Weyl calculus (Weyl [16], Voros [14]) on N x @ yields the desired calculus
on O.

Cahen also provides a construction for a similarly adapted calculus on
V' x K—orbits which has prompted us to ask whether this second calculus may
be obtained as a limit is some sense of the calculus on G-orbits. This paper is
an attempt to answer this question, in the special case (G, K) = (SL2(R), SO(2)).
Here the analysis is simplified by degeneracy of the orbits O,; mentioned in the
previous paragraph. Operators in the Berezin calculus on Oj; become complex
numbers, and symbols in the calculus on O are precisely the symbols on the
calculus on N x @ in Cahen [3] Paragraph 7.2, Chapter 1.

In Section 3 we find explicit realisations of the principal series representa-
tions of G in L*(R) and L?(T), where T is the torus with underlying set (—m,7]|.
In Sections 4 and 5 we define calculi adapted to these realisations. The first is
Cahen’s construction, defined by the Bruhat decomposition and referred to here
as the W—calculus. It maps symbols on a given orbit to operators in C'°(R). The
second, which we call the Y—calculus, uses instead the Iwasawa decomposition.
It maps the same symbols to operators in C°(T) and is defined on each orbit O
using a diffeomorphism T : T x R — O. The Y-calculus is better suited to our
purposes.

In Section 7 we find irreducible unitary representations of the motion group
V x K indexed in the same way as the principal series representations of G. We
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then establish the I'—calculus using, for a given coadjoint orbit O, a diffeomor-
phism I' : T x R — O. It is a slight modification of Cahen [3], and is adapted to
the representations of V' x K.

Section 9 summarises the results of Dooley and Rice [5] in the case (G, K) =
(SL2(R),SO(2)). The representations of G' are “contracted” onto the representa-
tions of V' x K | thus introducing the point of this paper. We aim to contract the
T —calculus on G-orbits onto the I'-calculus on V' x K —orbits.

We demonstrate two methods of doing this. The first scheme runs as follows.
Suppose f is a symbol on a V' x K -orbit C, passing through ¢ € g* and let Al;
denote its corresponding operator under the I'—calculus, acting on C*(T). We
take a family of G-orbits O,/ passing through ¢/\ and a family of symbols
fx on Oy related to f in a simple way. The operators A}a corresponding to
the symbols fy then also act on C*°(T) and converge (in a sense defined later)
to the original operator A?. As the calculi are adapted, one recovers at the Lie
algebra level the aforementioned results of Dooley and Rice [5] pertaining to the
pair (G, K).

The second method is more direct. For a symbol f on a V x K-orbit with
operator Al; we define f = foT'o Y. Then f is a symbol on a G—orbit O and
if AL denotes the corresponding operator under the Y —calculus we have AL = A}ﬁ

on C°°(T). Thus the YT —calculus contracts nicely onto the I'-calculus and we have
a contractive relationship between the Lie group G and its motion group V' x K

not involving limits. Interestingly there is an immediate converse. If f is a symbol
on a G-orbit O then f = foYoI'"! is asymbol on a V x K -orbit and A;r = AE.

2. SLy(R) and its motion group M(2)

Hereafter G = SLy(R) is the matrix Lie group consisting of two by two real
matrices with determinant unity. Its Lie algebra g = sly(R) consists of traceless
two by two real matrices. Fix a basis

elz(léQ —f/2) ’62:(192 1(/)2) e (—10/2 162)

for g = sly(R). Letting 8 denote the Killing form we take {é; = f(e;,-)}, i =
1,..,3, as a basis for g*. All subspaces of g and their duals may thus be identified
with subspaces of R3.

We have the Cartan decomposition g =€+ V where k& = sp{es} and
V =sp{ey, ez} are the eigenspaces of ©(X) = —XT. The restriction of the adjoint
representation

Ad(g)X =gXg™' ge G, X eg

to K = exp(t) preserves both ¢ and V', allowing us to define the semi-direct

product M(2) = V x K which is the Cartan motion group associated with the
pair (G, K). That is, we equip V' x K with the group multiplication

(v, k) - (V' K') = (kv' + v, kK"



150 COTTON AND DOOLEY

for v,v" € V and k, k' € K. The Lie algebra m(2) of M(2) shares the same
underlying vector space V' 4+ £ as g, but has Lie bracket

[(wv A)? (w/v AI)L;)TQ/) = ([Av w/] - [A/v w]g 70)

for w,w" € V and A, A’ € ¢. The Lie subalgebra a = sp {e;} is maximal abelian
in VCg. Let A=exp(a), at ={ae;:ac€ R}, and AT = exp(at). Let M
be the centraliser of A in K, and m its Lie algebra. Put Z = K/M. Define
also n = sp{es +e3}, m = sp{ea —e3}, N = exp(n) and N = exp(n). Take
bases for n and W which are orthonormal with respect to the inner product
(X,Y) = B((X,0(Y)) - namely {(e2+e3)/2} and {(e2 —e3)/2}. This fixes
parametrisations by R of n and n, and also, in a manner consistent with the
exponential map, N and N.

As G = SLy(R) we find M = {£1} and m = {0}. Letting T and 2T denote
the tori with respective underlying sets (—m, 7] and (—2m, 27| we parametrise K

by

g

cos(0/2)  sin(6/2)
—sin(f/2) cos(6/2)

Similarly parametrise Z = T. The parametrisations of n,ii, N and N given above

are
beR +— (0 b/z)en,

9€2T|—>( )EK.

0 0
0 0y _
yeR — (y/2 O)En,
bER (é b{2>eN,
10y
yeER (y/2 1)@]\7.

We shall be making use of both the Iwasawa decomposition of G and a corollary of
the Bruhat lemma found in Wallach [15]. For any g € G we have unique elements
ti(g) € K, a1(g) € AT and ng(g) € N such that g = &(g)ar(g)ni(g). Similarly

if J = (_01 (1]) and g € G\ {£J} then there are unique elements ng(g) € N,

mg(g) € M, ag(g) € A" and ng(g) € N such that g =ng(g9)ms(g)as(9)ns(g)-

We mention in passing that M (2) is the twofold cover of M(2) =V x Z,
the Euclidean motion group in two dimensions, the covering being given by the
epimorphism (v, k) — (v, kM).

3. Principal Series Representations

To certain coadjoint orbits of SLy(R) may associate a pair of unitary irreducible
representations. We find realisations of these representations in L?(R) and L*(T),
and explicit formulas for the operators which intertwine them.

The Killing form on G is

3 3
B (Z Ti€;, Zyiei> = 2(z1y1 + T2y2 — T3Y3).

i=1 i=1
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It is preserved by the adjoint action, and thus intertwines the adjoint and coadjoint
representations since if £ = B(Y,-) € g* then

(Ad*(9)¢, X) = (& Ad(g™")X)

= B(v,Ad(gH)X)
= B(Ad(g)Y, X).

Therefore the coadjoint orbits are precisely the images of the adjoint orbits under
the duality e; — é;. Fix ¢ = Ré; € a™" for some R > 0. The coadjoint orbit
passing through ¢ is a hyperboloid of revolution about the é3 axis intersecting
the é;és—plane in a circle radius R :

3
Ow:{f:Zfiéieg*1f%+§§—§§:Rz}-
i=1

Fix a unitary irreducible representation 7 of M. There are only two such repre-
sentations, indexed by 7’ € {0,1} such that n(—1) = —17". Let u € a* be half the
sum of the positive roots; namely é;/4. Define log : AT — a by exp (log(a)) = a
for all @ in AT. The pair (¢,n) gives us a unitary irreducible representation of
MAN

n® e ®1(g) = n(my(g)) ebrlosnlon

where we consider v = p + i) an element of the complexification of a*. We
take some liberties with notation, writing the second factor above for example as
e” (ar(g)). Inducing up to the whole group yields a unitary irreducible represen-
tation of G :

Oy = Ind$, ,y n® e’ ® 1.

More precisely, let
H={fcC™Q): flgg) =n® e ©1(g5")f(g) Vg0 € MAN, g € G}.

Discard those f in H whose restrictions to K are not square integrable with
respect to Haar measure on K. Complete with respect to the semi-norm

AL = (1Sl z2 )

to obtain a Hilbert space Hfi ,- Then the operation of left translation,

or0(9)f(90) = f(9 " 90),

on Hg’: , brovides a unitary irreducible representation. The representations thus
formed comprise the principal series. For f € Hﬁ g 9=k €K and
go = an € AN we have

f(kan) = f(g990)
= n@e @lna)f(k)
= nRe el (a’l(anflafl)) f(k)
= (a)f(k)



152 COTTON AND DOOLEY

since an~'a~! isin N. Thus elements of Hgn are determined by their restrictions

to K, and there is a bijection from H , to a subspace H K of square integrable
functions on f: K — C satisfying

f(km) =n(m N f(k) Vk € K,m € M.

Clearly elements of H¥ are in one to one correspondence with a collection H? of
functions on T = Z square integrable with respect to Lebesgue measure. Indeed,

transfering the action of G' over to H? and completing yields a unitary represen-
tation of G in H7 = L*(T).

By a similar process replacing K with N, or by directly relating R and T,
we obtain a representation of G in a Hilbert space HN = L*(R). We now exhibit

both realisations.

FOI‘fEL2<T>,FEL2<R)’y€RgN’06T%Z’g:<Z Z

and ¥ = (1/4 +iR) we calculate

Jea

—2y

ain(g)f(ﬁ) = [(d cos(0/2) + bsin(6/2))* + (ccos(6/2) + asin(0/2)) }
xsignum (d cos(0/2) + bsin(6/2))"

of (vt (Sl o072
wi2—c),

WDF() = (d—by/2) Vsignum(d - by/2)" F <2d_ by /2

Next we calculate the representations of g derived from the representations
of GG above. For X = z;”:l xr;e; € g we have

do? (X)f(0) = 27 (x,cosd — xysinb) f(6)

+ (29 cos 0 + 1 sinf — x3) f'(0) (3.1)
dcrév,n(X)F(y) = 2y (21 + @2y/2 + w3y/2) F(y)

+ (22?4 = D)+ as(y?/4+ 1) +ym) F'y)  (3.2)

where primes indicate differentiation with respect to 6 and y respectively.

Proposition 3.1.  The representations of G and g on L*(T) and L*(R) are
intertwined by I : D — C°(R) where D is a dense subspace of C*(T) and

10w = (4447 f (~2tan'(y/2)).
forall f € D.

Proof. We may take D = {f € C®(T) : 7 ¢ suppf}. Now [ has inverse

IV(F)(8) = (4+ tan0/2)"" F (~2tan(9/2))
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for F € C®(R). Since I7'(C*(R)) € D, I(D) = C(R). Thus D and I(D)
are dense subspaces of L*(T) and L?(R). As we are primarily interested in
representations of g, we check directly that [ respects the g actions on these
dense subspaces using the following convenient definitions. The remainder of the
proof is left to the reader. Let

p(y) = —2tan”'(y/2)
ko(0) = 27 (x1cos@ — xosind)

s

= x9c080 4+ x18inf — x3

=

(0)

1(0)

To(y) = 27 (z1 + 22y/2 + w3y /2)
(y) = a2(y*/4—1) +x3(y*/4+ 1) + ya
() i

T1
ply) = (4+97)

and for f € COO( ), y €R put  =p(y), F=1I(f). Writing X - f for o7, (X)f,
X - F for of), (X)F and t = tan(6/2) we have

(X - 1(f)) (y) = 7y Fy)+ ) F(y)
= 70(y)ew)foply) +m(y) [ (y)foply) + o) (Y) [ oply)
= o(y)roop (0) + ¢(y)m op~'(0)£(0)
+m0p (0)f'(0)p op~'(0)

— 256 { [n(-20 + 75
+ [ ant] o)
= 2790(y){_x1—x2t—x3t+

t
1+t
1 2 2 /
~200)) f(0) — T [t = 1) (8 + 1) = 24 S (9)}
= 2%p(y) { [xl

1—t2 —2t
— —z,———| f(8
112 !E21+t21f()

—[!ﬁ 2t +!E21_t2—$3]f/(9)}

n(=20)] £(6)

(22(f2 = 1) + (8 + 1)

1+ ¢2 1+ ¢2
= 29p(y) {[r1cosf — xysin 0] f(0)
— 21 8in 0 + x5 cos O — x3] f/(0)}
= (y) {ro(0)f(0) + r1(0) f'(0)}
= o) (X 1) (p(y)

LX) (y), (3-3)
showing that I respects the g actions on (dense subspaces of) L?(R) and L*(T).
]

Next we give two examples of symbol calculi on the coadjoint orbits of GG,
both adapted to the orbits in the sense given in the introduction. The first is a
special case of the construction given in Cahen [3] for real semisimple Lie groups
with finite centre. We aim to compare this with a second calculus constructed
using the Iwasawa decomposition and better suited to contractions.
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4. The V—Calculus on G—Orbits

The prescription for a symbol calculus on the adjoint orbits of SLy(R) given in [3]
amounts to a transferral of the classical Weyl correspondence on R? ([16], [11],
[14], [7]) to the orbit O, by the parametrisation

U(y,2z) = (R+yz/2)é1 + (—2/2 4+ Ry/2 + zy*/8)és + (—2/2 — Ry/2 — 2y?/8)és

which is a diffeomorphism from R? to Oy = O,\ {—Ré,}. For this reason we shall
refer to it as the W—calculus. We now describe this calculus, essentially following
Voros [14].

We say that f : (5¢ — C 1is polynomial in z, or simply polynomial, if
fo¥(y,z) is a polynomial in z whose coefficients are smooth functions of y. For
such an f we define a differential operator on C°(R) by the formula

(A26) ) = o [ e oWy +t/2,2)6ly +1) dt d=.
for ¢ € C2°(R). This is precisely Formula 5.1 of Cahen [3] in the special case G =
SLy(R) with the identifications of Section 2. It is the correspondence introduced by
Weyl in [16] applied to f o W. To see how the definition works, let fo W = u(y)z*
for some a € N, uw € C*(R). For ¢ € C*(R) define 9,(t) = u(y +t/2)p(y +1).
Integrating by parts and applying the Fourier inversion theorem we have

1 )

v - —itz a
(Afgb) (y) = 5 /RXRG u(y +t/2)2%¢(y +t) dtdz
. ]' —itz a
= o /RXRe 29,(t) dtdz

1 d\"“ A

= — —i— | 9,(t) e dtd
27 /RX]R ( Zdt) u(t) e :

- () L.,

. K—%) (“(y”/wy“”]to

dk
= Cr—— y
gokdyk (y)

where

(a—k)
_ o [ Q k—a) d
cr = (—1 ( )2( —u(y).
= (%) 2 Gamme)
This permits an easy calculation of AJ‘? for polynomial f. As demanded by [3],

the calculus is adapted to the representation (3.2). If X = >%  xie; € g and X
defined by X (&) = £(X) for £ € g* we have

X oW(y,2) = g(y) + h(y)z

where g(y) = 2R(xy +x3y/2+x2y/2) and h(y) = z2(y?/4—1) +23(y?/4+1) +21y.
Denoting derivatives with respect to y by primes we therefore have

(14%0) ) = i {olw)oty) - K Wo) — <hw)é' )}
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= 2(1/4+4R) (x1 + 22y/2 + 23y /2) d(y)

+ (21y + 22y /4= 1) +a5(y’/4+1)) ¢'(9)
= 70(Y)oy) + 1(y)¢'(y)
= (X-9)(y)

for all ¢ € C*(R). That is,

on CX(R).

5. The T—-Calculus on GG—Orbits
Define T: T xR — O, by

z

Y0,z = (R cosf — gsin 9> €1 — (Rsin@ + gcos (9) €y — (§> és. (5.5)

This map is a slight modification of ¥, where we take O, = Ad(KAN) in place
of éw = Ad(NMAN)%. It is a diffeomorphism from T x R to O,.

Say f: Oy — C is polynomial in z if foY (0, z) is a polynomial in z whose
coefficients are smooth functions of 8. For f supported in 6¢ this agrees with
the definition of the previous section since

foYX(0,2) = foWoUtoY(4,z2)
= fo\p<—2tan(6/2),Rsin9+%(c089+1)>
and
foW(y,z) = foXoX ToU(y,z)
= fo’r(—ztanfl(y/Q),(1+y2/4)Z+Ry)

so f oW is polynomial in z with smooth coefficients in y if and only if fo T is
polynomial in z with smooth coefficients in €. For such an f define an operator
A¥ acting on ¢ € C*(T) by

(AT0) (6) - % [ oY 04 1/2,2)0(6+1) di d=. (5.6)

If foX(0,z)=v(0)z" for some v € C*°(T) and a € N then by similar manipula-
tions to those of Section 4. we obtain
a dk
(A70) (0) = kzoacw (0)

where

_ na (@ _y deR
& = (§) (k> 20 s (6).
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This calculus is also adapted to the orbit O,. With X as before
X o Y(0,2) = g(6) + h(f)z

with §(0) = 2R(x1cos0 — z5sin0) and h(f) = —z;sinf — x5 cos0 + 5. Thus,
denoting derivatives with respect to # by primes,

(i420) ) = i{aw)otw) + 5K O)60) + RSO}

That is,
1
AL = ;dain(X). (5.7)

on C*(T), showing that the Y —calculus is adapted to the representation (3.1).

6. Non-equivalence of the Calculi

The operators of the W-calculus act on C°(R), whereas the operators of the
T-calculus act on C°(T). It is natural to ask whether, for every fixed symbol
f on Oy, the operators A? and A}f are intertwined by the maps I and I~! of
Section 3. The two calculi would then be equivalent.

We conclude this section by showing that this is not the case. If A and B
are operators on C'°(R) and C*°(T) respectively we say that A is equivalent to
B and write A~ B if A=TIToBol !. Equations (4.4), (5.7) and (3.3) show that

)Y T

for all X € g. No such equivalence holds for arbitrary symbols however. Let
f = é3. As a special case of the above equation we have A]‘? ~ A}r, and it is easily
seen that Af, = AT o A]. Suppose AY, ~ A,. This immediately gives

(A~ 470 a2)oty) = (1o Afo 1 ~To AT oI 0o AT o 1) o)
Io (A}rz — A}f o A}f) o [71¢<y)
= 0.

which (we omit the calculation) is false for any ¢ in C2°(R) not identically zero
at any point y # 0. We conclude that A?Q is not equivalent to A}%.

7. Representations of the Motion Group

To certain coadjoint orbits of M(2) we associate a pair of unitary irreducible
representations. This collection of representations is parametrised in the same
way as the principal series representations of SLy(R). They are limits, in a precise
sense, of these representations.
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The coadjoint representation of M (2) is neatly expressed as

(0, k) - (p. f) = (k-p. k- [ +vAk-p)
forveV,ke K, peV*and f € €. Here k- f = Adi(k)f, k-p= Adg(k)p
and v A p € £ is defined by
(vAp,A)={p,A-v)
for A€t and A-v=[Av];. The wedge product for SLy(R) is

(vier + voea) A (p1é1 + p2éa) = (p1v2 — pavy) Es.

and the coadjoint orbits of M are cylinders centred along the é3 axis. As in
Section 3. we fix an orbit C passing through an element ) = Ré; € a*” and a
unitary irreducible representation 7 of M. Just as was the case for the principal
series representations of SLo(R), the pair (1,n) determines an irreducible unitary

representation of M(2). We begin with the unitary irreducible representation
e ®n of V x M and induce up to a representation

Py =Indy 31 eV @1

of the whole group M(2). For details see Dooley [5].
In a manner analogous to Section 3. we realise the representation in the

Hilbert space H7, = L*(T). Again, details are found in [5]. The realisation on
L*(T) is given by

(pi,n@o’ 90)¢) (0) = e/ filv cosfrvzsing) g (0 — o)
for ¢ € L*(T), 0,0y € T and vy = vie; + vaey € V. Tts derivative is
d,oi(w, A)p(0) = 2iR (wy cos § — wysin @) ¢(0) — Ag'(6) (7.8)

for w=wie; +woes €V, A=Aez3 €€, 0 € Z and ¢ € L*(T).

8. The I'-Calculus on V x K Orbits
Define the diffeomorphism I': T x R — C, by

', 2z) = (Rcosf) é; — (Rsin®) és — (2/2) é3. (8.9)

Say f:Cy — C is polynomial in z if fol is a polynomial in z whose coefficients
are smooth functions of #. For such an f define an operator AIJZ on C*(T) by

1

Afo(0) = 5 /T ¢ F o T(6 4 /2, 2)$(0 + 1) d= dt. (8.10)
xR

This is almost equivalent to Cahen’s procedure. The first difference is a factor of

R in our parametrisation in the éz direction, which is compensated for by elimi-

nation of a factor of R in the exponent itz. The second difference is that we have
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replaced foT'(6,z) with foI'(0+t/2,z2) in the integration.

We proceed in a similar fashion to Section 5. Suppose f(0,2) = w(6)z* for
some w € C®(T), a € N. For ¢ € C°(T) define ¥y : R x R — C by
Vo(t,2) = w(0 +1/2)d(0 +1/2)X(—x,x(t) Where x(_x 7 is a characteristic function.
We have

1 .
ALo(0) = o /R (0 +1/2)0(0 + /2) dt dz
_ / e 2"9,(t) dt dz
RxR

27
1 d ‘ itz
= %/RXR <1E> Uy(t) €% dt dz

- () .,

_ K%) (w(0+t/2)p(0 + t))]

a dk:
= > G—70(0)
P dok

t=0

where )
5= (i) (Z) 2k s w(6).
In particular, if f = X where X = (w, A) = (wie1 + waen, Aes) € V + £ then
X ol (0, 2) = 2R (wy cos ) — wysin ) + Az
and we calculate
iA%gb(@) = 2iR (wy cos — wysin @) ¢(0) — A’ (6).
That is,
AL = %dpi(X), (8.11)

on C*(T) showing that the calculus is adapted to the representation (7.8).

9. Contraction of G to V x K

In Section 1 we mentioned the contraction maps of Dooley defined by

m(v, k) = expg(Av) -k
dmy(w,A) = A+ A

forveV,ke K,weV,Aectand A € RT. Here we briefly illustrate how these
may be used to contract the Lie algebra structure and representations of SLo(RR)

to those of its motion group M(2). These results are special cases of theorems in
Dooley and Rice [5].
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Proposition 9.1.  Forall X,Y € m(2),

lim dry ! [dma(X), dma(Y)]

A—0 g - [X’ Y] n(2

m(2)
Proposition 9.2.  For all ¢ € C=(T),

sup o)y, 0 drma(w, A)p(0) — dpfi(w, A)p(0)] — 0
(S

as X — 0 for all (w,A) € mA(é) Moreover the limit is obtained uniformly on

Y

compact subsets of m(2).
Proposition 9.3.  For all ¢ € C(T)

sup o, 0 dms(0,8)(6) — (0. 0)0(6)] — 0

as A — 0 uniformly on compact subsets of M(2).

Proof.  These properties are routinely verified. We check only the second claim,
which will be of greatest interest to us. Suppose ¢ € C*(T). If w = wie; +wses €
V and A = Aes € £ then

407, (s, A) 8(0) = doZ ., (hw, A) 6(6)
= 2(1/44iR/X) (Awy cos — Awssin b)) ¢(0)
+ (Awy cos  + \w; sinf — A) ¢'(0)
= 2iR (wycosh — wysinh) ¢(0) — A¢'(0) + O(N)
— Aol (w, A)(6) + O(N)

where
O(\) = A {% (w1 c08 0 — ws sin ) $(8) + (wy sind + ws cos ) ¢'(9)} .
Therefore
dofy., 0 dma(w, A)p(0) — pZ(w, A)p(0)] < Aw] (16(0)] + #/(0)])

for all ¢ € C(T),0 € T. Property 2 follows. [ |

10. Contraction of the T—Calculus

Fix a V x K-orbit Cy passing through ¢ € a*” and suppose f : Cy — C is
polynomial in z of degree d. That is,

fol(0,z2) = ;)ua(ﬁ)z“
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say, where each u, € C*°(T). For A > 0 the G-orbit Oy, passing through /X
is parametrised by

R Z . ~ z . R . Z\
TA(0,2) = <X cosf — 5 sm@) é1 — <§ sin 6 + 5, cos 0> €y — <§) és.

Suppose also that F = { 1Oy — (C}Aew is a family of polynomials in z of
degree equal to the degree of f :

fao A0, 2) = Z vM(6) 2

a=0

for v} € C°(T). If (v} — u,) and all its derivatives of degree less than or equal
to d tend uniformly to zero on T as A tends to zero then we say that the family
F approximates f.

Proposition 10.1.  Let f be a polynomial symbol on a V x K —orbit Cy and
suppose F = {fa}\er 15 an approzimating family of polynomial symbols on G -
orbits Oyx as above. Let Al (respectively A} ) denote the operator on C>(T)
corresponding to f (respectively fy) under the I' —calculus on Cy (respectively T —
calculus on Oy)x). Then for all ¢ € C>(T)

sup |4, ¢(0) — Af6(0)] — 0
0T
as X\ — 0.

Proof.  With the same notation as above and recalling the results of sections
5. and 7. we have

AF.000) - A500) = 332G () 240 ()" 2w () @00

for ¢ € C>®(T),0 € T. As all derivatives of ¢ appearing above are uniformly
bounded in T and all derivatives of (v — u,) tend uniformly to zero in T, each
term tends uniformly to zero on T. |

Corollary 10.2.  For all ¢ € C®(T) and (w,A) € m(2)

sup o)y, 0 drmi(w, A)p(0) — dpfi(w, A)p(0)| — 0

as A — 0.

Proof. TFor X = wie; + weey + Aes € m( ), AERT let f = X and define the
family F = d{f,\ = WA(X)}/\ pi - Then

f)\oT)\(H,z) = de(X)oT)\(Q Z)
= ﬁ()\wlel + Awieg + Aes,

R z . R . z z
(XCOSH— 551119) er — (Xsm9+ 50086) €y — (5) 63)

= 2(Rw;cosf — Rwsysinf) + (A — Aw; sinf — Awq cos )z,
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whereas

fol(h,2) = Xo [0, z)
= 2(Rw;cosf — Rwsysinf) + Az.

so F approximates f. By Proposition 1,
sup AT, 6(0) — AT6(0)] — 0
S

as A — 0 for all ¢ € C™(T). Since A} = ATA()/() = —i doZ, o dm\(X) and
T ’

Al = AE = —i dp7(X) the result follows. n

We have thus essentially recovered Proposition 9.2. Uniform convergence
on compact subsets on m(2) can be demonstrated by a slight generalisation of
Proposition 1, which we leave to the reader.

The form of the above proposition above was chosen purely to illustrate
how the contraction results of Dooley and Rice [5] at the Lie algebra level follow
from the contraction of adapted calculi. We have however, a more direct approach.

Proposition 10.3.  Let f be a function on Cy, polynomial in z. Let f=
fol oYX, Then f is a function of Oy, polynomial in z and

I _ Y
Af =AY

on C*(T). Conversely, if f is a function on Oy, polynomial in z and f =

foYolt then f is a function on Cy polynomial in z and
Y 4T

Proof. As foY = foTl, f is polynomial in z if and only if f is polynomial
in z. The equality of operators follows immediately from the defining equations
(5.6) and (8.10). u

11. Non-polynomial Symbols

In Section 5 we said that f: O, — C was polynomial in 2z if foY was polynomial
in z. In the same manner [3] we define L? functions, rapidly decreasing functions
and distributions on Oy. Of interest to us here will be the Hilbert spaces L?(O,)
consisting of those functions f on O, for which foY € L*(T x R). The aim of
this section is to extend the Y calculus to these functions. We first recall a few
facts from [13].

The family L£o(H) of (compact) operators A on a Hilbert space H satisfying
TrA*A < oo is a Hilbert space with respect to the inner product

(A, B) = Tr(A*B).

Such operators are called Hilbert-Schmidt. In the case H = L*(M, du) for (M, p)
a measure space the Hilbert-Schmidt operators are precisely those with kernels
Ka in L*(M x M,du ® du), the map A — K4 being a Hilbert space isometry
from Ly(L*(M,du)) to L*(M x M, dp @ du) [13].
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Lemma 11.1.  FEquation (5.6) of Section 5 defines a map from L*(Oy) to
Lo(L*(T)). Further,

1Al cazzery < 1Fllz2c0,)
holds for all f € L*(Oy).

Proof.  (Similar to [3], [14] and [11]). Define the partial Fourier transform
Fy: LT x R) — L*(T x R) by

1 —ixz
Fa£)0.2) = o [ 0. 2)e " d.
Then F, is an isometry. Define also U : L*(T x R) — L?(T x T) by
U(H)O.0) = £ (0 +0)/2.0— ).

As is easily checked, [|[U(f)|lz2rxt) < || fllz2(rxr). Finally let K = U o F,. Then
for f € L*(O,) we have

IE(f o T)llr2rxry < [[Fo(f o T)llr2rxry = | o Tllzerxry =t [ fllr200,)-

So K(foTX) isin L*(T x T) and is thus the kernel of a Hilbert-Schmidt operator
on L*(T). Denoting this operator by A; we then have

[Afl cazzemy = 1K (f o D)llz2wxmy < 1 llz200,)5

so if we can show that ﬁf = A}r we are done. Using Fubini’s theorem and the
substitution ¢t = 6’ — § we have

Ao0) = [K(oT)(0.0)0(0") o
1 o
- /T%/Rfo“f((0+9’)/2,z) e~ =0=0) g2 o(¢') do’
1 izt
= oo | SO0+ /200 + )e did:
= Af¢(9)
for all ¢ € C*(T), 6 € T. u

We may similarly extend the W—calculus (see [3], [11] or [14]) and the I'—calculus
to functions in L?(Oy) and L*(Cy) respectively. Taking this as done, we continue
in the same vein as Section 10.

Proposition 11.2.  Suppose f € L*(Cy) and F = {fA 1 Oy/x — C}/\Ec such
that fr € L*(Oyn). We say that F approzimates f in L? sense if

[fxoTx— fol|zaxry — 0

as A — 0. In this case A}a tends to AE in Hilbert-Schmidt norm.
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Proof. By Lemma 11.1 the operators A}i tend in Hilbert-Schmidt norm to the
operator A7y 1. By inspection of the defining equations (5.6) and (8.10), this
operator is precisely A?. [

Proposition 11.3.  If f € L*(Cy) then f:= foT o X! is in L*(Oy) and

r T

Conversely if f € L*(Oy) then f=foY ol ! e L*Cy) and
T

Proof. As foY = fol', f is an element of L*(Oy) if and only if f is an element
of L*(Cy). Equality of operators follows directly from the defining equations (5.6)
and (8.10). u

12. Concluding Remarks

The authors expect the results of this paper to apply to all pairs (G, K') discussed
in the introduction. For G a general semisimple Lie group with finite centre the
subgroup M is of course no longer discrete (we recall that M was the centraliser
of A in K, where K,A and N provide an Iwasawa decomposition). Whilst
this introduces a fair amount of work in construction of the adapted calculi, it
should not complicate the contraction process at all, since M may be treated in
an identical fashion in both cases (as in Cahen [3]).
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