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The Product Formula for the Spherical Functions
on Symmetric Spaces of Noncompact Type
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Abstract. In this paper, we prove the existence of the product formula
for the spherical functions on symmetric spaces of noncompact type. To this
end, we study the analyticity properties of the Cartan decomposition and we
find a limited Taylor expansion of the abelian factor in this decomposition.

1. Introduction

Let G be a semisimple noncompact connected Lie group with finite center and K
a maximal compact subgroup of G and X = G/K the corresponding Riemannian
symmetric space of noncompact type. We have a Cartan decomposition g =€+ p
and we choose a maximal abelian subalgebra a of p. In what follows, > corresponds
to the root system of g and X* to the positive roots. This implies that we have
chosen a set of simple positive roots aq, ..., o, where r = dima is the rank of
the symmetric space. We have the root space decomposition g = gy + > aex 0a-
Recall that €, the Lie algebra of K, can be described as

t=span { X, + 0(X,): X4 € g, @ € ZTU{0}}

where 6 is the Cartan automorphism. Let n = Y cx+ g, and 1 =3 jecxt -0 =
>aes+ 0(g4). Denote the groups corresponding to the Lie algebras a, n and n by
A, N and N respectively. We have the Cartan decomposition G = K AK and
the Iwasawa decomposition G = K AN. Let st ={H € A: a(H) >0V a e X7}
and AT = exp(a™).

If A is a complex-valued functional on a, the corresponding spherical func-
tion is

oa(el) = [ e g
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where g = ke™@n € KAN and p = (1/2) Ypess Mo (m, denotes the
multiplicity of the root «). A spherical function, like any K -biinvariant function,
can also be considered as a K-invariant function on the Riemannian symmetric
space of noncompact type X = G/K. Naturally, such a function is completely
determined by its values on A (or on A™). The books [4, 7, 8] constitute a standard
reference on these topics.

Suppose that the symmetric space G/K is of noncompact type. Suppose
also that X € a* and Y € at. We will assume these hypotheses throughout the
paper. At the end of the paper, we relax the last hypothesis.

Remark 1.1.  The condition X € a™ and Y € a™ is for convenience. We could
assume instead that «(X) # 0 and «(Y") # 0 for every av € 7.

In [8, (32), page 480], Helgason shows that a Weyl-invariant measure pixy
exists on the Lie algebra a such that

NG /% )dux,y (H) (1)

(unlike us, Helgason states his results at the group level).
It is known [8] that

) or(e) = [ or(e¥ ke dk

The measure pxy is then to satisfy

[ FE ke = [ fe) duxy (H)

for all continuous functions f which are biinvariant under the action of K.

The support of the measure pxy is shown to be included in C(X) + C(Y)
when 0 ¢ W- X +W .Y where C(H) is the convex hull of the orbit of H under the
action of the Weyl group W. In fact, this is true for all X and Y using properties
of weak convergence of probability measures.

The natural question is whether the measure pxy is absolutely continuous
with respect to the Lebesgue measure on a i.e. whether we have a “product
formula”

o) r(e") = [ on(e") k(H, X, V) dH e

where k(H, X,Y’) is Weyl invariant in each of the variables. Helgason also discusses
this measure and some partial results in [9].

Flensted-Jensen and Koornwinder give explicit formulae for the rank one
case in [2]. In fact, they give a product formula for a larger class of special
functions, namely the Jacobi functions. The formulae given can be derived using
an addition formula which is not currently available in higher rank situations. The
reader may wish to consult also [11]. In [6], the authors prove the existence of
the product formula for the spherical functions in the complex case and we study
properties of the integral kernel of this formula.
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In this paper, we prove the existence of the product formula (2) for sym-
metric spaces of noncompact type. In [9, page 367|, Helgason writes that “It is
obviously an interesting problem to relate ju, . to the structure of G”. The product
formula is an important step in solving that problem.

In Section 2, we discuss our approach to prove the existence of the product
formula. Our method is based on the approach Flensted-Jensen and Ragozin
use in [3] to prove the existence of the kernel of the Abel transform (see also
[8, Theorem 10.11, page 478]). It leads us to study analyticity properties of the
Cartan decomposition and in particular the analyticity of the function ¢ — a
where g = kjaks is the Cartan decomposition of g, a question interesting in itself.
It is worthwhile mentioning that in order to prove the product formula, we do not
use direct knowledge of the spherical functions unlike our result of [6].

In Section 3, a rank-one reduction is used. This section contains most of
the computations.

In Section 4, we put everything together to prove the existence of the
product formula. We conclude by the discussion of cases X € da™ or Y € da™ and
by giving some interesting applications of the product formula (they were given in
the complex case in [6]).

2. Product formula and analyticity of the Cartan decomposition

To prove the product formula (2), it is sufficient to show that there exists a kernel
k(H,X,Y') such that for every K -biinvariant continuous function f and for every
X, Y €a, we have

/K F(eX ke )dk = /a Fe"Yk(H, X,Y) dH. (3)
Let a:G — aT be defined by g = k; 9 ky. Equation (3) is equivalent to
/K F(ed© ke g = /a Fe") k(H, X,Y) dH. (4)

Let M be the centralizer of A in K. It is possible to write (4) as
/K » F(e R dyy = /a Fe™Y k(H, X,Y) dH. (5)

if the measure on the coset space K/M is properly normalized. Indeed, if m € M,
a(e®*kmeY) =aleX ke).

The question is therefore to show whether the measure on a given by the
left-hand side of (4) or (5) is absolutely continuous with respect to the Lebesgue
measure on a. Our approach, embodied by Proposition 2.8 at the end of this sec-
tion, is inspired by [3] and [8]. Since their approach relies on the analyticity of the
Iwasawa decomposition, in order to adapt their method, we have to investigate the
analyticity of the Cartan decomposition. Contrary to the Iwasawa decomposition,
the function g — a(g) is not analytic on the whole group G although it is known
to be smooth on K A" K by [7, Corollary 1.2, page 402]. We go a little further.
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Proposition 2.1.  Suppose G/K is a symmetric space of noncompact type and
let g =k e ky, a(g) € at, be the Cartan decomposition of g € G. Then the
function g — a(g) is analytic on K AT K .

Proof. Let g = kexpX where k € K and X € p. The map g — (k, X) €
K x p is analytic ([4, Prop. 2.1.11, p. 60]). Now, one represents X € p as
X = Ad(k)H where k € K/M and H € a* and the Jacobian of the analytic map
(kM,H) — Ad(k)H is equal to [Taes+ a(H)™ ([8, p. 195]). It follows that the
mapping ¢ — X — H = a(g) is analytic when a(g) € a*. n

We now give a result which will prove useful several times.

Proposition 2.2.  Let H be a connected Lie group and f: H — R an analytic
function. If f # 0 then the zeros of f form a closed set C of zero Haar measure
i H.

Proof.  This well known property of analytic functions follows for example from
Lelong’s theorem on semi-analytic sets (see for example [12]).

Let us give here a simple elementary proof of this property. Consider h € C
and a coordinate map ¢ on a neighbourhood U of h such that V = ¢(U) is a
product of open intervals in R, m = dim H. The set U N C is of Haar measure
zero if and only if its image by ¢ is of zero Lebesgue measure in R™. We proceed
by induction. If m = 1 then it is well known that if F = fo¢™': (a,0) — R is
analytic then either F' = 0 or the zeros of f are isolated and therefore of Lebesgue
measure Zzero.

If V is a product of m > 1 intervals, we write it V = [ x J with I =
(a,b) C R and J a product of m — 1 intervals. Consider A ={z € I: F(z,y) =0
for all y € J} C I. Either A is of strictly positive Lebesgue measure in I or A
is of zero measure. The first case implies that F' is identically zero on V. In the
second case, if x € I\ A then by induction hypothesis, the set of y’s in J such
that F(z,y) = 0 is of measure zero in R™~1. An application of Fubini’s theorem
allows us to conclude the proof. [ |

Remark 2.3. Let pu be the Haar measure on H. The complement of a closed
set of p-measure zero is a dense open set.

Corollary 2.4.  Let H be a connected Lie group and N an analytic manifold.
Let f: H — N an analytic map. Let k = min(dim H,dim V).

If the differential df is of rank k at a point h € H then it is of rank k on
an open set H\ C' C H where the Haar measure of C' is zero.

Proof.  The differential df is an analytic map on H. Let sg(h) be the sum of
squares of all determinants of df|, of dimension k. The function s is non-negative
analytic on H. According to the hypothesis, s;(h) > 0 and we apply Proposition
2.2 to s;. [

We will also need the following algebraic result.
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Theorem 2.5.  (Hermite) Let P be a polynomial of degree n with real coeffi-
cients. The number of distinct roots of P 1is equal to the rank of the matriz

Po P11 --- Pn-1
B— p.l Pz - P'n
Pn—1  Dn cer Pon-—2
where pr, = 3; b? and by,..., b, are the roots of P. The Newton polynomials py
are polynomials of the coefficients of P.
Proof.  Refer to [5]. |
Remark 2.6. The matrix B is sometimes called the Bezoutian of the the

polynomial P.

We will be applying the above result to P(t) = det(tI — A) where A is a real
symmetric matrix. In that case, the rank of the corresponding matrix B will
denote the number of distinct real roots of P i.e. the number of distinct eigenvalues
of A.

In the sequel we want to use Proposition 2.2 and Corollary 2.4 in order to
study the absolute continuity of the measure pxy which is characterized by the
equality

[ RS dk = [ ey dyuy (D). (6)
K a
for all K -biinvariant continuous functions on . Since the application

F: K —at, F(k)=a(e*ke")

is only analytic on Ky = {k € K : a(eXke¥) € at} C K, we cannot apply
the analytic continuation arguments of Proposition 2.2 and Corollary 2.4 because
Ky may not be connected. We will surmount this difficulty by working on a
subset K’ of Ky introduced in the following lemma. We will write & € K’ if
H = a(eXke¥) € a™ and a(H) # B(H) for different roots « and f3.

Let us fix a basis of g according to [7, Lemma 3.5, page 261]. This is a basis
constructed as a union of bases of root spaces g, and g,. If we have g = k; e k,
(i.e. H=a(g)) then

Ad(g) = Ad(ky) 297 Ad(ky)

and

Ad(0(g)™") Ad(g) = Ad(ky) ™" 2205 Ad(k,).

In the above basis, the operator ¢234H is given by the matrix
dim g, dimg‘*1
diag[l,..., 1, 2 o) - e=2aall) - p=2ang(H)] (7)

where ng = |X*| is the number of positive roots.
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Lemma 2.7.  Let
G'={g€G: Ad(0(g)"")Ad(g) has 1+ 2|SH| distinct eigenvalues}

and K' ={k € K: e*ke¥ € G'}. If K' # @ then K' is an open set in K whose

complement is of measure zero.

Proof. The map from G to the set of linear operators on g defined by g —
Ad(6(g)~') Ad(g) is analytic.

For a given g, let ®(g) = det(t I — Ad(A(g)~') Ad(g)) be the characteristic
polynomial of Ad(6(g)~') Ad(g) and let B, be the matrix defined in Theorem 2.5
for the polynomial ®(g). Let m = 14 2|X"| which is the largest possible number
of distinct roots of ®(g) (refer to (7)). According to Theorem 2.5, ®(g) has m
distinct roots if and only if s,,(B,) > 0 where s,,(B) is the sum of squares of all
determinants of order m of the matrix B.

Consider the analytic map k — s;,(Bex ey ). Assuming that there exists
k € K’ , this map is not identically zero on K so the statement follows by
Proposition 2.2. [ |

Proposition 2.8.  Let F(k) = a(eX keY). In order to show that the measure
pxy in (1) and (6) is absolutely continuous with respect to the Lebesque measure
on a it suffices to show that the differential of the map F' is surjective for at least
one point kg € K' (refer to Lemma 2.7).

Proof.  Denote by P,[t] the space of real polynomials of degree n = dim g with
the highest term ¢". Consider the map ®: G — P,[t] defined as in Lemma 2.7.
Clearly, ® is an analytic map which verifies ®(g) = ®(e%9)). Denote by ®* the
restriction of ® to A. The map ®4 is analytic on A. The map ¥ = &4 o el is
analytic on K since W (k) = ®(eX keV).

The map ®4 is of rank less than or equal to 7 = dima. We now show that
4 is of rank 7 on the set A’ = AN G’ open in A. Denote m; = m,,. Then

no
A1) = (t—1)™ T (¢ —e* ™) (t —e7?))™.

=1

Suppose that Q = >, _; ax 928 _ 0, If 1 < j <r then on A" we have

R
dmjfl
g1 @ = — 2a;m e (2% — 1) (2 — e )™
tZeQaj
« H ((62aj _ 626”) (€2aj _ 6—2a¢))mi =0
i#]
so the a; are all zero and %, k=1, ..., r,are linearly independent. It follows

that ®4 is of rank r on A’.

From that we deduce that at a point k& € K’ where dF' is surjective, the
map (k) = ®4(eF®) is of full rank 7.
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By Corollary 2.4, we find an open set U of K such that K'\U is of measure 0
and such that d¥ is of rank r everywhere on U. Let V = K'NU where K’ is
as in Lemma 2.7. If k € V, then dV is surjective at k and d®* is surjective at
F(k). Since d¥ = d®* o d(e!"), we conclude that dF is surjective at k.

The proof of the fact that if S is of zero Lebesgue measure in ot than
px.y(S) =0 is now identical as in [3] or [8, p. 479]. ]

Remark 2.9. The analyticity of the roots of a polynomial as functions of its
coefficients was studied by Brillinger in [1] but these results are not precise enough
to be used in the proof of the Proposition 2.8.

Remark 2.10. In the proofs of Lemma 2.7 and Proposition 2.8 one can use in
an equivalent way the polynomial

O(g) = det(t I — adX)

where g = kexp X with k € K and X € p instead of the polynomial ®(g) =
det(t I —Ad(6(g)~*) Ad(g)). The map g — ®(g) is analytic and one verifies easily

that ®(g) = ®(e®). The rest of the proofs remains identical.

The remainder of this paper consists mainly in showing that there exists
an element k € K such that the hypotheses of Lemma 2.7 and Proposition 2.8
are fulfilled i.e. that there exists k € K such that eX ke¥ € G’ and dF(k) is
surjective. This will be done in Theorem 4.5 for an element of K of the form

ko = exp(ti (Xa, +0(Xay)) + ... + 1 (Xo, +0(Xo,)))

where X,,,...,X,, are root vectors and the ¢;’s are not zero but small enough.

3. A rank one reduction

The main result of this section is Proposition 3.2 and its corollary. There we
restrict the map F' of Proposition 2.8 to elements of the form

k=exp(ty (Xa, +0(Xa)) 4 ..+t (Xa, +0(X,)))

and compute a limited Taylor expansion about k = e using a rank one reduction.

Lemma 3.1.  Let a be a positive root with associated root vector X, and let
H, = [X,,0(X,)]. Then a(H,) <0. If oy, ..., a, are simple positive roots then
the vectors H,, , ..., H,, form a basis of a.

Proof.  Define A, € a by a(H) = B(H, A,) for all H € a. Using [7, (7), page
407], we get H, = B(X,,0(X,.)) As and therefore,

a(H,) = B(Xa,0(X,)) a(As) = B(Xa,0(X,)) B(Aa, Aa) <0

since the quadratic form X — B(X,0(X)) is strictly negative definite everywhere
([7, Proposition 7.4 page 184]) while the form H — B(H, H) is strictly positive
definite on a (the second statement is a consequence of the former since 6 = —id
on a). [
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Proposition 3.2.  Assume a < 0 and b < 0. Let « be a positive root, X,
an associated root vector and let H, = [X,,0(X.)]. Let K, be the connected
subgroup of K with subalgebra t, generated by X, + 0(X.). Then there exist
ki(t), ko(t) € Ko and S > 0 such that for t small enough, we have

et o et Xat0Xa)) b Hee — o (1) exp ((a + b) Ho + S Hot* + O(t*) Hy ) ka(t).  (8)

Proof. Let ¢ =y/—a(H,)/2 (which is a positive real number by Lemma 3.1).

Let g = span{H,, X,,0(X,)}. It is easy to check that g is a Lie algebra and that
2

the map 7:g — s1(2,R) defined by 1(by Ho+bs X0 +050(X,)) = [ chbl CCbez ]
—Cb3 1

is a Lie algebra isomorphism.

For t small enough, the result depends only on the Lie algebra and we can
use the correspondence given by 7. We know that we have

e o gt Xat0(Xa)) pbHa — [ oxp ((a +b) Hy 4 e1 Hyt + eg Hy t* + O(t%) Ha> ko

with k= ki(t), k2 = ko(t) € K, (the Cartan decomposition in the connected
subgroup of G corresponding to g). Call the above equality A = B and write
6(A)~* A=6(B)"' B. This gives

b Ho o=t (Xat+0(Xa)) 20 Ha t(Xa+0(Xa)) b Ha

e
= k' exp (2 (a4 b) Hy + 2e1 Hot + 2es Hy t? + O(t%) Ha> .

Using the isomorphism 7, this becomes

—bc? 0 0 —ct —2ac® 0 0 ct b2 0
0 bc? ct 0 0 2ac? —ct 0 0 b2 |
e e e e e =

—2((a+0b)+ert+ext* + O(t?))c? 0
l 0 2((a+b) +ert+ ey t* + O(t%))c? ]

/~€2_ le /;’2
where ky = ky(t) corresponds to ks = ky(t) under the isomorphism. The ex-
ponential map on a one dimensional matrix Lie algebra is the classical matrix
exponential so the product of exponentials on the lefthand-side of the last formula

. dy do .
is equal to [ ds d4] with

dl _ COS(C t)Q (67202 (b+a) 6202 (fb+a)> + 6(202 (fb+a))7
dy = —cos(ct) sin(ct) (2% — 729,

dy = —cos(ct) sin(ct) (e2°¢ — (727 ),

dy = cos(ct)? (e 0ra) 2 (bta)y | (267 (“b+a))

Taking the trace on both sides, we find that
cos(ct)2 67202 (b+a) + 62(:2 (—b+a) _ COS(Ct)2 62(;2 (—b+a)
o2 (=bta) _ cos(ct)? em2¢ (wbta) 4 cos(ct)? e? ¢ (b+a)

= 2cosh(2((a+b)+ert+egt?)) +O(t%).
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Comparing the limited Taylor expansions of the last equality, we find easily
that e; = 0 and that

sinh(2a c?) (6_217‘32 sinh(2 (a + b) ¢?) — sinh(2a 02))

S=e= —sinh(2 (a + b) 2)e2(atb) e

It is not difficult to see that the last expression is strictly positive when
a<0and b<0. [

Corollary 3.3.  Let a be a positive root, X, an associated root vector and let
H, = [X.,0(X,)]. Suppose a(X) >0 and a(Y) > 0. Then there ezists S > 0
such that for t small enough, we have

a(eX et(Xori-O(Xa)) €Y) —X+Y + SHa t2 + O(t3)H

Proof. Write

X’ Y’
a(X) a(X) afY) a(Y)
X = H,+ (X -——=5 H, dY = H,+ (Y — H,).

() 1T T o) Y= g e g
Since a(X’) =0 =«a(Y’) and X', Y’ € a, they both commute with the elements
of g (refer to the proof of Proposmon 3. 2) For the same reason e | ¥ and
eX'tY" commute with the elements of K. We then have

X ot (Xat0(Xa)) Y X ea"((H’fX)) He ot (Xa+6(Xa) e% @Y’

= X ki(t)e <aa((f§(c3)+a(g{y>))Ha+5Hat2+0(t3)Ha ka(t)e”

— ky(t) &Y (Gt ) HatS Ha PHOE) Ha 1 ()

_ k1<t> €X+Y+5Ha t24+0(t3) Hy kg(t)

(ki(t) € K, C K). For ¢ small enough, X +Y + S H,t* + O(t*) H, € a* which
allows us to conclude. ]

4. The existence of the product formula

Definition 4.1.  Let ay, ..., a, be the simple positive roots and choose as-
sociated root vectors X,,, ..., Xa,.. Suppose X, Y € at. Define g: R" — a
by

glt, .. 1) = a(eXeh (Xay +0(Xay )+ ttr (Xap+0(Xay)) e¥).

Remark 4.2.  In order to prove that the differential of the map F' defined in
Proposition 2.8 is surjective at a point kg € K’, it clearly suffices to show that there
exists a point t = (¢1,...,t,) such that g(t) € at, a(g(t)) # B(g(t)) whenever
a+# 3, a,f €X' and such that the Jacobian of ¢ in t is nonzero.

It will also be convenient to think of ¢ as a map into R" (using the basis
H.,,i=1,..., r,of a where H,, = [X,,,0(X,,)])
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Lemma 4.3. We have

g(:l:tl, .. .,j:tr) = g(tl, . ,tr)

where the signs are independent.

Proof. Fix ¢ € {—1,1},i=1, ..., r. Recall that g = &, g, where the sum
is taken over all the roots and that for any root «, we have o = }7_; n; a; where
the n; are integers that are all greater than or equal to 0 or all smaller than or
equal to 0 and that the representation is unique. We define the map v: g — g by

r

Y(X) =€t e X if X€g,,a=) na
i=1

and we extend the map linearly to g. Note that ¢(X) = X when X € g,. It is easy
to check that ¢ is a Lie algebra isomorphism (using the relation [g,,95] = gais
where g,.5 = {0} if o+ 3 is not a root).

Let G be the simply connected covering of G. Since G is connected,
we know that G ~ G/Z where Z is a subgroup of Z(G), the center of G
(see [13, page 26]). There exists a group automorphism ¥ on G such that
T(eX) = X for all X € g. Now, U(Z(G)) = Z(G) so it is possible to
define the group automorphism ¥ on G/Z(G). Now, G/Z(G) ~ G/Z(G) since
they are both isomorphic to Int(g) (see [7, Corollary 5.2, page 129]). Note that
(G/Z(G) has Lie algebra g and finite center (its center is {eZ(G)} by [7, Corollary
5.3, page 129]). It is easy to see that Z(G) is a subgroup of K. Indeed, let
K’ be any maximal compact subgroup containing the finite set Z(G). Since all
maximal compact subgroups of G are conjugate, there exists g € G such that
gK'g7! = K. But then Z(G) = ¢Z(G)g~' C K. Hence, with some abuse of
language, G/Z(G) = (K/Z(G))AN and G/Z(G) = (K/Z(G)) A(K/Z(G)).

All this implies that the function g : R” — a = R" is the same if we define
it via the Iwasawa and Cartan decompositions of the group G or of the group
G/Z(G). On G/Z(G), the automorphism ¥ is well defined. We will therefore
work on G/Z(G) or, in other words, work on GG supposing that the center of
G is {e}. Note also that the map ¥ sends the groups K, A, N and N onto
themselves. In addition, the automorphism W is the identity on A.

We have a(¥(g)) = a(g) since g = k; e*9) ky implies

U(g) = U(ky) U(e™ ) W(ky) = U(ky) e W(ky) = U(ky) @ T(ky).

Hence, writing Z; = X,, + 0(X,,),

g(:l:tl, - :Etr) — CL(&X e:l:tl Z1+.Ftty ZT€Y> _ a(eX ew(tl Z1+.. ZT)GY)
— a<€X qf(etl Z1+... 4ty ZT)(EY) — &(‘P(@X et1 Z1+... 4ty ZT6Y>>
= glt1,....t)

which proves the lemma. u
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Proposition 4.4. There exist S >0, ..., S, >0 such that we have

g(t,....t,) =X +Y +> S H,, t; + O(JIt]*).

=1

Proof. Taking o = o; and X, = X,,, in Corollary 3.3, it is clear that

gt t) =X+ Y+ S Ho 74+ cijtity Hyy + O(||t]]?) (9)

i=1 i<j

where S; > 0 for each i. The invariance given in Lemma 4.3 implies that the

coeflicients ¢;; of the terms ¢;; t; t; H;; must be 0 (it would suffice to take ¢, = —1
and €, =1 for k #1). n
Theorem 4.5. The product formula (2) exists for every symmetric space of

noncompact type.

Proof.  We show the existence of a point t = (t1,...,t.) with properties re-
quired in Remark 4.2.
The Jacobian of ¢ is easily computed; for s = (s1,...,s,) close to the

origin, the Jacobian is 2" (IT/_; s; S;) det(Ha,, - .., Ha,) + O(||s]|?) which is clearly
nonzero when all s; # 0. Fix such an s. It follows that ¢ is a diffeomorphism
of an open neighbourhood U of s onto an open neighbourhood V' of ¢(s). The
Lebesgue measure of the set C' = {v € V| a(v) = (v) for some roots o # 3} is
zero so there exists t € U with nonzero coeflicients such that g(t) ¢ C. n

As announced in the introduction, we now discuss what happens without
the hypothesis X € a™ and Y € a™.

Lemma 4.6.  Let A be an irreducible root system and Ay be the set of simple
positive roots. If 51 € Ay then one may order the elements of Ay in such a way

Boy ooy B (1 =100]) that SF_, B €A forall k=1,...,r.

Proof.  We use induction on r. The result is trivial when r = 1.

Suppose that the statement is true for any root system with » — 1 simple
positive roots.

Consider the Dynkin diagram D of a root system with |Ag| = r. As a
graph, this diagram is a finite tree so there exists a root «,, € A such that (a, a;.)
for only one other root in A, say o = «v,_; (geometrically, it means that the only
vertex of D connected with . is a,._1).

Let A’ be the root system generated by the simple roots Ag \ {a,} (the
Dynkin diagram D’ of A’ is obtained from D by suppressing the vertex «, and
the edge [ay—1, ).

Let us order the elements of Ag \ {«,} in such a way ay, ..., a,_;1 that
Stta; € Aforall k=1,..., r—1. This is possible by the induction hypothesis.

Let f=a;+...+a_1 € A, As (o, ) = 0 when p < r — 1 and
(a1, ) < 0 (all this follows from the fact that D contains the edge [a,_1, a]
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and no other edge with vertex «,) we infer that (5,q,) < 0. This implies [7,
Lemma 2.18 page 291] that f+ o, = oy + ... + o € A. The statement of
the lemma is then true for 31 = «;, © < r. It is also true for ; = «, since
Sitai+a. € Afor k=1,..., r—1 which follows from the same argument
replacing 6 by ap + ...+ @, _1.

The lemma could also be proven using the classification of root systems by
a case by case examination. See for instance [7]. [ |

Proposition 4.7.  Let X € 0a™, X # 0 and Y € a* (or vice-versa). Then
tx,y has a density.

Proof.  We refer to the notation of Lemma 4.6. Let 8; € Ay be such that
f1(X) # 0. Let B, ..., B be as in Lemma 4.6. We define g(tq,...,t,) as in
Definition 4.1 using the roots oy = Zle Gi, k=1, ..., r, which are no longer
simple. Then equation (9) still holds.

We define the map ¢: g — g by

T

Y(X) =€t e X if X €g,,a=> nf
i=1
and we extend the map linearly to g. If ¢« < 7, we choose ¢; = —1 and all other

€x’s to be 1. We then have

9(0,...,0,t;,0,...,0,—t;,0,...,0) = g(0,...,0,t,0,...,0,t;,0,...,0)

which shows that the term ¢;¢; does not appear in (9). [ |
We now discuss some instructive examples. Let G/K = SL(3,R)/SO(3).
cosf) —sinf 0 1 0 0
Let K1 ={| sinf cosf 0 |: 0€cR}, Ko ={| 0 cosf —sind |: § € R}
0 0 1 0 sinf cosf
cos 0 —sinf
and Kg = { 0 1 0 0 € R} If K = 80(3) then K = Kl KgKg

sind 0 cosf
(in [10], we have K = K; Ky K3 which is equivalent if we interchange the first 2
coordinates in R?) and K = K K, K (see [15]).

a 0 0 b 0 0
fFX=1]0wa 0 €dat,a>0,andY =0 b 0 € da™,
0 0 —2a 0 0 —2b

b > 0, then for £k = ki ko ki € K = K; Ky K;, we have with the help of
Corollary 3.3

X ke’ =eNkikokie" = ke kyel K = ky Ky e IR
00 O
where Hg=| 0 1 0 |. Theset {a(e® ke¥): k € K} is contained in a segment
00 —1
and therefore p1yy cannot have a density. Note that in this case, X +Y € da™.
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a 0 0 200 O
fFX=]0wa O €dat,a>0and Y =] 0 —b 0 € Oa™,
0 0 —2a 0 0 —b

b > 0, then for £ = kiksky, € K = K; K3K,, we have with the help of
Corollary 3.3

eX ke =e N kikskyet =kiet kg ky =k Ky XY T o Kl kg,

10 0

where Hz = | 0 0 0 |. The set {a(eXke¥): k € K} is again contained
00 —1

in a segment and the measure pxy has not a density. Note that in this case,

X+Yecar.

Similar remarks can be made for the same examples in the case G/K =
SL(3,C)/SU(3) using [6, Proposition 4.4].

Let us take G/K = SL(4,R)/SO(4). Suppose X, Y € da™ with ay(X) =
0, a(X) >0, az(X) > 0 and az(Y) =0, ay(Y) > 0, a3(Y) > 0. Then ag,
as + a3 and a1 4+ as + a3 are independent roots which are nonzero on X and Y
(note that X +Y € a'). Then the reasoning used in the proof of Proposition 4.7
shows that pxy has a density.

The above examples show that the density of pxy in the case where X
and Y € da™ may exist or not.

In a further analysis of the kernel of the product formula the following
observations should be useful. We define the map k: G — K by g = k(g) "9 n
(the Iwasawa decomposition of ¢g). The map n — k(n) M is a diffeomorphism of

N into an open subset of K/M whose complement is of measure zero with respect
to dkys. Combining (5) with [8, Th.5.20, page 198] we get

/7 (e K (=2 (@) gy — / Fe™Yk(H, X,Y) dH.
N a

where the measures are normalized to ensure that [/, dky = [y e~ 20 (M) g,

It will be interesting to study the application 7 — a(eX k(n)e¥) on N. Let us
give here a Taylor expansion of this function.

Corollary 4.8.

(i) Let a be a positive root, X, an associated root vector and let H, = [X,,0(X4)].
Suppose a(X) >0 and a(Y) > 0. Then there exists S > 0 such that for t
small enough, we have

a(eX k(e?X)) ¥y = X + Y + S H, t? + O(t*)H..

(ii) Let a,...,a,. be the simple positive roots and X,,,...,X,, be associated
root vectors. Suppose X, Y € at. Then

(e k(e 00 A0 ) = X 1Y 43S Ha 8+ O8],
=1

Proof.  The part (i) follows from Corollary 3.3 using Lemma 4.9 below. The
part (ii) may be then deduced from (i) similarly as the Proposition 4.4 is deduced
from Corollary 3.3. u
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Lemma 4.9.  Let a be a positive root and let X, be any associated root vector.
Then k(e!?Xa)) = ¢t (Xat0(Xa))+O(E)

Proof.  This is straightforward when we use the rank one reduction of Section
3. This can also be shown using Campbell-Baker-Hausdorff formula [14, Theorem
2.15.4]. [

The following results are straightforward applications of the product for-
mula and its proof. The proof of Corollary 4.10 is the same as that given in [6] in
the complex case.

Corollary 4.10.  Let G be a semisimple Lie group of noncompact type and let
w, v be two K -biinvariant finite measures on G such that pu(K) = v(K) = 0.
Suppose that p(KOATK) = 0 or v(KOATK) = 0. Then the measure p % v is
absolutely continuous.

Corollary 4.11.

(i) Let X € ot Y € aF. Then the support of uxy contains a nonempty open
set.

(ii) Let G be a simple Lie group of noncompact type and let g € K AT K. Then
the orbit K g K generates G.

For some interesting applications of the product formula in the arithmetic
of probability measures and statistics see also [6].

5. Conclusion

Naturally, we would like to have more information about the kernel of the product
formula and its support a(e® K e¥). All our result guarantees is that the kernel
H — k(H,X,Y) is of class L' on a.
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