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Abstract. We consider a type I, solvable Lie group G, of the form
R x R%. We show that every irreducible unitary representation m of G is
characterized by its generalized moment set.

1. Introduction

Let G be a real Lie group with Lie algebra g, (m,H,) a unitary irreducible
representation of G and H:° the space of C*° vectors for w. Let g* be the dual
space of g. In [7], Wildberger defined the moment map ¥, of w. For all £ in
H2°\ {0}, the element ¥, (£) in g* is defined by:

U (6)(X) = 1%

The moment set I, of the representation 7 is by definition the closure
in g* of the image of the moment map:

, X eg.

U, HX\ {0} — g".

Wildberger gave an explicit description of the moment set I, when G
is a connected, simply connected nilpotent Lie group. More precisely, he showed
(Theorem 4.2 in [7]) that I, is the closure of the convex hull of the coadjoint
orbit O, associated to 7 via the Kirillov theory, i.e.

I, = Conv ().

This result has been generalized by Arnal and Ludwig [2] for solvable Lie groups.
Nevertheless, as shown in [7], the moment set does not characterize the repre-
sentation even for nilpotent Lie groups.

A. Baklouti, J. Ludwig and M. Selmi extended the moment map to the
dual of the complex universal envelopping algebra U(g) of the complexification
gc of g, as follows:
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For all A in U(gc) and £ in HX\ {0},

o (€)(4) = Re (1%) |

and considered the convex hull J(m) of the image of this generalized moment
map U, : .

J(m) := Conv (¥, (H \ {0})).
Let U,, be the subspace of U(g) consisting of elements of degree less or equal to
n. By restriction to U,, , we define :

T () = J(m) |, = {F\un, Fe J(w)}.

In [5], A. Baklouti, J. Ludwig and M. Selmi shown that for all nilpotent Lie group,
there exists an integer n such that, for any unitary irreducible representations
m and p of G, we have

J"(m)=J"(p) if and only if m ~ p.

Later on, they generalized this result for an exponential Lie group and, in [4],
they shown with D. Arnal, the following result:

Theorem 0. (Separation of unitary representations of exponential Lie groups)
Let G = exp(g) be an exponential Lie group. Let m and p be two unitary
irreducible representations of G. Then:

m~p ifand only if J(m) = J(p).

For exponential groups, there is a bijection between coadjoint orbits and
classes of unitary irreducible representations. Thus this result means it is possible
to find the coadjoint orbit of a representation 7, just by looking at the image of
the generalized moment map of 7.

Since quantizing a symplectic manifold like a coadjoint orbit is building
a Hilbert space and a representation of the algebra of observables, theorem 0 can
be viewed as a dequantization of the representation 7: we refind directly the
coadjoint orbit from the representation and its moment map.

In this paper, we study the simplest solvable, non exponential example:
the case of a type I solvable connected and simply connected Lie group of the
foorm G = R x R?. We show that the set J(7), characterizes the irreducible
unitary representations of G and we prove the following:

Theorem 1. Let G be a semi-direct product of R by R?, G = R x R?,
Suppose G is type I, let m and p be two unitary irreducible representations of
G. Then:

m~p if and only if J(m) = J(p).

For type I groups, even for our simple example, we have not only to find
the coadjoint orbit associated to a representation 7, but also the extension of
the inducing character to the non simply connected inducing “small group”.
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Thus, we can say that, for non exponential Lie groups, the dequantization
procedure is not injective, there is many different “quantum” models for the
coadjoint orbit and we have to separate them.

In this article, we get this separation thanks to a case-by-case analysis
which is not directly generalizable to a general type I, solvable Lie group. How-
ever, we conjecture that theorem 1 holds for any type I, solvable Lie group and
we hope that our present proof is the first step in proving a more general result.

2. Preliminaries

The unitary representations of our group are very easy to describe, by using
unitary induction.

Let g be the Lie algebra of G, n its abelian ideal R? and H an element
in g not belonging to n. Each irreducible unitary representation 7 is associated
to a coadjoint orbit in g*, the dual of g.

Let f be in g*. Its coadjoint orbit is either {f} and the associated
representation is the character x; : exp X etfX) | or a two dimensional
manifold: denote fy the restriction of f to n, the coadjoint action of exp(RH)
on fy is a one-dimensional submanifold of n* ~ R¢, which is diffeomorphic to a
circle or to a line.

The coadjoint orbit of f is thus the cylinder:

G.f ={¢ € g" such that /|, € exp(RH).fo}.

Note G(f) the stabilizer of f in G, h = n is a real polarization in the point
f, stable under the G(f)-adjoint action. Let us put D = G(f)exp(h), this is a
closed, normal subgroup of G and the representations associated to f are:

™= W(f? Xf7 bu G)7

where ) is any character of D, with differential ¢f.

Let us remark that the space H, of the representation 7 is isomorphic
to L?(G/D), which is either L?(R) or L*(R/Z).

Auslander and Kostant shown in [1] that the representation 7w does not
depend on the choice of the polarization and each unitary representation of G
can be obtained in this way.

Since H belongs to g \ n, each element g of G can be written in an
unique way as:
g=exp tHn (teR, neN).

We complexify the space R? = n and we put the matrix of ady restricted
to nc¢ in its Jordan form. There is four possible types of Jordan blocks:

those associated to the eigenvalue 0, the corresponding subspaces E;(0) are real;

those associated to a real, non zero eigenvalue a, the corresponding subspaces
Ej(a) are real;
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those associated to a non real, non purely imaginary eigenvalue a + b, the
corresponding subspaces E;(a+1ib) are not real, but a —ib is another eigenvalue

and we choose Ej(a —ib) = E;(a + ib);

those associated to an eigenvalue ib # 0, the corresponding subspaces E;(ib) are

not real, but —ib is another eigenvalue and we choose E;(—ib) = E;(ib). In this
last case, the real number b will called a period of the group G.
Note p]()\) the dimensionality of E;()) and fix a Jordan basis for adg :
Zix(0) = X;(0) (1 <k <p;(0)),
k(a) Xijr(a) (1 <k <pja)),
(a +zb) Xjk(a+ 1) +iVjp(a+1ib), (1 <k <pjla+ib), b>0),
Zjk(a —ib) = Z;i(a + ib)
(
Zjr(—1

k

Z;1(ib) = X (i) + i (ib), (1<k<piib), b>0).

ib) = ]k(lb)
Then:

adp (Zjk(N) = AZjk(N) + Zjky(A)s - (K <p;i(A))

and
ady (Zjp,0(N) = AZjp, 0 (M)
Now, for the dual basis Z;;(\)*, we have:
ad” ; (Zjr(N)") = AZj(N)" + Zjge—y(N)", - (k> 1),
and
ad’iH (Zjl()\)*) = )\ZJ1(>\)*
Let fo be a point in the dual n* of n,
fo= > GrNZuN)* (o= fo),
\ g k
then:
Coad (exp(—tH)) fo = Y 2N () Zx(N)*,
A g k
with

pji(N)—k
zik(N)(t) = e (Cjk@\) + tGi(e+1) (A) + o mﬁm(m) :

Now G is supposed to be of type I. Let us call period group of G the
subgroup of R generated by the periods b of GG. The following is well known.

Proposition 2.1.  (Characterization of G-type [6]) The type of G is I if and
only if G has a discrete period group.
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3. The coadjoints orbits

We have already seen that the coadjoints orbits are:

either points, if and only if H is in the Lie algebra g(f), then, since H is
arbitrary, if and only if g(f) ¢ n, or if and only if:

E—Z% )Z1;(0 fhm+2% )Z1;(0)",

or diffeomorphic to the cylinder RH* x O, if O is the orbit of fy, O is diffeo-
morphic to R or to a circle S*.

In order to give a parametrization of the orbits, we choose an ordering
on the subspaces E; (). Let us be more precise, we class these spaces as follow:

first the spaces E;(0), then the spaces E;(a) (a real, a # 0), then the spaces
Ej(a+ib) (a and b reals, a # 0 and b # 0), finally the spaces Ej;(ib). This
induced a natural ordering on the basis (Zj;(\)*) of ng.

Each non trivial orbit meets the orthogonal of H. We choose a point f
of the orbit in this orthogonal.

First case: there exists a non null component (;;(0), k& > 1. Let jo be the
smallest j, ko the largest k possible such that (;,(0) # 0. Then:

Zjoko (0)(1) = Cioko (0), Zjo(ko—1) (0) (1) = o (ko—1)(0) + Cjo, (0)-

We choose, as a base point of the orbit, the only point ¢ orthogonal to H and
to Zj,(ko—1)(0). We deduce that the invariant functions which characterize all
the orbits of this category having the same jo and ko are the coordinates of ¢,
i.e. the functions:

f(Zjo(kol)(O))) (GG k) > (o, ko, 0)).

f(Zjoko (0))

For these orbits, O is diffeomorphic to R and G(¢) is a subgroup of N'.

P (-

Second case: all the components (;;(0), £ > 1 vanish, but there exists a non
vanishing component (;i(a) (a # 0). Let ap be the first a, jo the smallest j,
ko the largest k such that (jx(a) is non null. Then:

Zjoko (ao)(t) - eaOtgjoko (ao).

We choose, as a base point of the orbit, the only point ¢ orthogonal to H and
such that |£ (Zjoko (a0))| = 1. Then the invariant functions which characterize all
the orbits of this category, having the same ag, jo and kg are the coordinates
of /, i.e. the functions:

fH%%VC_i%U(wJM> (Goka ) > Gos ko o).
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For these orbits, O is diffeomorphic to R and G(¢) is a subgroup of N.

Third case: all the components (;,(0), k& > 1, are vanishing, as well as all
the components (jx(a) (a # 0), but there exists a non vanishing component
(jk(a +ib) (a and b real and non zero). Let ag + iby the first a + ib (by
convention, we take by > 0), jo the smallest j and ko the largest k£ such that
Cjk(a+ib) #0. Then:

Zjoko (ao + Zb())(t) = eaOteibOtCJOko (CL()).

We choose, as a base point of the orbit, the only point ¢ orthogonal to H and
such that |¢(Zj,k,(a0))] = 1. Then the invariant functions which characterize
all the orbits of this category, having the same ag + by, jo and kg are the
coordinates of /¢, i.e. the functions:

f e 2N (—2L Log | f(Zjup (a0 + ibo)|2) (G ks A) > (o kos a0 + ibo)).

For these orbits, O is diffeomorphic to R and G(¢) is a subgroup of N.

Fourth case: all the components (;,(0), with & > 1, are vanishing, as well as all
the components (jx(a) (a # 0) and all the components (;;(a+1ib) (a and b real
and non zero), but there exists a non vanishing component (;;(ib) with & > 1.
Let iby be the the first ib ( by convention, we take by > 0), jo the smallest 7,
ko the largest k > 1 such that (jz(ib) # 0. Then:

Zjoko (Zbo)(t) = eZ‘bOthoko (ib0>7

Zjo (ko—1) (100) (£) = € (Cjo (ko —1) (ib0) + tCjoko (ib0)) -

We choose, as a base point of the orbit, the only point ¢ orthogonal to H and
such the quantity ¢ — [z, (k,—1)(ibo)(t)|* is minimal. Then if we replace f by
£, this quantity becomes:

t2|<j0k0 (Zb0)|2 + |Cj0(k0—1)(ib0)|2

else, the coordinates of ¢ verify:

Cjoko (ibO)Cjo(ko—l)(ibO) + Cjoko (ibo)cjo(ko—l)(ibo) = 0.

The invariants functions which characterize the orbits of this category having the
same by, jo and kg are the coordinats of £, i.e. the functions

F(Zjoko (160)) f(Z o (ko—1) (8b0)) + [ (Zjq (ko —1) (00)) f (Z 4k (i0))
21 f(Zjoo (ibo))|?

for (j,k,\) > (jo, ko, ibg). For these orbits, O is diffeomorphic to R and G(¢)
is a subgroup of N.

[ =z (A)

Fifth case: all the components (j;(0), with £ > 1, are vanishing, as well as all
the components (jr(a) (a # 0) and all the components (jx(a +ib) (a # 0 and
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b# 0, a and b real) and all the components (;;(ib) (k> 1), but there exists a
non vanishing component (j1(ib). Then, we have:

F =GO Zi(0)* + > > ¢u(ib) Zi (i),
J i

We call period group of f, the subgroup of R generated by the numbers b such
that there exists j for which (j1(ib) # 0. For each b, let jo be the first j such
that (;1(ib) # 0, by construction, we have:

Cjo1(—1b) = (jo1(ib).

The period group of f can be written as SZ with § > 0. This implies that
Coad(exp(tH))f = f if and only if ¢t = 2”7” for some integral number n. We
choose integral numbers ¢(b) such that g = ), q(b)b. Putting ¢(—b) = —q(b)
and q(b)b = q(—b)(—b), we can suppose ¢(b) > 0 for any b. Then:

[T @)™ = e T (G o)™

b b

As a base point in the orbit, we choose the only point ¢ of O for which this
quantity is real positive. For orbits in this category, with the same family of b
and jo, we identify each orbit with the coordinates of ¢, i.e. the functions:

f = zik(N) (—% Arg (H <f<zj01<b>>>q<b>)> .

b

For these orbits, O is diffeomorphic to S! and G(¢) is the non connected
subgroup exp (%’ZH) exp (g(?)).

Proposition 3.1.  (The orbit description) There exist siz classes of coadjoints
orbits in g* : the family of trivial orbits and the five classes of non trivial orbits.
Each class is the union of the subclasses C(\, jo, ko) constituted by the orbits with
the same X\, jo and ko .

Each subclass is characterized by the value of polynomial functions, con-
stant on the orbits.

The class of trivial orbits is characterized by the nullity of all the functions
f—= f(Zjr(N) with X#0 or k> 1,

a subclass C(0, jo, ko) of the first type is characterized by the vanishing of the
functions f— f(Z;1(0)) if 7 < jo or j=jo and k> ko and the non vanishing
of the function f — f(Z;,k,(0)),

a subclass C(ag, jo, ko) of the second type is characterized by the vanishing of
the functions f — f(Z;1(0)) and f — f(Zjk(a)) for a < ay or a = ay and
j < jo ora=ag, j=J0 and k > kg and the non vanishing of the function

= f(Zjoko(a0)),



434 ABDELMOULA, ARNAL AND SELMI

a subclass C(ag + ibo, jo, ko) of the third type is characterized by the vanishing of
the functions f — f(Z;r(0)), f— f(Zjr(a)) and f — f(Z;x(a+ib)) for a+ib <
ap+1ibyg or a+1b=ag+1iby and 7 < jo or a+1ib=ag+1iby, j = jo and k > kg
and the non vanishing of the function f — f(Zjyk,(ao +1bo))f(Zjok, (a0 —ibo)),

a subclass C(ibo, jo, ko) of the fourth type is characterized by the vanishing of
the functions f — f(Z;x(0)), f— f(Zk(a)), f— f(Zjx(a+ b)) and f —
f(Z;k(ib)) for ib < ibg and k > 1 or ib = iby and j < jo and k > 1 or
itb = iby, j = jo and k > ko and the non vanishing of the function f +—
f(Zjoko (ibo))f(zjoko(_ibo));

a subclass C(ibg, jo,1) of the fifth type is characterized by the vanishing of the
functions [ — f(Z;jx(0)), f — f(Zjk(a)), [ — f(Zjx(a + b)) and [ —
f(Z;k(ib)) for k> 1 orib < iby or ib =1iby and j < jo or ib=1iby, j = jo and
the non vanishing of the function f — f(Z;,1(ibo))f(Z;,1(—ibo)).

4. Separation of generic representations

We built in paragraph 2 the unitary irreducible representations 7 of G'. Let ¢ be
in g and 7 be the representation associated to ¢. The space of this representation
is L2(0), where the restriction of the orbit O of ¢ to n* is parametrized by the
map t — f(t) = Coad(exp tH){.

Thus 7 is a character if the orbit of £ is trivial, or realized in the space
L?(R), if the orbit is in the one of the first four type of subclasses, or realized in
the space L2 (R / 2z Z) , if the orbit is in a fifth type subclass.

By construction, if Z is an element of n, the operator dm(Z) is the
multiplication operator by if(t)(Z).

Especially, if m; and 7, are two unitary irreducible representations with
the same moment set and if for example, for 7, the function

t fi(6)(ZN) = 25 (0 @)

is constant, then the same holds for

t f2(t)(Z(N) = 25 (V@)

and these two functions coincide. As a consequence, the subclass of the orbit
associated to m; coincides with the subclass of the orbit associated to .
Moreover the representations m; (¢ =1, 2) are induced from characters

defined by the form ¢; such that, for each Jordan bloc E;()\) of ad(H),
ko =sup {k such that ¢;(Z;i(\)) # 0} =sup {k such that ¢5(Z;,(\)) # 0}.

For the separation of two representations which are both in one of the
four first type of subclasses, we use the method of [4]. In fact, if 7 is not in the
fifth class, we have m = Ind% X¢, Where:

xe: N —C, xulexp X) =X vyX en.
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Lemma 4.1. Let m and my be two unitary irreducible representations of G
which are both in one of the first four classes. Suppose J(m1) = J(m2). Then we
can choose the point ¢; such that there exists a strictly increasing C* function
h, such that h(0) > 0 and an element w in U(n) such that, for each C*° -vector

¢; for m (i=1, 2),
(dmi(u)dr) (t) = h(D)d1(t), (dm2(u)g2) (1) = h(t)ga(t), VL.

Proof. We prove the lemma case by case.

If the representations m; = Ind§ ~ X¢; are both in a first type subclass,
with our notations, there exists jo and kg > 1 such that:

¢ (0) = 1(Ziky (0)) = C21, (0) = £a(Zjy1e (0)) # 0.

Then )
7 (Am(Ziok, (0)60) (1) = G, (0)1(1),

1 i
= (A Zyy 1) (0)1) (1) = (Gl 1) () + 1601, (0)) 4(0).
Replacing ¢; by
(2) 0
¢; = Coad | exp —CJOU{O—D()H l;,
C]ok0< )

this relation becomes:

Q| =

-~ (dmi(Zjo(ko—1)(0))¢4) (1) = tC]OkO( )$i(t).
The lemma holds for

Cjoko( )

Zj(ky-1)(0) + 1.
(0]

h) = ¢, )] +1 and w=

If the representations m; = Ind% Xe; are both in a second type class, with
our notations, there exists ag, jo and ko such that:

¢ (a0) = (Zigro(a0)) £ 0, 2L (a0) = la(Zjory (a0)) # 0.

Then )
= (s (Zaoks (00))82) (1) = G, (30)e™"61(0)

Comparing the signs of (dm;(Zj,k,(a0))®i, ¢i), we see that the numbers C ok (@0)
have the same sign ¢ = £+1. Replacing ¢; by

1 i
¢ = Coad <exp _a_o Log ’Cy(‘o)(ko—l)(aoﬂﬂ) ti,
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we get: )
7 (A Zyyr, (00)) ) (1) = e (1)

The lemma holds for A(t) = %e®’ and u = 522 Zjok, (ao)-

If the representations m; = Ind$ ~ Xe¢; are both in a third type class, there
exists ag + tbg, jo and kg such that:

Cjoko(aoﬂbo) = l1(Zjoko (ao+ibo)) # 0, Cj ko(a0+ibo) = l2(Zjoko (a0+ibo)) # 0.

Put
Zjoko (ao + ibo) = onko (ao + ibo) + inoko (CLO + ibo)

and o
CJokio (CLO + Zbo) f]oko + Z77];’40’
we get:
1 ) ) anti
= (dmi(Zjon, (a0 +ibo))¢4) (t) = Cjoko(ao + ibg)el @il g, (¢).
Or:

1 . a i)

— (i Xy (a0 + b)) (1) = e20" (&1, cos bot — ), sin bot ) 6(t)
1 . a i) .

A (dm; (Yoo (a0 +ibo)) ;) (t) = e (@(8160 sin bot -+ 773( )k Cos bot) oi(t).

Replacing ¢; by
¢, = Coad ! L “ W2 VH)¢
- voad{exp — - LOs (5 o(ko—1) +77j0(k0—1)> i
and putting C;-?ko (ap + ibg) = ei?” | these relations become:

% (dmi (X joko (a0 + ibo))¢s) (t) = €™ cos(bot + 09) ¢ (t)

(A (Vo (a0 + o)) (1) = " sinbot + 6)6(1).

Thus:
(dﬂ'l( joko (aO + Zb()) + Y}oko ((10 + 2b0)2)¢1) (t) = 62a0t¢i(t)'
The lemma holds for h(t) = 22,29 and

lao|

a . 1
‘e _’CZ_E))‘ (onko (ao + Zb0)2 = Yjoko (ao + 260)2) :

If the representations T = Ind% X¢, are both in a fourth type subclass,
there exists ibg, jo and kg > 1 such that:

Cjoko( ) 41 (Zjoko (ibﬁ)) CJOkO (Zb()) = 52( Joko (Zb)) # 0.
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Then

AT Zioka (190)65) (1) = G, o)™ (1)

and

SR

(A7 (Zjo(ho—1) (ib0)) ) (1) = €™ (C§é)(ko—1)(ibo) + ok, (ibO)) Gi(t).
From these relations, we see:

_<d7ri(Zjoko (ibO)Zjoko (Zbo))gb“ ¢z> |Cj(;)ko| <¢za ¢1>

(1) 2 (2) 2
so [¢ 0k0’ [§ oko‘ .
On the other hand, we have

(dﬁz( o (ko—1)(100) Zjo ko (100) + Zijoko (100) Zj¢ (o — 1)(150))¢>(t)=

= (2t1Gh, (190) 2 + C{fh, 1) B0k, (B0) + o, (IB0)Ciity, 1) (ib0) ) 6i(2):

Replace ¢; by

¢y (1B0)CS (ibo) + Ci1k, (ib0)CS 1y (ibo) ay
2/¢\%) (ibo) |2 ;

Joko

0; = Coad | exp —

this relation becomes:

- (dﬂi(Zjo(ko—l)(ibo)Zjoko(ibo) + Zjoko (’ibO)Zjo(ko—l)(ibo))¢i> (t) =
= 21[¢{") (ibo)[2ei(2).
The lemma holds for A(t) = 2¢|¢\"), (ib)[? + 1 and
u=—-7

jo(ko—l)(ibo)zjoko (Zbo) - Zjoko (ibO)Zjo(ko—l)(ibO) + 1.

Corollary 4.2.  (Case of the fourth first type of classes) Let w1 and mo be
two unitary irreducible representations of G such that J(my) = J(ma). Suppose
w1 1S not in a fifth type class, then mws is in the same subclass as ™ and:

T = To.

Proof. Indeed, we can now apply lemma 3.1 of [4].
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5. The fifth type classes

In the only remaining case, the two representations m; and mo are in a fifth type
class, the only non vanishing quantities (dm;(Z;x()\))¢i, ¢;) with A # 0 are such
that A =4b and £ = 1. For them:

¢ (b)[? = —(dm1 (Z;1(ib) Zj1 (ib) b, b1 )
= —(dma(Z;1(ib) Zj1 (1) o, d2) = | €7 (i) 2.

The coadjoint orbits associated to m; are both diffeomorphic to a cylinder with
a circular basis.

Moreover, the period groups of ¢; and ¢y coincide since:

period group(¢;) = Z bZ = Z bZ = period group(¢s).
b,¢SY (ib)#£0 b,¢\P (ib)70

Let 8 > 0 be the generator of this period group, the stabilizer G(¢;)
contains exp(%”ZH ), there is two characters of G(¢1)N = G(¢3)N defined by:

2 ) .
e (0 n) exp(x) ) = cHmmonctt ),
where p; belongs to [0, 1], such that:

T = Indg(éi)N Xli,pi-
Lemma 5.1. (Separation of the u;) With our notations, if J(m1) = J(ma),

then py = po .

Proof. First, we identify the space H,, to L*(S!) by identifying each function
®: G — C of H,,, with the function ¢ : S — C defined by:

(1) = P (exp %H).

Then we have:
H d
dmi(= t)=— | —o(t) +ipid(t
(dm(5)0) (0= = (o0 + imso))
(dmi(Z;1(i))9) (1) = e 3¢ (i) (0).
Now, let us suppose for instance that 0 < pus < pu; < 1. We can find

0 > 0 such that:
0 <y —pe<1l—46.
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Let ¢2 be a C°° vector for m5. In the space L2(Sl), ¢9 is the sum of its Fourier

series:
¢2 — E Cnen

nez

where 0,,(t) = e
Let A be the element —z(% +ip1)? in U(g). We get:

1
;<d7T2(A V2, P2) ch —p2 — M) + i) Gn,zcm

—Z|Cn| pn — p2 — n)?.

But: |pu1 — p2 —n| > 6 thus:

%<d7T2(A)(P27 Y2 >Z 52 <¢27 ¢2>7

for all ¢o, in HZ,. The same inequality holds for any convex combination

S W (687 of points in the moment set of Ty, i.e.

s ]- T s
(zur%w; >>> (4) =Y v ldma( )y, @) 2 62w = 6%,

On the other hand, 6y is a C'°° vector of the representation 7 and we
have:

(T2 (00)) (A) = ~(dm1 (Ao, B) = 0.

]

Then, our hypothesis 1 # puo does not hold.
Moreover, we remark that:

<d7‘(’1 (u)@o, 90) = <d7‘(2(u)90, 90>

for all v in U(g). Indeeed, since the moment sets of m; and w2 coincide, then
U, (6p) is a convex combination:

7r1 90 Zyr 7r2 (1")

of points in J(m2), the only possibility is gbg) = ¢pobfy for all r, or

qjﬂl (00) = \IJW2 (90>

Lemma 5.2. (The fifth type classes) Let my and my be two unitary irreducible
representations of G in a fifth type class. Suppose that J(mi) = J(ms), then:
T~ Ty .
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Proof. As in section three, choose the positif integers ¢(b) such that:

B= Y qp

b,¢'Y (ib)£0

Define now:

1
= — H Z;1(b)1®).,
IT, 1€ (ib)a® &

It ¢ () = KD Bl we get:

(dm(zﬂ(b)q(b))@) (t) = ’CJ(?(b)|Q(b)eiq(b)(°‘§-i)(b)_%tb)cbi(t).

Thus: 0
(drs(B) i) (£) = €' 20 10" Oty 1)

and we get two orthogonal basis of L?(S1):
W =0y, W@ =dm(B")0y (n>0), w® =dr; (B8 (n<D0).

This defines an intertwining operator for m; and ms, for instance, if n is positive,
then, for all u in U(g),

(dry (w)w), wiDY = (dry (w)dmy (B™)0, dri (B™)0)
= (dmy (B™uB™)f, 6,)

= (dmy(B"uB™)0y, 00)

= (dmy(u)w?, wP).

Replacing B by B, we get the same result for negative n. By polarization, for
all n, m,
(dm (wwi, wl)) = (dm(ww?, w).

Now, let U be the unitary operator of L?(S!), defined by Uwi = w® , we have

(dma (w)wi?, W) = (dma(u)Uwi), Uwi)
= (U odmz(u) o U)wil, wiy)
= (dm1 (w)wy), wiy)

or U todmy(u)oU = dmy(u), this shows that m; and 7 are unitary equivalent.
The corollary 4.2 and the lemma 5.2 prove our theorem 1.

Acknowledgments. This work was supported by the CMCU contract 00/F
1502. L. Abdelmoula and M. Selmi thank the Institut de Mathématiques de
I’Université de Bourgogne and D. Arnal the Faculté des Sciences de Sfax for
their kind hospitality during their stay.



ABDELMOULA, ARNAL AND SELMI 441

References

1] Auslander L., and B. Kostant, Quantization and representation of sol-
vable Lie groups, Bull. Amer. Math. Soc. 73 (1967), 692-695.

2] Arnal, D., and J. Ludwig, La convexité de l’application moment d’un
groupe de Lie, Journal of Funct. Analysis 105 (1992), 256-300.

3] Arnal, D.; and J.C. Cortet, Star representation of E(2), Letters in Math-
ematical Physics, 20 (1990), 141-149.

4] Arnal, D., A. Baklouti, J. Ludwig et M. Selmi, Separation of unitary
representations of exponential Lie groups, Journal of Lie Theory, 10
(2000), 399-410.

[5] Baklouti, A., J. Ludwig et M. Selmi, Séparation des représentations uni-
taires des groupes de Lie nilpotents, in: H.-D. Doebner, V. K. Dobrev, and
J. Hilgert, Eds., Proceedings of the II International Workshop, Clausthal,
Germany, 17-20 August 1997, Lie theory and its applications in Physics
I1, Singapore/New Jersey/London: World Scientific, 1998, 75-91.

6] Bernat, B., N. Conze, M. Duflo, M. Levy-Nahas, M. Rals, P. Renouard,
and M. Vergne, “Représentations des groupes de Lie résolubles”, Dunod,
Paris, 1972.

[7] Wildberger, N. J., Convezity and unitary representations of nilpotent Lie
groups, Invent. Math. 98 (1989), 281-292.

Lobna Abdelmoula and Mohamed Selmi Didier Arnal

Faculté de Sciences de Sfax Institut de Mathématiques de Bourgogne

Département de Mathématiques Université de Bourgogne

Route de Soukra, 3038 Sfax, Tunisie U.F.R. Sciences et Techniques

Mohamed.Selmi@fss.rnu.tn B.P. 47870,

F-21078 Dijon Cedex, France
didier.arnal@Qu-bourgogne.fr

Received April 10, 2003
and in final form October 4, 2003



