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Communicated by K.-H. Neeb

Abstract.  We classify the BC-type extended affine root systems for nullity
< 3, in its most general sense. We show that these abstractly defined root
systems are the root systems of a class of Lie algebras which are axiomatically
defined and are closely related to the class of extended affine Lie algebras.

0 Introduction

The term extended affine root system was axiomatically introduced in 1985 by
K. Saito [11]. This term was also introduced in a different set of axioms in 1997 by
B. Allison, S. Azam, S. Berman, Y. Gao and A. Pianzola. The relation between
these two sets of axioms is clarified in [5], in particular, it is shown that there is
a one to one correspondence between these two sets of axioms. More precisely,
the set of nonisotropic roots of an extended affine root system is a Saito extended
affine root system, and a Saito extended affine root system can be enlarged (by
certain isotropic elements) in some prescribed way to get an extended affine root
system. If one rearranges the axioms of [1] in some particular way, a better relation
can be seen between these two classes of root systems. This allows to use the term
extended affine root system (EARS for short) for both classes.

Extended affine root systems are natural generalization of finite and affine
root systems. According to the original definition of Saito, an EARS (when added
with certain isotropic roots) in a real vector space V equipped with a positive
semidefinite symmetric bilinear form, is a discrete subset R of V such that R
spans V, R = —R and that the root string property holds for the set of roots
(see Definition 1.9). The dimension v of the radical V° of the form is called
the nullity of R. Finite and affine root systems are EARS’s of nullity 0 and 1,
respectively. It follows that the image of R in the quotient space V/V° is a finite
root system (possibly non-reduced) whose rank and type are called the rank and
the type of R, respectively. A root belonging to the radical of the form is called an
1sotropic root. R is called reduced if two times of a nonisotropic root is not a root.
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Finally, R is called irreducible if the set of nonisotropic roots is indecomposable
and isotropic roots are nonisolated (see Definition 1.9). Our goal is to classify
irreducible BC'-type EARSs of nullity < 3.

The classification of EARS started in 1985 with the work of K. Saito [11],
where he achieved a complete classification of reduced EARS of nullity 2, up to a
notion of marking, meaning that the root system modulo a certain one-dimensional
space, called a marking, is reduced. In 1997 a systematic study of EARS was
carried out in [1] and a complete description of (irreducible reduced) EARS’s was
achieved, using a concept of semilattice (or translated semilattice). The methods
used in [1] allow the authors to give a complete classification of such root systems
for certain types (of arbitrary nullity) and to give a complete classification list for
other types, up to some specific nullity. In particular, they list the classification
table of (irreducible reduced) BC-type EARS of nullity less than or equal 2.
Because of the notion of marking, the Saito’s classification list contains less root
systems than [1]. Using the methods in [1] and a notion of duality, the classification
for irreducible BC-type EARSs of nullity 3 is obtained in [6]. In [5, Remarks 1.2,
1.3] it is shown that by applying the notion of marking one reduces significantly
the number of root systems.

The objective of this work is to classify all irreducible EARS’s of nullity < 3
(which are not necessarily reduced or marked). Such root systems are appearing
as the root systems of a class of Lie algebras over a filed of characteristic zero
which we define axiomatically, and we call them toral type extended affine Lie
algebras, see Definition 1.2. The axioms of toral type extended affine Lie algebras
can be considered as a generalization of the axioms of extended affine Lie algebras.
In particular, when the base field is the field of complex numbers, they contain
extended affine Lie algebras. The root systems under consideration also arise as
the root systems of the so called division (A,7V)- graded Lie algebras (see [14]).
For the study of extended affine Lie algebras and their close counterparts we refer
reader to [10, 8, 7, 1, 3, 2, 12].

The paper is arranged as follows. In Section 1, we introduce the axioms for
toral type extended affine Lie algebras. Starting from one of such Lie algebras,
we extract from the axioms the properties of the corresponding root system which
turns out to be the same as an EARS. Using the quantum torus as the coordinate
algebra, we construct a typical example of a toral type extended affine Lie algebra,
and describe its root system.

In Section 2, we describe the structure of an EARS in terms of the so called
semilattices and translated semilattices. This allows us to reduce the notion of
isomorphism (between root systems) to the notion of similarity (between triples
of semilattices and translated semilattices). In the remaining sections we restrict
our attention to the case v = 3. In Section 3, we show that many facts about
(translated) semilattices can be read from some rather simple combinatorics inside
the so called (shifted) large sets. In Sections 4 and 5, we classify BC-triples, the
triples which are in a one to one correspondence with EARS. The paper ends with
Section 6 which contains the classification tables, where the tables for the cases
v = 1,2 are given without any details.

The authors would like to thank Professor Y. Yoshii for some helpful dis-
cussions.
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1 Toral type extended affine Lie algebras

In this section we introduce a set of axioms for a new class of Lie algebras over a
field F of characteristic zero. These Lie algebras are closely related to the class
of extended affine Lie algebras, however instead of fixing Cartan subalgebras as
in [1] or [12], we fix the so called toral subalgebras. We call such a Lie algebra a
toral type extended affine Lie algebra. With this terminology, the usual extended
affine Lie algebras which are examples of our Lie algebras (when F = C) should
be considered as Cartan type. We extract from the axioms the properties of the
corresponding root systems, which turn out to be the same as those for an EARS.
We construct a typical example of a toral type extended affine Lie algebra and
describe its root system in terms of the involved semilattices.

Let £ be a Lie algebra over a field F of characteristic zero. Consider the
following axioms for L:

A1) L isequipped with a non-degenerate symmetric invariant bilinear form (-, -) :
LxL—T.

A2) £ has a non-trivial finite dimensional abelian subalgebra H such that ad.h
is diagonalizable for all h € H and that (-,-) is nondegenerate.

[ 4¢3
Axiom A2 allows us to write

L= @ L., where L, ={z € L | [h,z] = a(h)z for all h € H}.

acH*

Consider the root system R := {a € H* | L, # {0}} of £ and set
R*={ae€R|(a,a)#0} and R"={a € R]|(a,a)=0}.

Elements of R* (R") are called non-isotropic (isotropic) roots of R. For o € H*,
let ¢, be the unique element in H which represents a through the non-degenerate
bilinear form on H. For each o € R*, set h, = 2to/(ta, ta)-

Our following axioms guarantee the existence of sly-cells, and ad-nilpotency
of non-isotropic root vectors, namely:

A3) For any a € R, there exist x € L,,, y € L_,, such that [z,y] = t,.
We note that this axiom for o € R* is equivalent to saying that there exist
€+o € L4, such that (e,, hy,e_,) is an sly-triple.

A4) If a« € R* and z, € L,, then adyx, acts locally nilpotently on L.

The next three axioms are related to the root system.

A5) R is irreducible, in the sense that it satisfies the following two conditions:

(a) R* cannot be written as a disjoint union of two non-empty subsets which
are orthogonal with respect to the form.

(b) For § € R° there exists a € R* such that o+ d € R.
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A6) Vg := spangR is finite dimensional over Q.

Let V be the real vector space obtained by extending the base field from Q
to R, namely
V=R ®q Vo. (1.1)

Considering R as a subset of V', our last axiom says that

AT) R is a discrete subset of V.

Definition 1.2.  We call a triple (L, (+,-),H) satifying axioms A1-A7 a toral
type extended affine Lie algebra (toral type EALA for short). When there is no
confusion we simply write £ instead of (L, (-,-), H).

Remark 1.3.  We ask the reader to compare the axioms of a toral type EALA
with those of an EALA. In particular, one should note that in the definition of
an EALA as in [1], it is assumed that H is a Cartan subalgebra while in our
definition H is just a toral subalgebra, meaning that it is abelian and its elements
are ad-diagonalizable. This is why we have used the term toral type for these class
of Lie algebras. Note that if H is Cartan, then axiom A1l and ad-diagonalizability
of H, implies the existence of sly-triples (axiom A3), and that £y = H. From A2
we have H C Ly and so 0 € R. This together with A5(b) gives R* # .

In this work we are primarily interested in the structure of root systems
arising from toral type EALA. The structure of Lie algebras satisfying the above
axioms (or a part of that) will be addressed in another work.

Let us start with a toral type EALA (£, (,-),H). We may transfer the
form from H to H* by setting (a, 3) := (ta,tg) for any «, 3 € H*. This allows
us to define for a € R* the reflection w, € GL(H*) by

2(8,0)

(o, @)

Wa (ﬁ) =0 -
An argument similar to that of [1, Theorem 1.29] gives the following:

Proposition 1.4.  Let L satisfy A1-Aj and let o« € R*. Then
a) For 8 € R, we have 2(3,a)/(a, ) € Z.
b) For any 5 € R, we have w,(f) € R.

Proposition 1.5.  Let L satisfy A1-A4 and let « € R*. Then
a) [Loy L_o] =Fhy = Fan R ={0,+a}.
b) (Lo, L o] =Fhy, < dimL, =dimL_, =1.
Proof. a) Let k € F and ka € R. By Proposition 1.4(a) we have 2(];;"03) € Z, and
so k € Q. Now an argument identical to that of [1, Theorem 1.29((:)]7 gives (a).
b) Let [L4,L_o] = Fhs. By (a), we have Fa N R = {0,+a}. Again an
argument identical to that of [1, Theorem 1.29(d)] gives dim £, = dim£L_, = 1.
The converse implication follows immediately from A3. U
Assume that £ satisfies A1-A5. For a fixed a € R* consider k£ € F such
that k(o, ) = 1. Then it follows from Proposition 1.4(a) and A5(a) that

k(v,8) € @ forall (3, in the Q-span of R. (1.6)

This allows us to assume that the form (-,-) is Q-valued on V.
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Proposition 1.7.  Let L satisfy A1-A5. Then

(a) For « € R* and 3 € R there exist two non-negative integers u,d such
that for any n € Z we have 8+ na € R if and only if —d < n < u. Moreover,
d—u=2(8,a)/(a,a).

(b) (R, R%) ={0}.
Proof. To see (a) just follow the argument in the proof of [1, Theorem 1.29(e)],
keeping in mind that the form on R is Q-valued.

(b) First we prove (R*, R%) = {0}. Suppose to the contrary that a € R*,
5 € R® and (a, ) # 0. Since A3 holds, one can use the same proof as [1, Lemma
1.1.30] to see that o + nd € R for infinitely many n € Z. But at most for one
n, a+nd € R’. So by (a), (J,(a+nd)¥) € Z for infinitely many n € Z which
is a contradiction. Now using A5(b) it follows easily that (R°, R%) = {0}. (For a
proof without using A5(b) see [4]). O

From now on we assume that £ satisfies A1-A6. Let R be the root system
of £ with respect to H and let V be as in (1.1). The form on Vg extends
canonically to V and is real valued by (1.6). Moreover, we can assume that
(a,a) > 0 for some o € R*. In [1], the authors prove a conjecture of V. Kac
which was reported in [10], namely the form restricted to the real span of roots is
positive semidefinite (when F = C). We reproduce this proof for general F.

Proposition 1.8.  (The Kac conjecture for fields of characteristic zero) The
form on V is positive semidefinite.

Proof. We first claim that for each g € R*, (3, 3) > 0. If not, then from A5(a) we
have that there exist a, 3 € R* such that (a,a) >0, (8,5) <0 and (a,3) # 0.
Using Proposition 1.7 and replacing o or 3 with 2a or 20 if necessary, we may
assume that 20,28 ¢ R. If a4+ Pora — (3 € R, then we get a contradiction
as in [1, Lemma 1.2.3]. So assume o+ 3 € R. By A3, we can choose elements
Tt(atp) € 'C:t(a:t,@) such that

[Tat8: T—(a48)] = tars and  [Ta—p,T_(a—p)] = ta—p-

Let S = Ft, ®Ftg and let S be the F-span of {tqi3, T+(asp) }. Asin [1, Lemma
1.2.3], it follows that S is a 6-dimensional simple subalgebra of £. We note that
So is a split Cartan subalgebra in the sense of [10, Chapter IV], so S is a split
simple Lie algebra with dim(S) = 6 which is a contradiction (see [10, Chapter
IV]). This contradiction proves our claim. To show that the form (-,-) restricted
to V is positive semidefinite just follow Lemmas 2.6, 2.10, 2.11 and Theorem 2.14
of [1, Chapter I]). O

Now suppose that L is toral type EALA. It follows from Propositions 1.8,
1.4 and 1.7 that R is an irreducible extended affine root system in the sense of the
following definition.

Definition 1.9.  Let V be anon-trivial finite dimensional real vector space with
a positive semidefinite symmetric bilinear form (.,.) and let R be a subset of V.
Let

R*={ac€R:(a,a)#0} and R'={a € R:(a,a)=0}.

Then R = R* & R® where ¥ means disjoint union. We say that R is an extended
affine root system (EARS) in V if R satisfies the following 4 axioms:
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(R1) R=—R,

(R2) R spans V,

(R3) R is discrete in V,

(R4) if a € R* and € R, then there exist d,u € Zs( such that

(o, )

(o, )

{Bina:neZ}NR={F—da,...,B+ua} and d —u =2

The EARS R is called irreducible if it satisfies the following two conditions,

(R5) (a) R* cannot be written as a disjoint union of two nonempty subsets which
are orthogonal with respect to the form.

(b) Isotropic roots are nonisolated in the sense that for any § € RY, there
exists a« € R* such that a +6 € R.

Finally R is called reduced if it satisfies:
(R6) a€ R*=2a¢R.

Suppose that R is an irreducible EARS. From (R2), we have R # (). Then
(R5)(b) implies R* # . This in turn implies that 0 € R. Note that an EARS
as defined here could have both isolated and nonisolated roots. However, if axiom
(R5) is satisfied, the isotropic roots are nonisolated (see [7] for examples of Lie
algebras which do not satisfy this condition). By [5], there is a one to one cor-
respondence between irreducible (reduced) EARS and indecomposable (reduced)
extended affine root systems defined by K. Saito [13].

We close this section with a typical example of a toral type EALA of type
BC' (for the definition of type see Section 2). We show that the root system
R of £ does not satisfy axiom (R6). In other words, R is not reduced. Our
setting will be similar to [1, II1.3] and our coordinate algebra will be the quantum
torus. However, we consider the real numbers as the base field and we work with
a semi-linear involution.

Example 1.10.  Consider the quantum torus A = C_[ti!, .- ,¢5]. That is,
A is the associative algebra with generators t;ﬂ , 1 <1 < v subject to the relations
titj = —tjtl for 7 7é j Then

A= @ Ct? = @ (Rt” @ Rit?) where
(ol <Y/d (e <Y/d
t7 =1ttt for o = (ny,...,n,) € Z".

Consider the opposite algebra A°P with the scalar product defined by
a-r=ax, x€AacC.

Then A°P is an associative algebra satisfying t;t; = —t;t;, for i # j. Hence there
exists a linear map ~ : A — A°P such that ¢; — ¢;. In fact ~ is the semi-linear
involution on A defined by

ti=t;,, 1<i<v and ato=zt°, 2€C, occZ".
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Let 3

A=7" and A=A/2A=TF.
For ¢ = (n1,...,n,) € A set k, := Zi<j n;n; and define a quadratic form
Q:A—TF, by

Q(7) = Ky (mod Fy).

Set Z ={0 € Z" | Q(6) =0}. Let us call o € Z" even if k, is even and call it
odd if k, is odd. So Q(¢) = 0 if and only if o is even. Note that {7 = (—1)"¢7.

Now suppose that m > 1 and 7y, ..., 7, are elements of Z" such that
= 07
Ty, , Tm represent distinct cosets of 27" in Z”,

e Zfori=1,...,m.

Let £ > 1 and set

0 I, 0 o 0
J=| I, 0 0 where F' = oot
0 0 F 0 ce. tTm

*

Set n = 2¢ + m and consider the involution
defined by

on the associative algebra M, (A)

X*=J1X
Set G = {X € M,(A) | X* = —X}. Then G is a subalgebra of gl,(A), with
involution *. It follows that X € G if and only if
A S —N'F
X=| T —-A —MF | with BBF =—-FB, §'=-8, T" = —T,
M N B

where A,8,T € My(A), M,N € M;,,(A) and B € M,,(A). Next set H =
Zle Rh; where h; = e€;; — €pi 04 for 1 <i <wv. Then

[ﬁt, eartipe;) =0 for 1<t </l 1<4,57<m.

For 1 < i < ¢, define ¢, € H* by el(h]) = 0. Now G = > 4 Ga where
Go ={z € G| [h, 2] = &(h)z, forall h € H}. Set R = {& € H* | Go # {0}}.
Then R\ {0} = Rsp, U Ry U R.,., where
Rgyy={%e |1<i<(}, Ry={*(e+¢)|1<i#j<(}and
Rep = {£2¢; |1 < i < 0.

In fact
Gei—e, = {aey; — epjoqi | a € A},
Geive; = {aeips; — aejeqq | a € A,
Gcime, = {a€ppij — Gegyji | a € A},
Ge, = {>_jo 1 (ajearsjori — @tTeiny) | a1, ... am € A}, (1.11)
G, = {Z;n:l(aje%Jrj,i — ajtVeprioeg) | ar, ..., am € A},

Goe, = {aei,gﬂ- \ a€ Aa= —a},
G2, = {aeryi; |a € Aa= —a},
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and
A 0 0
Go = 0 —A* 0 || Aisdiagonal, F"'B'F = -B } . (1.12)
0 0 B

More precisely,

Go = spang{atTegsy iy — at" ey g |a € A, 1 <i# j <m}
®spang{btTejorj |bE A b=—b, 1 <j<m} (1.13)
®spang{aep, — aepopre |a € A, 1 <k </}

Next, we would like to consider G as a Z"-graded Lie algebra. We start
with a gradation on M, (A), as a vector space. For 1 < p, g < n, set

deg(it7ey,q) = deg(t%e,q) = 20 + A\, — A, where

)\1:"‘:)\2520and)\25+1:Tl,...,)\n:Tm.

This defines a Z"-grading on M,,(A) and in turn on gl, (A). Moreover, the invo-
lution * preserves the grading on M, (A), thus G is also a Z"-graded subalgebra
of gl,,(A), G =23, .7 G7. It then can be read easily from (1.11) and (1.13) that
for any & € R
gd = @(Q’d N (]”).
oezr

Now we want to define a form (-,-) on G. For this, we first define ¢ : A — R

by linear extension of

o | 1 ifo=0 oy
e(t)—{o if o £ 0 and €(it?) = 0.

Then (a,b) — €(ab) is a non-degenerate symmetric bilinear form on A preserved
by . Therefore, the form on M, (A) defined by

(A, B) = e(tr(AB))

is an invariant symmetric non-degenerate bilinear form. Since e(tr(A)) = e(tr(A))
we get (A*, B*) = (A, B). It then follows that (-,-) is a non-degenerate invariant
symmetric bilinear form on the Lie algebra gl,(.A) whose restriction to G is also
non-degenerate, see [1, Lemma I11.3.21].

We now want to extend the Lie algebra G to a bigger Lie algebra satisfying
axioms A1-A7, as follows. For 1 <i < v define d; € Der(G) by

d;r = n;x

for x € Grum) Tt follows that d;’s are linearly independent. Set D =
P._, Rd; C Der(G). Consider a v-dimensional real vector space C = @;_, Re;
and set

L=G®Ca®D, and H=H&C&D. (1.14)

Define an anti-commutative product [.,.]" on £ as follows:
[£,C]' = {0}, [D, D] = {0},
[d;, z]" = d;x for all z € G and
[z, y) = [,y + 20 (diw,y)e; for all 2,y € G.
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Then L is a Lie algebra over R and H is an abelian subalgebra of L.
Next, we extend the form (.,.) on G to £ by requiring

(ciyd;) = 045,1 < 4,5 < v, and

(€,¢) = (D, D) = {0} = (C.G) = (D, ). (1.15)

This defines a non-degenerate symmetric invariant form on £ whose restriction to
‘H is also non-degenerate.
We can identify
H* = H* & C* & D*.

Let {01,---,0,} be the basis of D* dual to {dy,---,d,} and {7y, ---,7.} be the

basis of C* dual to {ci,---,c¢,}. Identify Z¥ C D* by considering an element
(n1,--+ ,mny,) € Z¥ as the element > . n;0; € D*. Then
ld,x]' = o(d)x ford € D,z € G7,0 € Z". (1.16)

One can check easily that ¢; and d;, represent §; and ; for 1 < ¢ < v, respectively
and h;/2 € H represents ¢;, for 1 < j < /.
For « € H* set L, ={z € L] [h,z] = a(h)z for all h € H} and

R={a€H" | Lo #{0}}.

Then it follows from our gradation on G and the above setting that

L= La=) Lo=> > Lito (1.17)

acH* acR o€Z 4eR
where
Lo=(GNG)@&Ca®D and Lay, =GaNG° (1.18)

for &« € R, 0 € Z¥ with &+ o # 0. This completes our construction of a triple
(‘Ca ('7 ')7 H) .

In the next proposition we summarize the results obtained about the Lie
algebra L constructed in Example 1.10.

Proposition 1.19.  Let £ and H be defined by (1.14), and let (-,-) be defined
by (1.15). Then (L, (-,-),H) is a toral type EALA with corresponding root system

R=(S+ S)U(Rwp +S)U(Ryy + 22") U (R, + 277) where

m

S=Jez" + 7).
=1

Moreover,

14 m
Lo=Ho (@ iR(exr + €ornpir)) B Z iRea1j201; ®C D D.

k=1 j=1

In particular, R is a non-reduced irreducible EARS and H C L.
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Proof. From (1.15) and (1.17) we have that axioms A1, A2 hold. It also follows
from (1.18), (1.13) and (1.11) that £, and R are of the forms as in the statement.
In particular it is clear from the structure of R that axioms A4-A7 hold and that
25N27Z" # @ and so R is not reduced. Therefore, it only remains to check axiom
A3. For this, let us first introduce some symbols. For 1 <i=#£ j </, 1 <k<m
and o € Z¥ set

Aijo =1 (eij + (=1 ep o), Bijo=1(eij + (=1)"eryjori),
Cijo =17 (eiors + (1) ejoi), Dijo =1"(eiorj + (—1)€jpi),
M ko =17 (e01hp4i + (—1) e, 001 1),

Nigo = t7(e204h0+i + (—1)"t™*e€; 2041,

A;,j,a = Aj,i,foa Bz{,j,a = Bj,iﬁm
Clio =1 (eipeg + (1) % ejpi), Dij, =1"(eire; + (1) ejre4),
My o =17 (ea0ni + (1) T ™ ep; 0041),

Ni/,k,a - ta(eﬂ—i—k,i + (_1>Hatﬂ“€e+i72[+k).

It can be read from (1.11) and (1.18) that

Eei—ej+2o = RAi,j,cr + ZRBi,j,o—a
£€i+€j+20‘ = Rci,j,cr + iRDi,j,o‘a
_ / . /

Loci—cj+20 = RC;, +iRD;; o,

£€z‘+20'+7'k - RMi,k,(f + iRNi,k,a7
£*€i+20+7k - RM/ + ZRNZ/

i,k,o ko
r | Rty if o is odd
2¢,4+20 — . . .
cit2o iRt%¢; 4; if 0 is even
Rt%epy;; if o is odd
£f2€i+20 =

iRt%¢y;; if 0 is even
Now for each v € R* we introduce e, € L, e_, € L_, as follows:

a=¢—¢+20: e = (—1)"A4; . e_qa=A4]

7j70.’

_ . [ _ !
a=¢+e€+ 20 : €a ‘= Ci,j,aa €a=—"L, &
a=2¢+420, (codd): e, :=1t7€ 14, €_a = —1"%€ryiy,
o =26+ 20, (0 even ) : e, = it7e; €—q = —1t"%€ptiy,
a=¢ + 20+ T,: €q mMi,k,cra € = m,Mi[,k,cr”

in which o', m’ are given by

/

o' =—0—1, mm'g(o,m)(=1)trt =2

where g : Z" x 2 — {£1} is defined by
g(a,b) = H (—1)%®:,
1<i<j<v

The properties of the function g, defined in a more general setting, are studied in
7, §2.

Also, for each 6 € RY, consider 5 € L5, x_5 € L_s as follows: If
i # j,0 €7 and 6 =20 + 1, + 7, set

O 4T K, O 41T5
x5 =117t egpj oy — (—1)" 7t gt it
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;o o
r_5 = st7 1" eqyjopi — S(—=1)""t7 t7 egpi 0145

in which ¢/ = —(c + 7, +7;) and r, s € R satisfy —2rsg(o, 7;)g(7;,0)9(7j,7) = 1.
Also for § =20 € 27" set

o Ko 40 - Ko 4—0
Ts = at’epr — CL(—l) ot Cktlktl, T_§5= ct ey — C(—l) 7t €l 1 k41

where a,c € R and 2ac(—1)" = 1.
Having elements ei, and x4s defined above, it is now straightforward to
check that axiom A3 holds for £, that is, for each a € R*

(€a, hay€_q) 18 an sly-triple,

and for each 6 € R, t5 = [x5,7_s]. This completes the proof. d

2 From isomorphism to similarity

Our goal is to classify all irreducible EARS of nullity < 3. This classification is
already achieved for reduced irreducible EARS of nullity < 2 by [13] and [1] and
for nullity 3 by [6].

Assume that R is an irreducible EARS in V. In particular, R can be
the root system of a toral type EALA L. In [1, Chapter II] the structure of an
irreducible reduced EARS is described. In our case the root system R is not
necessarily reduced, however by mimicking the arguments in [1] we can get an
analogue of the structure obtained there. In what follows we just state the results
and leave details to the reader. Let V° be the radical of the form. Set V =V /V°
and let ":V — V/ V0 be the canonical map. One can show that the image R of
R under the map ~ is an irreducible finite root system in V. Take a preimage R
of R so that if V is the real span of R, then R is an irreducible finite root system
in V isometrically isomorphic to R. The rank and the type of R is defined to be
the rank and the type of R, and the nullity of R is defined to be the dimension
v of V0. If L is a toral type EALA, the type of £ is defined to be the type of
its root system R. Note that if R has one of the types A, B, C, D, E, Fy or
G, the axiom (R6) of Definition 1.9 is automatically satisfied, and so our work
is identical to [1] and [6]. Thus from now on we assume that R is an irreducible
FARS of type BC'.

Let Ry, ng and R., be the set of short, long and extra long roots of R,
respectively. Set

S={6€V’ |0+ Rkn C R}, L={6€V'[6+Ry,CR}, if Ry # 0, and
E={6€V"| 6+ R, CR}.

It follows that S, L are semilattices and £ is a translated semilattice (see [1,
Chapter II] for terminology). Moreover,

R— (S+S)U(Rsh+S)U(Rem+E) ) 1leg:® (21)
(S+S)U(Rap, +S)U(Rig+L)U(Reeg + E) if Rijg#0 '

where
S+ECS, AS+ECE if R, =0 (2.2)
S+LCS, 28+ LCL, L+ECL, 2L+ECE, ifR,#0 '
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A pair (S, FE) (triple (S,L,FE)) in V° satisfying (2.2) is called a BC-pair (a
BC-triple) in V°. ~This description of R leads us to introduce the following
construction. Let R be an irreducible finite root system of type BC' and set

R(S,E) = (S+ S)U (Rsp, + ) U (Rex + E) where (2.3)

(S, E) is a BC-pair, '

R(S,L,E) = (S 4 S) U (Rg, +5) U (Rig + L) U (Rer + E) where
(S, L, E) is a BC-triple.

It follows that R(S, F) is an EARS of type BC; and R(S, L, F) is an EARS of
type BC, (¢ > 2), and as we have already seen any EARS of type BC' is of the
form R(S,E) or R(S,L,E). Similar to [1] one can show that the classification of
irreducible EARS of type BC reduces to the classification of BC-triples in V°,
up to similarity. Let us state what we mean by two triples to be isomorphic or
similar.

Two BC-triples (S, L, E) and (S, L', E') in V° are said to be isomorphic,
written (S, L, E) = (S, L, E'), if there exists a linear isomorphism ¢ of V° such
that p(S) =5, ¢(L) = L' and ¢(F) = E’, and are said to be similar, written
(S,L,E) ~ (S',L', E"), if there exists a linear isomorphism ¢ of V° such that
o(S)=5"+0", o(L) =L+ )N and ¢(E) = E'+20’ for some ¢’ € §" and X' € L'.

[a¥)

The relations = and ~ are both equivalence relations. Denote by BC' the set of
BC'-triples in V°. Set

(2.4)

T ={(S,L,FE) € BC | E is a semilattice},
T, ={(S,L,E) € BC |25NE = 0},
T3 ={(S,L,E) € BC | 2SN E # @ and E is not a semilattice}.

Then BC' = 7, W Ty 73. Let us denote by [BC] and [7;], 1 < i < 3, the
similarity classes of triples in BC' and 7;, 1 < i < 3, respectively. Note that by
[1, Chapter II], the similarity classes of triples in 73 are in a 1-1 correspondence
with the isomorphism classes of reduced irreducible EARS (in [1] the set 77 is
denoted by 7).

Remark 2.5. Since 77, 75 and 73 are mutually disjoint, it is conceivable that
their similarity classes are also mutually disjoint. However, this is not the case. To
see this let S = 2AU (01 +2A)U (024 2A)U (03 +2A) where A = Zoy & Zoy G Zos.
Then (S,2A,2(S + 03)) € T1, (S + 09,2A,2(S + 09 + 03)) € T3 and

(S + o9, 2A, 2(5 + 09 + 0'3)) ~ (S, 2A, 2(5 + 0'3)).

This is one of the reasons which makes the classification of BC-type EARS to a
complicated problem. One can easily see that ([7;] U [T3]) N [T3] = O.

We classify the similarity classes of triples in BC' for v < 3 through the
classification of a set of triples closely related to 7; with respect to a different
notion of similarity. We say two triples (S, L, F') and (S’, L', F') in 7Ty are (weakly)
similar, denoted (S,L,F) ~ (S', L', F"), if there exists ¢y € GL(V°) such that
PY(S) =85+, Y(L) =L+ XN and Y(F) = F' ++' for some o/ € S, X € I/
and 7 € F'. Define a notion of twist-triple for a BC'-triple exactly as in [1].
Twist-triple is a similarity invariant of BC-triples (triples in 7;) with respect to
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~ (=). Denote by BC(t,t,t3) the set of BC-triples with twist-triple (¢1,t,%s).
Also denote by [BC(t1,t,t2)] ([[71(t1,1,t2)]]) the set of similarity classes of triples
in BC(ty,t,ty) (71(t1,t,t2)) with respect to ~ (=). Use a similar notation for
triples in 75 and 73.

The following proposition shows how we can construct all BC'-triples out
of the similarity classes in [[77]].

Proposition 2.6.  Let Ri(t1,t,t2) be a set of representatives for the similarity
classes in [[T1(t1,t,t2)]]. Then

R<t1at>t2) = {(Sv L7F+77) | (SyLaF) S Rl(tlatth)a n € La L+77 g L}

is a set of representatives for the similarity classes in BC(t1,t,t3).

Proof. It is easy to see that for any (S, L, F) € 7y(t1,t,t2) and any n € L with
L+mn C L, we have (S,L,F +n) € BC(t1,t,ty). Conversely, let (S,L,FE) €
BC(ty,t,t). Take any n € E and set F' = E —n. Then n+ L C L and
(S,L,F) € Ty(t1,t,t2). So there exists (S’, L', F') € Ry(t1,t,t2) and ¢ € GL(V?)
such that ¥(S) = 8"+ o', ¥(L) = L'+ X, Y(F) = F' + ' for some ¢’ € &,
NeL and v € F'. Set
' =1(n) — 20" +9".

Then (S, L', F' +7') is in the right hand side of the equality in the statement
and Y(E) = Y(F +n) = F'++" +¢(n) = F' + 1 + 20'. This shows that
(S,L,E) ~ (S, L', F' + 7). O

There is a very effective tool in the classification of EARS, called duality,
which reduces sharply the number of twist-triples which we must consider. The
notion of duality for extended affine root systems induces a notion of duality
for both BC-triples and twist-triples (see [6] for details). It follows that the
classification table for similarity classes of BC-triples for a particular twist-triple
(t1,t,t2) can be obtained routinely from the classification table for its dual twist-
triple (t1,t,t2)Y. Accordingly, the triples which we must consider are (0,0,0),
(0,0,1), (0,0,2), (0,0,3), (1,1,1) (1,1,2), (0,1,3), (0,1,2), (0,2,3), (1,2,2),
(0,1,1), (0,2,2), (0,3,3).

3 Large and shifted-large sets

The main tool in our work is the so called large (shifted-large) sets. They are
certain subsets of a v-dimensional vector space over the field of two elements. The
point is that many interesting facts about semilattices and translated semilattices
can be obtained through some rather simple calculations in the corresponding large
and shifted-large sets.

Let R be an irreducible EARS and let A be the Z-span of isotropic roots
in R. It follows that A = Zoy, & --- & Zo,, for some isotropic roots oq,...,0,.
We fix this Z-basis of A throughout our work. Set A = A/2A, and let “: A — A
be the canonical map. For ¢ € Aut(A) consider ¢ € GL(A) by ¥(5) = (¢(0)).
The map 1) — 9 is a surjective group homomorphism from Aut(A) onto Aut([&).
A subset T of A is called large if it spans A and contains zero. Two large sets
T and T' are called similar if there exists ¢ € GL(V°) such that ¢(T) =T' + o’
for some ¢’ € T". If we denote the preimage of a subset T of A by S(T), then
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it follows that the map 7" — S(7T') induces a bijection from the set of similarity
classes of large subsets of A onto the set of similarity classes of semilattices in V°
with Z-span A.

We would like to obtain a similar characterization for what we call a shifted
semilattice, a translated semilattice which is not a semilattice. For this, call a
subset T' of A shifted-large if it spans A and does not contain zero. Two shifted-
large sets T and T" are called isomorphic if there exists ¢ € GL(A) such that
Y(T) = T'. As before it follows that the map 7" — S(T') induces a bijection
from the set of isomorphism classes of shifted-large subsets of A onto the set of
isomorphism classes of shifted semilattices in V° with Z-span A.

From now on we assume that dimV° = v = 3. Let E be a translated
semilattice with (F) = A. Then E = S(T') for some large or shifted-large subset
T of A. Define indexr of E by ind(E) = #(T U {0}) — 1. It is known that

any semilattice in V° with Z-span A is of the form S/(\i) +o0,3 <4< 7, for
some o € Sj(f) (see [5, Remark 3.27] for notation and details) where Sj(f) is one of
semilattices listed in the following tables:

5 = 5(0,61,62,63)
S = 5(0,61,69,51 + &3)
SY) = 5(0,61,62,62 + 53)
indx(3) : ¢ S\ = 5(0,61,53,52 + 3)
S = 5(0,61,69,51 + 52 + 3)
S = 5(0,61,63,51 + 52 + 3)
SV = 5(0,62,63,51 + 52 + 3)
5 = 5(0,51,62,53,51 + 2)
SY) = 8(0,61,62,53,51 + &3)
S\ = 5(0,61,62,53,52 + 63)
indp (4) : 55\11) 5(0,61,52,63,51 + 62 + 53)
Sxm) S5(0,61,62,61 + 63,62 + 53)
S;\lS) S5(0,62,63,61 + 62,61 + &3)
SXM) S5(0,61,63,61 + 62,62 + &3)
SU®) = 5(0,51,52,53,61 + 62,51 + 53)
S{% = 5(0,61,52,63,51 + 62,52 + 53)
SU™ = 5(0,61,52,63,51 + 63,52 + 53)
ind (5) : S;&B) S5(0,61,62,63,61 + 62,61 + 62 + 63)
S;\19) 5(0,61,52,63,51 + 63,51 + G2 + 73)
SE\QO) S(0,61,062,63,62 + 63,61 + 62 + 53)
Sfl) =5(0,61,62,51 + 63,62 + 63,01 + 62 + 53)
inds(6) : { S? = 5(0,61,52,53,51 + 52,61 + 53,62 + 63)
inda(7): { 53 = p

The next proposition classifies the semilattices (and related shifted semilattices)

S/(f) listed above. First, we need to state some lemmas. Let us define the length of
an element v of a vector space with respect to a fixed basis X, denoted by £x(v),
to be the number of nonzero coordinates of v with respect to X.

Lemma 3.1.  Let A and A’ be two shifted-large subsets of A. Suppose that

Hlve Al ly(v) =i} = #{ve A | lx(v) =i}, 1<i<3, (3.2)
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for some bases X C A and X' C A'. Then there exists an isomorphism ¢ €

GL(A) such that (A) = A'. Conversely, if o(A) = A" for some isomorphism
¢ € GL(A), then there exist bases X C A and X' C A" such that 3.2 holds.

Proof. The proof is immediate as dimp, A = 3. U

Lemma 3.3. i) Up to isomorphism there exist only two shifted-large subsets of
A of cardinal 4.

ii) For n = 3,5,6,7, up to isomorphism there exists only one shifted-large

subset of A of cardinal n.
Proof. Let A be a shifted-large subset of A with #A4 = n. The result for the
cases n = 3,7 is trivial. If n = 4, then for any basis X C A exactly two cases
can happen, either there is one element of length 3 or there is no element of this
length. So the result follows from Lemma 3.1.

Now let n = 5,6. It follows from Lemma 3.1 that we are done if we show
that with respect to some basis X C A no element of A has length 3. Let
A = {a;},. We may assume that X’ = {a;}?_, is a basis of A. If there exists no
v € A such that (x/(v) = 3 we are done. If not, we may assume that ¢(ay) = 3.
Then a; = a; + a; for some distinct 4, j € {1,2,3}. Set {ax} = X'\ {a;,a;} and
let ag = a; +ay, (if n=6). Now X = {as,a;,a} is a basis of A and with respect
to X no element of A has length 3. U

Proposition 3.4.  Let S; and Sy be two semilattices with (Sy) = (S2) = A and
ind(S;) = ind(Ss) = n.

(i) For i = 1,2, set E; = S; +n; where n; € A. If Ey, Ey are shifted
semilattices, then E; = Ey.

(i) Up to isomorphism S/(\S) and S/(\H) are the only semilattices of index 4.

(11i) If n # 4, then S; = S;.

(iv) Two semilattices in V° with the same Z-span are similar if and only

if they have the same index.
Proof. (i) Let S be a semilattice with (S) = A and ind(S) = 3. Let n € A be
such that E := Sy is a shifted semilattice. Then E = S(T') where T is a shifted-
large subset of A and #T = 4. So there exists 7 € T such that S = S(T+7).
Since S is a semilattice with (S) = A and ind(S) = 3 we have S\ {0} is a linearly
independent subset of A and so Y 5c50 # 0. This gives >, .t # 0. Therefore,
no element in 7', with respect to any basis contained in T, has length 3. The
result now follows from Lemma 3.3.

(i7) Recall that T'+— S(T) induces a bijection from the set of isomorphism
classes of large subsets of A onto the set of isomorphism classes of semilattices in
VO with Z-span A. Now if T is a large subset with #7 = 5 then T \ {0} is a
shifted-large subset with cardinal 4. But by Lemma 3.3, up to isomorphism there
exist exactly two shifted-large subsets with cardinal 4 depending on whether their
sum of elements is zero or not. So up to isomorphism there exist two large subsets
with cardinal 5 depending on whether their sum of elements is zero or not. But
the sum of elements in (S/(XH))N is zero while this is not the case for (S/(\S))N. This
completes the proof of (ii).

(i7i) It follows immediately from Lemma 3.3(7).

(iv) According to parts (i) and (iii), we are done if we show that S/(\s) ~
S/(\H). To see this take o1 to o1 + 03, 09 to 09 + 03 and o3 to o3. O
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4 Classification of A-pairs and translated A-pairs

Let A be as in Section 3. In this section we classify the so called A-pairs and
translated A-pairs. Our approach is as follows. We first find a set R of repre-
sentatives for the class of A-pairs. We use this to classify the class of translated
A-pairs. It then follows that the representatives in R are distinct, and so we get a
classification of A-pairs. We later relate the classification of BC'-triples (for some
particular twist triples) to the classification of A-pairs. In this section and future
sections we will face with a huge amount of computations regarding pairs or triples
of semilattices and translated semilattices. To make our computations shorter, we
agree to represent an expression such as

-1
22
(5% + 01,8 + 01)= (5

®1
~

+o1,8%) or (50,80 + o1 + 05)=2 (51, S + 0y + 02)

by
(S + 01,57 4+ 01)p5(, SP) or (S, 51 + 01 + 03) 01 (% + 01 + 02),

respectively. Some other simplifying notations that we will use would be clear
from the context.

Let S and F be two semilattices in V°. The pair (S, F') is called a A-pair
if (S) = (F) = A. Denote by A the set of A-pairs in VY, and set

A'={(S,E)| E=F +nfor some (S,F) e A, ne A}

The elements of A’ are called translated A-pairs. If F is a translated semilattice,
then ind(F +n) = ind(F ++) for any 1,y € F, so for a pair (A-pair or translated
A-pair) (S, F) with ind(S) =i, ind(F —n) = j, n € F, we call (i,7) the indez
of (S, F). Throughout this work we use 32 non-identity automorphisms, denoted
by ¢;, 1 <1 < 32, which are listed in Section 6.

Definition 4.1. (i) Let (S, F') and (5, F') be two A-pairs. We say that (S, F)
and (S, F) are isomorphic, written (S, F) = (S, F'), if there exists p € GL(V)
such that ¢(S) = 5" and ¢(F) = F'. Also, (S, F) and (5, F') are called similar,
written (S, F') ~ (', F"), if there exists ¢ € GL(V°) such that ¢(S) = S’+ 0’ and
o(F) = F'++/, for some o’ € §',+' € F'. The relations = and ~ are equivalence
relations.

(ii) Two translated A-pairs (S, E) and (S’,E’) are called isomorphic,
written (S, E) = (S, F'), if there exists ¢ € GL(V°) such that o(S) = S’
and ¢(E) = E'. Also, (S,F) and (S, E') are called directed similar, written
(S,E) ~ (S, F'), if there exists ¢ € GL(V®) such that ¢(S) = S’ + ¢’ and
o(E) = E' + o, for some ¢’ € S’. The relations = and =~ are equivalence rela-
tions.

Proposition 4.2. Up to directed similarity, there exist 73 distinct translated
A-pairs (for a complete list see Table 6.2).

Proof. Step 1. (Reduction to similarity.) We first relate two notions,
similarity and directed similarity. Let R be a set of representatives for the
similarity classes in A. Using an argument similar to Proposition 2.6, one can
see that the set

R ={(S,F+n)|(S,F)eR,ne A} (4.3)
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is a set of representatives for the directed similarity classes in A’.

Step 2. (Similar A-pairs.) In virtue of (4.3), we start by finding a set of
representatives for similar A-pairs.

To find similar A-pairs, we must consider all pairs (S + o, F' + 7) where
S,F € Ul_;indx(i) and 0 € S, v € F. Since index is a similarity invariant of
semilattices we have (S 4 o, F' 4+ ) # (8" + o', F' + /) if ind(S) # ind(S"). So
for each 7, 3 <7 < 7 it is enough to consider A-pairs of the form (S + o, F' + )
where S € indy (i), F € indy(j), 3<j <7, 0€ S, v € F. However, the answer is
clear if F' is of index 6 or 7, as for such indices there is only one semilattice (up
to translation). So for each 3 < i < 7 we restrict our computations to the cases
3<j<5.

1=3,3<4<5:
We have

(SP+wLSP+wﬁ¢§@S?m%«¢B¢uSMM (5, 57)01( S35 ST

So, {[(SY + 0, F +7)] | F € inda(3),0 € S\, 7 € F} = {[(S\", S, [, ST)]}. By
Prop081t10n 3.4, semilattices of the same index are similar, so for each 2 <i <7
and F € ind,(3) there exists ¢ € GL(V°) such that @(S/(\i) = S U Now o(F)
is a semilattice similar (in fact isomorphic) to F, so ¢(F) = E + T for some
E €indy(3), 7€ E. Sofor 1 <i<7and F € indy(3), [(SV,F)] € {{(5{", E)] |

E €inda(3)}. Thus,
{((S+0,F+7)]|SFeindy3),0€ 8,7 Fy = {[(SV, SIS (4.4)

Also (S + 01,50 + 01)05 ' (ST D)5, S5 (L ST (, SU7), and

(Uw&ﬁd‘%j+0);§%%%?%m(A)f& ),
(587, 5001 (, S\ paa(, 512, (S, 8 )er (50 ( 20y,

So as before for 0 € S and 7 € F,

{[(S+0,F+7)]| S €indp(3), F € indp(4)} = {[(S{, SEOLIGSEE (a5)

{I(S+0,F+7)]| S € inda(3), F € inda(5)} = {{(S5, SYLIC ST (46)

In a similar manner we can handle the remaining cases.

1=4, 3 <j3<5: We have ( )—|—O'2, ) 5(*—|—O‘1, )(,02( S(l))(pgg(*—FO'l—{—
02,5)), and (51(\)75(10))905(751(\))@7(*+0275A +a2), (5,505, S )r0(, SLY).

Also we have, (5, S{(")p5(, S\t (, 5{" )cp (*—1-0 s,

and (53 +01, 5731, S5 <S“9 ), (5, 8()pr (x4 02, S + 02), and

(8® 5()p (,sg””)) (S 5o (x + o1, ). so, if ind(S) = 4, 3 < ind(F) < 5
and 0 € S, 7 € F, then

((S+o,F+7))}={(SY, 5] |i=1,4,89,15,17}. (4.7)

1=25,3<7j<5: We have (Sj(\ls) + 02,51(\))9029 (S/(\w), 5(1))g026(*+ 03,51(\6)),
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(S8, S )02, Sy pa (o + 02, S, (SU 54 )pa(x 4 03, SR). Also, we have,
(51(\15)3 Sl(\g))gpl(7 51(\8))304(* + g3, Sj(\lg) + U3)> (51(\15)7 51(\11))802(7 51(\12))a
(S8, 80 palx+ 05, S0), (517, L) pas(x + 05, 5% + 01). And

(37,58 U7 (S SEen (537, (547 S\ )ea e+ 02, S,
(S/(\ )751(\ ))903(*_'_0275/(\ ))a (S/(\ )WS’/(\ ))‘702(751(\ ))

Hence if ind(S) =5, 3<ind(F) <5 and 0 € S, 7 € F, then
{(S+0,F+n)]} = {847, 8] | i =1,7,8,10,15,16}. (4.8)

If ind(S) = ind(F), then there exists ¢ € GL(V°) such that ¢(S) = F + ~ for some
v € F and 90(5(22)) = 55\22) + o for some o € 51(\22) 0 if ind(F) = 3,4,5 and 7 € F,
then

(ST F + )y = {1552, S IG SN I SE- (4.9)

Step 3. (Directed similar translated A-pairs). Now we are ready to find
directed similarity classes of translated A-pairs. As before, for each 3 < 4,j < 7,
it is enough to find directed similarity classes of the form [(S + o, F + 7)] where
S €indp (i), F € indp(j) and 0 € S, vy € A.

In practice, one of the difficulties in dealing with pairs or triples of semilattices is
to show that two pairs or triples are not similar (or isomorphic). For this, we record some
very handy computational facts, which will be used very frequently in our computations.
The proof of each fact is immediate as any Z-module automorphism of A induces a vector
space isomorphism of A.

Let (S, E),(S’, E') be two isomorphic translated A-pairs, then

z’)#( F) = #(S'NEY).
i + e ) € (SNE) = (Tse5 0 + Ygep &) € (S NE)™.

-~
=
M
Qz

~/

Qz

(
(
Wi) Z&eS\(SmE) - Z&eE\(SmE)~ o= Z&’eﬁ’\(S’mE’)N g = Z&'GE'\(S'ME')~
(i0) Xsenysnm~ 0 € (SNE)Y = X sepnsinm~ & € (S'NE).
(v) Esesvsnm~ 0 = 0= Xsegnsnmy~ 5 =0-
(vi) X5esnp 0 =0= 2 5cgnp 0 =0
(vii) Za—eS‘mE GeE= Zc? 'eS'NE! S (E/)N

Y scini® €5 = Ysenmy~ €5
(vidi) 325 §5+ZJEEU_0:>ZUES'U +ZUEE’U =0.

(i2) 35650 =2 5ei0 = 2gres 0 = 2grep 0 -
(4.10)
According to (4.10), to prove that two pairs are not isomorphic, it is enough to show
that at least one of the items (7)-(iz) does not hold. For this we only need to do some

calculus inside the finite vector space A. Since for each 1 < 4,5 < 23, ¢ € S/(\i) and

7 € A we have (S[(x),S( )+7') (S(l) +o, 5’(]) +o0+7), for each i, we only need to find
directed similarity classes of the form [(S/(C), Sy ) 7)] where 7 € A.

1,7 =1,1: We have

(S, 5 + 01+ 03) @1 (, %+ 1 + 02) P21 (s * + 02+ 03) % (% +03) 24, %+ 1) @5 (, % + 09)
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and by (4.10)(i) (S, S + 01 + 09 + 03) % (%) # (*+02) % (% + 01 + 02 + 03).
1,7 =1,2: We have

(S8, SD)p1(x+ 1), (S, 82 + 02+ 03)1 (% + 01 + 02 + 03)

and (S/(\l), S/(\Q) + o1 + 02)%8 (, %+ 02)%7 (,x+ 03)% (,x+ 01 + 03). From (4.10) (4)
we can see that (S(l),S/(XQ) +oa+03) % ((x) % ((x+02) % (,x+ 02+ 03) and
(S[(Xl),Sl(xl) +o0) # (% 51(\2) + 1), for 0 € {0,09,01 + 02 + 03}, T € {0,02,02 + 03},
except 0 = oy = 7, but by (4.10)(iz), (51(\1), Sj(\l) + 09) % (,S/(\Q) + 02). So by (4.3) and
(4.4), we get Table 4.2 for index (3, 3).

—1

i,j = 1,8 : We have (S/(\I), 51(\8) + o1 +02)@%8 (,*x+01)ps(, %+ 02). We also have

—1

(51(\1)7 51(\8) o9+ 03)“’& (, %+ 03)%5 (,x+ 01+ 03). From (4.10) (i) we have
(S35 + 01 + 02+ 03) # (x+ 01) # (% + 03) % (%)

and (S4, S+ 03) # (% + 01+ 00+ 03) 2 () # (x+01).
i,7 = 1,12 : One can check that (SI(\I), 51(\12) +03)%6 (,*)%7 (,x+01)e5(, %+ 02),
and (S/(\I), /(\12) +o1+o02+ 03)% (,x+ o1+ 02)%7 (,x+ 014+ 03)es5(,x+ 02+ 03). We

have from (4.10) (i) that (S\,S\'?) % (,x + o1 + 03), (S\, S®) + o5) 2 (,S(?) and

(53, S0P + o1+ 03) 5 (, SU)) 2 ( S47) 3 (S + 01 + 03 + 09),
(S8, S8 +01) 2 (S 4+ 01+ 03) % (S + 01 + 02+ ).

By (4.10) (i1) (S\", 8 +01) # (,S{?). Also we have from (4.10) (iv) that (S\", S+
o3) # (, S/(Xu) + 01+ 03). Now by (4.3) and (4.5), we get Table 4.2 for index (3,4).

i,7 =1,15: We have (51(\1)’ S/(Xls) +09)p1(,x+03), but from (4.10) (i) we see that
(S, 5% 2 (% + 02) % ( + 02+ 05) % (,%).

1,7 =1,21: We have (51(\1)751(\21) + 02)ps(, % + o1)p1(,*) 2 (, + o3). For
o € {0,092 + o3}, we have from (4.10)(z) that (S/(\U,Sl(xm) + o) # (,51(\21)), and by

(4.10) (iv), (S(l), 55\15) + 02) % (, 221)). Therefore by (4.3) and (4.6), we obtain Table
4.2 for index (3,5).
i,j=1,22: We have (S, SCNE (,x+01) 05 (,x+02) 01 (,*+03). We also

can see that (Sl(xl), /(\22)4—01—{—02—1—03)%6(,*—i—al—f—az)(pl (,x+01+03)ps5(, x+02+03),

but by (4.10) (4), (51(\1)751(\22)) # (,x+01+02+03). By (4.3), we have for S € ind(3),
Feind(6), 0 € S and 7 € A,

(S + o, F+7)]} ={[(S\", 5% +0)] | 0 € {0,051 + 72 + 03} }. (4.11)
1,7 =8,1: We have
(S&S),Sgl)+01+02)g (,*+02)(p5(,*+01), (S&S),S&l)+01+03)¢5(,*+02+03)g (,*—l—ag),

but by (4.10) (i), (S, 51) % (,x+ 1) # (,x+03) % (,x + 01 + 02 + 03), and
similarly (S, S\ + 03) % (,%) % (% + 01 + 09 + 03) % (- +01) # (, % + 73).
1,7 = 8,4 : We have (S/(\S), /(f) + 03)905(,*)%3 (,*+ 02)ps(, % + o1 + 03), and

(5(8), 51(\4) + o9 + Ug)(p5(,*+ 01)@%29 (,*—l— o1+ O'Q)gog,(,* + 01+ 09+ 0'3).
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Now by (4.10) (), (S9,55") # (- +01), (5,8 +o1) % (,5) # (,54”), and
(5,5 +03) 2 (.5) 2 (S + o1+ ou+03) % (.S58 +01), and (S, S +01) %
(St o1). Also (8,81 +01) % (,5Y), and (S, 51 + o3) # (, S + 01), by
(4.10) (¢3), (v). By (4.3) and (4.7), we obtain Table 4.2 for index (4, 3).

i,j =8,8: We have (S, 8 + 01 + 02)@0(, x + 01)5(, x + 02), and

(51(\8), /(\8) + 03)% (,*x + 02+ 03)ps5(,x + 01 + 03)po(, x + o1 + 02 + 03).
By (4.10) (i), (S®,8®) # (,x+ 01) % (,x+ 03) # (,%).
i,j=8,9: We have (S, 8 + 02)&8 (% + 01+ 02),

(S SN 10, x+ 1), and (S, S + 63)010(, %+ 01 + 73).

By (4.10) (i), we have, (S, S 405+ 03) % (,x+01+02+03) % (,%) % (,x+02+03),
and (SO, 5) % (S, %+ 02) % (% + 01+ 02 +03) % (% +03) % (,%). Also by
(4.10) (vid), (S, S 1 03) % (% + 02) % (,%+ 02+ 03) % (,+ 03), and by (4.10) (i),

(55\8), /(\9) +7) % (, 51(\8)) for 7 € {0,09,03,02 + 03,01 + 02 + 03} and
(SZ(\S), SI(XS) +o01) % (, Sj(\g) +7) for 7 € {09,03,02 + 03,01 + 02 + 03}.

Also (51(\8), /(\8)—#03) % (, /(\9)4—7') where 7 € {0,09,03,00+03}. By (4.10) (v), we have

(™, 8% 4 53) % (, 8 + 61 + 0 + 03) and by (4.10) (vi), (ST, S + 1) # (LS.
So by (4.3) and (4.7), we get Table 4.2 for index (4,4).

i,j = 8,15 : We have (55\8), 55\15) —1—03)%1 (,*+ 02+ 03). Also from (4.10) (i) we
see that, (37, S7) # (% +02) % (% +03) # (.%).
i,j =8,17: We have (S, S\ + 02)po(, %)010(, * + 01). Also from (4.10) (4)

we see that, (SI(\S), /(\17)) % (,* + 01+ 02). Again by (4.10) (4),

(S 80 o) 5t (,SUT +oa+ 1) 2 (,SUP) 2 (S, 807 5 (, S0P + 03).

Finally, from (4.10) (viii) we have (SJ(\B), /(\17)) % (, 51(\15) +02), (51(\8), 51(\17) +o1+02) %
(, 51(&15) + 03). So by (4.3) and (4.7), we get Table 4.2 for index (4,5).
i,7 = 8,22 : We have (S/(\S), 51(\22))4;332(,* + 01)ps(, % + 02), and

(S[(X8),S/(\22) —{—0'3)9010(,*4— o1 +03)§05(,*+02 —{—O‘g)g (,*—|—0‘1 + 09 +03)

and by (4.10) (i) we have, (SI(\S), 51(32) +o1+02) % (%) # (,%x+ 03), and by (4.10) (vi),
(S/(Xg)7 S[(XZZ) + 01+ 02) % (,%+ 03). So by (4.3), we get Table 4.2 for index (4,6).
1,7 = 15,1 : We have (51(\15), SI(\D + o9 + 03)ps(,x + 01 + 02 + 03), and

id
(SU™, S )s(,x+ 1), (SIS 4 69)01(, %+ 03)% (, % + 01 + 03)01(, % + 01 + 02).

But by (4.10) (i), (SU, 8 + 00) # (%) # (x + 02 + 03) # (, %+ 02).

1,7 = 15,7 : We see that (5’1(&15), 51(\7)+01 +oa+03)pa(, x+03)p1(, x+02)pa(,*),

and

(5(15) (U)fg

A I PA (x+o1)e0(,x+ 01+ 03)e1(, * + 01 + 02)p10(, * + 02 + 03).
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By (4.10) (i)(v).
(557,530 (537) 2 (51 4+ 02+ 03), (S{7, 8 +02) 2 (.57,

So by (4.3) and (4.8), get Table 4.2 for index (5, 3).

1,5 = 15,8 : We have (51(65), S&S))wg(,*—i— o1), (51(\15),55&8) + 02)p2(, %+ 01 + 02)
and (5(15) S’/(\g) + O'3)g (,x+ o1+ 03)%1 (,bx+ 01+ 02+ a;;)g (,x+ 02 + 03). Now by
(4.10)(3), (SL”, L)+ 03) % (%) % (% +02) 3 (% +03).

i,j = 15,10 : We have (S/(\ 5) 5(10) + o9 + 03)~ X (,x+ 014 02 4+ 03). Also

id id
(51(\15)’ S/(\w) + Ul)fw (,*)f\g (, %+ o02)p1(, %+ 0'3)’11-6 x4+ 01+ 03)% (,*+ 01+ 02).

By (4.10) (i), (S5, 547 % (.x+o2+03), (S5, 507 +oa+03) # (.S) # (. 54),
and (S, 5O 409) # (, S\ +oa+03), (SI7, 8P +03) 2 (,SY). By (4.10) (i), we
have (S\7, 5 +02) % (,5'”), and by (4.10) (v), (S, 5 +03) % (, SV +02+03).
So by (4.3) and 4.8, we get Table 4.2 for index (5,4).

i,7 = 15,15 : We have (S/(\ 5) S( )+02)<p1( *+O’3)<P2 (,x+02+03). It is trivial
that (S{”, (™) # (,x+ o).

i,7 = 15,16 : We have (51(65), 5(16)) a2(, *—i—al) (5(15 16)4—03) X (,x+o1+03).
By (4.10) (i), (S, S(9) % (,x+03), and (ST, Sy 2 (,5(7) % (, 5"V + 03), and
(S, 89 4 o) 2 (LS9, Also by (4.10) (zzz) (s<15) s +02) o <,sg 9 4+ 53). So
by (4.3) and (4 8), we get Table 4.2 for index (5,5).

i, = 15 22 : We have (3215) ,5’(22))@1()(,*—#(71)7 and (S[(\ ) 8(22)+01+02+03)g
(,*x+ 02+ 03) S (%4 02)@s(, % + 01 4 02)1(, % + 01 + 03)s(, * + o3). From (4.10) (4)
we see that (51(\15) 5(22)) #% (,%+ 02+ 03). So by (4.3), we get Table 4.2 for index (5,6).

i,7 =22,1: We have (55\22),51(6) + 02)p7(, %) s, x + 01)pa(, * + o3). We also
have (S/(\QQ), S(l) + 01+ 09+ 03) s (, %+ 01+ 02)@1(, %+ 01 + 03) @5 (, %+ 02 + 03), but
from (4.10) (i) we get (S0, S\) % (% + o1 + 02).

i,7 = 22,8 : We have (Sj(\ ),Sf\g))¢g(,*+al)go5(,*+ag), and (5(22) 5(8)
(,x+ o1+ 02+ 03)p7(,*x+ 01+ 03)p5(, x + 02 + 03). (From (4.10) (), (iv), we have

9031
o3) =

(S S®) 4 o1 +02) # (%) # (x+ 01+ 03), (ST, ST + 01+ 02) 2 (% + 01+ 03).

i,j = 22,15 : We have (51(52), 81(\15) + o2+ 03)%4 (,x + 02)¢1(, * + 03), however
by (4.10)(0), (S, 54™)) % (; + 02).
1,7 = 22,22 : We have

(572,877 + 09+ 03) s (% + 01 + 03) 1 (% + 01 + 02)07(, % + 1),

and (5(22) 55\22)4‘01)805(7*4—02)901( *+03) ( *+01+09+03). Trivially (S/(\ 2) 8(22)) %
(,%+ o01). So by (4.3) and (4.9), we get Table 4.2 for index (6,5), 3<j < 7.

i=23,7, 1 <j<23: We know that if ind(S) = 3,4,5,6 or 7, up to similarity
S = SI(X),S’/(\),S(M) S(Qz) or A, respectively, so we get Table 4.2 for index (7,7),
3 <5< 7. This completes the proof of the proposition. ([l
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5 Classification of BC'-triples

In this section we classify EARS of type BC for v = 1,2,3 by classifying the corre-
sponding BC'-triples and BC'-pairs. We give the details for ¥ = 3 and list the results
for v =1 and v = 2. So assume that v = 3.

For a fixed triple (S, L, F'), we set

(F)e ={F+mnlnel,L+nCL}
For i = 1,2, let ~: A® — A(i)/QA(i) be the canonical map.
Theorem 5.1.  (Classification Theorem) Up to isomorphism there are n extended

affine root systems of type BCy and nullity v = 1,2,3, where n is given in Table (5.2)
according to either £ =1 or £ > 2.

v=1|lv=2|v=3
BC, (¢ > 2) 5 27 230 (5.2)
BC; 4 21 226

The classification list of corresponding BC'-triples and BC -pairs are given in Tables
6.5-6.6.

Before starting the proof, let us record a few useful lemmas which will be cru-
cial for our computations. The proof of each lemma can be obtained by inducing an
automorphism in GL(A®) to an automorphism of the finite vector space (A®).

Lemma 5.3.  Let (A,AD E), (A, AN E') € BC(0,1,1). If #(EN2A)~ # #(E'N
2M)~, then (A, AW E) 2% (A, A E').

Lemma 5.4. Let E,E’ be two translated semilattices with (E) = (E') = A®) and
(S,8") be a A-pair. Then (S,AP?, E) = (S",A®) E') implies:

(1) YscpT=0=qep ™ =0and Y . 7€ (2N~ =3 cp T €(20)7,

(#) #((2(EF2 N (9)))™) = #((2(EF2 N (5))™),

(i11) Y semany~ & € QEZEN )™ = Y semany~ 0 € R(EFANS))~.

Condition (i) holds, replacing A®) by A()

Lemma 5.5.  Let (S1,S2) be a A-pair. Then (S1,A®) Ey) = (Sy, A?), Ey) implies
#((E4 ﬂ 20)~) = #((B2 N 20)™), where E; = F; + 7 for F; € Uj_gind 022 (j) and
e A? fori=1,2.
Proof of Proposition. According to duality, we only need to consider twist triples
listed at the end of Section 2:

(0,0,0): (S,L,F)=(A,A,Sp) where Sp is a semilattice that (Sp) = A. So

[[T(Ov 0? O)H = {HA? A7 AH’ [[Aa A7 Fl”? [[Aa A, F2H7 HAv Aa F3Ha [[Aa A, F4H},

where Iy = S\ B = SO By = 50V Fy = S Now let (A,A,F), (A A, F') €
7(0,0,0) and 7,7/ € A. Set E = F+n and E' = F'+1/. If (A, A, E)X (A, A, E'), then
o(A) = A, (E) = E' + 20, for some o € A. But since (E') = A, so E' +20 = F/,
(A,A,E) ~ (A,A,E’) if and only if F = E’. Now using Proposition 3.4, we get Table
6.5 for twist triple (0,0,0).
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(0,0,1): (S,L,F) = (A,A,2Zoy + Sp) where (Sy) = Zog + Zos. So

HT<07 07 1)“ = {H(A,A, Fy = 2201 + 5(07 &2763)“7 [[(A7 AvA(l))]]}7
and (AM)y = {AM AD 4 51}, Also we have
(F1)A = {F1, Fi4o1, Fi+o2, Fi+os, F1+o1+02, F1401+03, F1+02+03, F14+01+02+03}.

We have (A, A, F1)ea(,,x+03)p1(,,*+ o2) and by [6] we have (A, A, F1 + 01)@9(,,*+
o1+ 02)p1(,,*+ 01+ 03)pg(,,*+ 01+ 02+ 03) and (A, A, F1 4+ 01) # (,, %+ 02 + 03).
Since 0 € FY, one can see easily that (A, A, F1 + 02 4+ 03) # (,,%) # (,,x+ 01).

It is trivial that (A,A,A(l)) * (A A, AL 4 o1), so we get Table 6.5 for twist
triple (0,0,1).

(0,0,2): (S,L,F) = (A, S5 ® Zos, A®) where (S5) = Zo| ® Zoy. Thus

Ly
[17(0,0,2)]] = {[[(A, A, APN)]], [[(A, S(0,61,52) ® Zos, AP},

with (A®), = {A®} and (A = {AP®) + o1, % + 09, % + 01 + 02, %}. Now, we have,

(A, A, A + 01)@5(, ,k + 0'2>g010(, ,2+ 01 + 02). Note that (A, A, A(2)) Al (, ,k + 0’1) as

A® is a semilattice and A®) + o is not. So, we get Table 6.5 for twist triple (0,0,2).
(0,0,3) : We have (S,L,F) = (A, S5,2A) where (S5) = A. From [6], we have

[[T(Oa 0, 3)]] = {H(A, A, 2A)H7 [[(*7 Lla*)“? [[(*7 Ly, *)H’ [[(*7 L37*)H7 [[(*7 L4?*)H}'
where Ly = S/(\I), Ly = 51(\8), Ly = 51(\15), Ly = 5’1(52). One can check that

(2M)A ={2A+ 0 | 0 =0,01,02,03,01 + 02,01 + 03,02 + 03,01 + 02 + 03},
(2M)p, = (2A)L, = (2A)L, = {2A}, (2A)L, = {2A, 01 + 2A}.

It is easy to see that the triples (A, A,o +2A), for o € {01,09,03,01 4+ 02,01 + 03,02 +
03,01+ 02 + 03}, are similar and that (A, A,2A) % (,,x+01), (A, L3,2A) # (,,*x+01).
Thus we have Table 6.5 for twist triple (0,0, 3).

(1,1,1): (S,L,F) = (A, AW 4Z01 © Sy) where (Sy) = Zoy ® Zoz. From [6], we
have

(17 (1,1, 1)]] = {[[(A, AN, ALY [[(A, A, BN},
where F1 = 4201 + S(O, 5’2,5’3). Now (A(l’l’l))Au) = {A(l’l’l), 201 + A(l’l’l)} and

(F1)a) ={F1+0|0=0,201,02,03,201 + 02,201 + 03,02 + 03,201 + 02 + 03}.

It is easy to see that (A, AN AGLDY~( %+ 207), (A, AW F| + 09 + 03)~(,, % + 00 +
03+201), and that the triples (A, A, Fy +0) for o € {0,201, 02, 03,201 4+ 09, 201 + 03}
are also similar. Now since 0 € F} and 0 € F1 + 02 + 03 + 20 for 0 € A, one can see
that (A,AM F}) & (,,%+ 02 + 03). Thus we have Table 6.5 for twist triple (1,1,1).

(1,1,2) : Since (S,L,F) = (A, AD AL12)) we have from [6], [[7(1,1,2)]] =
{[[(A, AW ALY} Now

(A(l’l’z))A(l) — {A(1’172) + o | o= 0,20’1,0’2,20’1 + 0'2}'

Also we have (A, A ACL2D) 2 ( wt951), (A, AW oy + ALY 2 (| 4t 201 +03),
and (A, A(l),A(l’m)) * (,,% + 02), where this last one follows from the fact that
oo + ALL2) 4 27 is not a semilattice. Hence we have obtained Table 6.5 for twist
triple (1,1,2).



168 AzAM, KHALILI, YOUSOFZADEH

(0,1,3) : (S,L,F) = (A, S5®2Zo1,2A) where (S5) = Zoa®Zos. By [5, Corollary
3.20(i)] we have
(170, 1,3)]] = {[[(A, AW, 2A)]], [[(A, L1, 2A)]]},

where L1 = S(0,69,53) @ 2Zo; . It is easy to check that
(2A) ) = {2A,2A + 09,2A + 03,2A + 02 + 03} and (2A)r, = {2A}.

Now
(Aa A(l)a 2A + 02)S01(7 K+ 0'3)903<7 k409 + 03)'

However, (A, A(l),QA) il (A,A(l),@ + 2A) as o2 + 2A is not a semilattice. Thus we
obtain Table 6.5 for twist triple (0,1,3).

(0, 1, 2) : (S, L, F) = (A, A(l), 2Z02@50) where <So> = Ag, and Ay = 2Zo1DZos3.
We have that Sp is one of the semilattices 2Zo @ Zos, S(0,261,63), S(0,261,03) +
201,5(0,261,03) + o3. From [6] we have

(170, 1,2)]) = {[[(A, AW, AP [[(A, A, P},
where F| = 2Zo9 4+ 5(0,261,63). We have

(A(Q))A(l) = {A(Q)a o2 + A(Q)}v

(F1)a) ={o+ F1 |0 =0,201,02,03,201 + 02,201 + 03,02 + 03,201 + 02 + 03}.

Clearly, (A, AW, A®) % (,,x+ 03). Now (A, AN F) 2 (x4 201), (A,AD 09 +
Fl) i (, ,*+201+02), (A,A(l),03+F1> Vid (, ,*—I—20’1+0’3) and (A, A(l), 02+03+F1) i
(,,%4+ 201 + 02 + 03). Also (A, AD gy + F1) is isomorphic to (A,A(l),ag + o3 + 1)
(using ¢4). By looking at the cardinal of images of (F} + 20) N2A, (F1 4+ 02+ 20) N2A
and (Fy 4+ o3 +20) N 2A in AN /2AM (where o € A), one can easily see that

(A AN FL 4 09) 4 (4, %) o (o x+03) o (% + 02).

Hence we obtain Table 6.5 for twist triple (0,1,2).
(0,2,3): (S,L,F) = (S + Zos, A®, Sy @ 2Z0o3) where (Sy) = 2Zoy + 2Z0c9 and
(S1) = Zo1 + 2Zo3. jFrom [6], we have

[[7(0,2,3)]] = {[[(A, AP, 20)]], [[A, %, F1)]], [[(S2, %, 20)]1, [[(S2, %, F)II}

where F; = 5(0,261,262) @ 2Zo3 and S; = S(0,61,02) & Zoz. Now (2A)\@ =
{2A,03 +2A}, and

(Fl)A(Q) = {Fl +o | o =0,201,209,03,201 + 209,201 + 03,
202+U3,20’1+20’2+03}.

Clearly (A,A® 2A) % (,,%x + 03) and (S2,A®) 2A) % (,,% + 03). Now the triples
(A, AP F| + o), for 0 € {0,201,209,201 + 202}, are similar. This is also true for
triples (A,A®) F| 4+ o) for o € {03, 03 + 201,03 + 209,03 + 201 + 203 }. It is clear that
(A>A(2)’F1) 7 (7 X F U3)> (527A(2)7F1) 7 (7 yx + G3)a (527A(2)aF1 + 201) 7> (a yx + 03)
and (Sy, A®) Fy) o (,, %+ 201). Also we have (So, A Fy +03) % (|, %+ 201 +03) ©
(, s+ 201 4+ 209 + 03), (SQ,A(2),F1 + 201 + 0'3)505(, ,x + 209 + 0‘3), and (S2,A(2)’ i+
209)p5(,, x+201) L (,, %4201 +202). Thus we obtain Table 6.5 for twist triple (0,2, 3).

(1,2,2): (S,L,F) = (S1 ® Zo3,A? Sy @ 4Z01) where (So) = 270y @ Zo3 and
(S1) = Zo1 @ Zosy. From [6], we have

[[T(l, 2, 2)]] = {H(Aa A(2)7A(17272))H7 H(S?? *, A(172’2))”7 H(A7 A(2)7 Fl)]]? [[(527 *, Fl)]”?
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where Sy = 5(0,61,62) ® Zog and Fy = S(0,25,53) ® 4Zo1. Now (A122)),) =
{A(172>2)7 20’1 —+ A(1’2’2)} and

(FI)A(2) = {Fl +o ’ o =0,201,209,03,201 4+ 202,201 + 03,209 + 03,201 + 202 + 03}.
The following similarities are immediate using the identity map,

(A, ABLAL2D) (5 + 201),
(A7 A(2)7 FI)N(a vk + 201) ~ (7 yk + 201 + 202)N(7 ,x + 202)7
(Aa A(Q)a o3+ Fl)N(a y X+ 2O-l + 03)N(a y X + 20-1 + 202 + 03)N(a y X + 202 + 03)'

Now if (S, A, A(1:22)) £ (S3, A®) A22) 4 951), then there exists o € Sy such that
©(S) = Sy + o, p(A122)) = AL22) 1 25, + 20. Without loss of generality, we may
assume that o € {0,01,092}, but since A22) ig 4 semilattice, we can take o = oq. In
this case, @(03) € (01 +AP)U(014+02+AP), but (201 +2A@)U (201 + 202 +2AP))N
(4Z01 + 2Z09 + Zos) = @. This gives a contradiction.

By looking at the images of (F} + 20) N 2A, (F1 + 201 + 20) N 2A, (Fy + o3 +
20) N 2A, (Fy + 201 + 209 + 03 + 20) N 2A in A®/2A?) (where o € A), one can
see that (A,A®) F1) o (,,%x+ 03), (S2,A® F)) # (,,%+03) % (,,%+ 201) and
(So, A®) F1+201403) # (,, E) # (,,x+2014+202+03) (where E = F} or Fi4+20; ). Also
by noting that #(2(1/2(F1N2A)NS2))™~ # #(2(1/2((F1 +201+20)N2A) N (S2+0)))”~
(where o € S3) we have (Sa, A® Fy) o4 (,,% + 201). Now if (S5, A® Fy + o3) £
(SQ,A( ) I+ 201 + 03) then (SQ,A( ) B+ 03) é (52 + Ul,A(2),F1 + 03), then by
considering image of Fj+o3 in A2 /2A 2 we have p(o3) € 02+A( ), s0 ©(S2) # Se+o1,
this gives a contradiction. Also if (52, A?D Fy 420, + 03) (S2 + o, A B+ 20 +
209 + 03 + 20), then by considering images of F} + o3 and F} + 201 + 209 + 03 in
AP 20 we have p(01) € o1 4+ 02 + 0 + AP and p(09) € o9 + A?) 50, as before,
©(S2) # Sy + 0. Hence (SQ,A(Q),Fl + 201 + 03) # (SQ,A(z),Fl + 201 + 209 + 03)
and since for each 0 € Sy, 0 € I} +03and 0 € Iy + 201 4+ 202 4+ 03 + 20, we have
(SQ,A(Q),Fl + 0'3) 74 (SQ,A(2),F1 + 201 + 209 + 03).

Also we have

(527 A(2)7 F1)9016(7 ,k + 202)7 (527 A(2)7 F + 20’1)9016(7 y* + 209 + 201)7
(SQ,A(2),F1 + o03) i (,, %+ 209 + 03).

Thus we obtain Table 6.5 for twist triple (1,2,2).
(0,1,1): We have (S, L, F) = (A, A1 Sy) where (Sp) = A1), Also

(A, A(l)v 51(\3(2),1,1))501(7 ) 5/(\3) 1 1))904 G 51(\1(2) 1 1))8015
5 )
(7 ) A(O 1 1))903(’ ) S,(\&) 1 1))901(’ ) S/(\(Z) 1 1))

and (A, AW Si& 1 1))901(7 ) 529(2) 1,1) )3 (55 S,(“o)1 y T+ o2). Also
(A, A(l)a S( (0)1 T 201)‘»011 G S,(\(o)1 1))8015(7 ) (0 1 1))801(3 ) S<1(§?1,1))7
16 17 18 19
(A, A, sgmz D168 ohn), (A AD, (D)o (, Sohn),
(A, A(l)a S/(\(O)l 1))8015(7 ) SA(O)l 1)) (A, AW S (0)1 1))9012(’ ’ S/(\(O)l 1))

and (A A(l)’ Sf\l(?))l 1))%04(7 ) SA(O?LI))'

Therefore,

[7(0,1, 1)]] = {[[(A, AD, So)]] | So € £S5V, |7 € {1,7,8,11,15,16,22,23}}}. (5.6)
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Since, AV is a lattice we have (So) ) = {So +n | n € AV}, Therefore we must find
similarity classes of BC-triples (A, A, E) where E runs through U!_,(ind .11 (i) +
AMY I (A, AW E) ~ (A, AN EY, then there exists ¢ € Aut(V°) such that ¢(A) = A,
o(AD) = AW and p(E) = E' 4+ 20 for some o € A. But since (E) = (E') = AWM we
may assume that o € {0,01}.

ind (0,1,1)(3) : We have (A, A, S/(\1<2),1,1) +02)¢1(,,*+03). Clearly the following
pairs of triples are similar under the identity map: (A, A, S/(\(%) vy) and (,,* + 201),
(A AM S0 +02) and (,x+oa+201), (AAD, S +03) and (% +03+201),
as well as (A, A S((Z)l y o2 +03) and (,,*+ o2+ 03+ 2071).

We claim that (A, A )751(“2)11)) % (A, AD % 4 o). Otherwise there exists
¢ € GL(A) such that o(A) = A, o(AD) = A go(S/(\l(%,M)) = S/(&%JJ) + oo + 27
where 7 € {0,01}. Since S(1<2)1 ;) is a semilattice, 7 = 0. On the other hand 20y ¢
2A(M) 25, € S (2) 11y M2A and (Si% Ly T o2) N2A = 2AM | so by Lemma 5.3 our claim
is proved.

Note that (A, A, S( 2)1 1y T 02+ 03) € Tz, so it follows from Remark 2.5 that

(A A(1)731(\(2)11>) ,7(, (77*+0-2+03)7 (A’A( ) S/(\(g)ll) —|-o'2) 76 (7,*4-0'2—{—03). Therefore,

{1, AD, Sy +7)] € BC(0,1,1) | 7 € AW, ind(Sp) = 3,5 # S\, 1} =

{100 A, L [ A S0, + 0ol [(4 A0, S0y 402+ )]

(5.7)

Note that (Aa A(l)a Sj\(z) 1 1))id (7 ,* + 201)7 (A7 A(1)7 S/(\(Z),l,l) + 0,2)}'33 (7 ,x+ 02+ 20'1)7

(A AW ST+ 03)% (,,*+03 +201),
((A, A, 51(\(2),171) + o9 + 03) (, ,*x+ 09 + 03 + 207),
(A AD, 80 Yori ok + oo+ 03 +201), (A, AN, ST o, %+ 03),
(A AD, 8D+ 0a)er (% + o3).

We have (A, A0, 57 )% (.8, and <A AW ST ) % (LS o) (by

Lemma 5.4(i)). Since 0 € S/(\(%M) and 0 € S A(011) + 09 + 03+ 20 for o € {0,01},

we have (A, AU ),S[(X(%) ) # (”51(\33,1’1) + 09 + 03). Hence by (5.7) and (5.6) we obtain

Table 6.5 for (S,L,FE) € BC(0,1,1) with ind(E —n) =3, ne E.
indy .. (4): We have (A, AN, ST, )2 (% +201), (A AD ST +02) %

(. x+ 0oz +201), (AAD, ST +03)% (|, %+ 03+ 201) and
(A AD, S 1y + 02+ 03)° (xt oa + a3+ 201), (A AN, S )ps(, 5+ 09).

Since S/(\()O,Ln is a semilattice, by Lemma 5.3, (A, A(l),S/(\(Z)M)) * (,,x + 03). Also
if o € {0,071}, then (A,A(l),Sj(iz),m) + 02+ 03+ 20) € T5. So by Remark 2.5,
(A AD, S 1) 7 (s xtoatoy) and (A, AW, S 1 +03) o (,, x+02+03). Therefore
for 7 € A we have
{(AAD, S0y + )] € BOO, 1, 1)} = {[( ). (% + 02 4+ 03)), [ %+ 03)])-
(5.8)

Also, we have (A, A(D), S[(xlal))l 1>)Zd (,,%+ 201), and

id id
(A AU)? S/(\I(}))l 1) + o2+ 0-3)'1\‘ (a yx+ 02+ 03+ 20—1)9012(a y*+ 0-3)()01(7 ,x + 0-2)’Z\J
(77*+U2 +20'1)(101(77*+0'3 +201)'
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Note that Sj(\l(i,)l,l) is a semilattice and Sj(\l((l)?l’l) + 02 + 201 does not contain zero, so the

triples (A, A(D, 51(\1(31,1)) and (,,*+ 02 + 2071) are not isomorphic. Also, by Lemma 5.3,

(A AM SUD )2 (ke 02). So (A AD, 0D ) % (% + on). Therefore

{10, A0, 800+ 1] € BC0,1,1) | 7 € A0} = {[(,, 1), [(.. %+ o2)]}.  (5.9)

If o € {0,01}, then (A, A(l),S/(\S(%“)) * (,,Sj(\l(%))11 + 20) and (A, A, 58 2)11) +

o3) # (,,Sj(\l(iy)lyl) + 02 + 20) (by Lemma 5.4(i)). Since 0 ¢ 51(\8(011) + 092 + 03 and

Sj(\l((l),)lyl),Sl(\l((l)?m) + o9 are semilattices, we get that (A,A( ), S[(xl(é?l,n +o02) % (5, S/(XS(%)’Ln +

02 + 03) 7,% (a ’ Sf\l((l))l 1)) Slmllarlya we have (A A(l)a 51(\8(2) 1,1) + 02 + 03) % (a ) Sl(\l((l)?l,l) +

201), and also (A,A( ),Si(z)l y) # (,,Sj(\l(é)1 1y + 201 + 02). From Lemma 5.3 we have

(A AW S0+ 08) 2 (L S\h +20), (LAD ST ) 2 (,8\Gh + 02), and

(A,A(l),Sj(ﬁz)’LU + 09 + 03) ¥ (,,5’1(\1(}))1 201 +02). So by (5.6), (5.8) and (5.9), we
obtain Table 6.5 for (S,L,F) € BC(0,1,1) with ind(E'—n) =4, ne€ E.

indy0.1.1)(5) : By (5.6), we must check similarity classes which have the form
[((A, A ),SX()O 1y T 7)] where i = 15,16 and 7 € A | Note that S( (0)1 y o +20 =
st (0)1 y t+ o for each o € AWM. So the notions of similarity and isomorphism for the

classes of the form [((A, A" ),521(‘2)1 y +o)] with o € A coincide. Also note that
Sl(\l(g)l yto+o2= Sj(\l(g)l yy + o for each o € AW,

We have (A, AN, S0 |+ 0a)p1(,,SU0h ) +o3) and (A, A, 500, ou(,,*+

03). Since (A, A, st (0)1 y +o2+03) € T, by Remark 2.5, we have (A, AW, SI(\I(?))I y) *
16) id

(., + 02 + 03). Also we have, (A, A, SU0) ) (| x+201), (A,AD, 800 |+ 03)%

(,,%+03+201). On the other hand, by Lemma 5.3, (A, A(D, S/(\ 0)1 1) # (,,x+03). Since

0e St (0)1 ) and S/(\(O)1 1y 03+ 201 does not contain zero we obtain (A, AW, Sﬁ?}?m) ¥

(,,%+ 03+ 201). Thus (A, A, Sl(\l(g)l y) % (5, %+ 03). By Lemma 5.4(1),

(A AW SUD Yo (S0 ) # (L ST, + o).

Since 0 € Sj(\l(g)l y N (5’1(3(0)1 ;) +03) but 5’( 0)1 1) + 02+ 03 does not contain zero, we have

that (A, A, /(\(?))1 1y + 02 +03) is not similar to either (,, SE\(?LM) or (,, S/(“g’)l,l) + 03).
Therefore we get Table 6.5 for triples (S,L,FE) € BC(0,1,1) with ind(E —n) = 5,

nek.

ind,0,1.1)(6) : Tt is easy to check that (A, A(), S/(“O)1 y+ U) (, ,x+ 0 +20p) for

o =0,09,03 and o3 + 03. Also we have, (A,A( ),.5”1(\2((2))1 1)eals,x+03)p1(,, %+ 02). But

by Lemma 5.3, (A, A(l)’S/(X(O)1 1)) % (,,x+ 02+ 03). Since 0 € 51(\2(?1 ) and 51(\2(%,)171) +

09 + 03 + 207 does not contain zero, (A, A() S( (0)1 y) # (,x+ 02+ 03+ 201). Hence
we get Table 6.5 for triples (S, L, E) € BC(O, 1, 1) with ind(E —n) =6, ne E.

(0,2,2) : We have t; = 0,t = 2 and t3 = 2. So A3 = 0, Ay = Zoy @ Zoo,
As = 0, Ag = Zos, (S1) = A4, S5 = 0, (So) = 204 + Ag = A@ = AO22)
S = S10A5PAg = S10Zo3, L = 2A3P2A4DS5PDAg = A® and F = AA3P2A5D5) = 5.
Now let S7 be one of the semilattices

Zo1 @ Zoo, S(0,0’l,ag) =2A4 U (01 + 2./\4) U (0'2 + 2A4). (510)
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Then (S1+Zos, A®), 51(\4(2)7272)%010(51 + Zos + o1, Sffi
(Sl + ZU37 A(Q)a 55\1(2,2,2))9015(7 ) ‘511(\2(2),2,2) )905() A(2)7 81(\3(2),2,2) )9015(a ) 51(\5(2),2,2) )7

(SI+ZU37 A(2)7 5(6(2),2,2) )905(7 3 51(\7(2),2,2))7

(Sl+ZO-37 A(2)7 51(\9(2),2,2) =+ 20—2)@5(7 ) 821(8,2,2) + 20‘1)(1015(7 ’ 51(\1(3?2,2) )(705(7 ) S[(Xl(i,)zp) )(1014
12 11
(Sl + Zos + o1, A(z)v Sl(x(o,)z,z))‘ﬂw(» > S/(\(o,z,z)),
(S1+Zo3, A2 5(5) ) 905(”5(1(3,)2,2))9010(51 + Zos + 01, A, 519 )

2),272)). Also

» D A(0,2,2) » M A(0,2,2)
17 19 20 21
(Sl+ZUSa A(Q)v 51(\(0?2,2))9015(a ) 52(0?2,2))905(7 ) S( (0,)2,2))‘1015(7 ) 32(0?272))'

So [[(7(0,2,2))]] is the set

{[[(S1 + Zos, A®), Sp)]] where S; runs through (5.10) and Sp = S{}, (5.11)
for i = 1,4,8,9,15,17,22,23}.

We now want to find similarity classes of the form [(Sy + Zos, A®), F + 7)], where F
runs through UJ_zind 22 (i), 7 € A®) and S is a semilattice that (S;) = Ay. But we
know that two isomorphic semilattices have the same index, so for each i € {3,4,5,6,7},
it is enough to find similarity classes of the form [(S; 4+ Zos3, A®), F +7)] where F runs
through ind (0,22 (i), 7 € A® and S; is a semilattice with (S;) = Ay. Also it is trivial
that we may assume 7 = mo; + noy + poz, where m,n € {0,2} and p € {0,1}. First
let S; # A4. So consider S = 51 = 5(0,51,02).

ind,(0,2.2)(3): It follows from (5.11) that we must check similarity classes of the

form [(S + Zos, A, S((é)’272) + 7)] where i =1,4.
Y14

i =1: We have (S + Zos, A?), 51(\1(2)’2’2) +209)p5(,, *x+201)~ (,,x+ 201 + 202)

and (S + Zos, A®), 521(2),272) + 209 4 03)@5(, , x4 201 4+ 03) (,, % + 03). We claim that

(S + Zos, A, S0 L) # (% +201).

Note that (51(\1(2)’22) N2A)/2 = S+ Zos and ((S(l) ) +201)N2A)/2 = S+ Zoz + 01, s0

A0,2,2
we have from Lemma 5.4 (ii) that (S + Zos, A%, S/(&z),m)) % (,,x+201). In the same
way, (S + Zos, A, Sj(\l(%z,z)) %2 (S + Zos + o1, S/(\l(z)QQ)). But 51(\1(2)72,2) is a semilattice,

so we have (S + Zos, A?), 521(2),2,2)) % (,,%+201) and, from Lemma 5.5, we obtain that

(S+ZU37 A(2)7 51(\1(2),2,2)) 7(’ (> ,*—|—O‘3). Now (S+ZO-37 A(Q)a Sj(\l(z),zg))a (a a*+03)’ (7 ,*+201) ¢

Ty and (,,*x+ 201+ 209+ 03) € T3, so (S—I—ZUg,A(Q),S[(S(zM’Q)) & (,,x+ 201+ 209+ 03),
(S + Zos, A(2)7 51(\1(2),2,2) + 03) Vel (7 sx+ 201 + 202 + 03)

and (S + ZO’g,A(2),S(1) + 201) 4 (,, %+ 201 + 202 + 03). We can use Lemma 5.5,
A0,2,2)
thus we have (S 4 Zas, A2, S(lg)’w) +03) & (,, %+ 201).

i =4: We have (S +Zo3, A®, 51(\4(2),272) +03)p5(,, %) e15(, , %+ 201)@s5(, , x+ 209 +
03)7
(S + Zos, A®, S, +202)015(, , % + 201 + 202) 77
(, ,x+ 201 + 03)9016(> ,x+ 201 + 209 + 03).

We claim that (S+Zos, A, 51(\4%2,2)) # (,,x+ 201+ 209+ 03). Suppose to the contrary
that (S 4 Zos3, A®), 5'/(\48)’2,2)):’3 (,, x4+ 201 4+ 209+ 03). Then ¢(S + Zos) =S +Zos+o

s ) = S/(:l(%gm + 201 + 209 + 03 + 20, for some o0 € S + Zos. Since

and 90( A0,2,2)
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e

(0,22 15 & semilattice, we may assume that ¢ = o1. Then it follows from Lemma
5.4(ii) that our claim holds. On the other hand, we have }° . 7 € (2A)™ but

A(0,2,2)

27,65(1) 7 ¢ (2A)™. Since 1nd(S/(\(2)2 ) = ind(5(4) ) =3, for each 0,0’ € A®) we

A(0,2,2)
2,2)
have E 7€ (2A)" and resh) | ror 7' ¢ (2A)”. Thus by Lemma 5.4(7),
2t

@
€5, (02,279

for each 0,0’ € A®), the following holds (S + Zo3, A?) Si(z) 22 T0)#(,, 5’1(6(2)7272) +0').
So, we obtain Table 6.5 for triples (S, L, E) € BC(0,2,2) with ind(F —n) =3, n€ E.
indy0,2.2)(4): According to (5.11) we must find similarity classes of the form
(S + Zo3, A®, S\, , ) +7)] with i € {8,9}.
i =8 (S+ ZUg,A(Z),S/(\%VQYZ) + 201 + 202)p18(,, *) o (,, %+ 201)ps(,,*x +
209). Also we have, (S + ZU37A(2)7S/(\%2>,2,2) + o3) S (,, %+ 201 + 03)@5(,, % + 209 +
03). On the other hand, (S + ZO’3,A(2),S/(\8()OY272) + 201 + 202 + 03) € T but (S +

Zos, A, 51(\8(%)2 ), (,x+03) € Tz so by Remark 2.5,

(S + Zos, A?), 5(8(2)72’2)) A (,,x+ 201 + 209 + 03) and
(S + Zog, A®, S\ o) +03) 2 (,, % + 201 + 202 + 03).

Next note that (S + Zos, A®), Sz(\%z)&?)) % (,,%x+ 03). Otherwise there exists ¢ € GL(A)
such that (S + Zos, A?) S/(\S()O 22)) L (,,x+03). So there exists o € {0,071, 02} such that
o(S + ZO’g) =S+ Zos+o, go(S/(\(z)”)) = S/(\(Z)”) + 03 + 20. But for o € {01,02},

0 ¢ 58 (On) + 03+ 20 so 0 = 0. Thus (S—l—Zag,A@),S/(\%n)) > (,,%+ o3). This
contradlcts Lemma 5.5.

i=9: We have (S + Zosz, A, S’l(“% 22) T 209) " (,, % + 201 + 202) and

(S + Zos, A® S((Z)n) +201 +03) ™ (,, %+ 03),
(S+Z<73,A( ). S (2)22) + 209 + 03)¢15(, , x + 201 + 209 + 03).

By Lemma 5.5, we have (S + Zos, 5’1(\%2’2) # (,,*+ o3) and

(S + Za3,A(2),5/(\9(2)22)) A (), %+ 209 + 03),
(S + Zo3, A®, S0 o) +03) o %+ 200),
(S 4 Zosg, A® 5(9(2)22) +201) % (,, %+ 202+ 03),
(S + Zag,A@),S(g()m) +03) A (% + 209),

(S + Zos, A(2)7 S/(XQ(Z)Q,Q) + 202 + 03) 7 (7 yx + 202)‘

Applying Lemma 5.4 (i), we have (S + Zas, A2, S/(\(z) 22)) 7 (5, %+ 201) and

(S + Zos, A®, 5) . +03) # (,, %+ 202 + 03),

(S + Zos, A®, S, +202) 2 (,,%).

Also by Lemma 5.4 (iii), we have

(S+ZU A( )7’9/(\(2)22) +201) % (77*+202)7

(S + ZG37 A( )a 51(\9(2),2,2) + 201) % (S + ZG3 + 02, 7*)‘

So, (S + Zos, A?), S(gzw) + 201) # (,,* + 202). By Lemma 5.5, if o € {0,03,201 +
209 + 03} and 7 € {0, 03,201,202, 209 + 03} we obtain (S + Zogz, A®) S/(\(%”) +0) ¥
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(s 8(9&)22) +7). So for 0,7 € A® we have (S+Z(73,A(2),S[(\8(2)72’2) +0) A (,, st (2)22) +7).
Therefore, we get Table 6.5 for triples (S,L,E) € BC(0,2,2) with ind(E —n) = 4,
nek.

ind(g,2,2)(5): By 5.11, it is enough to check similarity classes of the form [(S +
Zos, A@, S ()02 o + 7)) for i =15,17.

i = 15: Using Lemma 5.5, we see that (S + Zog, A®), Sj(\l(‘z,)w)) % (,,%+ 03) and

similarly (S 4+ Zos, A S/(\(O)2 ) 7% (,,%+202+03). But (S+Zos, A®), S[(\l(?lm +209+
03) % (,,x + 03), by Lemma 5.4(ii). On the other hand, (S + Zag,A(Q),Sil(g,)w)) 2
(7 ,x + 202)'
i = 17: By Lemma 5.4 (i), (S + Zosz, A, S/(X(O)Q ) # (S + Zo3, A®) x4+ 207).
Also (S + Zos, A, S,(\1<Z,)2,2> +209)p5(, , % + 201) (,, %+ 201 + 202), but
SooreenT, Y #¢(20) and ind(S\5),,) = ind(S\7,,) = 5.
TES(I(O)Q 2) /65(1(2)2 2)

(2) = 7
So for each o € A¥, we have }° ests), 2)+UT € (2A)7 and ) rest  to 4

(2A)~. Hence by Lemma 5.4(i), for each n € {0,01,00} and o € A® | we have
(S + Zos, A® 5(1[2)2 y +0) # (S + Zoz + 77,,5( 0)2 2 +2n). So for each 0,7 € A®)
we have (S + Zos, A?), SS(?Z% +0) A (,, S(lz)z 2y + 7). Therefore, we get Table 6.5 for
triples (S, L, E) € BC(0,2,2) with ind(F — 17) =5,nek.

ind ) 0,2,2)(6): We have

(S + ZU37A( ) 51(\2(3)2 2))@14 (7 yx T+ 20—1)@5(7 y*x + 20—2)@15(7 %+ 201 + 202)
(S + Zos, A?) 51(\2(3)2 o + 201 + 03)@5(, % + 200 + 03) R (,, % + 201 + 202 + 73).

But by Lemma 5.5, we have (S + Zas, A, Sg(o)z 5 +03) 4 (%) & (,,x+ 201 + 03),

and by Lemma 5.4(ii) (S + Zos, A2, S/(\(O?M) + 03) % (,,* + 201 + 03). Therefore, we
get Table 6.5 for triples (S, L, E) € BC(0,2,2) with ind(F —n) =6, n€ E.
Now let S; = A. Since for each 1 < i < 23 and o € {0,03} we have

(A, AP, ,S’/(\i()om) + 0 + 209) ~ “ (,,x+0)~ i (,, %+ 0+ 201) ~ (,,* + 0 + 201 + 202)
so by 5.11 for each i € {1,4,8,9,15,17,22,23}, we must check if (A, A®), s ) and

A0,2,2)
(A,A(Q),S[(\Z()()ym) + 03) are similar. But by Lemma 5.5, for ¢ € {1,8,9, 15,22}, we have

(AvA(z)a‘S’,(\i()o,z,z)) # (,,x+03), and for 0,7 € {0,053} and (r,s) € {(1,4),(8,9),(15,17)},
we have

(A A S0 +0) o (S +7)

On the other hand, SI(X%’)Q@ - (0)2 , to3 and (A, AR Sz(\<23 22))95(; %+ 03), s0 we get
Table 6.5 for triples (S, L, So + 7) € BC(0,2,2) with (Sp) = A®), 7€ A®),

(0,3,3): (S,L,F)=(S1,2A,Sp) where (S1) = A and (Sp) = 2A. So there exists
a one to one correspondence between the set of A-pairs and 7(0,3,3) and also there
exists a one to one correspondence between the set of translated A-pairs and BC(0, 3, 3).
It is easy to see that there exists a one to one correspondence between the set of directed
similarity classes of translated A-pairs and [BC(0,3,3)]. So by Proposition 4.2 and
Table 6.2, we have [BC(0,3,3)].

This completes the proof of proposition for the twist triples listed at the end
of Section 2. The result is 182 non-similar BC'-triples which are listed in Table 6.5
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(the last column shows the number of BC-triples for that particular twist triple). The
classification for dual triples can be obtained routinely as in [6]. Since the twist-triples
(0,0,3), (1,1,2), (0,1,3), (0,2,3), (1,2,2) and (0,3,3) are self dual, it follows that we
have 114 more non-similar BC'-triples, so the total is 230. ([l

6 Classification tables

The isomorphisms used in the proofs

1 0 0 1 0 1 1 0 0 1 0 0
p1=10 0 1 ],92=|0 1 0 ],e3=]0 1 1 |,pa=1]0 1 0],
01 0 |0 0 1 | |0 0 1 | 0 1
01 0 [1 0 0] (1 0 0] 1 1 1
ps=11 0 0 |,96=|0 1 0 |,pr=]1 1 1 |,p8=]0 1 0],
0 0 1 i 1 1 | |0 0 1 | 0 0 1
(1 0 0] 1 1 0] 1 2 2] 1 0 2]
Y9 = 1 1 0 P10 = 0 1 0 y P11 = 0 1 0 P12 = 0 1 1 5
|0 0 1 | |0 0 1 | |0 0 1 | L0 0 1|
1 1 27 1 1 27 1 0 2 (1 0 0]
p13=|0 1 0 |,pu=|1 0 0 |,015=|0 1 0 |,06=|0 1 2|,
0 0 1 0 0 1 0 0 1 0 0 1
_ Z _ _ - Z _ Z (6.1)
0 1 2 0 1 2 1 0 0 1 1 0
pr7=|1 0 0 |,pi8=|1 0 2 |,p19=|1 1 2 |,p0=|0 1 2},
L0 0 1 | |0 0 1 | |0 0 1 | |0 0 1 |
1 1 27 (1 1 17 1 0 0] [0 0 17
p1=10 1 2 [,p220=|1 0 0 |,p23=| 1 1 1 |,p24a=|0 1 0 [,
L0 0 1 | |0 0 1 | |0 1 0 | |1 0 0 |
[0 0 17 (1 1 0] (1 1] M1 1 T
w25 =1 1 1 1 [,026=| 0 1 0 |,p27r=1]0 0 1 |,p28=|1 0 ,
L0 1 1| |0 1 1 | |0 1 0 | |0 0 |
[1 0 1] 1 1 1] (1 1 0] 1 1 0]
w20=10 1 1 |,030=110 1 0 |,p31= 1 1 |,p32= 1 0 O
L0 0 1 | |1 0 0 | |0 0 1 | |0 0 1 |
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Table 6.3.
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Translated A-pairs up to directed similarity

index (S, F+n) #
(33) o (517,507, <sx>1, sgl>2)+ o), 6
(s{ ,SA)+0'1+02(;r)0'3()2)(S( 1,8, (5,82 + o),
(Sy 7,8y’ +o2+03)
(3,4) (5,55, (5,55 1), (50,55 1 ), 6
S\, 8% 401+ 00+ 03), (S(”, s(”)), (5", 5(? + o1 + 03)
35) | (50, 5T) (gD g |, s<1>,s“5)+a +os). (S DY [ 4
"y A4 e 2105), (80", 55 )
(376) (SA 7SA )7 (SA 7SA +01+0'2+O'3) 2
(3,7) (s, n) 1
(4,3) (5%8%52”)7 <5§S>,S“> 1), (S“” sé” + o) 6
(S, 5\ + o1 + 02 + 03), (55\8 .S ° ) +01)
(4,4) (5K, S, (53, s(8> o1), (Sf) S§8)+a3> 8
(55\8)75(53)) (S(S) +0. ) 8) 59)4_0.5
(S,(\&,S,(\g + 02+ 03), (Sf\g),S(g) + 01+ 02 +03)
475 5(8)73(15) , 5(8)75(10) +o , (8)75(15) + 03), 5
(9) (% AS<8§ é(~<1A7> A gty )
( A 0 PA )7(SA 7SA +01+02)
(4,6) (sY,s%?), (sxg’,s@” +03), (5P, 5% + o1 +02) 3
(4,7) ), A) 1
(5,3) (51(35)»51(\1))(» ()S(Alf))» 55\1)( ) )(()S(H’) S(l)f‘?ffg) (s, 50 | 4
(5,4) (s{, 5N, (517,85 + 03), (S{7, 57 + 02), 5
(5(15) 5(10>) (5(15) S(10)+0'2+03)
(5 | (557, 507), (5§ () s<15>+ 2), (S (A“),sgw’), (507,57 4 03) | 4
(5.,6) (s}j"’%sg”)) (55115; S%? + o5 + 03) 2
(5,7) (Sy %) A) 1
(6.3) 22 8 (51(\222)2755\12 (5(22) Sm +0222+ 038) 2
(6,4) 5 5, (ST, + 01 1 02), (527,50 4 o1 1 ) 3
22 15 22 15
(6,5) (502,50, (577, 50 )—i-cr) 2
(6.6) (51(\22)’51(\22)) (5(22) 5(22)+ D 9
(6,7) (sg”%A) 1
(7,3) A, 50) 1
(7.4) (.5 1
(7,5) (A, 50°) 1
(7,6) (A, S 1
(7,7 (A A) 1
Total 73
BC-triples, up to similarity for v =1,2
v (tl,t,tz) (S,L,E) #
1 (0,0,0) (A A A 1
1 (0,0,1) (A, A, 20), (A, A, 2R + o1) 2
1 (0,1,1) (A, 24, 24) 1
1 (1,1,1) (A, 2A, 44) 1
2 (1,2,2) (A, 2A,2AM) (50,61, 62), 2A, 2AM), 3
(8(0,81,52),2A,2A0) 4+ 257)
2 (0,1,2) (A, A 2A), (A, AT 2A 4 09) 2
2 (0,0,0) (A, A\ A), 3
(A, A,5(0,61,62)), (A, A, S(0,61,52) + 01 + 02)
2 2,2,2) (A, 24, 4A), 3
(3(0,5'1,5'2),2/\,4/\),(5(0,51,52)72A,4A+20’1+20’2)
2 0,2,2) (A, 27, 2R), (5(0, 51, 52), 2A, 25(0, 51, 52)), 5
(S(O,5‘1,5’2),2/\,25(0,5‘1,5‘2)+20’1),
(A, 2A,25(0,51,52)), (S(0,51,52), 27, 2A)
2 (1,1,2) (A, A 2AM) (A, AD 2AT 4 o) 2
2 (0,0,2) (A, A, 20), (A, A, 2A + o), 3
(A75(07&17&2)72A)
2 (1,1,1) (A, A 4Z0) + Zow) 1
2 (07171) (A7A<1>7S(072&17&2))7 3
(A, A, 5(0,251,52) + 02), (A, AN, AD))
2 (0,0,1) (A A AD), (A A AD +01) 2
Total 32
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BC-pairs, up to similarity for v =1,2

(tl,t,tg) (S, E)

(0,0,0) (A, N)

(0,0,1) (A, 2A + 01)

(0,1,1) (A, 2R)

1,1,1) (A, 4N)

(1,2,2) (A, 2AM) (5(0,61,52),2AM)
(5(0,51,52),2A0) 4+ 207)
(0,1,2) (A, 2A + 02),

(0,0,0) A, A, 3
(A, 5(0,51,5‘2)), (A7 5(0,5'1,5‘2) + o1 + 0‘2)
2 (2,2,2) (A, 4A), 3
(S(O, 61,02), 4/\)7 (5’(0, o1, 5’2), 4N + 201 + 20’2)
2 (0,2,2) (A, 2A),(5(0,61,52),25(0,61,62)), 5

(S(O, 5’1,5’2),25(0, 5‘1,5’2) + 2(7'1)7
(A, 25(0,51,62)), (5(0,651,52),2A)
2 (1,1,2) (A, 2AM 4 o9) 1
2 (1,1,1) (A, 4701 + Zos) 1
2 (0,1,1) (A, 5(0,251,62)), 3
(A, S(0,251,52) + o2), (A, A1)

2 (0,0,1) (A, AD +4y) 1
Total 25

N =] =R
w| || =3k

[N}
—

[\

BC-triples, up to similarity and duality, for v =3

(S,L,E)

177

(0,0,0)

(0, A, S, (A, A, SV + 01 + 02 + 03),
(A, A, S, (A A, S + 01 + 02 + 03), (A, A, S(Y),
(A, A, SU), (A, A, () + 01 + 00 + 03),
(A A, ST, (A A, S + 01 + 02 + 03),
(A, A, A)

10

(0,0,1)

(A, A AD) (A, A AD +0y),
(A,A, 2701 + S(O7 5’2,5’3)), (A, A, 2Z01 + S(O, G2, 5’3) + 0'1)7
(A, A, 2701 + S(O, 5’2,5’3) + o2 + 0'3)

(0,0,2)

(A, A AP (A A, AP 4 03), (A, 5(0,51,62) ® Zoz, AD)

(0,0,3)

(A, A, 20), (A, A, o1 + 2A), (A, S, 20), (A, S, 20),
(A, 507, 21), (A, ST, 20), (A, 51, o1 + 24)

N1

(1,1,1)

(A, A AT (A AT 4701 + S(0,62,53)), (A, A 4Z01 + S(0,52,53) + o2 + 03)

(1,1,2)

(A, A ATL2) (A AD gy + ATL2))

(0,1,3)

(A, A 2A), (A, AD o5 + 2A), (A, 2Z01 + S(0,62,53), 2A)

(0,1,2)

(A, A AN (A AD o0 + AD) (A, AT 2Z05 + S(0,2561,63)),
(A7 A(l),o'Q + 2Zo2 + 5(0,2&1,5‘3)) A, A , 2709 + S(O 20’1,0’3) + 0'3)

gl W

(0,2,3)

/\A\/v

(A, A®) 2A), (A, AP o3 + 2A), A<2>, 2(5(0,51,62) + Zo3)),

(A, AP o3 4 2(5(0,651,82) + Zo3)), (S(0,61,52) + Zas, A, 20),
(S(0,61,62) + Zoz, A o3+ 2A),(5(0,51,62) + Zoz, A?),2(5(0,61,62) + Zos)),
(S(0,51,52) + Zos, A o3 +2(5(0,61,52) + Zos)),

(S(0,51,52) + Zos, A®) 201 + 2(5(0,51,62) + Zo3))

(1,2,2)

(A, A®) AT2.2)) (A AP [ 5(0,252,53) + 4Z01),

(A, A®) o3 + 5(0,259,53) + 4Z01), (S(0,51,52) + Zoz, AP | S(0,252,53) + 4Z01),
(8(0,61,52) + Zoz, A a3 + S(0, 252, 53) + 4Z01), (S(0,51,52) + Zoz, A2 A(1:2:2)),
(5(0,51,62) + Zoz, A A1:22) 4 95),

(S(0,51,52) + Zos, A 5(0,282,53) + 4Z01 + 201),

( (0 0170'2) +ZO’3,A(2> S(O 20’2,0’3) + 4701 + 201 +O’3)

(S(O 5’1,0’2) +ZO’3,A(2) S(O 2(72,0’3) + 4701 + 201 + 202 +O’3))

10

(0,1,1)

(A, A S( A0,1, 1)) (A, A(l) Sé\(o 1,1) +02),
(A, A 5“2) Ly T o2+ 0s), (A AWM ST (A, AW, sUD ),

A0,1,1)
(A, A(l) S< A(0,1,1) +02), (A, A S(S(L 1, 1)) (A, A S(8<)o 1,1 T 02 +03),

(A, A, 2ot gn b Fo3), (A A0, 800y (A, A, *5016) ) +03),

A(0,1,1) A0,1,1

(Aa A(l)zsils) ) (A A(1)7S(1(0)1 1) + 02 + 0—3) (A’ A(1)755\22) )’

(0,1,1) (0,1,1)

(ALAD, ST +oa+a3), (4,40, A0LD)

16
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(t17 t7t2)
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(S,L,E)

(0,2,2)

(5(0,61,62) + 705, AP, 500 T o07),

(S(0,61,52) + Zos, A ST GO

A00,2, 2))
(5(0’01702) +ZO’3,A( )’SA(0,2,2) +0’3),
(5(0,61,62) + Zos, A, Sf\l()O,2,2) + 201 + 202 + 03),
(8(0,61,52) + Zos, A2 5(4(2)22)) (5(0,51,62) + Zos, A, 5(4()022) +209),

(5(0,61,62) + Zas, A, 51(32,22)) (5(0,61,52) + Zos, A S( ) oz +00),

(5(0,51,52) +Zos, AL, S\ A0,2,2) T 201 + 202 + 03),(5(0,51,62) + Zo3,A(2 51(\9()0 2.2) )5
(5(0,61,62) + Zos, A2 s(9> ) +201), (S(0,61,52) + Zos, A2, S/(\e(z)”) +20),

A(0,2,2
(3(07&17&2)+2037A(2) 5(9022) +0’3) (5(0,5'1,5'2)+2037A<2) 31(}92322) + 209 +03)
(3(0,31,52)+Z03, A2) Sﬁ\l(ig 2)) (5(0,5'1,5'2)—‘,-20'3,/\(2) SA(O)2 2 +0_3)
(5(0,61,52) + Zos, A1), Su(i)z 2y 202+ 03),(5(0,61,52) + Zo3, A, S<1(?))2 )

(5(0,61,52) + Zos, A?), S 1(@2 2 +201),(S(0,61,52) + Zog, AP 522 )
22)

(S(0,61,62) + Zos, A2, S(A(O?m +03), (S(0,61,2) + Zog, A®, S<A(012’2) s 4 03),

(5(0,61,62) + Zog, AP, A),
(A, S o) +02), (AP, 51 »)
(A, AP s® ), (A, A® 5(8()022) +o3), (A, A, 6

A(O 2,2) (0,2, 2)
9 15
(A, A A, S( <)0 572) +03), (4, A3, 25;\(0)2 2)) (A, A3, 2‘82;\(0 2,2y T 0’3)
(A, A®@) S( ) ), (A, A s¢ ), (A, A2 51(\(022) +o3),

A(0,2,2) (0,2,2)

(A, Af\) A(2))

1
(A, A® S,(\()o 2,2)

36

(0,3,3)

(s[(\l),QA,QSm) (S/(\l),ZA 2(3(1)+02))7
(8,20, 2(8Y + o1 + 02 + 03)), (S, 24,282), (54, 2, 2(SP + 00)),
(51(\1)’2A 2 (\” + 02 + 03)),

(Sj(xl),QA QS ) (S 1) 20 2(5( )"!‘01)),
(557,28, 257 + 03)), (S, 20 2(5(86\—1— o1+ 02 +03)),
(S<1),2A, 25(1?) S(A> 24,2 S<12> + 01 4 03)),
(31(\1)72/\,25(15)), (S(l),ZA,Z(S(15) +09)),
(50:2,2(50% + 00 + o)), (54, 28,250,
(51(\1),21&’ 25/(\22)))7 (SX1>,2A,2(S/(\22) + 01402 +03)),
(s, 24, 20),

(5™ 27,25, (5,20, 2(5( + o)),

(5™ 24,2(51) + 3)), (S, 28,250 1 01 + 02 + 03)),
<S(S 2,250), (5® 20,2(50 4 o),
s® 2, 25(/é , (59,20, 2(5 (% +o1)),
< 8>,2A,2(s<8> +03)), (sf),m, 250)).
(5(8)’2‘/\’2(51(\9) + 02))7 (55\8)72A7 2(55\9) + 0'3))7
(55\8)7 2A72(S/<\9) + 02 + 03)), (55\8), 2A,2(S’1<\9) + 014 02 +03)),
(5%),24,25(")), (50,24, 2(5 + 02)),
(58,20, 2(51% + 03)), (S8, 24,25(7)),

(8) (17 (8) (22)
(SA7520,2(Sy " + o1+ 02), (847, 20,2577,
(51(\8)7% 2(5(22)+ 3)), (31(\8)’2/\72(51(\22)+01+U2))7
(5,2, 2), (5, 24,25y,

(S<15> 2, 2(8 1}1) +02)), (5535)’2/\72( >+02 +03)),
(5(15)72/\723(7)) (5(15) 24, 25(8))
(S/(\15),2A,2(S,(\8) 03)), (5(15) 2A,2(S (8)+02))7
(51(\15),2A,25(Alo)) (5(15) 24, 2(S< >+02+U3)),
(5,1(\15)72/\725(15))7 (S(l5 721\,2(5(15) +0_2))7
(Sf\l5>,2A,2Sf\w>), (s 15),2A,2(S 16) +03)),
(51(\15),2/\,25(22)), (5535 ,2A,2(S/<\22 + o9+ 03)),
(507,28, 20), (5S¢, 20,251,

(5S¢, 2, (258 + 02 + 03)), (ST, 20,25,
(55\22),% 2(5(8> + 01+ 02)), (5(22) 2A 2(5(8) + o1+ 03)),
(S<22) 2A 25(15>) (S<22 2A 2(5(15) +02))7
( (22) 2A 2S(22)) (S 22) 20, 2 ?22) —|—o’
(S 24, 21),

(A, 22,25(), (A,24,25), (A, 24, 25(),
(A,2A,250%), (A, 24,20)

73

Total

182

+Dual

230
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Table 6.6. BC-pairs, up to similarity and duality for v =3

(t1,t,t2)

(S, E)

179

3| (0,0,0)

(A, 55\1))7 (A, Sf\l) + o1+ 02 +03),
(A, 5(8)) (A, S(S) + 01+ 02 +03), (A, S(H)),
(A 5(15)) (A, S 4 61 + 03 + 03),

?22)) A, Sy 22 4 51 4oy + 03),
(A A)

10

(A,A(l) +0‘1)7 (A7 2701 + 5(0,52,5’3) +O’1)

(A, A(l’l’l)), (A, 4701 + S(O, G2, 5’3)), (A, 4701 + S(O, g2, 5’3) + o2 + 0'3)

(A, 09 + ATLL.2))

(A, 02+ A®),
(A,O’2 + 2Zo2 + S(O, 25’1,5’3))

N =] w| N

(A, 2A + 0'3), (A, o3 + 2(5(0, o1, 5’2) + ZO’S)),
(S(O, 1, 5’2) + Zos, 2N + (7'3))7
(5(0,61,52) + Zo3, A, 03 + 2(5(0,61, 52) + Zo3))

(A, A(122)) (A, S(0,262,63) + 4Za1),
(A703+S(0,25'2,5'3)+4Za’1),(5(0,5’1,5’2)+ZO’3,S(0,25’2,5’3)+4ZO’1),
(S(0,51,52) + Zos, 03 + S(0,252,53) + 4Za1)), (S(0,51,52) + Zoz, A2,
(5(0,61,62) + Zos, 201 + A2 2)) (5(0,61,62) + Zos,S(0,262,63) + 4Zo1 + 201),
(S(O 0'1,0'2) +Z03,S(0 20’2,0’3) + 4701 + 201 +0’3))

(S(0,61,02) + ZU?,,S(O7 25’2,53) + 4701 + 201 + 209 + 0'3))

10

(0,1,1)

T
(A, SA(O 1 1)) (A, S/(\(E) 1,1) +02),

L e 11
(A, 8¢ ()0 1y tozto3), (A, S/(\(Z) 1)s (4 S/(\<0>~111>)’

(A S, 1y +02), (850 1) (850, 1) + 02 +03),
(A, S(S)o 1,1) +03), (A Sl(xl(?))1 1)) (A, S( (0)1 1) +03),
(A, SAl(?))l 1)) (A S/(\l(?l 1y to2 +03), (A, Sf\z(?l 1))

(A, SA(0,1,1) + 02+ 03), (A, A(O’l’l))

16

(0,2,2)

(5(0,51,52) + Zos, sf&hm ), (S(0,51,62) + Zos, S&l&ﬂ) +201),

(5(0,5'1,5'2) + ZO’3,SA5\1(2)12,2) =+ 0'3), (5(0,5'1,5'2) + ZUS’SE\I(G?Q) + 201 + 209 + 0’3),

(80,61, 52) + Zo, S\ 1 2): (5(0,51,52) + Zors, S\, o) +209),

(S(0,61,52) + Zos, S\ 5 ), (5(0,61,52) + Zors, S\, ) +03),
(S(0,61,52) + Zos, S, , 5y + 201 + 202 + 03), (S(0,61,52) + Zo3, S\ 5 ),
(S(0,61,62) + Zos, S/(\()O’zz) +201),(5(0,61,62) + Zos, 55\9(212‘2) + 202),
(8(0,61,52) + Zorg, Sy 5 5y +03), (S(0,61,52) + Zos, S, , ) + 202 + 03),
(8(0,51,52) + Zos, Sl(\lf)),m ), (S(0,51,62) + Zos, sAlf,)’Q,Q) + 03),

(S(0,61,62) + Zos, Sl(\l(i)z 2) + 209 + 03), (;5‘(0,5’17 62) + Zos, S<1(Z)>,2,2))7

(5(0,61,52) + Zos, 57, 5, +201), (S(0,61,52) + Zo3, 5005 ),

A0, % A0,2,2)
(S(0,61,52) + Zos, SCo), ) + 03), (S(0,61,52) + Zos, S50, ) + 201 + 03),

(5(0,51,52) + Zos, A®), (8,54, ),

(A, S<1)022) +03), (A, S<(022)) (A, S(S) )s

A(0,2,2)
(A S((022)+C’3) (A, 5(9()022)) (AS(022)+‘73)
15 17
(A S/(\(o>2 2)) (A, S( A(0,2,2) +03), (4, 52(0)2 2))
(A5, ) (05D 4 og), (A,AG)

A(0,2,2) A(0,2,2)

36

(0,3,3)

(s, 250y, (s“> 25y + 02)),

(55\1)7?( sy Jlral + o2 +03)), (1 (1)72851(\%)’ (151(\1)’ 2(83/(\2) + 02)),
(50, 2(s¢ >+02+03)> (SX),25< D, (57,2887 + o)),
(55\1),2(5(8) + 03 ) + o1+ 02 + 03)),

(s¢ g 25 12) A) 2(5(12) + 01+ 03)),

(S(l) 25(15)) ( (1) 2(S<15>+ a2)),

(2(58D 4 oy § ) (50,2520
(S(Al),zsf?’), (Sﬁ”,ggsﬁfm +01+ 02 +03)),

(S}, 24),

(59,250, (5,25 + 01)),

(SR, 28K +a3)), (S0 25 401 + 02+ 3))
(S(S) 25(4)) ( 2(S<4)+0'1))

(/%3) 25(}3)) S(S) ,2(S¢ +o‘1))
<S§8>,2<S(A8> o3)), (5,250,

(5%, 2(59 + 02)), (S, 2(5 + 03)),

73
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(S, E)

(0,3,3)

(5©,2(57 + 02 + 03)), (S,2(5T + 01 + 02 + 03)),

(8,250, (5O, 2(5("™ + 02)),

(50, 2(5 + 03)), (s“” 25,
(S®,2(5'" 4+ o1 + 02)), (s<8), 2s<22)),
(5, 2(57% + 03)), (S 2(5”"’ +01 +02)),
(s, 2n), (s“"’ S<1 ),
(549,255 + 02)), (S8 (S + 03 + 03)),
( 15) 2(5(7))) (5(15) 25(8))
(5315),2(5@) + o3)), (s<15> 2(5(8) 1 03)),
(5(15) 25(10)) (5(15) 2(5(10)_"_0_24_0_3)),
5(15) 25(15)) (5(15) 2(51(\15)4_02))’
(509 9500 (519) 55l 0
(s(l“’s\ 25(223\ (s 3\ (s<22 + 02+ 03)),
(5(15)72/&)7( (22) 25(1))

(s, (23,(\1) ton+ o), (s?”) 25'Y),
(50,28 + 01 + 02)), (572, 2(5(8> + 01+ 03)),
S 22) 25(15)) (5(22) 2(5(15) _’_0_2))7

22) 28 22)) 22)72(5(22) +o1)),
(s(”),z/\),(/\,zs“)), (A, zsjf”), (A, 25(%)),
(A, zsf”), (A, 2A)

Total

157

+Dual

226
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