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Abstract. The Kashiwara-Vergne conjecture states that the Campbell-
Hausdorff series of a Lie algebra can be written using a certain couple of functions.
In this paper we consider universal solutions which apply to every real finite-
dimensional Lie algebra. We prove that a universal solution of the Kashiwara-
Vergne conjecture verifying a natural symmetry condition is unique up to order
one. In the Appendix by the second author, this result is used to show that the
solutions of the Kashiwara-Vergne conjecture for a quadratic Lie algebra which
exist in literature are not universal.
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1. Introduction

Let g be a Lie algebra over K =R (or K = C). Recall (see e.g. [3] Chap. 2, §6,
Thm. 2, page 56) that the Campbell-Hausdorff series

1
ZXY) =X +Y 4+ [X. Y]+

defines an associative multiplication for XY € g sufficiently small. Here ...
stands for a series in multiple Lie brackets between X and Y. If g is an abelian
Lie algebra, the Campbell-Hausdorff series reduces to Z(X,Y) = X +Y. In
the general case, there is a classical Dynkin formula [4] for Z(X,Y) expressing
the coefficients in terms of ratios of factorials. Recently, Kathotia [6] gave a new
formula for Z(X,Y’) using Kontsevich’s diagrammatic technique [7].

In [5], Kashiwara and Vergne put forward the following conjecture on the
properties of the Campbell-Hausdorff series which sometimes is referred to as the
“combinatorial Kashiwara-Vergne conjecture” (see for instance [8]). To state it,
we introduce the notation

ot) = ﬁ —1- %tJro(t)
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for the generating series of Bernoulli numbers, and a separate notation for the
analytic function

U(t) = —(p(t) —1)/2.
Kashiwara-Vergne conjecture. Let g be a finite dimensional Lie algebra
over K. There exists a pair of g-valued analytic functions A and B defined on
an open subset U C g X g containing (0,0), such that A(0,0) = B(0,0) =0, and
for any (X,Y) € U one has

Z(Y,X)— X —-Y = (id—exp(—ad X))A(X,Y) + (exp(ad Y)—id) B(X,Y), (1)
tr(ad X001 A(X,Y)+adYodB(X,Y))=tr (¥(ad X) + ¢ (adY) — ¢ (ad Z))), (2)
where Z = Z(X,Y), and 51A(X,Y), 0:B(X,Y) € End(g) are defined as follows:

SAX,Y): U % AX +tUY), 6BX,Y):Uw— % B(X,Y +tU).

t=0 t=0

This conjecture was established for solvable Lie algebras in [5] and for quadratic
Lie algebras in [9]. Recently, the general case was settled in [2] based on the earlier
works [7, 6, 8].

We denote by K[[t]] the ring of formal power series, and we call a solution
of the Kashiwara-Vergne conjecture universal if A and B are given by series in
Lie polynomials of the variables X and Y:

AX)Y) = pX + Bad X)(Y) + oY)
B(X,Y)=aX +~y(ad X)(Y) + oY)

with B(t), v(t) € K[[t]], «, p € K, and both o(Y") are of type

o(Y) € Z Z K adgaxyny 0+ 0adq xyie-1y oad X )7 (V).
= jh"'vjk >0
Te=1 < Jk

If (A, B) is a universal solution, the coefficients of the Taylor expansions of A and
B are the same for all Lie algebras over K.

The set of solutions of the Kashiwara-Vergne conjecture carries a natural
Z/2Z-action,

(A(X,)Y),B(X,Y)) — (B(-Y,—X),A(-Y,—X)). (3)

A solution is called symmetric if it is stable with respect to this action. Averaging
of any solution produces a symmetric solution. Hence, without loss of generality
we can restrict our attention to symmetric solutions. It is well-known (see for
instance [8]) that a, p and ((¢) are uniquely determined by the Kashiwara-Vergne
equations and by the symmetry condition. In this note we prove the uniqueness
statement for the function y(¢) (see Theorem 5.2). Thus, the symmetric universal
solution of the Kashiwara-Vergne conjecture is unique up to order one in Y.

In the Appendix by the second author, this result is applied to show that
solutions of the Kashiwara-Vergne conjecture for quadratic Lie algebras obtained
in [9] and [1] are not universal.
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2. Preliminaries

In this section we recall some elementary properties of Lie algebras.

Remark 2.1.  (Free Lie algebra with two generators). We denote by Lk(z,y)
the free Lie K-algebra with generators x and y. In this section we use the Hall
basis H of Lg(z,y) defined in [3] (Definition 2, page 27). Recall that H consists
of Lie words with the following order relation: x,y € H and x < y; if the number
of Lie brackets in a € H is smaller than the number of Lie brackets in b € H
then a < b; and we omit the description of the order relation for a and b of equal
length. The basis H is built inductively starting with z,y, [z, y], and one adds
the elements of the form [a, [b, ¢]] such that a,b,c,[b,c] € H, b < a < [b,¢], and
b < c. In particular, one easily proves by induction that

Vn >0, (adz)"(y) € H.

Remark 2.2.  (Finite-dimensional Lie algebras gy ). Let N > 2, and Iy be the
ideal of Lg(z,y) generated by {ad Zy0---ocad Zn(Z); Z1,.... Zn,Z € Lx(x,y)}.
Then gy := Lx(z,y)/In is an N-nilpotent Lie algebra with basis H/Iy. In
particular, gy is a finite-dimensional Lie K-algebra.

Proposition 2.3.  Let £(t) € K[[t]]. The following statements are equivalent:
i) for any Lie K-algebra g and all XY € g we have £(ad X)(Y) =0,
i) £(t) =0,

iii) for any finite-dimensional Lie K-algebra g and all XY € g we have
¢(ad X)(Y) =0.

Proof.  First we show that i) implies ii). Let n € N. By rescaling X — tX
and applying i—ﬂtzo we get &,(ad X)"(Y) = 0. Choosing g = Lx(z,y), X ==
and Y =y we get &, =0.

This proof is easily modified to get that iii) implies ii). In fact, it is sufficient
to replace the infinite-dimensional Lie algebra Lk (z,y) with any gy such that
n<N-—-1. ]

3. The Campbell-Hausdorff series

In this section we derive a formula for (¢). This requires a rather standard ma-
nipulation with the Campbell-Hausdorff series which we include for completeness
of the presentation.

The free Lie algebra Lg(z,y) with generators z,y is graded with degrees of
z and y equal to 1. We consider the degree completion U(Lg(z,y)) of its universal
enveloping algebra. Then, for any z € Lg(z,y) the expression

[e%9) o o
Z— U(Lk(z,y))
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defines a group-like element in U(Lx(z,y)). Moreover, there is an inverse function
In mapping group-like elements to Lk (x,y), and the Campbell-Hausdorff series is
the expression for

1[x,y]—l—...

In(e®e’) =z +y+ 5

Proposition 3.1. The following formula holds true in the free Lie algebra with

two generators x,y
d

- . Z(ty,x) = ¢(ad z)(y).

Proof.  Let’s denote 2, = Z(ty,z) = In(e"e”) and introduce g,; = e*** €
U(Lk(x,y)). We use the identity

Os ((0195)951) = 9s. Or (954 (0s9st)) 9ot

and integrate over [0, 1] with respect to s:

Ger)e™ = (Go)on

= fo s(atgstgst) ds
= fo s O (951 (0sgs)) 9ot ds
— fo ( s ad z¢ dzt) ds

exp(ad z¢)—1 dz

ad z¢ dt *
By putting ¢t = 0 one obtains
dz; B ad z
dt|,_, expadz)—1 4

where we have used zy =z and

d 2t —2t __ d ty —x _—ty __
<E6>6 —<E€ 6)6 e =y. N

Proposition 3.2.  In a universal solution of the Kashiwara-Vergne conjecture,
p(t)—1
B(t) = Balt) := p(—t) <% + a) )
Proof. In (1) we rescale Y by tY compute the derivative at ¢ = 0, and use
Proposition 3.1 to get a formula for E o Z(tY, X):

plad X)(V) =Y = (id —exp(—ad X)) o B(ad X) (V) — a(ad X)(Y).
By definition, (id —exp(—t)) = ¢(—t)~'t, so we get
p(—ad X)o (plad X) —id4+a ad X)(Y) =ad X o f(ad X) (V).  (4)
Equation (4) is verified for X,Y € g sufficiently small. Since ¢ is an entire
function, (4) is verified for all X,Y € g. As we look for a universal solution of

the Kashiwara-Vergne conjecture, (4) is verified for every finite-dimensional K-
Lie algebra g and for all X,Y € g. Then Proposition 2.3 applies and we get

p(=0)(p(t) =1+ at) =15(1). m
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4. The equation with traces
In this section we derive formulas for p and «(¢) from the Kashiwara-Vergne equa-

tion (2). We begin with a technical remark, where K[¢] is the ring of polynomials.

Remark 4.1.  Let A\, p € K\ {0} be two distinct numbers, and g, , = Ka &
Kb @ Kc be the 3-dimensional Lie algebra with Lie brackets [a,b] = 0, [a,c] = Ac,
[b’ C] = Mc

The expression Z(€a, esb) is well-defined if €1, €5 € K are sufficiently close
to 0 € K. As [a,b] = 0, the Campbell-Hausdorff series gives

Z(€1a, €9b) = €1a + €3b.
Moreover, for all polynomial £(t,u) € K[t,u] we have
tr({(ada,adb)) = (A, 1) +2£(0,0). (5)
Proposition 4.2.  In a universal solution of the Kashiwara-Vergne conjecture,
i) p=0,
i) Y(t) = 7a(t) := Balt) = Fa(0) +¢'(0) — ' (2).

Proof.  Here we write 3(t) = _ ., 3,t" and we use the analogue notations
also for v(t) and v (t). We consider Equation (2) and we rescale Y — €Y. Then
(adYe) 0 5 B(X,Ye) =adY ovy(ad X)e + o(e), and

n—1
0AX,Ye)=pid—> B, (ad X)/ oad ((ad X)"""7Y)e + o(e).
n>1 =0

Choosing the Lie algebra in Remark 4.1 as g, Y = b, X = a; := €;a with ¢ # 0,
and ¢, ¢; sufficently closed to 0 € K, we get

ada; o 01A(ay,be) = pada; — Z efn(adar)” oadb+ o(e),

n>1

Y(adar) + Y(eadb) — v(ada; + eadd) = €(¥'(0)id —¢'(aday)) o ad b+ o(e).

Then Equation (2) gives

tr(p aday) + etr(( — Z Bn(adar)™ +v(aday) — ¥'(0)id + ¢’ (ad a1)> o ad b)

n>1

+oe) = 0. (6)

) Setting € = 0 we get tr(pada;) = 0. Then property (5) gives p = 0.
i) Applying - ‘ to Equation (6) we get

tr(( — Blad ay) + B(0) + y(ad a;) — ¢'(0) id +¢'(ad a1)) o ad b) =0. (7)
Let n € N. Applying L to (7) and using (5) one can show that that
e =

—Bn + 5(0)0n.0 + v + ¢, — ' (0)0,,0 is zero. In particular —3(t) + 5(0) + v(t) +
10— (0) = 0. .
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5. Symmetric solutions

In the previous sections we did not determine the value of the constant «.

Proposition 5.1.  In a symmetric solution of the Kashiwara-Vergne conjecture,

one has a:i.

Proof. By imposing the symmetry condition (3) on a universal solution of the
Kashiwara-Vergne conjecture, we obtain

Ba(ad X)Y +0(Y) = —aY —y,(—ad V)X + o(X).

Setting X = 0 gives (,(0) = —a. Since

5a(0) = p(0)(¢'(0) + @) = —3 +a

we get « —1/2 = —a and a = 1/4. [

We summarize our results in the following Theorem:

Theorem 5.2.  In a universal symmetric solution of the Kashiwara-Vergne con-
jecture the lower order terms are of the following form,
A(X,Y) = By (ad X)(Y) + oY),
1
BX,Y) =X + (8

(.

(ad X) — ¢/(ad X) + %id) (Y) + o(Y).

1
4

71 (ad X)

with B, (t) given in Proposition 3.2.

6. Appendix: Comparison with quadratic solutions

by E. Petracci

Vergne and Alekseev-Meinrenken both considered a quadratic Lie algebra and
obtained symmetric solutions. We ask whether these solutions are universal. In
fact, quadratic Lie algebras have the special property that tr((ad X)?*"cadY) =0
for any n € N and any pair of vectors X, Y . This simplifies the Kashiwara-Vergne
equation (2).

In the following remarks we use the notation y(t)oaq := (y(t) — v(t))/2 for
any power series (t) € K[[t]].

Remark 6.1.  (Vergne’s solution for quadratic Lie algebras). We denote by
By (X,Y) the B found by Vergne in her paper [9]. Following this article we find
By(X,Y)=1X +w(@dX)(Y)+o(Y). Let
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after a long calculation we find that the power series vy (t) is given by

1 1

tyw'(t) + 2y (t) = gt — EtSO(—t)R(t)@/(t) =

1 1 1 1
= T4 2 3 A 4.
sl TRt Tt o)
This differential equation gives Yy (t)oaa = V1 (t)odaa. For a symmetric universal
solution we have (see Theorem 5.2)
1

1 1 1
Wi () +271(t) = 3t E752 + 51t3 — @t“ + o(th).

In particular, the symmetric solution found by Vergne for a quadratic Lie algebra
is not universal.

Remark 6.2.  (Alekseev-Meinrenken’s solution for quadratic Lie algebras). Let
Ban(X,Y) = aan +vam(ad X)(Y) + o(Y) the B found by Alekseev and Mein-
renken in [1], Bap(t) their power series (3(t), etc.

Following their paper [1] and the paper [9] of Vergne, after some efforts we
find the following formulas. Let g(¢t) = $R(t), and let II(¢) be the power series

such that ¢II'(¢) 4 2I1(¢) = 5¢(t) ™" — g(t)e(—t)(1 — ¢(t)). Then

Bam(t) =1I(t) — 7 (g(t)w(—t) - %g@(t)l) L= o) +

PAM = 07

(=) (8) = e(-09(0t (Ban(=1) = 30(0) = 0)) +

0 () — 5t
1

AN — —.
4

Using Maple, we get Ban(t) = ﬁi (t), Yanr(t)oaa = Y (t)oaa, and

1 1 1 1
tyar () + 2 t) =t + —t* + =t — —t* +o(t").
In particular, the symmetric solution of Alekseev and Meinrenken is not universal,

and it is different from the solution of Vergne.
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