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Abstract. Let be G a connected semisimple real Lie group with a compact
Cartan subgroup. Harish-Chandra proved formulas for discrete series characters
which are explicit except for certain integer constants appearing in numerators.
The main result of this paper is to work out a new formula for the constants
when G is a split group.
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0. Introduction

Let GG be a connected, semisimple Lie group. In Harish-Chandra’s work on the
Plancherel formula [7], the discrete series of irreducible unitary representations
plays a crucial role. Their characters are actually analytic functions on the regular
set of G, and it is a fundamental problem of harmonic analysis to find formulas
for the characters as functions on the regular set. Harish-Chandra gave formulas
which are completely explicit except for certain integer constants. Later on, Harish
Chandra and Okamoto found the constants when G is a real rank one group, and
Hecht did so for the holomorphic discrete series. For general G, Hirai has given
explicit but very complicated formula. Lately, by means of the Schmid reduction
[17], Herb [10] and Goresky, Kottwitz and MacPherson [4] have given explicit
formulas for the constants. More precisely, let G’ be the set of regular elements
on G, and H C G a Cartan subgroup. Fix H a connected component of H NG .
Then if © (A) is the character of the discrete series representation with infinitesimal
character )\, Harish-Chandra showed that
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[4] have given a geometric explicit formula for the constants n (w, A, H )

In this paper, whenever G is a split group and H is the identity component of a
split Cartan subgroup, in Theorem 3.5 we work out a new formula for n (w, A, H > .
Applications of this formula are found in the Ph. D. thesis of J. Bigeon [2].

This paper is organized as follows. In the first section we recall some nota-
tion. In the second section we find explicit candidate for the constants n <w, A, H )

and prove their main properties following similar ideas as in [4]. In the third sec-
tion in Definition 19 and Theorem 3.5, we prove our formula for the constants

n (w, A, H > for the identity component of a split Cartan subgroup of a split group.

1. The function ¢g¢ (C,x,7)

In this section we recall some notation from [4]. For this section, we fix a real vector
space V', ® aroot system of V* and (-,-) an inner product in V* invariant under
the Weyl group W(®) of ®. Unless we say otherwise, we assume that ® spans
V*. We use the terminology in [4] and [3] on coroots, coweights and fundamental
coweights. (+,-) also induces an inner product on V' and orthogonality (denoted
by L) refers to these inner products.

Let C' be a chamber of V* relative to @, Ag (®) = {ay, ..., a,, } (respectively
®/) the simple roots relative to C' (respectively the positive roots relative to
C). Hence the 1-dimensional faces of C are given by the fundamental weights
{wi, ...,w, } associated to {ay, ..., }.

Definition 1.1.  If C' is a closed convex polyhedral cone of V*, we denote by
C* the subset {x € V | 7 (z) > 0 for every 7 € C}.

Let CV = ﬁlwi_l (0,400), hence CV = C is a simplicial closed cone
in V. Unless we indicate the contrary, in this section all chambers in V* are
chambers in V* relative to ® and the chambers in V' are given by the subsets
CV of V, with C a chamber in V*. The 1-dimensional faces of CV are given
by the fundamental coweights {Hj,...,H,}. Since the map C —— CV is a
bijection between the chambers in V* and the chambers in V', for convenience
we denote its inverse also by C' —— C"V. Hence, the subsets CV of V', with C a
chamber of V* are exactly the chambers in V relative to ®V. If H € V', we set
ker (H) ={p € V* | ¢ (H) = 0}.

If HeV, we write &y = {a € ® | a(H) = 0}, this is a root subsystem of
®. If C is a chamber in V', let C* denote the only chamber in V' relative to ®Y,
that contains C'. If H € V and ®7 is a system of positive roots of ®, we write
o}, for @ NPy

For two chambers C; and Cy in V', we denote by lg (C7,Cy) the number
of root hyperplanes in V' separating C; and C,. Thus, if w € W(®) is the
only element in W(®) such that wC; = Cy, then lev (C1,Cs) = [ (w), where
the length [ (w) is taken relative to Ag, . Since ker (o) separates Cy and Cy iff
ker (o) separates CY and CY, we have

lov (C1,Cy) = 1s (CY,CY) .
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We now recall the function ¢ (x,7) considered in [4] and some of its
properties.

Let C be a closed convex polyhedral cone and let F¢ be the set of faces
of C.

Definition 1.2.  If C is a closed convex polyhedral cone and F' is a subset of
C, we denote by F*:=C*N{r e V* |71 (F)=0}.

If X is a subset of ..., let £x denotes the characteristic function of X.

Definition 1.3. If C is a closed convex polyhedral cone of V, let

YoV x V* — 7Z be the map given by o = > (_1)dim<F> ¢

()

Thus we have ¢ (x,7) = 0 if = does not lie in the linear subspace spanned
by C' and

Yo (1,2) = (=)™ Ve (2, 7) (1)

If C' is a subspace of V', we have

dimV . o
v ={ 20 g

Let C be a chamber in V relative to Y. If ® generates V*, let n = dimV,
{aq,...,a,} C V* the simple roots of ® relative to CV and let {Hy, ..., H,} CV

be the dual basis of {ay,...,a,}. For © = > a;H; and 7 = > by, I ={1,...,n}
i=1 =1
we set

I,={iel|a>0} and [, ={iel|b >0} .
Since C is a simplicial closed cone, Lemma A.1 of [4], gives us
(L =11,
Yo (@,7) = { 0 otherwise
If V* is not generated by &, let V, = Qq) ker (o), @ : V. — (V/V)

the canonical projection and let #’ be the natural identification between the

annihilator (V)" of Vy, and (V/Vz)", then, by (A.2) in [4]

welen) < { (VTGO TG

Definition 1.4. If C is a chamber in V, z € V and 7 € V*, let

Ve (Cox,T) = Z(—l)lq’V(C’D) Yp (z,7), where D runs over all chambers in V
D

relative to .

If V* is not generated by &, with the same notations as in (3) and since
(V)" agrees with (@), we have

be (C,z,7) = { (=D (@) (7(; (C),m(z), 7' (1)) g: ; égi S
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Lemma 1.5.  Fiz H a coweight, x € V and let Y =ker (H) in V*.

i) For each chamber of V*, g (C,x,-) : V* — 7Z is constant on the set of
D -regular elements.
Assume that 7 and 7' are ®-regular elements of V* lying in adjacent ®-
chambers, separated by the hyperplane Y and assume further that T (H) > 0
and 7' (H) < 0. We denote by T the image of z in V/RH and by T € Y,
the unique element lying on the line segment joining T and 7. Then

it) Yo (C,x,7) — e (C,z,7") = —21g, (C’H, z, ?) if RH contains a coroot and
0 otherwise.

Proof. Lemma 1.2 in [4] and [5]. ]
If C is a chamber in V, we write by dc (®) = 1 > o and I'(®) (re-

acd,
spectively T'r (®)) for the lattice in V' generated by the cov&feights (respectively
coroots) of ®. We denote by A, (®) = Homgz (I'(®),C*) and A (®) =
Homg (I'r (®),C*). The inclusion I'g (®) C I' (®) induces a surjection A, (®) —
A (®) whose kernel we denote by ZV (®). Thus, we obtain the exact sequence

o~ —

1 — ZY(®) = Age (P) — Agg (®) — 1.

We denote by (-,-) the natural C*-valued pairing between I' (®) and
A, (®) or between I'p () and A (D).
For s € A,. (®) such that s* € Z¥(®), we define the subsystem of roots of @,
oY :={a" e d'|(aY,s) =1} and P, ={a € P |a¥ € D)}.

If C' is a chamber in V' we denote by C* the unique chamber in V', relative
to ®Y, which contains C'.

Lemma 1.6.  Let x € V regular, s € z‘/l;: (®) and T € V*. For the next equality
the sum runs over all chambers D in V' relative to ®.

i) % (=1 PN (5p (D) = 6c () ,8) vp (2,7) = tha, (C*,2,7).

it) If rk (®g) < rk (®), the left-hand side of the equality in i) vanishes for every
x €V reqular and 7 € V*, ®-reqular.

iii) If s> # 1 the left-hand side of the equality in i) vanishes for every x € V
reqular and T € V*, ®-regular.

Proof.  Assertions i) and iii) are Lemma 1.4 of [4]. A proof of ii) can be found
within the proof of the Lemma 1.4 of [4]. [ |

For the rest of this section we assume that —1 € W (D).

faed, let &, :={5€P|(8,a)=0}. Since —s, fix a, by a Lemma of
Chevalley, —s, € W(®,). Hence, —1g, € W(®,). From the identity —1s_.5, =
—14 we conclude

rk(®y) =71k (P) —1. (5)
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Since, o € 5% ker (), (5) implies that o lies on a 1-dimensional face
€Pq

of a chamber C' of V. Hence, there exists a coweight H, such that o € RH,.
Thus &, = &y, . Since —1 € W(P,), every ®-chamber of V* is contained in a
unique ®,— chamber of V*. If o € & and C is a chamber in V', we denote by
C® the unique chamber in V' relative to ®; which contains C'.

Besides, on Y = ker (o) C V, in addition to the usual chambers relative
to @), we consider the connected components of ¥ — /Lajker (6) where (3 runs over

the roots that have a nonzero restriction to Y. These connected components are
called chambers in Y relative to ®¥. Hence, if D is a fixed chamber in V', the

[e)
—

map C —— Cy =Y NC (interior relative to Y') is a bijection between the set of
chambers in V' relative to ®/ and lying on the same side of Y as D does, and
the set of chambers in Y relative to ®V.

Lemma 1.7. For a € &, C a fized chamber in V so that Y = ker («) is a
wall of C' and x, ©' regular elements in V', lying in adjacent chambers of V,
separated by the hyperplane Y . Assume that x and C' lie on the same side of Y .

If y € Y is the unique element lying on the line segment joining x with =’ and
D :=C*NY, then,

i) For each T, ¥ (C,-,7):V — Z is constant on every chamber in V.
ii) For each x, v¥¢ (C,x,-) : V* — Z is constant on every ®-chamber.

iii) y is reqular in 'Y relative to ®,,

?;U) wq’ (O’ Z, 7_) - ¢<I> <07 .CE/, 7_) = 2w<1>a (D7 Y, T\Y) ’

v) If T is ®-regular, then, Ty is P -reqular.

Proof. i), ii) follow from the definition of ¥¢ (C,x,7) and iii), iv), v) are proved
as in Lemma 2.1 of [4]. [

2. The function bggy (¢, C,x,v,1)

In this section, we define and analyze the properties of the geometric function
ba(g (¢, C,x,v,t), a function that is similar to the one defined by [4] in Section 6.
Throughout this section, we fix a real semisimple Lie algebra gy and gg =
to ® po a Cartan decomposition. We assume 7k (go) = 7k (§) and fix t; a Cartan
subalgebra of £, thus it is also a Cartan subalgebra of go. In addition we assume
that go is a split real form. Let ® = ®(g,t) (respectively & = Pk (g,t) and
Oy = Py (g,t)) be the roots (respectively compact roots and noncompact roots)
of g relative to t.
Since gy has a compact Cartan subalgebra as well as a split Cartan subal-
gebra, we have that —1 € W(®).
Let C be a chamber in ity relative to ®V, @gv the positive roots relative to C'

and 6c =3 > . The chamber C' determines a subsystem
ae@év

Py ={aecd|a(ic)c2Z} .
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We recall that if uw € W (®), we have
Dy 0 = uPy o and W( Py ) = uW (Pa o) u™ . (6)

We denote by W(@g,(;) the normalizer of W (@, ) in W(®). Since for a € Oy ¢
and w € W(®), wsaw™! = Syuq, we have

W (Do) ={w e W(P) | w (Do) = DPac} -
Applying Proposition 7.145 of [15] to ¢t € W(®) and ‘stTC, we obtain
{w e W(®) | woic — 6o € 2T ()} = W (Daye) (7)
and .
{w e W(®) | wic — 0ic € Porc} = W (Paye) - (8)

Since go is split real, by [1] Proposition 6.24, there exists a chamber C
in ity relative to ®" such that every simple root (relative to the order @7, ) is
noncompact. For a € Agv (®) a simple root relative to CV, « (dc) = 1, hence,

Q9 o = @i Therefore W(Py o) = W(Pk) and W(Pqy ) = W(Pk). Thus, C” is

a chamber in ity relative to ®¥ such that ®9 v = @i iff ' € W(Pg) C. Finally,
if x € ity is regular relative to ®, we denote by C, (or D, ) the unique chamber
in ity relative to ®V that contains .

Definition 2.1. Let C' be a chamber in ity relative to ®V, x € ity regular
relative to ®, ¢ a ®-regular element of (ity)" and v,t € W(®), we denote by

bo (¢, Coz,v,t) = > (=) P Dy (z09)
wEvW(<I>27tc)

Our main goal will be to show in Theorem 3.5 that, for suitable ¢, C', z,
v and t, that bg (¢, C,z,v,t) are the constant n (w, A, f[) for the character of

the discrete series on the identity component of a split Cartan subgroup. For this
purpose we now show that the constants bg (¢, C, x,v,t) satisfy certain properties
which characterize them in a unique way.

Proposition 2.2.  Let C be a chamber in ity relative to ®V, x € ity reqular
relative to ®, ¢ a ®-reqular element of (ity)” and v,t € W(®). Then

i) For each ¢, v, t and C, the map bg (¢,C,-,v,t) : ity — Z is constant on
every chamber of ity relative to ®V.

ii) For each z, v, t and C, the map by (-,C,x,v,t) : (ity)" — Z is constant on
the ®-reqular elements of every chamber in (ity)* relative to @.

iii) For every u € W(®), bg (¢, C,ux,uv,t) = bg (¢, C, x,v,t).
iv) For every u € W(@gytc), be (¢, uC,z,v,t) = be (¢, C, z,v,t).
v) bg (¢, C,x,v,t) =0 unless vo is <0 in D,.
vi) If ® = O then bg (¢,C,x,e,e) = 1.
vii) For every u € W(®), bg (ug, uC,z,vu=t utu™) = by (¢, C, x,v,1).
viii) For every u € va((I)Q,tc), b (¢, uC, x, v, utu™") = bg (¢, C, x,v,t).
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Proof. (i) This follows from the definition of be .
(iii) We have

be (¢, C,uz,uv,t) = 3 (—1)l<1’v (DugwC) e (uz, uved)

wEqu(@z’tc)

_ Z (_1)14)\/ (uDz,uwC) wuwc (Uﬂf, U/U¢)
weoW(®s,0)

=bg (¢,C,z,v,t) .

(v) By Proposition A.5 of [4], be (¢, C,z,v,t) = 0 unless (vo) () <0, and
by i), be (¢, C, z,v,t) depends only on the chamber D, .

(vi) is a consequence of (2).

(vii) We have

be (up, uC, z,vu~t utu™t) = 3 (—1)14’V(D”7wuc) Yuuc (T,00)
wEvW(q)Q,tc)u_l

=be (¢,C z,0,t) .

(viii) If w € W (Dauc), by (6, W(Pyuc) = W(Paue), hence viii) follows,
(ii) By the definition, the map bg (-, C,x,v,t) : (ity)" — Z is constant in

every ®-chamber. By Lemma 1.6 i), for every s € A,. (®) such that s* € ZV (®),

we have
D (=1)= D) (5 — G, 8) o (v, B)
= (=) Dy (7 (tC) 7w (v ), 7 (9))

where the sum runs over all the chambers D in ity relative to ®¥. We will show
that (9) is constant on the ®-regular elements of every chamber of (ity)" relative to
O, If rk (®5) = rk (P), by Lemma 1.5, (9) is constant on the ®4-regular elements
of every chamber in (ity)" relative to ®, C ®, hence it is constant on the ®-regular
elements of every chamber in (ity)" relative to ®. If rk (®,) < rk (®) by Lemma
1.6 ii), (9) vanishes on all the ®-regular elements in (ity)".

The map s — (0p — o, ) is a character of the group

(9)

{se;x;(@) | s2e 7Y (@)} .

Thus, if we denote by Ng = HS € A, (@) | s € 2V (@)} , we then have

S sy = { Ve 00— b € Ma(@)
D tC,S) = 0 ifop—die & 2I'g (D)

SEALo(®)|s2€2V (B)

That is, the sum vanishes unless the character is trivial.
Hence, summing (9) over {s € A, (@) |s* € 2V ((ID)}, we obtain

Ne > (=) P g (07, 9)

DI|6p—8yc €20 r(®)

= > > (=1 PG — G0, 5) Yp (v, )

SEAL(D)|s2€2V (@) D

= (=1 () S e, (n(tC), 7w (vle) T (9)) -

$E A5 (D)|s2€2ZV (d)



336 BIGEON AND VARGAS

By Lemma 1.5, the last term is constant on the ®-regular elements of any
chamber in (itg)" relative to ®. Now, we have

(1) P Y (v, )

D‘éD—5tCE2FR(q>)

_ Z (_1)lq,v(C,wC) ¢wC (U71I7¢) '

wEW(‘:I))l’w(StC—(StCEQFR(q))
Thus (7) and iii) imply

(—1)+ P (v, )
D|op—d:c€2T'R(P)

= X ("D (vl 9)

weW(®s,ic)

_ (_1)Z¢V(C,DU711> 2 (_1)Z¢V(va1z,w0) wa (v_lx,¢)

weW(®2,ic)
(—1)l‘1’V (C:D,-1,) by (6, C vz, e,t)
(_1)lq>v(C,Du—1x) bo (¢,C,z,0,t) .

Hence

be (¢, C,x v, t) = N%) (—1)l<1>v (C.D,-1,) (_1)l¢v(C,tC)
X e (@ (tC) 7 (v7he) 7 (9))

SEALe(D)|s2€2V (D)

Therefore, bg (¢, C, x,v,t) is constant on the ®-regular elements of every chamber
in (ity)" relative to ®.

(iv) By Lemma 1.6 iii), if D runs over all chambers in ity relative to ®V,
we have

¥ S YO G — b s) v (v, 9)

$E€Ase(®)|s2=1 D

= > S(=1) VOV (5 ) — bre, s)bp (v, )

SEAG(®)|s2€2V (@) D

(10)

If s e g; (@) is such that s> = 1, the map s — (6p — i, s) is a character of
the group

{SGZS\C(@) | s* = 1}
and it is the trivial character iff 0p — dic € Pouc. Hence, if we denote by
Zy = Hs € A, (®) ] s* = 1}‘ we have

S 8>:{ Zy if 6p — 610 € Tr (Payc)
D tC, 0 if 5D - (5,50 ¢ I'r (@2,750)

SEA e (P)|s2=1

From (8) we obtain

(1) P g (v, §)

D|ép—06:c€P2 tc

_ Z (_1)Z@V(C,w0) wa (’U_ll'7§b)

weW(®)|wdsc—dtc €P2 i

= Y (D)0 (7 0)

weW]| ‘1>27tc)
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By ii) equality (10) becomes

Zo X (O (07, 0) =
WEW(‘Pz,tC)

= Np (—1)l‘1’V (C:Dy-1,) be (¢, C,x,v,t)

hence

Zp Z (—1)l<I>v (Py14uC) Ywe (v_lm, qb) = Ngbg (¢,C,z,v,t) .

wEW(q)Q’tc)
If u € W(Pauc), by (6) we have W (Pypuc) = W(Paye), then

Nabs (6,uC,z,0,t) =Zp 3 (=1 Peem@ iy o (i, )
wew(‘%,tuc)
=Zs Z (_1)l<1>V(Dv—117’LUC) ¢wC (U_la,’,gb)
weW(‘%,tc)

= N<I>b<1> ((b; Ca z,v, t)
which concludes the proof of the Proposition. [ |

For the rest of this section we fix a € ®(g,t). Let be Y, = ker (a) C t,
then by (5), —1y, € W(®, (g,t)) and @, (g,t) spans (Y,)*. We assume also that
®, (g,t) satisfies the conditions in this section, namely ®,, (g, t) is the root system
of a compact Cartan subalgebra of a split real Lie algebra. The algebra is the
semisimple factor of the centralizer of a in gy and the compact Cartan subalgebra
is Y,. In Lemma 3.1 we will show how to chose such an «.

Given y € Y, regular relative to ®, = @, (g,t), we denote by (Cy,), (or
(Dy.),) the unique chamber in Y, relative to ®, where y lies.

Definition 2.3. Let C be a chamber in it, relative to ®V, let y € Y, be
regular relative to @, let ¢ be a ®-regular element in (ity)" and let v,t € W (®).
We define

b, (0. Coyvt) = > (0P (g e),y, )

weEW(Pq )O”L)W((Pg’tc)

Proposition 2.4.  For every u € W(®) and notation as in Definition 2.3
bga (uqﬁ,uC,y,vu‘l,utu_l) = bga (¢, CLy,v,t) .

Proof. = We have
b (ug, uC,y, vu, utu~)
_ Z (_1)Z¢V((DYQ)y,WUCYQ) ¢wu0ya (y7 (UU—1U¢)|YQ>

wEW(@a)wu= W(®, 1)

= bga (¢7 C? y? U? t) N
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Proposition 2.5.  Let x and x' be reqular elements in ity relative to ® lying in
adjacent chambers of ity relative to ®V, and such that the chambers are separated
by the hyperplane Y, , fix a chamber C of ity relative to ®V, ¢ a ®-reqular element
in (ity)", v,t € W(®) and let y € Y, be the unique element lying on the line
segment joining x with x’. Then

i) y is reqular relative to ®,, .
ii) We have

b‘b (¢7 Ca z,v, t) + b@ (¢7 O? {El, v, t) - bga (¢> Ca Y, v, t) + bg <¢7 Ca Y, Sal, t) .

@

Proof. (i) It is a consequence of Lemma 1.7.

(ii) Because of Proposition 2.2, we can assume z’ = s,z. Owing to Propo-
sition 2.2 iii) and Proposition 2.4 it is enough to assume that Y, is a wall of C
and that  and C' lie on the same side of Y, . Hence

bo (¢, C,x,v,t) + be (¢, C, x, 840, t)
= X ()P (2, 09)

wevW(@s,0)

+ 0 (~) Py e (@, 5a00)
wEvW(ngc)

,t

= Z (_1)lq>\/ (Do) [wa (%, U¢) - wa <3ax7 U¢)] .

wEvW(CI>27tC)

We assume « (z) > 0 (the case a(z) < 0 is analogous). By Lemma A.2 of
[4], we obtain

be (¢, C,x v, t) + by (¢, C, x, 840, 1)
= > D)) Yuey, (v (00)y, )

wevW(®s,0)
Here
1 if Y, is a wall of wC' such that
x and wC' lie on the same side of Y,
n(w)=< —1 it Y, is a wall of wC such that
2z and wC do not lie on the same side of Y,
0 if Y, is not a wall of wC'

By Chevalley’s Lemma, Y, is a wall of wC' iff w € W(®, U {£a}). Since
al ¢,, W(P,U{£a}) = W(P,) Us W(P,). If we W(P,), z and wC lie on
the same side of Y, and x and s,C' do not lie on the same side of Y, , we then
have

1 ifweW(P,)
nw)=<¢ =1 ifwe s, W (P,)
0 otherwise

Now because of Lemma 1.1 i) in [4] lgv (Dg, wC) = lgy ((Dya)y,UJCya),
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hence

b<1> (¢a 07 x€,v, t) + b‘i’ (¢> Ca X, S0, t)
_ Z (_1)lq>g<(DYa)y,’UJCYa) l/chYa (yj (Ugb)‘ya) —

WEW(®a)wW( 2,0 (11)

_ S (_1>lq>g ((Dva),wCyy) waYa <y7 (U(b)lya) .

WESq W(@a)ﬂvW(CPQ,tC)

Since (sa@)y, = @y, and for every w € W (®,), we have (sqwC)y, =
(wC)y. and thus (11) is equal to

bga (¢7 C? Y, v, t) + bga ((ba Ca Y, Sal, t) .

This proves Proposition 2.5. u

Proposition 2.6.  If C is a chamber in ity relative to ®V such that Y, is a
wall of C' we have

i) For B € ®,, then, 0 € ((IJOC)ZCYQ iff Be€ Dy

ii) W(®a) MW (@50) = W((@a)y0, )

Proof. We assume ®y ¢ # O (otherwise the assertion is trivial).
i) We decompose 3 (d¢) as the sum

5 (Ocy, (®4)) + oo B+ DI

'quz'zv —®alB(vY)=0 ’YEQE\/_@M/B('YV)#O

Notice that every summand is an integer. In order to show that the parity of

B(6¢c) and (3 (dcy, (Pa)) agree, it is enough to verify that > B(HY)
YEDL, ~BalB(7¥)#0

is even.

Let Acv = {ay,...,a,} and let {wq,...,w,} be the associated fundamental
weights. Since Y, is a wall of C', we may order Agv such that wy,...,w, € Yy,
that is (a,w;) = 0 for every i, 2 <i < n.

We prove that for v € &}, — ®, and 3 (7") # 0 then

a) sa () #7

b) sa (7) € Py — Pq

c) B(v")=8((5a(7)") -

Coupling v with s, (7) in > B(7Y), a), b) and ¢) show that

a6<bzv—<1>a|,8(fy\/)7£0
this is an even number.

We now verify a), b) and c).

a) (sa (7)) = (7,54 (a)) = = (v,0). Now 7y & @, hence (y,a) # 0.
Thus if s, (7) = 7, we would have (y,a) = 0.

¢) B((5aM)") = oy e ().8) = &5 (150 (8)) = 555 (1. 8).
Hence (3 ((sa (7)) = B(1Y).
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b) (8q (7),a) = —(v,a) #0. Thus s, (7) ¢ ®,. Since v € ¥, for every
i, 2<i <, (sa (), wi) = (7, 8a (wi) = (7,wi) 2 0.

We return to the proof of i). If (y,w;) =0 for every i, 2 < i <n we would
have v = £« a contradiction, because 3 € ®,. Hence, there exists 7, 2 < <mn,
such that (s, (7),w;) = (v,wi) > 0, thus s, (7) € 5y, and i) follows.

We now show ii). By i) is enough to prove that W(®,) N W(Py) C

W<(®a>2,0ya) :
Let w € (W(Q,) N W (D)) — W(((I)a)wy > of minimum length (mini-
mum relative to (q)a)jcya)v = &}, N®,). Thus, its length [ (w) is positive and

there exists 8 € A, yv such that I (sgw) < (w). Also sgw € W<(q>oz)2,cy ) C
W(®s,). Then

s = sgww™" € W(Pac) C W(Doc) = {w € W(P) | w(Pyc) = Py}

That is, sg (®2,0) = $2¢. Since

Blc)=" > B+ D> BRY)

veRL, 1B(7V)=0 vERL, 1B(7V)F0

in order to show that 3 (d¢) it is even is enough to prove that

> B (vY) is even.

Ye®t, [B(7V)#0
We prove that for v € /.y, v # 8 and [ (7") # 0, then,
d) B ((s5 (1)) = =B (7") and hence s5 () #~ and 5 ((s5(7))") #0
e) sg(7) € DLv.
We now show d) and e).
d) B ((ss(7)") = ;)) (8,56 (1) = 57 (35 (8),7) = =5 (B:7)-

(5818807
Hence (3 ((s5(7))") = =8 (")
e) Since 3 is simple and 3 # v we have sg(7) € ®F .
Coupling v with sg(y), d) and e) shows that > gHY) =

veDL 1B(yV)#0
B(pY) =2

We now conclude the proof of ii). Hence, [ (d¢) is even and thus § €
Q0N P,. Byi) ss e W<((I)a)2,cy > Thus w = sg(spw) € W((@a)zcy ), a
contradiction, which concludes the proof of the Proposition. |

Proposition 2.7.  Let C' be a chamber in ity relative to ®V such that Y, is a
wall of C', y € Yy, is reqular relative to ®,, ¢ € (ity)" is ®-reqular, v € W(P)
and t € W(®o). Then

bq’a ((wc¢>|Ya JOY(w Y, Wy, 6> Zf/U = W, W ’U)Zth

b‘b ¢7 CJJ,UJ - Wq € W((Da) and
2 ) we € W (®s0)
0 if v g W(d,) W(q)zc)
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Proof.  Since t € W (®2.¢), by Proposition 2.2 viii)
bga (¢7 Ca Y, v, t) = bga (Cb, Ca Y, v, 6) .

In the statement of the Proposition 2.7, the decomposition v = w,we with
w, € W(P,) and we € W(Pye) is defined up to an element in W(®,) N
W(®y¢), because if v = ww;, with w, € W(®,) and we € W (P2 ) is another
decomposition, then u = w/; 'w, = wrwg' € W(®,)NW (®yc). Since Y, is a wall
of C', by Proposition 2.6, W(®,) "W (®y¢) = W<((Da)2,cy ) and by Proposition
2.2 iv) and vii)

bs., ((u‘lwcgb)‘ya ,Cy.,, Yy, wau, e) = ba, ((wc9)y, ,uCly,,y, Wa, u)
= bfba (qub)\Ya ) OYaa Y, Wa, 6) .

Hence bg, ((wcgb)m ,C’ya,y,wme> is well defined.

We now prove the proposed equality. If v ¢ W (®,) W (P2 ), both members
vanish.

If v = wywe with w, € W(®,) and we € W(Py¢), in Definition 2.3 the
sum runs over all

w € W(By) N waW(Boc) = we (W(Da) N W (Byc)) = waw(@a)z(}m) .

Hence
bia (¢7 Cy,v, t) = bga (¢7 C,y,v, 6)
— Z (_1>l<l>g ((DYa)y"cha) waYa <y7 (/U¢)|Ya>

wEwaW<(<I>a)2’CYa)
= b‘1>a ((wCQb)\ya ) CYQ, Y, We, 6)

and this completes the proof of this Proposition. [ |

In the next section we will consider C' a chamber in ity relative to ®V such
that for every @ € Agv, ®, meets the conditions of this section, this is why we
need to formulate an analogous statement of Proposition 2.7 valid in this case.

We show first that W ((®) ) C W(Po) N W(Px) C W((Py)g). We only
need to show the last inclusion. For this we fix &1 a system of positive roots
in ®. Let be w € W(®,) N W(Pg) and § € (P,);. Since wf € (P,), and

wp ((23) ) = P ((27) ) € Tr((PL) ), we have w € W((Pa)g ).
The next Proposition is the analogue of Proposition 2.7 in the case that

W((®a)) = W(Pa) N W(Pk).

Proposition 2.8. Let C be a chamber in ity relative to ®V such that Y, is a
wall of C, y € Y, regular relative to ®,, ¢ € (ity)”, ®-reqular, v € W(®) and
t € W(®) such that W(Pys0) = W(Pk).

Then, if W((®o) ) = W(P,) NW(Pk) and vy € W(P,) is such that

W((@a)ancy, ) = W((@a) ) we have

bq’a ((ngb)‘Ya 7OYQJ Y, Wq, Ul) va = W WK with
b<I> (¢7 va7vyt) = Wq € W((I)a) and
" Wi € W((I)K)

0 if v & W(0a) W(Pk)
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Proof.  As in Proposition 2.9 one shows that
b, <(w1(¢)‘ya ,Cya,y,wa,m) is independent of the decomposition v = w,wg

with w, € W(®,) and wx € W(Pg) chosen because if v = w/ wy with v/, €
W (®,) and wh, € W(®g) is another decomposition, then u = w/ tw, = whwy' €
W(®,) NW(Pk).

Since W (®,) N W (Pg) C W(((I)Q)K), by Proposition 2.2 iv) and vii)

b<1>a ((u_le¢)|Ya ) CYa Y, Wa'ld, Ul) = b‘ba (wK¢)|Ya ) UCYaa Y, Wa, le)

= bq)a (u}Kgb)p{1 ) CYav Y, Was Ul)

Thus be, ((wKQS)% ,C’ya,y,wa,vl) is well defined. By Proposition 2.2 viii),
bo,, <(w1(¢)\ya Oy Yy Wa, vl> does not depend on v; € W(®,) whenever

W (@a)sney, ) = W((@a)):

We now prove the asserted equality. If v ¢ W (®,) W(Pg) both members
vanish.

If v = wowg with w, € W(®,) and wg € W(Pg), in Definition 2.3 the
sum runs over all

w € W(Da) NwalW (Dx) = wa (W (Do) NW(Dg)) = waW((Pa) ) -

Hence
by, (¢,C.y,v,t)
_ ™ (—1) (Pr), ) Yucy, <y, (W)m)
wewaW((®a)s,cy, )
= by, ((UJK¢)|YQ Oy, Y, W, U1>
and this completes the proof of the Proposition. [ |

3. The character constants

Let G be a connected semisimple Lie group. For every closed subgroup H of
G, we denote the real Lie algebra by hy and its complexification by h. We will
assume that G is acceptable and has a complexification G¢. Let K be a maximal
compact subgroup of G, gy = € @ po the corresponding Cartan decomposition
and 6 the involution associated, both in g and in G. From now on we assume
rk (G) = rk (K) and we fix a compact Cartan subgroup 7' C K.

By [7] the discrete series characters are completely explicit except for cer-
tain integer constants. Furthermore, in order to compute the constants, by the
reductions in [6] and [HS] we only need to consider the case in which G is split
and to determine the discrete series characters on the identity component of a split
f-stable Cartan subgroup.

From now on, we also assume that G has a split Cartan subgroup H.
We denote by H. the identity connected component of H. Then as in [13],
formula 13.30 for a Cayley transform ¢, for every chamber C' in (itg)* relative
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to & = ®(g,t), Pt = &T (g,t) system of positive roots on P, for a connected
component Hy of H,NG" and X € (ity)" regular we have

> (detw)c(w,C,®T)exp (wA)

I ~1 _ weW(g)
© ((I) (gv t) 7)\)|H0 oc = H (60‘/2 _ e—oc/?)

acd (g,

The purpose of this section is to provide a formula for the constants
¢(w,C,®"). We recall that the constants ¢ (w,C,®") depend only on data in-
volving the Lie algebra g. Moreover, because of [10] Lemma 2.1, the constants do
not depend on the choice of the split Cartan subgroup.

As in [10], we can remove the assumption that G is acceptable and that G
has finite center. In the first case we have to consider the two-fold covering of G
which is acceptable and in the last case we have the techniques in [11] for relative
discrete series.

We recall, [10], that a € @ is a good root iff @, admits a strongly orthogonal
spanning set of noncompact roots, and ®* is a good order iff every simple root is
a good root.

Lemma 3.1.  Let gy be a split semisimple real Lie algebra who has a compact
Cartan subalgebra, then ® has a good order. More precisely if g is of type Ay,
Bowi1, Doy, E;, Eg or Gy there is a good order such that all simple roots are
noncompact. If g is of type Bs,, C, or Fy, there is a good order such that every
long stmple roots is noncompact and all the short simple roots are compact.

Proof. Lemma 3.1 of [10]. n

As before, C' is a chamber in (ity)" relative to ®, let & € A¢ and 7 :
ker « — t the inclusion. We denote by ¢* the natural map

i*: (itg)" — (ito Nker )"

and by C, the chamber in (ity Nker a)* such that i* (C') C C,.
We extend our definition of ¢ (w, Cy, ®}) to every w € W(®P) by setting

c(w,Cy, ®F) =
e (wa, wgCo, ®F) if w = wowk, wy € W(D,), wg € W(Pk)
- 0 it w ¢ W(D,) W (Pg)

By ii) of the following Theorem, ¢ (w,C,, ®}) is well defined, that is, it is inde-
pendent of the decomposition w = w,wx with w, € W(®,), wx € W(Pg).

Theorem 3.2.  The constants ¢ (w,C, ®1) satisfy the following properties
i) ¢(uw,C,ud™) =c(w,C, 1), for every u € W(P).
i) c(wv, v rC, ®T) = c(w,C, "), for every v € W(Pg).

iii) If there exists T € C such that (wt) (H;) > 0 for some fundamental coweight
H; relative to @, then ¢ (w,C,®T) =0.

w) c(e,C,0) =1.

v) For every simple root o in ® and a good root, then
c(w,C,0T) + c(sqw,C, 1) = ¢ (w,Cy, ) + ¢ (sqw, Cyo, D).
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Proof. It is a consequence of [6] and [10] Lemmas 2.2, 2.3, 2.4, 2.6, 2.9. ]

Proposition 3.3. The constants ¢ (w, C, ®1) are uniquely determinate by pro-
perties 1), ii), i), w) and v) of Theorem 3.2.

Proof. Lemma 3.2 of [10]. ]

Now we will define a candidate for ¢ (w,C, ®").

Definition 3.4.  Given w € W(®), let Cp be a chamber in (ity)" relative to ®
such that ®f  is a good order, t € W(®) such that ®y;0, = ®x, C' a chamber
in (ity)" relative to ®, and ®* an order in ®. Then, for xg+ € ity, ®'-regular
such that x4+ € Cy,, ¢c € (ity)” P-regular, and ¢c € C', we set

a(w,C,®%) =bg (¢c, Cp, v+, w, 1) .

By Proposition 2.2 1), ii), iv) and viii) a (w, C, ®") does not depend neither
on the choice of the ®"-regular element zg+ € Cy. nor on the choice of the ®-
regular element ¢ € C'. Moreover, it does not depend neither on the chamber
Cp chosen such that ®f,  is a good order, nor on ¢t € W(®) chosen such that
®yi0p = Pi.

Theorem 3.5.  For every w € W(®), C chamber in (ity)" relative to ® and
Ot a system of positive roots in ®, one has that ¢ (w,C,®") = a(w,C,dT).

Proof. By Proposition 3.3 it is enough to show that the constants a (w, C, ®T)
satisfy properties i), ii), iii), iv) and v) of Theorem 3.2.

(i) Since zyp+ = vEe+, for every v € W(P), by Proposition 2.2 iii) we have
a(uw, C,ud™t) = a(w,C,d") for every u € W(®).

(ii) Since ®y40, = Pg, by Proposition 2.2 iv), vii) and viii) we have
a(wv, v 1C,®T) = a (w,C,®") for every v € W (D).

(iii) If there exists 7 € C' such that (wr) (H;) > 0 for some fundamental
coweight H; relative to ®*, there is no loss of generality in assuming that 7 is
®-regular. Then, w7 is not < 0 in Cg+, and because of Proposition 2.2 v), then
be (1,Cp, xo+,w,t) = a(w,C,®T) =0.

(iv) a(e,C, @) =1 by Proposition 2.2 vi).

(v) By ii), ¢(w,C,, ®F) is well defined, that is, it is independent of the
decomposition v = wawg with w, € W(®,) and wx € W(Pg) taken. If « is
a good root of ®, by Proposition 2.2 i) and vii), Proposition 2.4 and Proposition
2.5 we have

a(w,C, L) + a(sqw, C, F) =
:bq> ¢CyOB7xq>anut +b‘1> ¢CuCB7'I<I>£7Saw7t
:b@ ¢C7037xc1>§7w7t +b<1> (ﬁC,CB,SaSCq)E,w,t

= b3, (¢c.Cr,y, w,t) + b3 _(dc,Ch,y, saw,t) .

In order to conclude that this is equal to a (w, Cy, (@E)Q) +a (saw, Coa, (@E)a),
we analyze each series of simple groups.
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For g of type Baoyy1, Dsn, E7, Eg or G,y, the choice of good ordering
implies: W (®oc,) = W(Pk), o € Ap and Y, is a wall of C},. By Proposition
2.7, for w ¢ W(®,) W(Pg) we have

bga (¢C’ CB,y,U,t) =a (wa COC? (I)E) = 0 .

If w=wawg, w, € W(®,), wxg € W(Pg), by Proposition 2.7 we have

bga (¢Cv CB7y7 u7t) = bq)a ((qubC)‘ya ) (CB)Ya » Y, wa;”l)

=a (wa, (wg (), CI>JE§)
=a(w,Cy, ®}) .

Hence we have
a (w, C, CIDE) +a (saw, C, (IDE) =a (w, Cha, ((IJE)&) +a (saw, Ca, (CIDE)Q)

and since, by Lemma A.2 of [4],(¢c)y, is Pa-regular, the equality follows for g
of type Bany1, Dan, Er, Eg or Gs.
If g is of type Ay, ® = {£+(3},and by [13], 13.35

(1 if (wC,B) <0
c(w,C,{B}) = { 0 otherwise

A direct computation shows that a (w,C,{f}) = c(w,C,{5}). By iv),
c(e,C,0)=a(e,C,0) hence the equality follows for g of type A;.

The case when g is of type B,,, C,, or Fj, is analogous to the previous
case but we need to appeal to Proposition 2.8 instead of Proposition 2.7.

In order to verify the hypothesis of Proposition 2.8 we proceed case by case
to show W((®y) ) = W(P,)NW (Pg) for every simple root «, for the good order
L. Since in @} all the long simple roots are noncompact and all the short simple
roots are compact, if a, 3 are simple roots for ®%, of the same length, there is
w € W(Pg) so that wa = (. Indeed, by inspection in Bs,, C, or F; we are
reduced to an argument in su (2,1).

(a) g of type Bs,, n > 1 (that is go = so(2n+ 1,2n)). As usual

= {+e; £ ej}1§i<j§2n U {iei}1§i§2n
dF = {ei + ej}1§i<j§2n U {ei}lgz‘g%
A= {e — ei+1}1§i<2n U{ean} -

Since ®* is a good order, o; = ¢; — e; 41 is noncompact for 1 < i < 2n and
Qo = €s, is compact. Thus

(I)K = {:l:egi + €2j}1§i<j§n U {€2i}1§i§n U {:i:egi_l + 62j_1}1§i<j§n .

Hence @ is of type B, x D,, and W (P ) agrees with the direct product
Whe X W, , where W, . is the group of all permutations and even sign changes of
the set {e1,es, ..., e2,_1} and W, is the group of all permutations and sign changes
of the set {es, ey4, ..., €2, }.

Since all the long simple roots are conjugate by W(®x) we only need to
consider ®,, and ®,, Now

(I)al = {:]: (61 + 62)} U {:]:61 + ej}3§i<j§2n @) {iei}ggign i
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Hence @, is of type Bs,_2 x A; and W(®d,,) is the direct product Wy, o X
Wi, where Ws,,_5 is the group of all permutations and sign changes on the set
{es,...,ean} and Wy = {e, s¢,1¢,}. On the other hand W ((®,,),) agrees with the
direct product W,, . x W,,_1, where W, . is the group of all permutations and even
sign changes on the set {es, ..., €9, 1} and W,_; is the group of all permutations
and sign changes on the set {ey,...,e2,}. Thus W((Py,) ;) = W(P,,) N W (Pk).

Do, = {£e; £ 6j}1§i<j§2n71 U {iei}lgiSZn—l .

Hence, W(®,,,) is the group of all permutations and sign changes on the set
{e1,...,ean—1}. On the other hand, W ((®,,,)) is the direct product W, . x W,,_1,
where W, . is the group of all permutations and even sign changes on the set
{e1,€3,...,€9,_1} and W,,_; is the group of all permutations and sign changes on
the set {eg, eq, ..., e2,—2}. Thus W((Pa,,) i) = W(Pa,,) N W (Pk).

(b) g of type By (that is go = s0(3,2)).

P = {:i:@l + 62} U {ieh :teg}
CI)+ = {61 + 62} U {61, 62}
A= {61 — 62} U {62} .

Since ®* is a good order on ®, a; = e; — ey is noncompact and ay = ey is
compact, thus
Qi = {es},

hence, W(®g) = {e, se, } . Now
®o, = {x(e1+e2)},

hence, W(®,,) = {e€, S¢,4¢,} . On the other hand W ((®,,),) = {e}, thus
W((®a,) ) = W(Pa,) N W(Pk) and

CI)OQ = {:l:@l} .

Hence, W (®,,) = {e, s¢, }. On the other hand, W ((®,,),) = {e}, thus
W((@ay) ) = W(Pa,) N W(Pk).
(c) g of type C,, (that is go = sp(n,R)).

= {Le; + ej}1§i<j§n U {i2€i}1gi§n
CI)+ = {62‘ + ej}1§i<j§n U {2ei}1§i§n
A= {61‘ — e’i+1}1§i<n U {2611} .

Since ®* is a good order on ®, a; = e; — ¢;.1 is compact for 1 < i < n and
a, = 2e, is noncompact. Thus

(I)K = {j: (GZ‘ — ej)

}1§i<j§n ’

Hence, W(®) is the group of all permutations of the set {es,...,e,}.
Since all the short simple roots are conjugate by W (®y) we only need to
consider ®,, and ®,, . Now

(I)al = {:]: (61 + 62)} U {iel + ej}3§i<j§2n U {i2ei}3§i§2n .
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Hence ®,, is of type C,_o x Ay and W(®,,) = W, _o x Wy, where W,,_5 is
the group of all permutations and sign changes on the set {es,...,e,} and W; =
{€, Se1+e, } - On the other hand, W ((®,, ), ) is the group of all permutations of the
set {es,...,en}. Thus W((Py,) ) = W(Py,) NW(Pg). Also

(I)an = {:i:el + 6j}1§i<j§n—1 U {i2ei}1§i§n—1 .

Hence, W(®,,) is the group of all permutations and sign changes on the set
{e1,...,en—1}. On the other hand W ((®,, ), ) is the group of all permutations on
the set {e1,...,en—1}. Thus W((®,,) ;) = W(D,,) N W(Pk).

(d) g of type Fy (go = Fr as in [14] Appendix C).

O ={Fetejhq e U{Fetiqa U {;(EFetertestel))
ot = {e; + ej}1§i<j§4 U{eiticicq U {% (e1 ey teg+ 64)}
A ={aq,an, a3, a4} where
0412%(61—62—63—64) Qg = €4
Q3 = €3 — €4 Oy = €2 — €3

Since ®* is a good order on ®, a3, a4 are noncompact and «;, as are compact,
thus
Pr ={o, a2, a1 + g, a3 + g, a0 + a3 + s, 200 + a3 + o}
U{ag + ao + ag + oy, o + 200 + v + ay }
U{2a; + 209 + a3 + ay, 201 + 4 + 33 + oy}

Hence ®y is of type C5 x A; with simple roots

51:%(61—62—63—64) B2 = €4
B3 =e3— ey By =e1+e3

Thus W(®k) = W3 x Wy, and if
V1 =€] —€3, U =~€+ €4, U3=E€ — €4, Uy=€1+€3

Wy = {e, sy, } and Wy is the group of all permutations and sign changes on the
set {vy,v9,v3}.

Since all the short simple roots are conjugate by W (®g) and all the long
simple roots are conjugate by W (®) we only need to consider ®,, and ®,,.
Now

O, ={ei + 6j}1§i<j§3 U {ei}1§i§3

A,, ={e1 —eg, 69 —e3,e3} .
Hence, ®,, is of type Bz and view on the canonical basis of R*, W(®,,) is
the group of all permutations and sign changes on the set {ej,es, e3} which fix
ag = ey4. Let us denote by (13) the permutation between e; and ez which fix ey
and ey, and for j = 1,2,3 let (—j) denote the reflection e; — —e; on e;. Since
W(Pk) (e1 + e3) = £ (e1 + e3) we have that W(®,,) N W(Pg) is included in the
subgroup {e, (13)} x {e, (=2)} x {e,(=1) (—=3)}. On the other hand

((I):xrz)K = {“31 +e3,e1 — 63762} .

Hence (®q, ) is of type A1 x Ay x Ay and W((Py,) ) = {€, Seqtes } X {€, Seq—es } ¥
ferseb Thus W((@a,) ) = W(®,,) NI (D).

(1)23 = {61 + 62} U {ei}lgig U {63 + 64} U {% (61 + €9 + (63 + 64))}
Any = {ea, 5 (e1— €2 — €3 —€4) €5+ €4}
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Hence ®,, is of type C3 and if
Wy = €1+ €, Wy=e€ —€, W3=e€3+¢e,

Using the ordered basis {wy,wq, w3, az} of RY, W(®,,) is the group of
all permutations and sign changes of the set {wj,ws, w3} and fix «az. Since
W(®k)(e1 4+ e3) = £(e1+e3) and e1 + €3 = L (w1 +wa + w3 + ), W(Py,) N
W(®k) is included in the subgroup of all permutations of the set {w;,ws, ws3}.
On the other hand

1
((I)z?,)K = {627 B} (e1+ €2 —e3—ed),

(61—62—63—64)} .

N —

Hence (®q,), is of type A and
W(((I)Oé3)K) = {67 Seas S%(61+€2—€3_64)’ S%(€1—62—€3_84)}
U {8828%(61—{-62—63—64)7 5628%(61—62—83—64)} :

Thus W((Pas) i) = W(Pay) "W (Pk), which concludes the proof of Theorem 3.5.
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