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Abstract. Let be G a connected semisimple real Lie group with a compact
Cartan subgroup. Harish-Chandra proved formulas for discrete series characters
which are explicit except for certain integer constants appearing in numerators.
The main result of this paper is to work out a new formula for the constants
when G is a split group.
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0. Introduction

Let G be a connected, semisimple Lie group. In Harish-Chandra’s work on the
Plancherel formula [7], the discrete series of irreducible unitary representations
plays a crucial role. Their characters are actually analytic functions on the regular
set of G , and it is a fundamental problem of harmonic analysis to find formulas
for the characters as functions on the regular set. Harish-Chandra gave formulas
which are completely explicit except for certain integer constants. Later on, Harish
Chandra and Okamoto found the constants when G is a real rank one group, and
Hecht did so for the holomorphic discrete series. For general G , Hirai has given
explicit but very complicated formula. Lately, by means of the Schmid reduction
[17], Herb [10] and Goresky, Kottwitz and MacPherson [4] have given explicit
formulas for the constants. More precisely, let G′ be the set of regular elements
on G , and H ⊂ G a Cartan subgroup. Fix H̃ a connected component of H ∩G′ .
Then if Θ (λ) is the character of the discrete series representation with infinitesimal
character λ , Harish-Chandra showed that

Θ (λ)|H̃ =

∑
w∈W (g,h)

n
(
w, λ, H̃

)
exp (wλ)∏

α∈Φ(g,h):(α,λ)>0

(eα/2 − e−α/2)
.
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[4] have given a geometric explicit formula for the constants n
(
w, λ, H̃

)
.

In this paper, whenever G is a split group and H̃ is the identity component of a

split Cartan subgroup, in Theorem 3.5 we work out a new formula for n
(
w, λ, H̃

)
.

Applications of this formula are found in the Ph. D. thesis of J. Bigeon [2].

This paper is organized as follows. In the first section we recall some nota-

tion. In the second section we find explicit candidate for the constants n
(
w, λ, H̃

)
and prove their main properties following similar ideas as in [4]. In the third sec-
tion in Definition 19 and Theorem 3.5, we prove our formula for the constants

n
(
w, λ, H̃

)
for the identity component of a split Cartan subgroup of a split group.

1. The function ψΦ (C, x, τ)

In this section we recall some notation from [4]. For this section, we fix a real vector
space V , Φ a root system of V ∗ and (·, ·) an inner product in V ∗ invariant under
the Weyl group W (Φ) of Φ. Unless we say otherwise, we assume that Φ spans
V ∗ . We use the terminology in [4] and [3] on coroots, coweights and fundamental
coweights. (·, ·) also induces an inner product on V and orthogonality (denoted
by ⊥) refers to these inner products.

Let C be a chamber of V ∗ relative to Φ, ∆C (Φ) = {α1, ..., αn} (respectively
Φ+

C ) the simple roots relative to C (respectively the positive roots relative to
C ). Hence the 1-dimensional faces of C are given by the fundamental weights
{ω1, ..., ωn} associated to {α1, ..., αn} .

Definition 1.1. If C is a closed convex polyhedral cone of V ∗ , we denote by
C∗ the subset {x ∈ V | τ (x) ≥ 0 for every τ ∈ C} .

Let C∨ =
n
∩

i=1
ω−1

i (0,+∞), hence C∨ = C
∗

is a simplicial closed cone

in V . Unless we indicate the contrary, in this section all chambers in V ∗ are
chambers in V ∗ relative to Φ and the chambers in V are given by the subsets
C∨ of V , with C a chamber in V ∗ . The 1-dimensional faces of C∨ are given
by the fundamental coweights {H1, ..., Hn} . Since the map C 7−→ C∨ is a
bijection between the chambers in V ∗ and the chambers in V , for convenience
we denote its inverse also by C 7−→ C∨ . Hence, the subsets C∨ of V , with C a
chamber of V ∗ are exactly the chambers in V relative to Φ∨ . If H ∈ V , we set
ker (H) = {ϕ ∈ V ∗ | ϕ (H) = 0} .

If H ∈ V , we write ΦH = {α ∈ Φ | α (H) = 0} , this is a root subsystem of
Φ. If C is a chamber in V , let CH denote the only chamber in V relative to Φ∨

H

that contains C . If H ∈ V and Φ+ is a system of positive roots of Φ, we write
Φ+

H for Φ+ ∩ ΦH .

For two chambers C1 and C2 in V , we denote by lΦ (C1, C2) the number
of root hyperplanes in V separating C1 and C2 . Thus, if w ∈ W (Φ) is the
only element in W (Φ) such that wC1 = C2 , then lΦ∨ (C1, C2) = l (w), where
the length l (w) is taken relative to ∆C1 . Since ker (α∨) separates C1 and C2 iff
ker (α) separates C∨

1 and C∨
2 , we have

lΦ∨ (C1, C2) = lΦ (C∨
1 , C

∨
2 ) .
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We now recall the function ψC (x, τ) considered in [4] and some of its
properties.

Let C be a closed convex polyhedral cone and let FC be the set of faces
of C .

Definition 1.2. If C is a closed convex polyhedral cone and F is a subset of
C , we denote by F⊥ := C∗ ∩ {τ ∈ V ∗ | τ (F ) = 0} .

If X is a subset of ... , let ξX denotes the characteristic function of X .

Definition 1.3. If C is a closed convex polyhedral cone of V , let
ψC : V × V ∗ → Z be the map given by ψC =

∑
F∈FC

(−1)dim〈F 〉 ξ(F⊥)
∗
×F ∗ .

Thus we have ψC (x, τ) = 0 if x does not lie in the linear subspace spanned
by C and

ψC∗ (τ, x) = (−1)dim V ψC (x, τ) . (1)

If C is a subspace of V , we have

ψC (x, τ) =

{
(−1)dim V if τ = 0

0 if τ 6= 0
. (2)

Let C be a chamber in V relative to Φ∨ . If Φ generates V ∗ , let n = dimV ,
{α1, ..., αn} ⊂ V ∗ the simple roots of Φ relative to C∨ and let {H1, ..., Hn} ⊂ V

be the dual basis of {α1, ..., αn} . For x =
n∑

i=1

aiHi and τ =
n∑

i=1

biαi , I = {1, ..., n}
we set

Ix = {i ∈ I | ai ≥ 0} and Iτ = {i ∈ I | bi ≥ 0} .

Since C is a simplicial closed cone, Lemma A.1 of [4], gives us

ψC (x, τ) =

{
(−1)|Iτ | if Iτ = I − Ix

0 otherwise
.

If V ∗ is not generated by Φ, let VL = ∩
α∈Φ

ker (α), π : V → (V/VL)

the canonical projection and let π′ be the natural identification between the
annihilator (VL)∗ of VL and (V/VL)∗ , then, by (A.2) in [4]

ψC (x, τ) =

{
(−1)dim VL ψπ(C) (π (x) , π′ (τ)) if τ ∈ (VL)∗

0 if τ /∈ (VL)∗
. (3)

Definition 1.4. If C is a chamber in V , x ∈ V and τ ∈ V ∗ , let
ψΦ (C, x, τ) =

∑
D

(−1)lΦ∨ (C,D) ψD (x, τ), where D runs over all chambers in V

relative to Φ.

If V ∗ is not generated by Φ, with the same notations as in (3) and since
(VL)∗ agrees with 〈Φ〉 , we have

ψΦ (C, x, τ) =

{
(−1)dim VL ψπ∗(Φ) (π (C) , π (x) , π′ (τ)) if τ ∈ 〈Φ〉

0 if τ /∈ 〈Φ〉 . (4)
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Lemma 1.5. Fix H a coweight, x ∈ V and let Y = ker (H) in V ∗ .

i) For each chamber of V ∗ , ψΦ (C, x, ·) : V ∗ → Z is constant on the set of
Φ-regular elements.
Assume that τ and τ ′ are Φ-regular elements of V ∗ lying in adjacent Φ-
chambers, separated by the hyperplane Y and assume further that τ (H) > 0
and τ ′ (H) < 0. We denote by x̃ the image of x in V/RH and by τ̃ ∈ Y ,
the unique element lying on the line segment joining τ and τ ′ . Then

ii) ψΦ (C, x, τ)−ψΦ (C, x, τ ′) = −2ψΦH

(
CH , x̃, τ̃

)
if RH contains a coroot and

0 otherwise.

Proof. Lemma 1.2 in [4] and [5].

If C is a chamber in V , we write by δC (Φ) = 1
2

∑
α∈Φ+

C

α∨ and Γ (Φ) (re-

spectively ΓR (Φ)) for the lattice in V generated by the coweights (respectively

coroots) of Φ. We denote by Âsc (Φ) = HomZ (Γ (Φ) ,C×) and Âad (Φ) =

HomZ (ΓR (Φ) ,C×). The inclusion ΓR (Φ) ⊂ Γ (Φ) induces a surjection Âsc (Φ) →
Âad (Φ) whose kernel we denote by Z∨ (Φ). Thus, we obtain the exact sequence

1 → Z∨ (Φ) → Âsc (Φ) → Âad (Φ) → 1 .

We denote by 〈·, ·〉 the natural C× -valued pairing between Γ (Φ) and

Âsc (Φ) or between ΓR (Φ) and Âad (Φ).

For s ∈ Âsc (Φ) such that s2 ∈ Z∨ (Φ), we define the subsystem of roots of Φ,
Φ∨

s := {α∨ ∈ Φ∨ | 〈α∨, s〉 = 1} and Φs = {α ∈ Φ | α∨ ∈ Φ∨
s } .

If C is a chamber in V we denote by Cs the unique chamber in V , relative
to Φ∨

s , which contains C .

Lemma 1.6. Let x ∈ V regular, s ∈ Âsc (Φ) and τ ∈ V ∗ . For the next equality
the sum runs over all chambers D in V relative to Φ.

i)
∑
D

(−1)lΦ∨ (C,D) 〈δD (Φ)− δC (Φ) , s〉ψD (x, τ) = ψΦs (Cs, x, τ).

ii) If rk (Φs) < rk (Φ), the left-hand side of the equality in i) vanishes for every
x ∈ V regular and τ ∈ V ∗ , Φ-regular.

iii) If s2 6= 1 the left-hand side of the equality in i) vanishes for every x ∈ V
regular and τ ∈ V ∗ , Φ-regular.

Proof. Assertions i) and iii) are Lemma 1.4 of [4]. A proof of ii) can be found
within the proof of the Lemma 1.4 of [4].

For the rest of this section we assume that −1 ∈ W (Φ).

If α ∈ Φ, let Φα := {β ∈ Φ | (β, α) = 0} . Since −sα fix α , by a Lemma of
Chevalley, −sα ∈ W (Φα). Hence, −1Φα ∈ W (Φα). From the identity −1Φα .sα =
−1Φ we conclude

rk (Φα) = rk (Φ)− 1 . (5)
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Since, α∨ ∈ ∩
β∈Φα

ker (β) , (5) implies that α∨ lies on a 1-dimensional face

of a chamber C of V . Hence, there exists a coweight Hα such that α∨ ∈ RHα .
Thus Φα = ΦHα . Since −1 ∈ W (Φα), every Φ-chamber of V ∗ is contained in a
unique Φα− chamber of V ∗ . If α ∈ Φ and C is a chamber in V , we denote by
Cα the unique chamber in V relative to Φ∨

α which contains C .

Besides, on Y = ker (α) ⊂ V , in addition to the usual chambers relative
to Φ∨

α , we consider the connected components of Y −∪
β

ker (β) where β runs over

the roots that have a nonzero restriction to Y . These connected components are
called chambers in Y relative to Φ∨ . Hence, if D is a fixed chamber in V , the

map C 7−→ CY =

◦

Ŷ ∩ C (interior relative to Y ) is a bijection between the set of
chambers in V relative to Φ∨

α and lying on the same side of Y as D does, and
the set of chambers in Y relative to Φ∨ .

Lemma 1.7. For α ∈ Φ, C a fixed chamber in V so that Y = ker (α) is a
wall of C and x, x′ regular elements in V , lying in adjacent chambers of V ,
separated by the hyperplane Y . Assume that x and C lie on the same side of Y .
If y ∈ Y is the unique element lying on the line segment joining x with x′ and
D := Cα ∩ Y , then,

i) For each τ , ψΦ (C, ·, τ) : V → Z is constant on every chamber in V .

ii) For each x, ψΦ (C, x, ·) : V ∗ → Z is constant on every Φ-chamber.

iii) y is regular in Y relative to Φα ,

iv) ψΦ (C, x, τ)− ψΦ (C, x′, τ) = 2ψΦα

(
D, y, τ|Y

)
,

v) If τ is Φ-regular, then, τ|Y is Φα -regular.

Proof. i), ii) follow from the definition of ψΦ (C, x, τ) and iii), iv), v) are proved
as in Lemma 2.1 of [4].

2. The function bΦ(g,t) (φ,C, x, v, t)

In this section, we define and analyze the properties of the geometric function
bΦ(g,t) (φ,C, x, v, t), a function that is similar to the one defined by [4] in Section 6.

Throughout this section, we fix a real semisimple Lie algebra g0 and g0 =
k0 ⊕ p0 a Cartan decomposition. We assume rk (g0) = rk (k0) and fix t0 a Cartan
subalgebra of k0 , thus it is also a Cartan subalgebra of g0 . In addition we assume
that g0 is a split real form. Let Φ = Φ (g, t) (respectively ΦK = ΦK (g, t) and
ΦN = ΦN (g, t)) be the roots (respectively compact roots and noncompact roots)
of g relative to t .

Since g0 has a compact Cartan subalgebra as well as a split Cartan subal-
gebra, we have that −1 ∈ W (Φ).
Let C be a chamber in it0 relative to Φ∨ , Φ+

C∨ the positive roots relative to C∨

and δC = 1
2

∑
α∈Φ+

C∨

α∨ . The chamber C determines a subsystem

Φ2,C = {α ∈ Φ | α (δC) ∈ 2Z} .
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We recall that if u ∈ W (Φ), we have

Φ2,uC = uΦ2,C and W (Φ2,uC) = uW (Φ2,C)u−1 . (6)

We denote by W̃ (Φ2,C) the normalizer of W (Φ2,C) in W (Φ). Since for α ∈ Φ2,C

and w ∈ W (Φ), wsαw
−1 = swα , we have

W̃ (Φ2,C) = {w ∈ W (Φ) | w (Φ2,C) = Φ2,C} .

Applying Proposition 7.145 of [15] to t ∈ W (Φ) and δtC

2
, we obtain

{w ∈ W (Φ) | wδtC − δtC ∈ 2ΓR (Φ)} = W (Φ2,tC) (7)

and
{w ∈ W (Φ) | wδtC − δtC ∈ Φ2,tC} = W̃ (Φ2,tC) . (8)

Since g0 is split real, by [1] Proposition 6.24, there exists a chamber C
in it0 relative to Φ∨ such that every simple root (relative to the order Φ+

C∨ ) is
noncompact. For α ∈ ∆C∨ (Φ) a simple root relative to C∨ , α (δC) = 1, hence,

Φ2,C = ΦK . Therefore W (Φ2,C) = W (ΦK) and W̃ (Φ2,C) = W̃ (ΦK). Thus, C ′ is

a chamber in it0 relative to Φ∨ such that Φ2,C′ = ΦK iff C ′ ∈ W̃ (ΦK)C . Finally,
if x ∈ it0 is regular relative to Φ, we denote by Cx (or Dx ) the unique chamber
in it0 relative to Φ∨ that contains x .

Definition 2.1. Let C be a chamber in it0 relative to Φ∨ , x ∈ it0 regular
relative to Φ, φ a Φ-regular element of (it0)

∗ and v, t ∈ W (Φ), we denote by

bΦ (φ,C, x, v, t) =
∑

w∈vW(Φ2,tC)

(−1)lΦ∨ (Dx,wC) ψwC (x, vφ) .

Our main goal will be to show in Theorem 3.5 that, for suitable φ , C , x ,

v and t , that bΦ (φ,C, x, v, t) are the constant n
(
w, λ, H̃

)
for the character of

the discrete series on the identity component of a split Cartan subgroup. For this
purpose we now show that the constants bΦ (φ,C, x, v, t) satisfy certain properties
which characterize them in a unique way.

Proposition 2.2. Let C be a chamber in it0 relative to Φ∨ , x ∈ it0 regular
relative to Φ, φ a Φ-regular element of (it0)

∗ and v, t ∈ W (Φ). Then

i) For each φ, v , t and C , the map bΦ (φ,C, ·, v, t) : it0 → Z is constant on
every chamber of it0 relative to Φ∨ .

ii) For each x, v , t and C , the map bΦ (·, C, x, v, t) : (it0)
∗ → Z is constant on

the Φ-regular elements of every chamber in (it0)
∗ relative to Φ.

iii) For every u ∈ W (Φ), bΦ (φ,C, ux, uv, t) = bΦ (φ,C, x, v, t).

iv) For every u ∈ W̃ (Φ2,tC), bΦ (φ, uC, x, v, t) = bΦ (φ,C, x, v, t).

v) bΦ (φ,C, x, v, t) = 0 unless vφ is ≤ 0 in Dx .

vi) If Φ = Ø then bΦ (φ,C, x, e, e) = 1.

vii) For every u ∈ W (Φ), bΦ (uφ, uC, x, vu−1, utu−1) = bΦ (φ,C, x, v, t).

viii) For every u ∈ W̃ (Φ2,tC), bΦ (φ, uC, x, v, utu−1) = bΦ (φ,C, x, v, t).
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Proof. (i) This follows from the definition of bΦ .

(iii) We have

bΦ (φ,C, ux, uv, t) =
∑

w∈uvW(Φ2,tC)
(−1)lΦ∨ (Dux,wC) ψwC (ux, uvφ)

=
∑

w∈vW(Φ2,tC)
(−1)lΦ∨ (uDx,uwC) ψuwC (ux, uvφ)

= bΦ (φ,C, x, v, t) .

(v) By Proposition A.5 of [4], bΦ (φ,C, x, v, t) = 0 unless (vφ) (x) ≤ 0, and
by i), bΦ (φ,C, x, v, t) depends only on the chamber Dx .

(vi) is a consequence of (2).

(vii) We have

bΦ (uφ, uC, x, vu−1, utu−1) =
∑

w∈vW(Φ2,tC)u−1

(−1)lΦ∨ (Dx,wuC) ψwuC (x, vφ)

= bΦ (φ,C, x, v, t) .

(viii) If u ∈ W̃ (Φ2,tC), by (6, W (Φ2,utC) = W (Φ2,tC), hence viii) follows.

(ii) By the definition, the map bΦ ( , C, x, v, t) : (it0)
∗ → Z is constant in

every Φ-chamber. By Lemma 1.6 i), for every s ∈ Âsc (Φ) such that s2 ∈ Z∨ (Φ),
we have ∑

D

(−1)lΦ∨ (C,D) 〈δD − δtC , s〉ψD (v−1x, φ)

= (−1)lΦ∨ (C,tC) ψΦs (π (tC) , π (v−1x) , π′ (φ)) .
(9)

where the sum runs over all the chambers D in it0 relative to Φ∨ . We will show
that (9) is constant on the Φ-regular elements of every chamber of (it0)

∗ relative to
Φ. If rk (Φs) = rk (Φ), by Lemma 1.5, (9) is constant on the Φs -regular elements
of every chamber in (it0)

∗ relative to Φs ⊂ Φ, hence it is constant on the Φ-regular
elements of every chamber in (it0)

∗ relative to Φ. If rk (Φs) < rk (Φ) by Lemma
1.6 ii), (9) vanishes on all the Φ-regular elements in (it0)

∗ .

The map s 7−→ 〈δD − δtC , s〉 is a character of the group{
s ∈ Âsc (Φ) | s2 ∈ Z∨ (Φ)

}
.

Thus, if we denote by NΦ =
∣∣∣{s ∈ Âsc (Φ) | s2 ∈ Z∨ (Φ)

}∣∣∣ , we then have

∑
s∈Âsc(Φ)|s2∈Z∨(Φ)

〈δD − δtC , s〉 =

{
NΦ if δD − δtC ∈ 2ΓR (Φ)
0 if δD − δtC /∈ 2ΓR (Φ)

.

That is, the sum vanishes unless the character is trivial.

Hence, summing (9) over
{
s ∈ Âsc (Φ) | s2 ∈ Z∨ (Φ)

}
, we obtain

NΦ

∑
D|δD−δtC∈2ΓR(Φ)

(−1)lΦ∨ (C,D) ψD (v−1x, φ)

=
∑

s∈Âsc(Φ)|s2∈Z∨(Φ)

∑
D

(−1)lΦ∨ (C,D) 〈δD − δtC , s〉ψD (v−1x, φ)

= (−1)lΦ∨ (C,tC) ∑
s∈Âsc(Φ)|s2∈Z∨(Φ)

ψΦs (π (tC) , π (v−1x) , π′ (φ)) .
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By Lemma 1.5, the last term is constant on the Φ-regular elements of any
chamber in (it0)

∗ relative to Φ. Now, we have∑
D|δD−δtC∈2ΓR(Φ)

(−1)lΦ∨ (C,D) ψD (v−1x, φ)

=
∑

w∈W (Φ)|wδtC−δtC∈2ΓR(Φ)

(−1)lΦ∨ (C,wC) ψwC (v−1x, φ) .

Thus (7) and iii) imply∑
D|δD−δtC∈2ΓR(Φ)

(−1)lΦ∨ (C,D) ψD (v−1x, φ)

=
∑

w∈W(Φ2,tC)
(−1)lΦ∨ (C,wC) ψwC (v−1x, φ)

= (−1)lΦ∨(C,Dv−1x) ∑
w∈W(Φ2,tC)

(−1)lΦ∨(Dv−1x,wC) ψwC (v−1x, φ)

= (−1)lΦ∨(C,Dv−1x) bΦ (φ,C, v−1x, e, t)

= (−1)lΦ∨(C,Dv−1x) bΦ (φ,C, x, v, t) .

Hence

bΦ (φ,C, x, v, t) = 1
NΦ

(−1)lΦ∨(C,Dv−1x) (−1)lΦ∨ (C,tC)∑
s∈Âsc(Φ)|s2∈Z∨(Φ)

ψΦs (π (tC) , π (v−1x) , π′ (φ)) .

Therefore, bΦ (φ,C, x, v, t) is constant on the Φ-regular elements of every chamber
in (it0)

∗ relative to Φ.

(iv) By Lemma 1.6 iii), if D runs over all chambers in it0 relative to Φ∨ ,
we have ∑

s∈Âsc(Φ)|s2=1

∑
D

(−1)lΦ∨ (C,D) 〈δD − δtC , s〉ψD (v−1x, φ)

=
∑

s∈Âsc(Φ)|s2∈Z∨(Φ)

∑
D

(−1)lΦ∨ (C,D) 〈δD − δTC , s〉ψD (v−1x, φ) .
(10)

If s ∈ Âsc (Φ) is such that s2 = 1, the map s 7−→ 〈δD − δtC , s〉 is a character of
the group {

s ∈ Âsc (Φ) | s2 = 1
}

and it is the trivial character iff δD − δtC ∈ Φ2,tC . Hence, if we denote by

ZΦ =
∣∣∣{s ∈ Âsc (Φ) | s2 = 1

}∣∣∣ we have

∑
s∈Âsc(Φ)|s2=1

〈δD − δtC , s〉 =

{
ZΦ if δD − δtC ∈ ΓR (Φ2,tC)
0 if δD − δtC /∈ ΓR (Φ2,tC)

.

From (8) we obtain ∑
D|δD−δtC∈Φ2,tC

(−1)lΦ∨ (C,D) ψD (v−1x, φ)

=
∑

w∈W(Φ)|wδtC−δtC∈Φ2,tC

(−1)lΦ∨ (C,wC) ψwC (v−1x, φ)

=
∑

w∈W̃(Φ2,tC)
(−1)lΦ∨ (C,wC) ψwC (v−1x, φ) .
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By ii) equality (10) becomes

ZΦ

∑
w∈W̃(Φ2,tC)

(−1)lΦ∨ (C,wC) ψwC (v−1x, φ) =

= NΦ (−1)lΦ∨(C,Dv−1x) bΦ (φ,C, x, v, t)

hence

ZΦ

∑
w∈W̃(Φ2,tC)

(−1)lΦ∨(Dv−1x,wC) ψwC

(
v−1x, φ

)
= NΦbΦ (φ,C, x, v, t) .

If u ∈ W̃ (Φ2,tC), by (6) we have W̃ (Φ2,tuC) = W̃ (Φ2,tC), then

NΦbΦ (φ, uC, x, v, t) = ZΦ

∑
w∈W̃(Φ2,tuC)

(−1)lΦ∨(Dv−1x,wuC) ψwuC (v−1x, φ)

= ZΦ

∑
w∈W̃(Φ2,tC)

(−1)lΦ∨(Dv−1x,wC) ψwC (v−1x, φ)

= NΦbΦ (φ,C, x, v, t)

which concludes the proof of the Proposition.

For the rest of this section we fix α ∈ Φ (g, t). Let be Yα = ker (α) ⊂ t ,
then by (5), −1Yα ∈ W (Φα (g, t)) and Φα (g, t) spans (Yα)∗ . We assume also that
Φα (g, t) satisfies the conditions in this section, namely Φα (g, t) is the root system
of a compact Cartan subalgebra of a split real Lie algebra. The algebra is the
semisimple factor of the centralizer of α in g0 and the compact Cartan subalgebra
is Yα . In Lemma 3.1 we will show how to chose such an α .

Given y ∈ Yα regular relative to Φα = Φα (g, t), we denote by (CYα)y (or
(DYα)y ) the unique chamber in Yα relative to Φ∨

α where y lies.

Definition 2.3. Let C be a chamber in it0 relative to Φ∨ , let y ∈ Yα be
regular relative to Φα , let φ be a Φ-regular element in (it0)

∗ and let v, t ∈ W (Φ).
We define

bΦΦα
(φ,C, y, v, t) =

∑
w∈W(Φα)∩vW(Φ2,tC)

(−1)lΦ∨α((DYα )y ,wCYα) ψwCYα

(
y, (vφ)|Yα

)
.

Proposition 2.4. For every u ∈ W (Φ) and notation as in Definition 2.3

bΦΦα

(
uφ, uC, y, vu−1, utu−1

)
= bΦΦα

(φ,C, y, v, t) .

Proof. We have

bΦΦα
(uφ, uC, y, vu−1, utu−1)

=
∑

w∈W(Φα)∩vu−1W(Φ2,utu−1C)
(−1)lΦ∨((DYα )y ,wuCYα) ψwuCYα

(
y, (vu−1uφ)|Yα

)
= bΦΦα

(φ,C, y, v, t) .
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Proposition 2.5. Let x and x′ be regular elements in it0 relative to Φ lying in
adjacent chambers of it0 relative to Φ∨ , and such that the chambers are separated
by the hyperplane Yα , fix a chamber C of it0 relative to Φ∨ , φ a Φ-regular element
in (it0)

∗ , v, t ∈ W (Φ) and let y ∈ Yα be the unique element lying on the line
segment joining x with x′ . Then

i) y is regular relative to Φα .

ii) We have

bΦ (φ,C, x, v, t) + bΦ (φ,C, x′, v, t) = bΦΦα
(φ,C, y, v, t) + bΦΦα

(φ,C, y, sαv, t) .

Proof. (i) It is a consequence of Lemma 1.7.

(ii) Because of Proposition 2.2, we can assume x′ = sαx . Owing to Propo-
sition 2.2 iii) and Proposition 2.4 it is enough to assume that Yα is a wall of C
and that x and C lie on the same side of Yα . Hence

bΦ (φ,C, x, v, t) + bΦ (φ,C, x, sαv, t)

=
∑

w∈vW(Φ2,tC)
(−1)lΦ∨ (Dx,wC) ψwC (x, vφ)

+
∑

w∈vW(Φ2,tC)
(−1)lΦ∨ (Dx,sαwC) ψsαwC (x, sαvφ)

=
∑

w∈vW(Φ2,tC)
(−1)lΦ∨ (Dx,wC) [ψwC (x, vφ)− ψwC (sαx, vφ)] .

We assume α (x) > 0 (the case α (x) < 0 is analogous). By Lemma A.2 of
[4], we obtain

bΦ (φ,C, x, v, t) + bΦ (φ,C, x, sαv, t)

=
∑

w∈vW(Φ2,tC)
(−1)lΦ∨ (Dx,wC) η (w)ψwCYα

(
y, (vφ)|Yα

)
.

Here

η (w) =


1 if Yα is a wall of wC such that

x and wC lie on the same side of Yα

−1 if Yα is a wall of wC such that
x and wC do not lie on the same side of Yα

0 if Yα is not a wall of wC

By Chevalley’s Lemma, Yα is a wall of wC iff w ∈ W (Φα ∪ {±α}). Since
α⊥ Φα , W (Φα ∪ {±α}) = W (Φα) ∪ sαW (Φα). If w ∈ W (Φα), x and wC lie on
the same side of Yα and x and sαC do not lie on the same side of Yα , we then
have

η (w) =


1 if w ∈ W (Φα)
−1 if w ∈ sαW (Φα)
0 otherwise

.

Now because of Lemma 1.1 i) in [4] lΦ∨ (Dx, wC) = lΦ∨α

(
(DYα)y , wCYα

)
,
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hence

bΦ (φ,C, x, v, t) + bΦ (φ,C, x, sαv, t)

=
∑

w∈W(Φα)∩vW(Φ2,tC)
(−1)lΦ∨α((DYα )y ,wCYα) ψwCYα

(
y, (vφ)|Yα

)
−

−
∑

w∈sαW(Φα)∩vW(Φ2,tC)
(−1)lΦ∨α((DYα )y ,wCYα) ψwCYα

(
y, (vφ)|Yα

)
.

(11)

Since (sαφ)|Yα
= φ|Yα and for every w ∈ W (Φα), we have (sαwC)Yα

=
(wC)Yα

and thus (11) is equal to

bΦΦα
(φ,C, y, v, t) + bΦΦα

(φ,C, y, sαv, t) .

This proves Proposition 2.5.

Proposition 2.6. If C is a chamber in it0 relative to Φ∨ such that Yα is a
wall of C we have

i) For β ∈ Φα , then, β ∈ (Φα)2,CYα
iff β ∈ Φ2,C .

ii) W (Φα) ∩W (Φ2,C) = W
(
(Φα)2,CYα

)
.

Proof. We assume Φ2,C 6= Ø (otherwise the assertion is trivial).

i) We decompose β (δC) as the sum

β
(
δCYα

(Φα)
)

+
∑

γ∈Φ+
C∨−Φα|β(γ∨)=0

β (γ∨) +
∑

γ∈Φ+
C∨−Φα|β(γ∨) 6=0

β (γ∨) .

Notice that every summand is an integer. In order to show that the parity of
β (δC) and β

(
δCYα

(Φα)
)

agree, it is enough to verify that
∑

γ∈Φ+
C∨−Φα|β(γ∨) 6=0

β (γ∨)

is even.

Let ∆C∨ = {α1, ..., αn} and let {ω1, ..., ωn} be the associated fundamental
weights. Since Yα is a wall of C , we may order ∆C∨ such that ω∨2 , ..., ω

∨
n ∈ Yα ,

that is (α, ωi) = 0 for every i , 2 ≤ i ≤ n .

We prove that for γ ∈ Φ+
C∨ − Φα and β (γ∨) 6= 0 then

a) sα (γ) 6= γ

b) sα (γ) ∈ Φ+
C∨ − Φα

c) β (γ∨) = β
(
(sα (γ))∨

)
.

Coupling γ with sα (γ) in
∑

α∈Φ+
C∨−Φα|β(γ∨) 6=0

β (γ∨), a), b) and c) show that

this is an even number.

We now verify a), b) and c).

a) (sα (γ) , α) = (γ, sα (α)) = − (γ, α). Now γ /∈ Φα , hence (γ, α) 6= 0.
Thus if sα (γ) = γ , we would have (γ, α) = 0.

c) β
(
(sα (γ))∨

)
= 2

(sα(γ),sα(γ))
(sα (γ) , β) = 2

(γ,γ)
(γ, sα (β)) = 2

(γ,γ)
(γ, β).

Hence β
(
(sα (γ))∨

)
= β (γ∨).
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b) (sα (γ) , α) = − (γ, α) 6= 0. Thus sα (γ) /∈ Φα . Since γ ∈ Φ+
C∨ , for every

i , 2 ≤ i ≤ n , (sα (γ) , ωi) = (γ, sα (ωi)) = (γ, ωi) ≥ 0.

We return to the proof of i). If (γ, ωi) = 0 for every i , 2 ≤ i ≤ n we would
have γ = ±α , a contradiction, because β ∈ Φα . Hence, there exists i , 2 ≤ i ≤ n ,
such that (sα (γ) , ωi) = (γ, ωi) > 0, thus sα (γ) ∈ Φ+

C∨ , and i) follows.

We now show ii). By i) is enough to prove that W (Φα) ∩ W (Φ2,C) ⊂
W

(
(Φα)2,CYα

)
.

Let w ∈ (W (Φα) ∩W (Φ2,C)) −W
(
(Φα)2,CYα

)
of minimum length (mini-

mum relative to (Φα)+
(CYα )∨ = Φ+

C∨ ∩ Φα ). Thus, its length l (w) is positive and

there exists β ∈ ∆(CYα )∨ such that l (sβw) < l (w). Also sβw ∈ W
(
(Φα)2,CYα

)
⊂

W (Φ2,C). Then

sβ = sβww
−1 ∈ W (Φ2,C) ⊂ W̃ (Φ2,C) = {w ∈ W (Φ) | w (Φ2,C) = Φ2,C}

That is, sβ (Φ2,C) = Φ2,C . Since

β (δC) =
∑

γ∈Φ+
C∨ |β(γ∨)=0

β (γ∨) +
∑

γ∈Φ+
C∨ |β(γ∨) 6=0

β (γ∨)

in order to show that β (δC) it is even is enough to prove that∑
γ∈Φ+

C∨ |β(γ∨) 6=0

β (γ∨) is even.

We prove that for γ ∈ Φ+
C∨ , γ 6= β and β (γ∨) 6= 0, then,

d) β
(
(sβ (γ))∨

)
= −β (γ∨) and hence sβ (γ) 6= γ and β

(
(sβ (γ))∨

)
6= 0

e) sβ (γ) ∈ Φ+
C∨ .

We now show d) and e).

d) β
(
(sβ (γ))∨

)
= 2

(sβ(γ),sβ(γ))
(β, sβ (γ)) = 2

(γ,γ)
(sβ (β) , γ) = − 2

(γ,γ)
(β, γ).

Hence β
(
(sβ (γ))∨

)
= −β (γ∨)

e) Since β is simple and β 6= γ we have sβ (γ) ∈ Φ+
C∨ .

Coupling γ with sβ (γ), d) and e) shows that
∑

γ∈Φ+
C∨ |β(γ∨) 6=0

β (γ∨) =

β (β∨) = 2

We now conclude the proof of ii). Hence, β (δC) is even and thus β ∈
Φ2,C ∩ Φα . By i) sβ ∈ W

(
(Φα)2,CYα

)
. Thus w = sβ (sβw) ∈ W

(
(Φα)2,CYα

)
, a

contradiction, which concludes the proof of the Proposition.

Proposition 2.7. Let C be a chamber in it0 relative to Φ∨ such that Yα is a
wall of C , y ∈ Yα is regular relative to Φα , φ ∈ (it0)

∗ is Φ-regular, v ∈ W (Φ)

and t ∈ W̃ (Φ2,C). Then

bΦΦα
(φ,C, y, v, t) =


bΦα

(
(wCφ)|Yα

, CYα , y, wα, e
)

if v = wαwC with

wα ∈ W (Φα) and
wC ∈ W (Φ2,C)

0 if v /∈ W (Φα)W (Φ2,C)

.



Bigeon and Vargas 341

Proof. Since t ∈ W̃ (Φ2,C), by Proposition 2.2 viii)

bΦΦα
(φ,C, y, v, t) = bΦΦα

(φ,C, y, v, e) .

In the statement of the Proposition 2.7, the decomposition v = wαwC with
wα ∈ W (Φα) and wC ∈ W (Φ2,C) is defined up to an element in W (Φα) ∩
W (Φ2,C), because if v = w′

αw
′
C with wα ∈ W (Φα) and wC ∈ W (Φ2,C) is another

decomposition, then u = w′−1
α wα = w′

Cw
−1
C ∈ W (Φα)∩W (Φ2,C). Since Yα is a wall

of C , by Proposition 2.6, W (Φα)∩W (Φ2,C) = W
(
(Φα)2,CYα

)
and by Proposition

2.2 iv) and vii)

bΦα

(
(u−1wCφ)|Yα

, CYα , y, wαu, e
)

= bΦα

(
(wCφ)|Yα

, uCYα , y, wα, u
)

= bΦα

(
(wCφ)|Yα

, CYα , y, wα, e
)

.

Hence bΦα

(
(wCφ)|Yα

, CYα , y, wα, e
)

is well defined.

We now prove the proposed equality. If v /∈ W (Φα)W (Φ2,C), both members
vanish.

If v = wαwC with wα ∈ W (Φα) and wC ∈ W (Φ2,C), in Definition 2.3 the
sum runs over all

w ∈ W (Φα) ∩ wαW (Φ2,C) = wα (W (Φα) ∩W (Φ2,C)) = wαW
(
(Φα)2,CYα

)
.

Hence

bΦΦα
(φ,C, y, v, t) = bΦΦα

(φ,C, y, v, e)

=
∑

w∈wαW
(
(Φα)2,CYα

) (−1)lΦ∨α((DYα )y ,wCYα) ψwCYα

(
y, (vφ)|Yα

)
= bΦα

(
(wCφ)|Yα

, CYα , y, wα, e
)

and this completes the proof of this Proposition.

In the next section we will consider C a chamber in it0 relative to Φ∨ such
that for every α ∈ ∆C∨ , Φα meets the conditions of this section, this is why we
need to formulate an analogous statement of Proposition 2.7 valid in this case.

We show first that W ((Φα)K) ⊂ W (Φα) ∩W (ΦK) ⊂ W̃ ((Φα)K). We only
need to show the last inclusion. For this we fix Φ+ a system of positive roots
in Φ. Let be w ∈ W (Φα) ∩ W (ΦK) and β ∈ (Φα)K . Since wβ ∈ (Φα)K and

wρ ((Φ+
α )K)− ρ ((Φ+

α )K) ∈ ΓR ((Φ+
α )K), we have w ∈ W̃ ((Φα)K).

The next Proposition is the analogue of Proposition 2.7 in the case that
W ((Φα)K) = W (Φα) ∩W (ΦK).

Proposition 2.8. Let C be a chamber in it0 relative to Φ∨ such that Yα is a
wall of C , y ∈ Yα regular relative to Φα , φ ∈ (it0)

∗ , Φ-regular, v ∈ W (Φ) and
t ∈ W (Φ) such that W (Φ2,tC) = W (ΦK).
Then, if W ((Φα)K) = W (Φα) ∩W (ΦK) and v1 ∈ W (Φα) is such that

W
(
(Φα)2,v1CYα

)
= W ((Φα)K), we have

bΦΦα
(φ,C, y, v, t) =


bΦα

(
(wKφ)|Yα

, CYα , y, wα, v1

)
if v = wαwK with

wα ∈ W (Φα) and
wK ∈ W (ΦK)

0 if v /∈ W (Φα)W (ΦK)

.
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Proof. As in Proposition 2.9 one shows that

bΦα

(
(wKφ)|Yα

, CYα , y, wα, v1

)
is independent of the decomposition v = wαwK

with wα ∈ W (Φα) and wK ∈ W (ΦK) chosen because if v = w′
αw

′
K with w′

α ∈
W (Φα) and w′

K ∈ W (ΦK) is another decomposition, then u = w′−1
α wα = w′

Kw
−1
K ∈

W (Φα) ∩W (ΦK).

Since W (Φα) ∩W (ΦK) ⊂ W̃ ((Φα)K), by Proposition 2.2 iv) and vii)

bΦα

(
(u−1wKφ)|Yα

, CYα , y, wαu, v1

)
= bΦα

(
(wKφ)|Yα

, uCYα , y, wα, uv1

)
= bΦα

(
(wKφ)|Yα

, CYα , y, wα, v1

)
Thus bΦα

(
(wKφ)|Yα

, CYα , y, wα, v1

)
is well defined. By Proposition 2.2 viii),

bΦα

(
(wKφ)|Yα

, CYα , y, wα, v1

)
does not depend on v1 ∈ W (Φα) whenever

W
(
(Φα)2,v1CYα

)
= W ((Φα)K).

We now prove the asserted equality. If v /∈ W (Φα)W (ΦK) both members
vanish.

If v = wαwK with wα ∈ W (Φα) and wK ∈ W (ΦK), in Definition 2.3 the
sum runs over all

w ∈ W (Φα) ∩ wαW (ΦK) = wα (W (Φα) ∩W (ΦK)) = wαW ((Φα)K) .

Hence

bΦΦα
(φ,C, y, v, t)

=
∑

w∈wαW
(
(Φα)2,v1CYα

) (−1)lΦ∨α((DYα )y ,wCYα) ψwCYα

(
y, (vφ)|Yα

)
= bΦα

(
(wKφ)|Yα

, CYα , y, wα, v1

)
and this completes the proof of the Proposition.

3. The character constants

Let G be a connected semisimple Lie group. For every closed subgroup H of
G , we denote the real Lie algebra by h0 and its complexification by h . We will
assume that G is acceptable and has a complexification GC . Let K be a maximal
compact subgroup of G , g0 = k0 ⊕ p0 the corresponding Cartan decomposition
and θ the involution associated, both in g and in G . From now on we assume
rk (G) = rk (K) and we fix a compact Cartan subgroup T ⊂ K .

By [7] the discrete series characters are completely explicit except for cer-
tain integer constants. Furthermore, in order to compute the constants, by the
reductions in [6] and [HS] we only need to consider the case in which G is split
and to determine the discrete series characters on the identity component of a split
θ -stable Cartan subgroup.

From now on, we also assume that G has a split Cartan subgroup H .
We denote by He the identity connected component of H . Then as in [13],
formula 13.30 for a Cayley transform c̃ , for every chamber C in (it0)

∗ relative
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to Φ = Φ (g, t), Φ+ = Φ+ (g, t) system of positive roots on Φ, for a connected
component H0 of He ∩G′ and λ ∈ (it0)

∗ regular we have

Θ
(
Φ+ (g, t) , λ

)
|H0

◦ c̃−1 =

∑
w∈W (g,t)

(detw) c (w,C,Φ+) exp (wλ)∏
α∈Φ+(g,t)

(eα/2 − e−α/2)
.

The purpose of this section is to provide a formula for the constants
c (w,C,Φ+). We recall that the constants c (w,C,Φ+) depend only on data in-
volving the Lie algebra g . Moreover, because of [10] Lemma 2.1, the constants do
not depend on the choice of the split Cartan subgroup.

As in [10], we can remove the assumption that G is acceptable and that G
has finite center. In the first case we have to consider the two-fold covering of G
which is acceptable and in the last case we have the techniques in [11] for relative
discrete series.

We recall, [10], that α ∈ Φ is a good root iff Φα admits a strongly orthogonal
spanning set of noncompact roots, and Φ+ is a good order iff every simple root is
a good root.

Lemma 3.1. Let g0 be a split semisimple real Lie algebra who has a compact
Cartan subalgebra, then Φ has a good order. More precisely if g is of type A1 ,
B2n+1 , D2n , E7 , E8 or G2 there is a good order such that all simple roots are
noncompact. If g is of type B2n , Cn or F4 , there is a good order such that every
long simple roots is noncompact and all the short simple roots are compact.

Proof. Lemma 3.1 of [10].

As before, C is a chamber in (it0)
∗ relative to Φ, let α ∈ ∆C and i :

kerα→ t the inclusion. We denote by i∗ the natural map

i∗ : (it0)
∗ → (it0 ∩ kerα)∗

and by Cα the chamber in (it0 ∩ kerα)∗ such that i∗ (C) ⊂ Cα .

We extend our definition of c (w,Cα,Φ
+
α ) to every w ∈ W (Φ) by setting

c (w,Cα,Φ
+
α ) =

=

{
c (wα, wKCα,Φ

+
α ) if w = wαwK , wα ∈ W (Φα) , wK ∈ W (ΦK)

0 if w /∈ W (Φα)W (ΦK)
.

By ii) of the following Theorem, c (w,Cα,Φ
+
α ) is well defined, that is, it is inde-

pendent of the decomposition w = wαwK with wα ∈ W (Φα), wK ∈ W (ΦK).

Theorem 3.2. The constants c (w,C,Φ+) satisfy the following properties

i) c (uw,C, uΦ+) = c (w,C,Φ+), for every u ∈ W (Φ).

ii) c (wv, v−1C,Φ+) = c (w,C,Φ+), for every v ∈ W (ΦK).

iii) If there exists τ ∈ C such that (wτ) (Hi) > 0 for some fundamental coweight
Hi relative to Φ+ , then c (w,C,Φ+) = 0.

iv) c (e, C,Ø) = 1.

v) For every simple root α in Φ+ and α good root, then
c (w,C,Φ+) + c (sαw,C,Φ

+) = c (w,Cα,Φ
+
α ) + c (sαw,Cα,Φ

+
α ).
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Proof. It is a consequence of [6] and [10] Lemmas 2.2, 2.3, 2.4, 2.6, 2.9.

Proposition 3.3. The constants c (w,C,Φ+) are uniquely determinate by pro-
perties i), ii), iii), iv) and v) of Theorem 3.2.

Proof. Lemma 3.2 of [10].

Now we will define a candidate for c (w,C,Φ+).

Definition 3.4. Given w ∈ W (Φ), let CB be a chamber in (it0)
∗ relative to Φ

such that Φ+
CB

is a good order, t ∈ W (Φ) such that Φ2,tCB
= ΦK , C a chamber

in (it0)
∗ relative to Φ, and Φ+ an order in Φ. Then, for xΦ+ ∈ it0 , Φ∨ -regular

such that xΦ+ ∈ C∨
Φ+ , φC ∈ (it0)

∗ Φ-regular, and φC ∈ C , we set

a
(
w,C,Φ+

)
= bΦ (φC , CB, xΦ+ , w, t) .

By Proposition 2.2 i), ii), iv) and viii) a (w,C,Φ+) does not depend neither
on the choice of the Φ∨ -regular element xΦ+ ∈ C∨

Φ+ nor on the choice of the Φ-
regular element φC ∈ C . Moreover, it does not depend neither on the chamber
CB chosen such that Φ+

CB
is a good order, nor on t ∈ W (Φ) chosen such that

Φ2,tCB
= ΦK .

Theorem 3.5. For every w ∈ W (Φ), C chamber in (it0)
∗ relative to Φ and

Φ+ a system of positive roots in Φ, one has that c (w,C,Φ+) = a (w,C,Φ+).

Proof. By Proposition 3.3 it is enough to show that the constants a (w,C,Φ+)
satisfy properties i), ii), iii), iv) and v) of Theorem 3.2.

(i) Since xvΦ+ = vxΦ+ , for every v ∈ W (Φ), by Proposition 2.2 iii) we have
a (uw,C, uΦ+) = a (w,C,Φ+) for every u ∈ W (Φ).

(ii) Since Φ2,tCB
= ΦK , by Proposition 2.2 iv), vii) and viii) we have

a (wv, v−1C,Φ+) = a (w,C,Φ+) for every v ∈ W (ΦK).

(iii) If there exists τ ∈ C such that (wτ) (Hi) > 0 for some fundamental
coweight Hi relative to Φ+ , there is no loss of generality in assuming that τ is
Φ-regular. Then, wτ is not ≤ 0 in CΦ+ , and because of Proposition 2.2 v), then
bΦ (τ, CB, xΦ+ , w, t) = a (w,C,Φ+) = 0.

(iv) a (e, C,Ø) = 1 by Proposition 2.2 vi).

(v) By ii), c (w,Cα,Φ
+
α ) is well defined, that is, it is independent of the

decomposition v = wαwK with wα ∈ W (Φα) and wK ∈ W (ΦK) taken. If α is
a good root of Φ, by Proposition 2.2 i) and vii), Proposition 2.4 and Proposition
2.5 we have

a
(
w,C,Φ+

B

)
+ a

(
sαw,C,Φ

+
B

)
=

= bΦ

(
φC , CB, xΦ+

B
, w, t

)
+ bΦ

(
φC , CB, xΦ+

B
, sαw, t

)
= bΦ

(
φC , CB, xΦ+

B
, w, t

)
+ bΦ

(
φC , CB, sαxΦ+

B
, w, t

)
= bΦΦα

(φC , CB, y, w, t) + bΦΦα
(φC , CB, y, sαw, t) .

In order to conclude that this is equal to a
(
w,Cα,

(
Φ+

B

)
α

)
+ a

(
sαw,Cα,

(
Φ+

B

)
α

)
,

we analyze each series of simple groups.
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For g of type B2n+1 , D2n , E7 , E8 or G2 , the choice of good ordering
implies: W (Φ2,CB

) = W (ΦK), α ∈ ∆B and Yα is a wall of C∨
B . By Proposition

2.7, for w /∈ W (Φα)W (ΦK) we have

bΦΦα
(φC , CB, y, u, t) = a

(
w,Cα,Φ

+
B

)
= 0 .

If w = wαwK , wα ∈ W (Φα), wK ∈ W (ΦK), by Proposition 2.7 we have

bΦΦα
(φC , CB, y, u, t) = bΦα

(
(wKφC)|Yα

, (CB)Yα
, y, wα, v1

)
= a

(
wα, (wKC)α ,Φ

+
B

)
= a

(
w,Cα,Φ

+
B

)
.

Hence we have

a
(
w,C,Φ+

B

)
+ a

(
sαw,C,Φ

+
B

)
= a

(
w,Cα,

(
Φ+

B

)
α

)
+ a

(
sαw,Cα,

(
Φ+

B

)
α

)
and since, by Lemma A.2 of [4],(φC)|Yα

is Φα -regular, the equality follows for g

of type B2n+1 , D2n , E7 , E8 or G2 .

If g is of type A1 , Φ = {±β} ,and by [13], 13.35

c (w,C, {β}) =

{
1 if (wC, β) < 0
0 otherwise

.

A direct computation shows that a (w,C, {β}) = c (w,C, {β}). By iv),
c (e, C,Ø) = a (e, C,Ø) hence the equality follows for g of type A1 .

The case when g is of type B2n , Cn or F4 , is analogous to the previous
case but we need to appeal to Proposition 2.8 instead of Proposition 2.7.

In order to verify the hypothesis of Proposition 2.8 we proceed case by case
to show W ((Φα)K) = W (Φα)∩W (ΦK) for every simple root α , for the good order
Φ+

B . Since in Φ+
B all the long simple roots are noncompact and all the short simple

roots are compact, if α, β are simple roots for Φ+
B , of the same length, there is

w ∈ W (ΦK) so that wα = β . Indeed, by inspection in B2n , Cn or F4 we are
reduced to an argument in su (2, 1).

(a) g of type B2n , n > 1 (that is g0 = so (2n+ 1, 2n)). As usual

Φ = {±ei ± ej}1≤i<j≤2n ∪ {±ei}1≤i≤2n

Φ+ = {ei ± ej}1≤i<j≤2n ∪ {ei}1≤i≤2n

∆ = {ei − ei+1}1≤i<2n ∪ {e2n} .

Since Φ+ is a good order, αi = ei− ei+1 is noncompact for 1 ≤ i < 2n and
α2n = e2n is compact. Thus

ΦK = {±e2i ± e2j}1≤i<j≤n ∪ {e2i}1≤i≤n ∪ {±e2i−1 ± e2j−1}1≤i<j≤n .

Hence ΦK is of type Bn ×Dn and W (ΦK) agrees with the direct product
Wn,e×Wn , where Wn,e is the group of all permutations and even sign changes of
the set {e1, e3, ..., e2n−1} and Wn is the group of all permutations and sign changes
of the set {e2, e4, ..., e2n} .

Since all the long simple roots are conjugate by W (ΦK) we only need to
consider Φα1 and Φα2n Now

Φα1 = {± (e1 + e2)} ∪ {±ei ± ej}3≤i<j≤2n ∪ {±ei}3≤i≤2n .
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Hence Φα1 is of type B2n−2 × A1 and W (Φα1) is the direct product W2n−2 ×
W1 , where W2n−2 is the group of all permutations and sign changes on the set
{e3, ..., e2n} and W1 = {e, se1+e2} . On the other hand W ((Φα1)K) agrees with the
direct product Wn,e×Wn−1 , where Wn,e is the group of all permutations and even
sign changes on the set {e3, ..., e2n−1} and Wn−1 is the group of all permutations
and sign changes on the set {e4, ..., e2n} . Thus W ((Φα1)K) = W (Φα1) ∩W (ΦK).

Φα2n = {±ei ± ej}1≤i<j≤2n−1 ∪ {±ei}1≤i≤2n−1 .

Hence, W (Φα2n) is the group of all permutations and sign changes on the set
{e1, ..., e2n−1} . On the other hand, W ((Φα2n)K) is the direct product Wn,e×Wn−1 ,
where Wn,e is the group of all permutations and even sign changes on the set
{e1, e3, ..., e2n−1} and Wn−1 is the group of all permutations and sign changes on
the set {e2, e4, ..., e2n−2} . Thus W ((Φα2n)K) = W (Φα2n) ∩W (ΦK).

(b) g of type B2 (that is g0 = so (3, 2)).

Φ = {±e1 ± e2} ∪ {±e1,±e2}
Φ+ = {e1 ± e2} ∪ {e1, e2}
∆ = {e1 − e2} ∪ {e2} .

Since Φ+ is a good order on Φ, α1 = e1 − e2 is noncompact and α2 = e2 is
compact, thus

ΦK = {e2} ,

hence, W (ΦK) = {e, se2} . Now

Φα1 = {± (e1 + e2)} ,

hence, W (Φα1) = {e, se1+e2} . On the other hand W ((Φα1)K) = {e} , thus
W ((Φα1)K) = W (Φα1) ∩W (ΦK) and

Φα2 = {±e1} .

Hence, W (Φα2) = {e, se1} . On the other hand, W ((Φα2)K) = {e} , thus
W ((Φα2)K) = W (Φα2) ∩W (ΦK).

(c) g of type Cn (that is g0 = sp (n,R)).

Φ = {±ei ± ej}1≤i<j≤n ∪ {±2ei}1≤i≤n

Φ+ = {ei ± ej}1≤i<j≤n ∪ {2ei}1≤i≤n

∆ = {ei − ei+1}1≤i<n ∪ {2en} .

Since Φ+ is a good order on Φ, αi = ei − ei+1 is compact for 1 ≤ i < n and
αn = 2en is noncompact. Thus

ΦK = {± (ei − ej)}1≤i<j≤n .

Hence, W (ΦK) is the group of all permutations of the set {e1, ..., en} .

Since all the short simple roots are conjugate by W (ΦK) we only need to
consider Φα1 and Φα2n . Now

Φα1 = {± (e1 + e2)} ∪ {±ei ± ej}3≤i<j≤2n ∪ {±2ei}3≤i≤2n .
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Hence Φα1 is of type Cn−2 × A1 and W (Φα1) = Wn−2 × W1 , where Wn−2 is
the group of all permutations and sign changes on the set {e3, ..., en} and W1 =
{e, se1+e2} . On the other hand, W ((Φα1)K) is the group of all permutations of the
set {e3, ..., en} . Thus W ((Φα1)K) = W (Φα1) ∩W (ΦK). Also

Φαn = {±ei ± ej}1≤i<j≤n−1 ∪ {±2ei}1≤i≤n−1 .

Hence, W (Φαn) is the group of all permutations and sign changes on the set
{e1, ..., en−1} . On the other hand W ((Φαn)K) is the group of all permutations on
the set {e1, ..., en−1} . Thus W ((Φαn)K) = W (Φαn) ∩W (ΦK).

(d) g of type F4 (g0 = FI as in [14] Appendix C).

Φ = {±ei ± ej}1≤i<j≤4 ∪ {±ei}1≤i≤4 ∪
{

1
2
(±e1 ± e2 ± e3 ± e4)

}
Φ+ = {ei ± ej}1≤i<j≤4 ∪ {ei}1≤i≤4 ∪

{
1
2
(e1 ± e2 ± e3 ± e4)

}
∆ = {α1, α2, α3, α4} where

α1 = 1
2
(e1 − e2 − e3 − e4) α2 = e4
α3 = e3 − e4 α4 = e2 − e3

.

Since Φ+ is a good order on Φ, α3 , α4 are noncompact and α1 , α2 are compact,
thus

ΦK = {α1, α2, α1 + α2, α3 + α4, α2 + α3 + α4, 2α2 + α3 + α4}
∪ {α1 + α2 + α3 + α4, α1 + 2α2 + α3 + α4}
∪ {2α1 + 2α2 + α3 + α4, 2α1 + 4α2 + 3α3 + α4} .

Hence ΦK is of type C3 × A1 with simple roots

β1 = 1
2
(e1 − e2 − e3 − e4) β2 = e4

β3 = e2 − e4 β4 = e1 + e3
.

Thus W (ΦK) = W3 ×W1 , and if

v1 = e1 − e3, v2 = e2 + e4, v3 = e2 − e4, v4 = e1 + e3

W1 = {e, sv4} and W3 is the group of all permutations and sign changes on the
set {v1, v2, v3} .

Since all the short simple roots are conjugate by W (ΦK) and all the long
simple roots are conjugate by W (ΦK) we only need to consider Φα2 and Φα3 .
Now

Φ+
α2

= {ei ± ej}1≤i<j≤3 ∪ {ei}1≤i≤3

∆α2 = {e1 − e2, e2 − e3, e3} .

Hence, Φα2 is of type B3 and view on the canonical basis of R4 , W (Φα2) is
the group of all permutations and sign changes on the set {e1, e2, e3} which fix
α2 = e4 . Let us denote by (13) the permutation between e1 and e3 which fix e2
and e4 , and for j = 1, 2, 3 let (−j) denote the reflection ej → −ej on ej . Since
W (ΦK) (e1 + e3) = ± (e1 + e3) we have that W (Φα1) ∩W (ΦK) is included in the
subgroup {e, (13)} × {e, (−2)} × {e, (−1) (−3)} . On the other hand(

Φ+
α2

)
K

= {e1 + e3, e1 − e3, e2} .

Hence (Φα2)K is of type A1×A1×A1 and W ((Φα2)K) = {e, se1+e3}×{e, se1−e3}×
{e, se2} . Thus W ((Φα2)K) = W (Φα2) ∩W (ΦK).

Φ+
α3

= {e1 ± e2} ∪ {ei}1≤i≤2 ∪ {e3 + e4} ∪
{

1
2
(e1 ± e2 ± (e3 + e4))

}
∆α3 =

{
e2,

1
2
(e1 − e2 − e3 − e4) , e3 + e4

}
.
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Hence Φα3 is of type C3 and if

w1 = e1 + e2, w2 = e1 − e2, w3 = e3 + e4 ,

Using the ordered basis {w1, w2, w3, α3} of R4 , W (Φα3) is the group of
all permutations and sign changes of the set {w1, w2, w3} and fix α3 . Since
W (ΦK) (e1 + e3) = ± (e1 + e3) and e1 + e3 = 1

2
(w1 + w2 + w3 + α4), W (Φα1) ∩

W (ΦK) is included in the subgroup of all permutations of the set {w1, w2, w3} .
On the other hand(

Φ+
α3

)
K

=

{
e2,

1

2
(e1 + e2 − e3 − e4) ,

1

2
(e1 − e2 − e3 − e4)

}
.

Hence (Φα3)K is of type A2 and

W ((Φα3)K) =
{
e, se2 , s 1

2
(e1+e2−e3−e4), s 1

2
(e1−e2−e3−e4)

}
∪

{
se2s 1

2
(e1+e2−e3−e4), se2s 1

2
(e1−e2−e3−e4)

}
.

Thus W ((Φα3)K) = W (Φα3)∩W (ΦK), which concludes the proof of Theorem 3.5.
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