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Abstract.  Four dimensional simply connected Lie groups admitting a pseudo-
Kahler metric are determined. The corresponding Lie algebras are modelled and
the compatible pairs (J,w) are parametrized up to complex isomorphism (where
J is a complex structure and w is a symplectic structure). Such structure gives
rise to a pseudo-Riemannian metric g, for which J is a parallel. It is proved that
most of these complex homogeneous spaces admit a compatible pseudo-Kéahler
Einstein metric. Ricci flat and flat metrics are determined. In particular Ricci
flat unimodular pseudo-Kéhler Lie groups are flat in dimension four. Other
algebraic and geometric features are treated. A general construction of Ricci
flat pseudo-Kéhler structures in higher dimension on some affine Lie algebras is
given. Walker and hypersymplectic metrics are compared.
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1. Introduction

Simply connected real Lie groups endowed with a left invariant pseudo-Riemannian
Kahler metric are in correspondence with Kahler Lie algebras. Kahler Lie algebras
are real Lie algebras g equipped with a pair (J,w) consisting of a complex structure
J and a compatible symplectic structure w. A Kahler structure on a Lie algebra
determines a pseudo-Riemannian metric g defined as

g(z,y) =w(Jz,y) z,yE€g

not necessarily definite, and for which J is parallel. The Lie algebra (g, J, g) is
also known as a pseudo-Kahler Lie algebra or indefinite Kahler Lie algebra. Kahler
Lie algebras are special cases of symplectic Lie algebras and of pseudometric Lie
algebras and therefore tools of both fields can be used to their study.

Lie algebras (resp. homogenous manifolds) admitting a definite Ké&hler
metric were exhaustive studied by many authors. Indeed the condition of the
pseudometric to be definite impose restrictions on the structure of the Lie algebra
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[7] [13] [12] [17]. In the nilpotent case the metric associated to a pair (J,w) cannot
be definite positive [6]. However this is not the case in general for solvable Lie
algebras.

In this paper we describe Kahler four dimensional Lie algebras. Since four
dimensional symplectic Lie algebras must be solvable [9], our results concern all
possibilities in this dimension. Similar studies in the six dimensional nilpotent
case were recently given in [11].

We prove that four dimensional completely solvable Kéahler Lie algebras and
aff(C) are modelled on one of the following short exact sequences of Lie algebras:

0—bHh—g—Jh—0 orthogonal sum
0—bh—g—t—0 h and ¢ J-invariant subspaces,

where in both cases b is an w-lagrangian ideal of g and (hence abelian) and Jh
and ¥ are w-isotropic subalgebras. While the first sequence splits, the second one
does not necessarily split. There are also three kind of non completely solvable
four dimensional Lie algebras admitting a Kahler structure which can be modelled
on other sequences. In all cases the compatible pairs (J,w) are parametrized up
to complex isomorphism.

The next step is to do a geometric study of these spaces. We compute
metrics, curvature and Ricci curvature tensors. Making use of the above sequences
it is possible to get information about totally geodesic subspaces. The results from
this study are summarized in the following:

- the neutral metric on the Lie algebras satisfying the second short exact
sequence are Walker metrics;

- in 8 of the 11 families of Kéhler Lie algebras there exists an Einstein
representative among the compatible pseudo-Kahler metrics.

- in the unimodular case there is an equivalence between Ricci flat and flat
metrics in dimension four.

- aside from the hypersymplectic Lie algebras [15] [1], any Ricci flat metric
is provided either by (R x ¢(2),.J), with ¢(2) the Lie algebra of the group of rigid
motions of R? or by (aff(C),.J5), the real Lie algebra underlying the Lie algebra
of the affine motions group of C. Furthermore the Ricci flat pseudometrics are
deformations of flat pseudo-Kéahler metrics.

If we look at the Lie algebras admitting abelian complex structures we prove
that a Lie algebra which admits this kind of complex structures and it is symplectic
then it is also Kéhler. Moreover if this is the case, (g, J) is Kéhler if and only if J
is abelian. For instance the Lie algebra aff(C) has both abelian and non abelian
complex structures; however only the abelian ones admit a compatible symplectic
form.

Finally we try to generalize our results. We construct Kahler structures
on affine Lie algebras aff(A), where A is a commutative algebra. This type of
Lie algebras cover all cases of four dimensional Lie algebras having abelian com-
plex structures [5]. We give examples in higher dimensions of Ricci flat pseudo-
Riemannian metrics by generalizing the Kéhler structure of (aff(C), J;) to affine
Lie algebras aff(A) where A is a commutative complex associative algebra. It is
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proved that a Walker Kahler metric on a Lie algebra g can be hypersymplectic
whenever some extra condition is satisfied. In particular a Walker metric compat-
ible with the canonical complex structure of aff(C) is shown.

In a final section we compute the obtained pseudo-Riemannian metrics in
global coordinates.

The author thanks I. Dotti for suggestions and is grateful to the referee for
useful comments and references to get an improvement of a previous version of
this work.

2. Preliminaries

Kéhler Lie algebras are endowed with a pair (J,w) consisting of a complex struc-
ture J and a compatible symplectic structure w: w(Jz, Jy) = w(x,y), namely a
Kahler structure on g.

Recall that an almost complex structure on a Lie algebra g is an endomor-
phism J : g — g satisfying J? = —I, where I is the identity map. The almost
complex structure J is said to be integrable if N; = 0 where N; is the tensor
given by

Ny(z,y) = [Jz, Jy| — [z,y] — J[Jz,y] — [z, Jy] forallz,y €g. (1)

An integrable almost complex structure J is called a complex structure on g.

An equivalence relation is defined among Lie algebras endowed with com-
plex structures. The Lie algebras with complex structures (g, J;) and (gz, J2) are
equivalent if there exists an isomorphism of Lie algebras a : g1 — go such that
Jooa=aoJ;.

Examples of special classes of complex structures are the abelian ones and
those that determine a complex Lie bracket on g.

A complex structure J is said to be abelian if it satisfies [JX, JY| = [X,Y]
for all X,Y € g. A complex structure J introduces on g a structure of complex
Lie algebra if Joadx = ado JX for all X € g, and so (g,J) is a complex Lie
algebra, and that means that the corresponding simply connected Lie group is also
complex, that is, left and right multiplication by elements of the Lie group are
holomorphic maps.

A symplectic structure on a 2n-dimensional Lie algebra g is a closed 2-
form w € A%*(g*) such that w has maximal rank, that is, w™ # 0. Lie algebras
(groups) admitting symplectic structures are called symplectic Lie algebras (resp.
Lie groups).

The existence problem of compatible pairs (J,w) on a Lie algebra g is set
up to complex isomorphism. In other words to search for Kéhler structures on
g it is sufficient to determine the compatibility condition between any symplectic
structure and a representative of the class of complex structures. In fact, assume
that there is a complex structure J; for which there exists a symplectic structure
w satisfying w(J1 X, 1Y) = w(X,Y) for all X|Y € g and assume that J, is
equivalent to J;. Thus there exists an automorphism o € Aut(g) such that
Jy = 0" Jio,. Then it holds

WX, Y)=0""o'w(X,Y) = 0" w10, X, 10.Y) = w(LX, LY).
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Kéahler Lie algebras belong to the class of symplectic Lie algebras. Spe-
cial objects on a symplectic Lie algebra (g,w) are the isotropic and lagrangian
subspaces. Recall that a subspace W C g is called w-isotropic if and only if
w(W, W) = 0 and is said to be w-lagrangian if it is w-isotropic and w(W,y) = 0
implies y € W.

Lemma 2.1.  Let (g,J,w) be a Kdhler Lie algebra. If b is a isotropic ideal,
then:

e 0 is abelian
e J(h) is a isotropic subalgebra of g.

Thus h+Jb is a subalgebra of g and the sum is not necessarily direct. Furthermore
hNJh is a J-invariant ideal of h + Jh.

Proof.  Since b is a isotropic ideal, the first assertion follows ; from the condition
of w of being closed.

The integrability condition of J restricted to b, which was proved to be
abelian, implies

[Jz, Jyl = J([Jz,y] + [z, Jy])

showing that Jb is a subalgebra of g. The compatibility between J and w says
that w(Jx, Jy) = w(z,y) = 0 for z,y € h, and so Jbh is isotropic. Furthermore if
b is w-lagrangian, then J§ is w-lagrangian, and the second assertion is proved. =

A Kahler structure on a Lie algebra determines a pseudo-Riemannian metric

g defined as
gz, y) =w(Jz,y)  zyeg (2)

for which J is parallel with respect to the Levi Civita connection for g. Note that
g is not necessarily definite; the signature is (2k, 2l) with 2(k + () = dim g.

Conversely if (g, J, g) is a Lie algebra endowed with a complex structure J
compatible with the pseudometric g then (2) defines a 2-form compatible with J
which is closed if and only if J is parallel [16]. Hence the Lie algebra (g, .J,g) is
called a Kéahler Lie algebra with pseudo-(Riemannian) Kéhler metric g.

Let g be a pseudo-Riemannian metric on g. For a given subspace W of g,
the orthogonal subspace W+ is defined as usual by

Wt={zcg/glx,y) =0, foralyec W}

The subspace W is said to be isotropic if W C W+ and is called totally isotropic
it Ww=w-+.

Lemma (2.1) can be rewritten in terms of the pseudo-Riemannian metric g
as in the following one.

Lemma 2.2.  Let (g,J,g) be Kdhler Lie algebra. Assume that an ideal h C g
satisfies Jbh C h*. Then

e 0 is abelian and
e J(b) is a subalgebra of g with h C (Jb)*+ = J(ht) := Jht.

Thus b + Jh is a subalgebra of g invariant by J and the sum is not
necessarily direct. However h N Jh s a J invariant ideal of h + Jb.
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Proof. The subspace b is w-isotropic if and only if Jh C ht. Hence b is
w-lagrangian if and only if Jh = h+. These remarks prove the assertions. |

In [12] it is proved that if g is a Kahler Lie algebra whose respective metric
is positive definite then g is isomorphic to h x Jh when g admits an ideal b such
that h+ = Jp.

2.1. On four dimensional solvable Lie algebras. It is known that a four
dimensional symplectic Lie algebra must be solvable [9]. Let us recall the classifi-
cation of four dimensional solvable real Lie algebras. For a proof see for instance
[2]. Notations used along this paper are compatible with the following table.

Proposition 2.3.  Let g be a four dimensional solvable real Lie algebra. Then
if g is not abelian, it is equivalent to one and only one of the Lie algebras listed
below:

ths : [e1, e2] = €3
Ty le1, €2] = €9, [e1,e3] = €2+ €3
T3 ) : [61, 62] = €9, [61, 63] = )\63 A E [—1, 1]
o le1, €a] = vea — €3, [e1, €3] = ea + e v>0
Toly [61, 62] = €9, [63, 64] = €4
) le1, €3] = e3, [e1,e4] = €4, €2, €3] = €4, [e2,e4] = —e3
Ny - e4; €1] = €9, [e4, €2] = €3
Ty leq, e1] = e1, [eq, €a] = €1 + e, [eq, €3] = €2 + €3
Ty leq, €1] = e1, [ea, €] = pea, [eq, e3] = eq + pes nweR
Chas leq, €1] = €1, [ea, €2] = aeq, [eq, €3] = Pes,
with —1l<a<pg<1l,af#0,or —1=a<3<0
tim,(s : [ea; 1] = e, e, 2] = yeo — des, [e4, €3] = dey +ve3 Yy E€R, >0
34 . [61,62] = €3, [64, 61] = €1, [64,62] = —€9
04y le1, €2] = €3, [eq, €3] = €3, [es, e1] = ey, [eg, 0] = (1 — N)eg A > %
05 le1, €2] = e3, [eq, €1] = gel — e, [eq, €3] = deg, [e4, €3] = €1 + %eQ >0
B le1, 0] = €3, [eq, €3] = e3, [es, €1] = %el, leq, €2] = €1 + %62

Remark 2.4.  Observe that toty is the Lie algebra aff(R) x aff(R), where aff(R)
is the Lie algebra of the Lie group of affine motions of R, t} is the real Lie algebra
underlying on the complex Lie algebra aff(C), t5 is the trivial extension of e(2),
the Lie algebra of the Lie group of rigid motions of R?*; t3 ; is the Lie algebra
¢(1,1) of the group of rigid motions of the Minkowski 2-space; ths is the trivial
extension of the three-dimensional Heisenberg Lie algebra denoted by bs.

A Lie algebra is called unimodular if tr(ad,)=0 for all x € g, where tr
denotes the trace of the map. The unimodular four-dimensional solvable Lie
algebras algebras are: R*, thz, trz 1, T, M4y ta1/2, Cap1-p (1 < p <
—1/2), til,,u,fu/Q’ 04, ‘02170.

Recall that a solvable Lie algebra is completely solvable when ad, has real
eigenvalues for all = € g.

Invariant complex structures in the four dimensional solvable real case were
classified by J. Snow [22] and G. Ovando [20]. The following propositions show
all Lie algebras of dimension four admitting special kinds of complex structures,
making use of notations in (2.3).
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Proposition 2.5.  If g is a four dimensional Lie algebra admitting an abelian
complex structure, then g is isomorphic to one of the following Lie algebras R*,

R > by, R* x aff(R), aff(R) x aff(R), aff(C), 041-

Proof. If g is a four dimensional Lie algebra admitting abelian complex struc-
tures then g must be solvable and its commutator has dimension at most two (see
[5] ). Let g be a four dimensional Lie algebra satisfying these conditions. The first
case is the abelian one which clearly possesses an abelian complex structure. If
dim g’ = 1 then g is isomorphic either to R x b3 or to R x aff(R), both admitting
abelian complex structures (see [22] or [4]). If the commutator is two dimensional
then it must be abelian and therefore g must satisfy the following splitting short
exact sequence of Lie algebras:

O%RQEQQf)%O

with b ~ aff(R) or R?. The solvable four dimensional Lie algebras which satify
these conditions are: R?*, ths, tr3y, trs, Tty ), Taty, Ty, 041 (see for example [2]
). The Lie algebras tts, tgy v 3 A # 0 do not admit abelian complex structures
and the other Lie algebras admit such kind of complex structures (see [22] ). =

Proposition 2.6.  Let g be a solvable four dimensional Lie algebra such that
(g,J) is a complex Lie algebra, then g is either R* or aff(C) = t},.

Proof.  Let (g,J) be Lie algebra with a complex structure J satisfying J{z,y] =
[Jz,y] for all z,y € g. Then Jg’' C g’ and hence dimg = 2 or 4. Assume now
that g is solvable but not abelian and let x, Jx be a basis of g’. Let y, Jy not
in g’ such that {z, Jx,y, Jy} is a basis of g. Then [Jy,y] = 0 = [z, Jx] and the
action of y, Jy restricted to g’ has the form

a —b b «a
ady = (b a) adyy = (—a b)

where a and b are real numbers such that a? + b* # 0. This implies that
g ~ aff(C). In fact taking v’ = ﬁ(ay + bJy) then {y/, Jy',z, Jx} is a basis of
g satisfying the Lie bracket relations of t}, in (2.3). [

3. Four dimensional Kahler Lie algebras

In this section we determine all four dimensional Kahler Lie algebras and we
parametrize their compatible pairs (J, w).

Most Kéhler Lie algebras can be found in a constructive way. In fact,
according to [21] any symplectic Lie algebra (g, J,w) which is either completely
solvable or isomorphic to aff(C) admits a w-lagrangian ideal or equivalently in
terms of the pseudometric g admits an ideal h with Jh = h*.

In four dimensional Kahler Lie algebras admitting such ideal b there are
two possibilities for hNJh: it is trivial or coincides with §. If it is trivial then g is
isomorphic to h x Jh. Hence we have the following splitting short exact sequence
of Lie algebras

0—bh—g— Jh— 0. 3)



OVANDO 377

If h N Jh is not trivial, then Jh =h. So g can be decomposed as h & €, where b
and ¢ are J-invariant totally isotropic subspaces and one has the following short
exact sequence of Lie algebras, which does not necessarily splits:

0—h—g—8t—0. (4)

In every case b is abelian (2.1) and therefore will be identified with R,
These facts will help us to construct four dimensional Kahler Lie algebras.
The results of the following propositions can be verified with Table (3.3).

Proposition 3.1.  Let (g,J,g) be a four dimensional Kdhler Lie algebra. As-
sume that there exists an abelian ideal Yy such that the following splitting exact
sequence holds

0—bh—g— Jh—0.

where the sum is orthogonal. Then g is isomorphic to: R*, R x b3, R? x aff(R),
aff(C), aff(R) x aff(R), ts—1,—1, 041, 042, Oa1/2-

Proof. Let J be an almost complex structure on g compatible with the pseudo-
Riemannian metric g. The splitting short exact sequence (3) is equivalent to one
of the following short exact sequences of Lie algebras

0 —R*—g— R>—0. (5)
0— R — g — aff(R) — 0. (6)

The pseudometric g restricted to h defines a pseudo-Riemannian metric on the
Euclidean two dimensional ideal. Up to equivalence on R? there exist two pseudo-
Riemannian metrics: the canonical one and the indefinite one of signature (1,1).

Case (5): If g is a Lie algebra satisfying the short sequence (5) then the
almost complex structure J is integrable if and only if it satisfies

[Jz,y] = [Jy,x]  forallz,yeh (7)
and J is parallel with respect to the Levi Civita connection for ¢ if and only if

g([Jz, 2),y) = g([Jy, 2], x) for all z,y,z € b. (8)

While for the canonical metric the Lie algebras satisfying conditions (7) and (8) are
R*, R? x aff(R), aff(R) x aff(R), for the neutral metric one gets the Lie algebras
R x b, R? x aff(R).aff(R) x aff(R), aff(C) and 0.

Case (6): If g is a Lie algebra where (6) holds, then the almost complex
structure J is integrable if and only if

€y = [Jel, 62] — [JEQ, 61] (9)

where span{e;,es} = b ~ R? and J is parallel with respect to the Levi Civita
connection for ¢ if and only if

g(Jez, Jey) = g([Jea, ex], 1) — g([Jer, ex), €2) for k =1,2 (10)

By considering the conditions (9) and (10) one gets the Lie algebras 041/, 042
for the canonical metric and the Lie algebras t4 1 1, 041/2, 042 for the neutral
metric. [ ]
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Proposition 3.2.  Let (g,J,g) be a four dimensional Kdhler Lie algebra. As-
sume that there exists an abelian ideal §y such that the short exact sequence of Lie
algebras (4) holds

0—bh—g—8t—0,

where b and € are J-invariant totally isotropic subspaces. Then g is isomorphic
to: R x bz, aff(C), ts 1,1, D41, Ds2.

Proof. At the algebraic level, the sequence (4) takes the form (5) or (6), where
h = span{e;, Je; } ~ R? and € = span{ey, Jes} ~ R? in (5) or aff(R) in (6). Let
J be a complex structure on g and let w be a 2-form compatible with J. Then
w being closed is equivalent to:

w(lez, Jeal, ) + w([z, 2], Jea) + w([Jeq, x], e5) = 0.

If (4) splits then in the case (5) one gets the Lie algebra aff(C), and in the case
(6) one gets the Lie algebras t4 1 1, 041 and 945. If (4) does not splits then one
gets R X bs. |

Notice that according to the classifications of complex structures in [22]
[20] and symplectic structures [21] the non completely solvable Lie algebras which
could admit compatible pairs (J,w) are Rxe(2), ¢} 5, 6 # 0, and 0} 5 with 0 # 0.
These Lie algebras admit Kéhler structures (see Table (3.3)) and moreover the Lie
algebras R x ¢(2) and v} 5 satisfy the following splitting short exact sequence of
Lie algebras

0—bh=Jh—g— bh-—0,

where b is an abelian ideal but not a w-lagrangian ideal of (g,w).

Let g be a Lie algebra admitting a complex structure J and let us denote
by S.(g,J) the set of all symplectic forms w that are compatible with J. Our
goal now is to parametrize the elements of S.(g, /). In the previous paragraphs
we found the Lie algebras g for which S.(g,J) # @ for some complex structure
J.

Let {e'} denotes the dual basis on g* of the basis {e;} in g (as in (2.3)).
Then we use 7% to denote ¢! Aed Aek A .. ..

Proposition 3.3.  Let g be a Kahler Lie algebra, then g is isomorphic to one
of the following Lie algebras endowed with complex and compatible symplectic
structures listed in Table 3.3 below.

Proof.  The complete proof follows a case by case study. Making use of the
classifications of complex structures we found in [22] and [20], then for a fixed
complex structure J on a given Lie algebra g we verify the compatibility condition
with the symplectic forms given in [21].

We shall give the details in the case t}, the Lie algebra corresponding to
aff(C). The other cases should be handled in a similar way.
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g Complex structure Compatible symplectic 2-forms

th : Jey = ez, Jeg = ey 12,2 2
. _ _ 12 34
t‘Cg’O . J61 = €9, J63 = €4 a12€° + aszye , A12G34 7é 0
/. _ _ 14 23
Ty Jey = ey, Jeg = e3 ayse " + agze”, aygassy # 0
. _ _ 12 34
Toty J61 = €9, J€3 — €4 a12€ " + A34€°", A12034 7& 0
13 _ 24 14 23
tl2 : Jiey = e3, Jies = ey CL13_24(6 € ) + CL14+23<€ te )7
a3 +a? # 0
13—-24 14423
13 24 14 23
Joer = —eq, Joes = ey 013,24(6 —€ ) + &14+23(€ te )+

12 2 2
taie’?, ajz oy + ajy 03 # 0

ty_1-1: Jeg=e1, Jea =e€
bt ! b ’ +aye, aly gy +ais o #0

Jieqs = e1, Jiex = e3,

r. 14 23
T . a14€ " + asze a14Q9 0
4,0,6 J2€4 = €1, J262 = —e€3 3 ’ 3 ?é
. _ _ 12 34 14
041 : Jer = ey, Jeg = e3 aa_gi(e” —e’*) +eqe', aja_34 # 0
_ _ 14, 23 2 A 4
Jies = —eq, Jier = e3 a14+23(6 +e )+CL24€ N €%, 14423 7’é 0
= Jacs = —2¢1, Joes = 144 gpge? 0
2€4 = —2€1, Jaby = €3 ajset + age”, ajsaos #
Jieq = e3, Jie; = e
. ) 12 34
04172 ¢ ara-3a(e'* — €’*), a1a-34 # 0

Joes = €3, Joeg = —e

Jiey = e3, Jiep = ey,
/A Joeq = —e3, Joer = eg,
40 Jzey = —e3, Jzep = —e,

Jyeq = e3, Jye; = eg,

G127534(€12 - 5634), Q1234 # 0

Table 3.3
As we can see in the classification of Snow [22] the complex structures
on t, are given by: Jie; = e3, Jiea = ey4; and for the other type of complex
structures, denoting a; € C by a1 = p + iv, with v # 0; we have J,,e; =

Pey + (VQJ;"?)eg, Juves = eq. On the other hand any sympletic structure has
the form: w = aa(e! A e?) + ajz_ou(et Ae® —e2 Aet) + agyos(el Aet + e Aed),
with a3, o5 + af;_os # 0. Assuming that there exists a Kéhler structure it holds
w(JX,JY) =w(X,Y) for all X|Y € g and this condition produces equations on
the coefficients of w which should be verified in each case.

For J; we need to compute only the following:

W<€1; 62) = a2 = w(€37 64) w(eh 64) = (14423 = w(eg, —62)
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Thus these equalities impose the condition a;2 = 0. And so any Kéhler structure
concerning J; has the form w = ay3_ou(e* Ae® —e? Aet) + apgo3(el Aet +e2 N e?)
with afy_y; + afyi0 7# 0.

For the second case corresponding to J,, , by computing w(es, e4), w(es, €3),
we get respectively:

. .o 2 2
i) (1—1*11,)@24—13 = Lajygs i) (1+“jy Jaga—13 = —Eaisios

By comparing i) and ii) we get:

(1+ %)%4—13 = —(1+ ”2?2)%4—13

and this equality implies either iii)ags 13 = 0 or iv) 1+ % + 1+ "Q—j”Q =0. As
ass—13 7 0 (since in this case we would also get ajqi23 = 0 and this would be a
contradiction) then it must hold iv), that is 1+ p? + v* = —2v and that implies
p?> = —2v — 1 —v? = —(v + 1)? and that is possible only if © =0 and v = —1.
For this complex structure J, given by Je; = —ey Jesz = ey, it is not difficult to
prove that for any symplectic structure w it always holds w(JX,JY) = w(X,Y),
that is, any symplectic structure on g is compatible with J. In this way we have
completed the proof of the assertion. [

In the following we shall simplify the notation: parameters with four
subindices will be denoted only with the first two ones, hence for instance ay44935 —
a14. By the computations of the pseudo-Kahler metrics the parameters are those
satisfying conditions of Table (3.3).

Remark 3.4.  The set S.(g,J) can be parametrized by R*, R x R*) R* x R*
or R? — {0} and by R x (R? — {0}).

Remark 3.5.  The complex structure which endowes the Lie algebra t, with a
complex Lie bracket is given by Je; = e; and Jesz = ey, which does not admit a
compatible symplectic structure. In fact, assume that  is a 2-form compatible
with J, then Q = ae'? + (e + ) + y(e!* — e??) . Hence d2 = 0 if and only
if 3 =0 =~. Thus there is no symplectic structure compatible with J. In [10] it
is proved that any closed 2-form is always degenerate when it is compatible with
a complex structure J which gives g a structure of complex Lie algebra.

Remark 3.6.  Among the four dimensional Lie algebras we find many examples
of Lie algebras, such that the set of complex structures C and the set of symplectic
structures S are both nonempty and however there is no compatible pair (J,w).
This situation occurs for instance on the Lie algebras b4 or the family 0, for
A #1/2,1,2 (Compare results in [20] [21] and [22]).

Reading the previous list of Proposition 3.3 by looking at the structure of
the Lie algebras we get the following Corollary.

Corollary 3.7.  Let g be a Kdhler four dimensional Lie algebra. If g is uni-
modular then it is isomorphic either to R x bz or R x ¢(2).

If g is not unimodular then either:

i) dimg’ =1 and it is isomorphic to R? x aff(R),
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ii) dimg’ =2 and g is a non trivial extension of ¢(1,1), aff(R) x aff(R),
or an extension of ¢(2) or

ii) g ~R* and g~y _1 1 or vy, or

i) ¢ ~ b3 and the action of ey ¢ ¢ diagonalizes with set of eigenvalues
one of the following ones {1,1,0}, {1,2,—1}, {1,3,3}, {1,5 + 46,5 —id}, with
0> 0.

Proof.  According to [2], if dimg’ = 1 then g is a trivial extension of b3 or
aff(R); the non trivial extension of e(1,1) is toty and the extensions of ¢(2) are
isomorphic either to aff(C) or R x e(2). The rest of the proof follows by looking at
the adjoint actions on any Kéhler Lie algebra with three dimensional commutator.

[

Corollary 3.8.  Let g be a nilpotent (non abelian) four dimensional Kdhler Lie
algebra, then it is isomorphic to R X b3 and any complex structure is abelian.

Proof.  Among the four dimensional Lie algebras the non abelian nilpotent ones
are R X h3 and ny. Only R X b3 admits a compatible pair (J,w) and in fact the
previous table parametrizes elements of S.(R x b3, J) for a fixed complex structure
J. [ |

Remark 3.9. R x b3 is the Lie algebra underlying the Kodaira Thurston
nilmanifold [23] for which actually any complex structure J admits a compatible
symplectic form w.

Corollary 3.10.  Let g be a four dimensional Lie algebra for which any complex
structure gives rise to a Kdhler structure on g. Then g is isomorphic either to
R x bs, R?* x aff(R), R x e(2), ts_1,1, tygs, 041 O42.

Corollary 3.11.  Let g be a four dimensional Lie algebra admitting abelian
complex structures. Then (g,J) is Kdhler if and only if g is symplectic and J is
abelian.

Proof.  According to (2.5) and the results of [22], the four dimensional Lie
algebras which are Kéahler and admit abelian complex structures are R X bs,
R? x aff(R), aff(R) x aff(R), aff(C) and 9,;. Among these Lie algebras only
aff(C) admits complex structures which are not abelian. On aff(C) there is a
curve of non equivalent complex structures. Among the points of this curve there
is one which belongs to the abelian class. The class which represent this point
and one class more corresponding to an abelian structure admit a compatible
symplectic structure and the complex structure which are not abelian do not admit
a compatible symplectic structure. [ |

In dimension four a pseudo-Riemannian Kéahler metric must be definite or
neutral. Notice that the set of pseudo-Riemannian Kéhler metrics on each Kéhler
Lie algebra (g, J, g) can be identified with the set S.(g, /).

We use the following notation to describe the pseudo-Riemannian metrics.
If {e;} is the basis of Proposition (2.3) then {e'} is its dual basis on g* and
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symmetric two tensors are of the form e’ - e/ where - denotes the symmetric
product of 1-forms. We denote by z; the coordinates of z € g with respect to the
basis {e;}.

Corollary 3.12.  Let (g,J) be a non abelian four dimensional Kdhler Lie al-
gebra with complex structure J admitting only definite Kdhler metrics then (g, J)
is isomorphic either to the Lie algebra (9412, J1), or to (Dﬁm, Ji, J3).

The Kdhler Lie algebras (R x b3, J), (aff(C), J1, J2) , (ta—1-1,J), (041, )

and () 5, Jo, Js) admit only neutral pseudo-Riemannian metrics.

Proof. In the case of the completely solvable Kahler Lie algebras or aff(C)
the assertions follow from the proof of Propositions (3.1) and (3.2). In fact these
Kahler Lie algebras can be constructed in terms of splitting exact sequences of
Lie algebras, verifying some extra conditions. We need to study the assertions in
the cases R x ¢(2), vj s and 0} with § # 0. Looking at the pseudo-Kéhler
metrics on R x ¢(2), v} 5 (see Propositions (4.4) and (4.9)) it is possible to
verify that both cases admit definite and neutral metrics. In the case of 0} ;5 the
complex structures J; and J3 admit only definite compatible pseudometrics and
the complex structures Jo and J; admit only neutral compatible pseudometrics.

[

The following propositions offer an alternative model for four dimensional
Kahler Lie algebras since the existence of a lagrangian ideal is a strong condition.
The next constructions are based on the existence of an abelian ideal which does
not need to be lagrangian.

Proposition 3.13. The following Kahler four dimensional Lie algebras:
(R? x aff(R),J), (R x¢(2),J), (aff(R) x aff(R),J), (thos,>J1,J2) endowed with
a pseudo-Kdhler metric, satisfy the following splitting short exact sequence of Lie
algebras:

0—bh=Jh—g—bh" —0

where the sum s orthogonal.

Proof.  For the Lie algebras of the proposition, with a given pseudo-Kéhler
metric, we exhibit a abelian ideal satisfying Jh = b:

R? x aff(R),J g = aa(e' -e' +€*-€*) +az(e® e’ +e*-e*) bh=span{es,es}
R x e(2),J g=ap(e' et +etet) +am(e?-e? +e3-e¥) bh=span{es,e3}
aff(R)?, J g=ap(e! et +e* e?) +ag(e’-e3+et-et) bh=span{es,er}
o5 J1s J2 g=ap(et et +et-et) +a(e? - e?+e3-e3) bh=span{es,es}
]

Proposition 3.14. The following Kahler four dimensional Lie algebras:
(R x b3, J), (ta-1,-1,J), (042,J1), endowed with a pseudo-Kdhler metric, satisfy
the following splitting exact sequence of Lie algebras:

0—bh=bh"—g— Jh—0.
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Proof.  For the Lie algebras of the proposition, with a fixed pseudo-Kéhler
metric g, we exhibit an ideal satisfying h = b~ and h N Jh = 0:

Rx b3, J g=cel-e2—e? et h = span{ey, e3}
ty_1-1,J g= 013(61 e’ —e’- 64) b = span{es, ez}
042, 1 g=ay(e' e +e3-et) b =span{ey, e}

Remark 3.15.  The Lie algebras of Proposition (3.14) are those admitting a
hypersymplectic structure [1].

4. On the geometry of left invariant pseudo-Kahler metrics in four
dimensional Lie algebras

In this section we study the geometry of the Lie group G whose Lie algebra g is
endowed with a Kahler structure. Because of the left invariant property all results
in this sections are presented at the level of the Lie algebra. We make use of the
models (3.1) and (3.2) to find totally geodesic submanifolds. We determine Ricci
flat and Einstein Ké&hler metrics. In the definite case Ricci flat metrics are flat [3].
In the non definite case this is not true in general. However in dimension four if
g is unimodular and the Kahler metric is Ricci flat, then it is flat. Some proofs in
this section follow a case by case study. In those situations, we shall explain the
computations and give them just only in one case to exemplify the work should be
done.?

Let V be the Levi Civita connection corresponding to the pseudo-Riemann-
ian metric g. This is determined by the Koszul formula

29(Vay,2) = g([z,y],2) — 9(ly, 2], ) + g([z, 7], )

It is known that the completeness of the left invariant connection V on G can be
studied by considering the corresponding connection on the Lie algebra g. Indeed
the connection V on G will be (geodesically) complete if and only if the differential
equation on g

#(t) = =Vaa(t)

admits solutions z(t) C g defined for all ¢ € R (see for instance [14]).

A submanifold N on a Riemannian manifold (M, g) is totally geodesic if
V.y € TN for x,y € TN. At the level of the Lie algebra we have totally geodesic
subspaces, subalgebras, etc. which are in correspondence with totally geodesic
submanifolds, subgroups, etc on the corresponding Lie group G with left invariant
pseudometric g.

Proposition 4.1.  Let (g,J,9) be a Kdhler Lie algebra and assume that § is
an ideal satisfying Jh = b+ and hNJh =0 (that is b is w-lagrangian as in (3.1))
then for x,y € b it holds

Vay € Jb; Vi Jy € Jb; Vi Jy € b; Vizy €h.
Thus the subgroup corresponding to Jh on the Lie group G is totally geodesic.

2More details can be found in a previous version of this paper available in arxiv.
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Proposition 4.2.  Let (g,J,9) be a Kdhler Lie algebra and assume that § is a
abelian ideal satisfying Jh = = bt. Thus g = b x € with Je C . Then it holds:

o V.yeh forall z,y e, and z € g;
o for z €t it holds g([z,y], 2) = 29(Vay, ) = 29(V,z,y) = —29(V.2,y);

Therefore the normal subgroup H corresponding to the ideal by on the Lie group
G s totally geodesic.

The proofs of the previous two propositions follow from the Koszul formula
for the Levi Civita connection and the features announced in Propositions (3.1)
and (3.2).

Recall that a pseudometric on a Lie algebra g is called a Walker metric
if there exists a null and parallel subspace W C g, i.e. there is a subspace
W satistying g(W,W) = 0 and V,IW C W for all y (see [24]). The previous
proposition show examples of Walker metrics in dimension four (compare with
[18]).

Corollary 4.3. The neutral metrics on the Kdhler Lie algebras of Proposition
(3.2) are Walker.

The curvature tensor R(x,y) and the Ricci tensor ric(x,y) are respectively

defined by:
R(z,y) = [Va, Vy] = Viay ric(zx,y) Zszg T, 0:)Y, Vi)

where {v;} is a frame field on g and ¢; equals g(v;,v;). The left invariant property
allows to speak in the following setting. We say that the metric is flat if R = 0
and Ricci flat if ric = 0.

It is clear that the existence of flat or non flat pseudo-Kéhler metrics is
a property which is invariant under complex isomorphisms, i.e. if J and J' are
equivalent complex structures then there exists a flat (resp. non flat) pseudo-
Kéhler metric for J if and only there exists such a metric for J'.

Theorem 4.4.  Let g be a unimodular four dimensional Kdhler Lie algebra with
pseudo-Kahler metric g. Then g is flat and its Levi Civita connection is complete.

Proof.  Among the Kéhler Lie algebras of (3.3) the unimodular ones are R x b3
and R x ¢(2).

Let us work in detail the case R x ¢(2) (the other one can be done in a
similar way).

Any pseudo-Kihler metric is g = ajy(e! - e! — et - e) + agz(e? - €* + €3 - €3)
and the corresponding Levi Civita connection is

sz = Z1Ys3€a — Z1Y2€3.

Then ¢ is complete; in fact looking at the geodesic equation in coordinates we
have:
/ / / /
=0, zy=mx3, T3=-—21T2, T, =0

whose solution for a given initial condition is defined in R. It also holds V|, ,, =0
and since V,V, = V,V,, the curvature tensor vanishes which implies that g is
flat. [ ]
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In the non definite case Ricci flat metrics do not need to be flat. Known
counterexamples for this in the case of neutral metrics are provided by hypersym-
plectic structures [15] [1].

Hypersymplectic four dimensional Lie algebras were classified in [1]. Aside
from the abelian Lie algebra there are only three Lie algebras which admit a
hypersymplectic structure: R X b3, vy 11 and 945. In theorem (4.4) the Lie
algebra R x ¢(2) is flat and do not admit hypersymplectic structures [1]. In the
following theorem we shall complete the list of Kéhler Lie algebras (g, J,g) whose
pseudometric is Ricci flat.

Remark 4.5. It is known that for a given complex product structure on a four
dimensional Lie algebra there is only one compatible metric, up to a non zero
constant (see for instance [1]).

Theorem 4.6.  Let (g,J) be a non unimodular four dimensional Kdhler Lie
algebra with Kdhler metric g which is Ricci flat. Then (g, J) is isomorphic either
to (ta-1-1,J), (Da2,J2), (aff(C),J1) . Moreover these Lie algebras have flat
metrics and also Ricci flat but non flat metrics.

Proof.  For each one of these Lie algebras the pseudo-Kahler metrics can be ob-
tain from Table (3.3). With these we do the computations to prove the assertions.
We shall show the Levi Civita connection, curvature and Ricci curvature tensors

only on aff(C).

VzY = (—Zlyl + 22y2)€1 - (z2y1 + z1y2)62
+(Zayr + 2By + 21Y3 — 2ays)est
+(2By1 — Zays + 2ys + 21Ys)es

e =ajz+ai,

= —QA14%1 + 1329

aff(C) :

Jaey = €1, Joez = ey

_08 _OS _acl;i :Zii B = aizz1 + anaze

su —aa 00 R(X,Y)Z = 2t (g .z,

—ays —ay 0 0 . ai422)es + (a1421 — a1322)€4]
ric(X,Y)=0
g(R(v, w)w,v) = —s(viwy — vowr)?

The other Kahler Lie algebras do not admit Ricci flat metrics (see results
of Proposition (4.8) and Theorem (4.9)).

Notice that in all cases the commutator is a totally geodesic submanifold.
Moreover in aff(C) we have Vg’ = 0, and in the other cases Vg’ C span{es} for
any s. If s =0 then in v _; _; we get that the Levi Civita connection restricted
to the commutator is always zero. [ |

Remark 4.7. Among these Ricci flat metrics there are examples of complete
and non complete metrics [1].

An Finstein metric g is proportional to its corresponding Ricci tensor, i.e.
g(x,y) = vric(x,y) for all x,y € g and v be a real constant. We shall determine
Einstein Kahler metrics in the four dimensional case.



386 OVANDO

Proposition 4.8.  Let (g,J,g9) be a Kdihler Lie algebra with Einstein metric
g. Then if g is non Ricci flat, g is a Kdhler metric corresponding to one of the
following Lie algebras:

aff(R) x aff(R) J g=alel.e +e2e? +ed.ed +etet)

aff(C) J1 g = a(el.el —e?.e? +ed.e® — etet)

> J1, g=a(et.el +e2e? 4 e3.e3 + ete?)
41/2 Jo g=alel.e! +e2e? —eded —etet)
, Ji,Js  g=alelel +ere® +(ed.e? + etet))
49 Jo, Ji  g=alele! +e2e? —5(eb.e® + ete?))

In all cases o # 0.

Proof.  Let us work with the following Lie algebra and give the details in this
case. The other cases should be handled in a similar way. One must write the
pseudo-Kahler metric, compute the Levi Civita connection, the curvature and
Ricci curvature tensors and finally one compares the Ricci tensor with the metric
tensor.

aff(C) : VzY = (23y3 — zaya)er + (24y3 + 23ys)ea—
Jiey = e3, Jieg = ey — (2391 — zay2)es — (241 + 23Y2)€4
R(X,Y)=—-V|xy]
a3 a0 0 ric(X,Y) = 2(—z1y1 + Tay2 — T3y3 + T4Ys)
ay —az 0 0 g(R(v,w)w,v) = —ayz(a? — %) — 2a1403
0 0 a3 Q14 a = VW3 — V3w + V4We — VolWy
O 0 a4 —Qai3 6 = W4V1 — V4W1 -+ VW3 — V3W2a

Therefore when a4 = 0 and a;3 # 0 the corresponding metric is Einstein.
The proof will be completed with the results of the Theorem (4.9), proving
that there are no more Einstein metrics. ]

We shall finish this geometric study with the characterization of four di-
mensional Kéhler Lie algebras which are not Einstein.

Theorem 4.9.  Let (g,J,9) be a Kdihler Lie algebra. If g does not admit an
Einstein Kdhler metric then g is isomorphic to R* x aff(R), t} o5, 041

Proof.  The previous propositions show all examples of Lie algebras admitting
Einstein Kéhler pseudometrics. The Lie algebras R* x aff(R), ¢} 5, 041 do not
admit Einstein Kahler metrics and this follows from a case by case study. We shall
show computations only in case 04 .

041 : VzY = —zjyser — (2391 + 21y3)ea+

+(21y2 — 23y1)es + 21y1€4 Jey =eq, Jeg = e3
R(X, Y) = —V[XQ/} a4 0 —a12 0
TiC(X, Y) = —Q(xlyl + x4y4) 0 0 0 a19
g(R(v,w)w,v) = —a(asar — 20ays) —ap 0 0 0
= VW] — V1Wy 0 a2 0 ala

B = 11wy — Wivg + Vw3 — W4V
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Finally let us remark that the Lie algebra 942 admits two non equivalent complex
structures, one of them admits a compatible Einstein pseudometric. But for the
other one .J, this is not the case as similar computations as done above show. =

Corollary 4.10.  Let (g,J) be a four dimensional Kdhler Lie algebra. Then
the commutator is totally geodesic.

Proof. It follows from the Levi Civita connection computed at the correspond-
ing elements in the commutator. [ ]

5. A picture in global coordinates

In this section we shall write the pseudo-Kéhler metrics in global complex coor-
dinates (the real expression can also be done with the information we present in
the following paragraphs). The following table summarizes the results. In the first
column we write the corresponding Lie algebra, the invariant complex structure
and the homogeneous complex manifold according to [22] and [20]. In the sec-
ond column we present left invariant 1-forms and the metric in terms of complex
coordinates.

v =dz, v* = dy, v} = dz + Ydx — Ldy, v = dt

R x hg . . .
with u = v 4+ g, W = v3 + vy
Jui = v9, Jug =1y . _ . _
2 g = aypdudu + (a4 — iay3)dudw + (a14 + ia;3)dudw
flat (4.4)
R? x aff(R) vt =dt, v? = e“tdx, v3 = dy, v* = dz
Jui = v9, Jug = 1y with u = v 4+ e, W = v3 + vy
CxH g = apdudu + azsdwdw
R x ¢(2) vl = dt, v* = costdx + sintdy, v* = sintdr+
Jui = vy, Jug = vs +costdy, vt = dz with u = v + vy, W = vy + 104
C? g = apdudt + aszdwdw

vt =dx, v? = e ?dy, v3 = dz, v* = e dt
with u = v + ive, w = v3 + vy
g = aypdudu + azqdwdw

aff(R) x aff(R)

JUl = V9, J’U3 — U4

H>H Einstein if ajo = agq # 0(4.8)
vl =dt, v* = e (coszdx + sin z dy),
v =dz, vt = e7!(—sin zdx + cos z dy),
aff(C) with u = vy + ivg, W = vy + vy
Jivr = v, 2‘]1“2 =l g = aiz(du® + du® + dw? + dw?)+
c Fayi(du? — d@? + dw? — dw?)

Einstein if a4 = 0 (4.8)
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Jov1 = —vg, Jovz = vy
(C2
T4 -1,-1
JU4 = U1, JUQ = U3
CxH
/
Y405
Jivg = vy, J1vg = v3
CxH
Jovg = vy, Jovg = —u3
CxH
041
JUl = V4, JUQ = U3
CxH
04,1/2
Jivr = vg, J1vs = U3
DZ
Jov1 = —vy, Jovy = v3
(D)0
042
Jivg = vy, J1v1 = v3
CxH

JQUl == 1/21)4, JQUQ = U3

CxH
/
045
Jiv1 = vg, Jivg = v3
]D)Z
Jov1 = Vg, Jovsg = —u3

(D)
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with v = vy 4+ tve, W = v3 + vy
g = sdudu + ay4(dudw + dudw)—
—iay3(dudw — dudw)
Ricci flat always & flat if s = 0(4.6)

vl = e7tdr, v? = eldy, v = eldz, vt = dt
with v = vy + 1v1, W = vy + tv3
g = —sdudt — (a2 + ia13)dudw — (a12—
—tayz)dudw, Ricci flat always & flat if s = 0(4.6)

vt = etdx, v2 = (costdy + sintdz), vt = dt
v3 = (—sintdy + costdz), with u = vy + ivy,

W = Vg + ivggl = —a14dudﬂ + aggdwd@

with u = vg + vy, w = vy + ivg
go = a14dudﬂ + aggdwd@

v = e tdr, v? = dy, v} = e ldz — Zeldy, vt = dt
with u = v 4 vy, W = V9 + 1v3
g1 = apadudu — iayz(dudw — dudw)

vl = e 2dx, v? = e 2dy, v® = e7ldz — Le7ldy,
vl = dt with u = vy + ive, W = vy + vy
g1 = aip(dudu + dwdw), Einstein (4.8)

with u = vy 4+ tve, W = v4 + tv3
g1 = a12(—dudu + dwdw), Einstein (4.8)

o' = e dx, v? = eldy, v*P = e 'dz — Le7'dy,

vt = dt with u = vy + vy, W = V1 + iUy
g1 = sdudu + a14(dudw + dudw)
Ricci flat always & flat if s =0 (4.6)

with v = \/5/2111 + i\/§v4, w = Uy + 103
g1 = aygdudu + aszdwdw

vl = e7%2(cos tdr — sintdy), v* = dt
v? = e %2 (sin tdx + costdy),
v3 = e tdz + xe /% (sin 2tdx — cos 2tdy),
with v = vy + tve, w = v4 + iv3,
g1 = aip(dudu + ddwdw), FEinstein (4.8)

with u = v + ivg, w = vy + ivg
g2 = arz(dudu — ddwdw)
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6. Some generalizations

In this section we show some geometric features in higher dimensions. On the one
hand we shall give constructions of Kahler Lie algebras in higher dimensions. We
obtain examples of Ricci flat metrics by generalizing a Kéhler structure on aff(C).
On the other hand we shall compare hypersymplectic and Walker metrics.

Let A be an associative Lie algebra. Then aff(A) is the Lie algebra A® A
with Lie bracket given by:

[(a,b)(c,d)] = (ac — ca,ad — cb)

An almost complex structure on aff(A) is defined by K(a,b) = (b, —a) which is
integrable and parallel for the torsion free connection V(4 (c, d) = (ac,ad).

Affine Lie algebras play an important role in the characterization of the
solvable Lie algebras admitting an abelian complex structure [5]. In dimension
four the list of affine Lie algebras consists of R x b3, R? x aff(R), aff(R) x aff(R),
041 and aff(C).

Assume that A is commutative and that e; i= 1... n is a basis of A. Let
v; = (e;,0) and w; = (0, ¢;) be a basis of aff(A). Consider the dual basis v* w' of
aff(A)* and define a non degenerate two form by w = > v A w’. Indeed w is K
invariant and by computing dw one gets that it is closed.

Proposition 6.1. The Lie algebras aff(A) carry a Kdahler structure for any
commutative algebra A.

This Kahler structure does not necessarily induces a Ricci flat metric. See
for example R? x aff(R).

Assume now that A is a commutative complex algebra and consider J to
be the almost complex structure on aff(A) given by J(a,b) = (—ia,ib). Let V be
the connection on aff(A) given by

Vi (c,d) = (—ac, ad).

Then since A is commutative V is torsion free. Furthermore the connection is

flat. Indeed
R((a,0), (¢,d)) = V{(ap), ey =0

and J is parallel, that is V.J = 0. We shall prove that V is a metric connection.
Take coordinates u’ on A@® 0 and w’ on 0 & A. Let g be the (pseudo-)
metric on aff(A) defined by:

9((a,b), (e, d)) = > (du'dw’ + du'dw’) = Z Re (ad + be)’

(2
then V is the Levi Civita connection of g. It is easy to verify that V(. is skew

symmetric with respect to g¢.

Proposition 6.2.  The Lie algebras aff(A) are endowed with a neutral Ricci
flat Kahler metric for a commutative complex algebra A.
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For a curve (a(t),b(t)) on aff(A) the geodesic equation related to the
previous pseudo-Kahler metric: —V (.3 (a,b) = (a’,0') gives rise the following
equations a’ = a?, V' = —ab, which have the non trivial solutions a = (rk; — )71,
b = Kka(t— k1) for k1, ko constants, showing that the metric is not complete except
when a =0 and b = k is also constant.

A Walker metric g on a Lie algebra g is characterized by the existence of
a subspace W C g satisfying: (%) g(W,W) =0 and V,W C W forally € g
where V denotes the Levi Civita connection for g.

Since g([z,y],2) = 9(Vay,2) + 9(Vyz,2) = 0 forall z,y,2 € g then
W c W+. Thus if the dimension of W is a half of the dimension of W then W
must be a subalgebra.

A hypersymplectic metric on a Lie algebra g is an example of a Walker
metric (see section 4). The following result explains how to construct hypersymm-
plectic metrics from Walker Kahler metrics. The proof follows from the previous
observation and features of hypersymplectic Lie algebras (see [1] for instance).

Proposition 6.3.  Let g be a Walker Kdhler metric on a Lie algebra g for
which W satisfies conditions (x) and assume that g = W @ JW . Then g is a
hypersymplectic metric on g.

The condition W & JW is necesary as proved by (aff(C), Ja, g2). In fact go
is a Walker Kéhler metric but not hypersymplectic. The condition for g of being
Kahler is necessary as we see in the following example.

Example 6.4.  Consider on aff(C) the complex structure given by J(a,b) =
(ia,ib) and consider the metric g defined by g((a,b), (¢,d)) = Re(ad + b¢). Then
g is compatible with J and the Levi Civita connection for g is

V(avb)(c’ d) = <_%(GE+ c&),a(d;d) + C(b ; b))

It is proved that J is not parallel (see (3.5)), hence this metric is not pseudo-
Kaéhler. However the metric is Walker (compare with [18])
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