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Abstract.  We classify up to isomorphism all finite-dimensional Lie algebras
that can be realised as Lie subalgebras of the complex Weyl algebra A;. The
list we obtain turns out to be countable and, for example, the only non-solvable
Lie algebras with this property are: sl(2), si(2) x C and sl(2) x Hz. We then
give several different characterisations, normal forms and isotropy groups for the
action of Aut(A;) x Aut(sl(2)) on a class of realisations of sl(2) in A;.
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1. Introduction

The Weyl algebra A; is the complex associative algebra generated by elements
p and ¢ satisfying the relation pg — gp = 1. It is well known that the Lie
algebras s[(2), s[(2) x C and s[(2) x H3 (where H3 denotes the three-dimensional
Heisenberg algebra) can be realised as Lie subalgebras of A;. In [11], A. Simoni
and F. Zaccaria proved that the only complex semi-simple Lie algebra that can be
realised in A, is s[(2) and a remarkable property of realisations of s[(2) in A; was
proved by A. Joseph in [9], where he showed that the spectrum of the realisation
in A; of suitably normalised semi-simple elements of s[(2) is either Z or 2Z. In
[7], J. Igusa gave a necessary condition for two elements of A; to generate an
infinite-dimensional Lie subalgebra.

In this article we find all complex finite-dimensional Lie algebras which can
be realised in A;. If g is a complex finite-dimensional Lie algebra and A} denotes
the set of injective Lie algebra homomorphisms from g to A;, we prove (Theorems
4.10, 4.11, 4.15 and 4.17)

Theorem 1.1.  Let g be a complex finite-dimensional non-abelian Lie algebra.
Then A # @ iff g is isomorphic to one of the following:

1) sl(2), 4) L, (n=>2),
2) sl(2) x C, 5) Ly (n>2),
3) sl(2) x Ha, 6) t(i1,..., i) (i1 < ... <1, are positive integers).
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Here, L, is a nilpotent, in fact filiform, Lie algebra, £, is isomorphic to a
semi-direct product C x £,, and t(iy,...4,) is isomorphic to a semi-direct product
C x C™. For the precise definitions of these Lie algebras see section 3. Note that
only a finite number of non-solvable Lie algebras and only a countable family of
solvable Lie algebras appear in the list of Theorem 1.1. Since all derivations of A;
are inner, this theorem also leads to the classification of all finite-dimensional Lie
algebras which can be realised in Der(A;) (see Theorem 4.20) and we give explicit
examples of subgroups of Aut(A;) which exponentiate them (see section 4.4).

In the second part of the paper we study a particular family of realisations
of s[(2) in A;. The group Aut(A;) x Aut(sl(2)) acts naturally on Aim) and we

give several characterisations of the orbit of N'= {f;, f&, : be C} C Ai[@) where

filer) = =3¢ fir(es) = (b4 pq)q
fi(e) = 1p? fi(em) =—p (L.1)
fileo) = 3(pa+ap) fhi(eo) = 2pg+b

( ey, e_,eg is the standard basis of sl(2)). The realisations f?, were first intro-
duced in this context by A. Joseph in [9] and f; is the natural embedding of sl(2)
in A;. We prove that no two elements of N are in the same orbit and the second
main result of this paper is (Theorem 6.2)

Theorem 1.2.  Let f € Af[@). Then the following statements are equivalent:
(i) There exists v € Aut(A;) x Aut(sl(2)) such that v.f € N;

(1i) There exists z € sl(2)\ {0} such that ad(f(z)) has a strictly semi-simple
etgenvector;

(111) There exists z € sl(2) \ {0} such that f(z) is strictly semi-simple;

(iv) There ezists z € sl(2) \ {0} such that ad(f(z)) has a strictly nilpotent
ergenvector;

(v) There exists z € sl(2) \ {0} such that f(z) is strictly nilpotent;

(vi) There exists z € s1(2) \ {0} such that ad(f(z)) can be exponentiated in
Aut(Al) .

The terms strictly nilpotent and strictly semi-simple for non-zero elements
in A; were defined by J. Dixmier in [4] (see also subsection 2.2 of this paper)
and for the precise definition of exponentiation in this context, see subsection 2.3.
We further show that the isotropy of f; is isomorphic to SL(2,C) and that the
isotropy of f?; is isomorphic to a Borel subgroup of SO(3,C). Finally, for the sake
of completeness, we give explicit formulae for a realisation of s[(2) in A; which
does not satisfy any of the criteria of Theorem 1.2. (see also [9]).

The paper is organised as follows. In section 2 we recall the basic properties
of the Weyl algebra and in particular the Dixmier partition which is essential to
this article. In section 3 we give some examples of Lie algebras which can be
realised as Lie subalgebras of A; and in section 4 we obtain the classification of
all finite-dimensional Lie algebras with this property. Sections 5 and 6 are devoted
to the study of an explicit family of realisations of s[(2) and its orbit under the
action of the group Aut(A;) x Aut(sl((2)).
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2. Properties of the Weyl algebra and the Dixmier partition

In this section we give the basic properties of the Weyl algebra A; and its Dixmier
partition. In particular we give a simple characterisation of the set of elements
Z € A; such that ad(Z) can be exponentiated.

2.1. Basic properties.

Definition 2.1.  The Weyl algebra A; is the complex associative algebra gen-
erated by elements p and g subject to the relation pg —gp = 1.

There is a natural action of A; on C[z]| defined by
p- P(x) = P'(x), q-P(x)=2xP(x), VP € Cl[z] (2.1)

and this establishes an isomorphism of A; with the algebra of polynomial coeffi-
cient differential operators acting on Clx]. We will refer to this representation as
the standard representation of A;.

Properties of A; (see [4], for example):

P1 The elements {p’¢’ : i,j € N} constitute a basis of A; and the centre of A,
is C.

P2 The linear subspace W7 =< p,q > spanned by p and ¢ has a unique sym-
plectic structure w such that w(p, ¢) = 1 and the group SL(W;) of symplec-
tic transformations of (Wj,w) is isomorphic to SL(2,C). It is well known
that the inclusion of W; in A; extends to an algebra isomorphism from the
quotient of the tensor algebra T'(WW) by the two-sided ideal generated by
V1 @ vy — vy ® vy — w(vy,v2)] to Ay and, since this ideal is stable under its
action, SL(W;) acts naturally on A;. The map 6 : S(W;) — A; given on
S™(Wh) by ]

(1 ®...0v,) = Z —{Uo(1) -+ Uo(n)

O’GSn ’

is an SL(W7)-equivariant linear isomorphism. If we set W,, = §(S,(W7)) one
can show that A; = @, W, and that [W;, W;] C W, . In particular,

(Wo, Wa] C Wy, [Wo, W;] C W, (2.2)

so that W5 is a Lie algebra and W, is a representation of W5. This action
of Wy on W establishes an SL(W;)-equivariant Lie algebra isomorphism
W2 =5 [(Wl) .

P3 The algebra A; satifies the commutative centraliser condition (cec): the
centraliser C'(z) of any element « € A;\ C is a commutative subalgebra (see
[1] and [4]).

P3’ If z,y € A; \ C then

Cla)nCly) = { g(m) i e ’ 8

(see Corollary 4.7 of [4]).
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P4 Two elements p', ¢ € A; satisfying [p/,¢'] = 1 uniquely define an algebra
homomorphism from A; to itself and conversely, given an homomorphism
a: Ay — A; we have |a(p),a(q)] = 1. J. Dixmier conjectured in 1968
that an algebra homomorphism of A; is invertible and thus in fact an
automorphism (see [4]). This conjecture is still undecided.

P5 For n € N, the map ad(p"*!) : A — A; given by ad(p"™!)(a) = [p"*, a] is
locally nilpotent, i.e., for each a € A, there exists an N € N (depending on
a) such that ad™ (p"*')(a) = 0. For A € C one can then define ®, , : A; —

ia n-+1\\k
Ay by @, (a) = ZLOM(@) = exp(n+1ad( "1))(a) and this is

the unique automorphism of A; such that
P,a(p) = p, Panla) =g+ " (2.3)

One defines @] , = exp(—%ﬂad(q”“)) similarly and shows that it is the
unique automorphism of A; such that

aa) = ¢ Phap) =p+ A" (2.4)
The group of automorphisms of A; is generated by the &, ) and the @] ,
(see [4]).
2.2. The Dixmier partition.

Let x € A;. Set

N(z) = {ye A : ad” (a:)(y) 0, for some positive integer m }

C(z) = {yeAi: ad(z)(y) =0}

D(z) = <y € Ay ad(z)(y) = Ay for some X € (C>

It is immediate that N(x)ND(z) = C(z) and Dixmier showed that for all x € Ay,
either C'(z) = N(x) or C(z) = D(z). As a consequence he proved (see [4])

Theorem 2.2.  (Dizmier partition) The set Ay \ C is a disjoint union of the
following non-empty subsets.

Ay = {zeA\C: D(z)=C(z), N(z) #C(z), N(z)=A}

Ay = {ze€A\C: D(x)=C(z), N(z) #C(z), N(z) # A}

Ay = {zeA\C: D(z)#C(z), Nz)=C(z), D(z) = A}

Ay = {ze€A\C: D(z)#C(z), N(z) =C(z), D(z)# A}

As = {ze€A\C: D(x)=C(z), N(z)=C(z), C(z) # A}
(

Note that this partition is stable under the action of Aut(A;) and multi-
plication by a non-zero scalar.

Elements of A; U Ay (resp. of Ap) are said to be nilpotent (resp. strictly
nilpotent) and elements of Az3UA, (resp. of Ag) are said to be semi-simple (resp.
strictly semi-simple). In fact, x € A; iff there exists an automorphism « of A,
such that a(x) is a polynomial in p (Theorem 9.1 of [4]) and x € Aj iff there
exists an automorphism « of A; such that a(z) = upq + v, for some p € C* and
v € C (Theorem 9.2 of [4]).

Recall (see P2) that W, is a Lie algebra isomorphic to s[(2) and therefore
elements of W5 are either semi-simple or nilpotent in the Lie algebra sense.
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Proposition 2.3.  ([4], Lemme 8.6 ). Let x € A1\ C be of the form a+wy +ws
where a € C, wy € W1 and wy € Ws.

(1) If wy is nilpotent in the Lie algebra sense, then x € A.

(11) If wy is semi-simple in the Lie algebra sense, then x € Ajg.

2.3. Characterisation of A; U A3 in terms of exponentiation.

Definition 2.4. Let Z € A;. One says that ad(Z) can be exponentiated if
there exists a group homomorphism ® : C — Aut(A;) such that

1. for all @ € A;, the vector space V, =< ®(t)(a) : t € C > is finite-
dimensional;

2. ®,: C — V, is holomorphic and %‘0 ®,(t) = [Z,a] where ®,(t) = (t)(a).
(Since A; is infinite-dimensional, we impose 1 so that 2 makes sense).

Example 2.5. If Z € A, issuch that ad(Z) is locally nilpotent then ad(Z) can
be exponentiated in this sense (cf. P5 when Z is a polynomial in p). If Z = pg+v,
ad(Z) can be exponentiated by the group homomorphism ¥ : C — Aut(A;) given
on the canonical basis < p'¢’ : i,j € N> by U(t)(pi¢’) = eV=pi¢d .

Lemma 2.6.  Suppose ad(Z) can be exponentiated in the above sense.

1. For all a € Ay, the finite-dimensional vector space V, is stable under the
action of ad(Z).

2. ®(t)(a) = e1@WVa(a) for all a € Ay (e DVa s well defined by 1).

Proof. Fixae A; and t; € C. Then
(1 +to)(a) = 2(1)®(to)(a)

and both sides are in the finite-dimensional vector space V, so we can differentiate
with respect to t. This gives

L Bt + 1) (a)

dt|, D(t)®(to)(a) = [Z, P(to)(a)]. (2.5)

The LHS is in V,, and hence [Z, ®()(a)] also. This proves part 1.

Part 2 follows from the fact that the curves ¢t +— ®(t)(a) and ¢t +—
et2d(Z)lva (@) are contained in the finite-dimensional vector space V, and are so-
lutions of the same first order differential equation

d

Z(t) = 12,2(0)

with the same initial condition v(0) = a. ]

Proposition 2.7.  Let Z € A, \ {0}. Then ad(Z) can be exponentiated iff
Z €A1 UA;3.
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Proof. (=) : Suppose that Z ¢ A; U Asz. Set
F(Z)= {a € Ay dim(< ad"(Z)(a),n e N >) < oo}.

Then by Corollary 6.6 of [4], F(Z) = D(Z) U N(Z) and so by Theorem 2.2,
F(Z) # A;. Let a € Ay \ F(Z). By hypothesis, V, is finite-dimensional, stable
under ad(Z) and contains a. Hence < ad"(Z)(a) : n € N > C V, is also
finite-dimensional, which is a contradiction.

(<) : If Z e A;UA3 then up to an automorphism of A;, Z is equal to
pq + a or to a polynomial in p. The result follows from Example 2.5. |

3. Examples of Lie subalgebras of the Weyl algebra

In this section we give examples of Lie algebras which can be realised as Lie
subalgebras of A; (see also [4], [7], [9] and [11]).

Definition 3.1.  Let g be a complex Lie algebra.

A ={f € Hom(g, A;) : f is injective, f([a,b]) = f(a)f(b) — f(b)f(a)Va,b € A;}.

If A} # @ we will say that the Lie algebra g can be realised as a Lie subalgebra
of A; and an element of AJ will be called a realisation of g in A;.

Remark 3.2. Let f : g — A; be a realisation of g and z € g\ Z;. Then
f(z) is semi-simple (resp. nilpotent) in the A; sense if x is semi-simple (resp.
nilpotent) in the Lie algebra sense. For example, when ad(x) is diagonalisable,
there exist y € g and A € C* such that [x,y] = Ay; hence f(y) € D(f(x)),
fly) ¢ C(f(z)) and f(z) is semi-simple by Theorem 2.2.

Let us now give some examples of Lie algebras g for which A} # @.

E1 We saw in P2 that W, is a Lie subalgebra of A; isomorphic to s[(2). The
standard basis

1 1

1 1
X=——¢ YV ==p2 H=-= = pg— = 3.1
50 5P 2(pq+qp) Pg— 5 (3.1)

satisfies the commutation relations [X,Y] = H, [H, X] =2X and [H,Y] =
—-2Y.

E2 The elements 1, X,Y, H span Wy @ W5 which is a Lie subalgebra of A;
isomorphic to the direct product s((2) x C.

E3 The elements 1, p,q span Wy & W; which is a Lie subalgebra isomorphic to
the three dimensional Heisenberg algebra Hs.

E4 The elements 1,p,q, X, Y, H span Wy & W; & W, which is a Lie subalgebra
of A; isomorphic to a semi-direct product sl(2) x Hj.
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E5 The associative subalgebra of A; generated by p is infinite-dimensional
abelian and therefore any finite-dimensional abelian Lie algebra can be re-
alised in A;.

E6 The (n+ 1) elements ¢,1,p,...,p" ' span a non-abelian nilpotent Lie sub-
algebra isomorphic to the filiform Lie algebra L, (see [12]). If we set
Xo = ¢ X, = (n_lk)!p”_k for k = 1,...,n, then the only non-zero com-
mutation relations are: [Xo, Xi| = Xpyq for k=1,...,n—1.

E7 The (n + 2) elements pg,q,1,p,...,p" ! span a non-nilpotent solvable Lie
subalgebra whose derived algebra is isomorphic to L£,. If we set h =
pq, Xo = —q and X, = ﬁp"‘k for k = 1,...,n, then the only non-
zero commutation relations are: [h, Xo] = Xo, [h, Xi] = —(n — k) X} and
[Xo, Xi] = Xpq1 for k=1,...,n— 1. We denote this Lie algebra by L,.

E8 The (n + 1) elements pgq, p®,...,p"", where iy,...,i, are distinct positive
integers not all zero, span a non-nilpotent solvable Lie subalgebra whose
derived algebra is n—dimensional and abelian. We denote this Lie algebra
by t(i1,...,4,). It is clear that t(isa),...,00m) = t(i1,...,4,) for any
permutation ¢ € S,, that v(i1,...,7,) has a non-trivial centre iff one of
the indices is zero and that v(0,d,...,%,) = t,_1(i2,...,4,) X C. Note also
that t(miy,...mi,) 2 t(iy,...i,) if m € N*. If we set h = pq, X}, = p'* for
k =1,...,n the only non-zero commutation relations are: [h, Xj| = —ip X}.

4. Classification of finite-dimensional Lie algebras which can be
realised in the Weyl algebra

In this section we obtain all finite-dimensional Lie algebras that can be realised
as subalgebras of A;. The only such non-solvable Lie algebras are isomorphic
to either s[(2), s[(2) x C or sl(2) x Hz. This is basically a consequence of the
fact that A; satisfies P3, the “commutative centraliser condition”. We then show
that a non-abelian nilpotent Lie algebra which can be realised as a subalgebra of
A; is isomorphic to an £, (cf. E6) and this is consequence of the properties P3
and P3’. Finally, we show that a solvable non-nilpotent Lie algebra which can
be realised as a subalgebra of A; is isomorphic to either an £, (cf. E7) or to an
t(i1,...,1,) (cf. E8). This result is more difficult to prove and follows from special
properties of the spectrum of semi-simple elements of A;.

4.1. Non-solvable Lie algebras.

Proposition 4.1.  (Theorem 3 of [11]) If g is a semi-simple complex Lie alge-
bra of rank > 1, then A} = Q.

Proof.  Suppose for contradiction that there exists f € A]. If g=g; X g2 is a
direct product of two non-abelian Lie subalgebras then f(g;), which is not abelian,
is contained in the commutant of f(gs). By the ccc this means that f(gy) C C
which is impossible since g, is not abelian. If g is simple, let h C g be a Cartan
subalgebra and let

g=n_0hdny
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be the corresponding triangular decomposition for some choice of simple roots.
Let = € ny be a non-zero highest root vector. The commutant of x in g, Zy4(x),
contains ny which is not abelian since rank(g) > 1. Hence C(f(z)) contains
f(ny) which is not abelian and so by the cce, f(z) € C and z € Z;. But g is
semi-simple and hence x = 0 which is a contradiction. [ |

Proposition 4.2.  Let g = g1 X 3 be a reductive complex Lie algebra where g,
is semi-simple and 3 is the centre. If A} # @, then

1. g1 gﬁ[(Q)
2. Forany f € A}, f(3) CC.

Proof. By Proposition 4.1 one has g; = s((2). Let z be an element of 3. Then
C(f(z)) contains f(g;) which is not abelian and hence, by the cce, f(z) is a scalar.
]

Remark 4.3. A noncommutative algebra A is said to satisfy the commutative
centraliser condition if the centraliser of any element not in the centre Z, is a
commutative subalgebra. Proposition 4.2 then remains true if we replace A; by A
and C by Z4. One example of such an algebra is the universal enveloping algebra
U(sl(2)) (for other examples see [3]).

Remark 4.4.  Using the classification theorem of Kac, this result implies that
a classical complex simple Lie superalgebra contained in A; is isomorphic to
osp(12).

By the theorem of Levi-Malcev, any finite-dimensional non-solvable Lie
algebra g is isomorphic to a semi-direct product of its radical v and a semi-simple
subalgebra s. Suppose g is realisable in A;. Then s is isomorphic to sl(2) by
Proposition 4.1 and by analysing the action of this s[(2) on v we will show that
there are in fact only three possibilities for t.

Definition 4.5. (i) Three non-zero elements X,Y, H of A, are called an sl(2)
triplet if they satisfy the relations:

[H,X]=2X, [HY]=-2Y, [X,Y]=H. (4.1)

(ii) An element v € A; is of weight A € C if [H,v] = \v.
(iii) The set of elements of weight A in a linear subspace £ C A; will be denoted
by E). (Note that Ej is abelian by the ccc.)

Lemma 4.6.  Let X,Y, H be an s((2) triplet and let | C Ay be a Lie subalgebra
stable under ad(X),ad(Y") and ad(H). Suppose there exists v # 0 in | of weight
A € C* such that [X,v] =0. Then [v,[Y,v]] # 0 and is of weight 2\ — 2.

Proof. = We suppose for contradiction that [v,[Y,v]] = 0. Then C(v) contains
X and [Y,v]. But [X,[Y,v]] = [H,v] + [Y,[X,v]] = A # 0 and therefore C(v) is
non-abelian. By the cce, v € C and so [H,v] = 0 which is a contradiction. Hence,
[v,[Y,v]] # 0 and is obviously of weight 2\ — 2. ]
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Proposition 4.7.  Let X,Y, H be an sl(2) triplet and let | C Ay be a finite-
dimensional Lie subalgebra stable under ad(X),ad(Y) and ad(H). Then [, = {0}
for |A| > 2.

Proof.  Recall first that since [ is a finite-dimensional representation of s((2),
[\ = {0} iff [y, ={0}. Let A, be the largest eigenvalue of ad(H) restricted to
[ and suppose that A\.: > 2. Then Mo > 2 e — 2 by Lemma 4.6 which is a
contradiction. [

Proposition 4.8.  Let X,Y,H be an sl(2) triplet and let v C Ay be a finite-
dimensional solvable Lie subalgebra stable under ad(X),ad(Y") and ad(H). Then
ty = {0} for |A| > 1 and vx C C.

Proof.  Recall that if g is a Lie algebra the upper central series (g®);cy is
defined inductively by: g =g, g1 = [g®, g®]. Suppose for contradiction that
t, # {0}. Then, by repeated application of Lemma 4.6, it follows that t5) # {0}
for all positive i. But t is solvable so that by definition t™ = {0} for some
m € N and this is a contradiction. Now, since t = vy ® t_; @ t; it follows that
[X,t0] = [Y,v0] = {0} and therefore, by the ccc, that vy C C. ]

Proposition 4.9.  Let X,Y, H be an sl(2) triplet and let v C Ay be a finite-
dimensional solvable Lie subalgebra stable under ad(X),ad(Y) and ad(H). Then ¢
is isomorphic to either {0}, C or Hs (the three-dimensional Heisenberg algebra).

Proof. We have t =tg@t_; @ty (by Proposition 4.8), vty C C (by Proposition
4.8) and [t_1,1t1] C vy since ad(H) is a derivation.

Suppose first that dim v; > 2 and let v € v; \ {0}. The kernel, Z._,(v),
of the linear map ad(v) : vy — to is of dimension > 1 and therefore contains
a non-zero vector w. Hence C(v) contains X and w. But [X,w] # 0 since
ad(X) : t_; — 1ty is an isomorphism and so C'(v) is not abelian. By the ccc, v is a
scalar which is a contradiction since [H,v| = v. Therefore dim t_; = dim v; < 1.

If dim vy = 1, then v is not abelian by Lemma 4.6 and so vty = C by
Proposition 4.8. Hence ty is the centre of v and it is now obvious that t is
isomorphic to the three dimensional Heisenberg algebra. If dim tv; = 0, then
to = {0} or C by Proposition 4.8. ]

We can now conclude this subsection with the following theorem:

Theorem 4.10.  Let g be a finite-dimensional non-solvable Lie algebra. Then
A} #£ O iff g is isomorphic to one of the following:

1. sl(2),

2. sl(2) x C,

3. sl(2) X Hs.

Proof. Immediate from the Levi-Malcev theorem, Propositions 4.1 and 4.9.
Note that by the cee, s[(2) x Hs cannot be realised as a Lie subalgebra of A;. =
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4.2. Nilpotent non-abelian Lie algebras.

Theorem 4.11.  Let n C Ay be a nilpotent, non-abelian Lie subalgebra of
dimension n. Then n = L, _1.

Proof.  Let (n))ien defined by ngy = n and ngy = [n,ng] be the lower
central series. Let k # 0 be the unlque positive integer such that ng # {0}
and ng41) = {0}. The theorem will essentially be a consequence of the followmg
lemma:

Lemma 4.12. (a) Zy=mngy =C.
(b) There exist P,QQ € n such that [P,Q] =1 and n =< P > & Z,(Q).
(¢) Zy(Q) is abelian and ngy C Zn(Q).
(d) dimng =n—i—1 for 1 <i<k.
(e) k=n—2.

Proof. (a): Let z € Z,. Then C(z) contains n which is not commuta-

tive. By the ccc, z is a scalar and therefore Z, C C. But Z,, contains n,
and so Z, = ng,) = C.

(b): Since ny) = [n,ng_1] = C, there exist P € n, @ € n(_y) such that
[P,Q] = 1. It is clear that < P > N Z,(Q) = {0} since P and @ do not
commute. We now show that n =< P > + Z,(Q). Let v € n. There exists
A € C such that [v, Q] = A since [n,np_1y] = C. Then v — AP € Z,(Q) and
v=AP+(v—AP) € < P>+ Z,(Q).

(¢): By the cce, Z,(Q) is abelian. Let z € Z,(Q). Then

because [Q, P] = —1 and [Q, 2] = 0. Hence [P, Z,(Q)] C Z,(Q) and since
[Z4(Q), Zu(Q)] = {0}, this means using (b) that n(;) = [n,n] is contained in
Zn(Q).

(d): Since n =< P > & Z,(Q) and since Z,(Q) is abelian, we have
ni = ad'(P)(Z.(Q)) Vi € N*. (4.2)

If 2z € Z,(Q) is such that ad(P)(z) = 0 then z € C(P)NC(Q). By property
P3’, C(P)NC(Q) = C since P and @ do not commute. Hence z € C and

Ker ad(P)|n =< P > ® C, Ker ad(P)|z,q) =C. (4.3)

This implies (d).
(e): It follows immediately from (d) that k =n — 2. ]
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We will now prove that n 2 £, ;. Since ng_;) = ad" ' (P)(Z.(Q)) and
since @ € n_1), there exists w € Z,(Q) such that ad* '(P)(w) = Q. It is
clear that X; = w, Xo = ad(P)(w), X3 = ad*(P)(w),..., Xp1 = ad"(P)(w)
are linearly independent (since ad®(P)(w) # 0 and ad**'(P)(w) = 0) and by
a dimension count, these vectors form a basis of Z,(Q). The only non-zero
commutation relations of n in the basis Xg = P, Xy,..., X,,_ are

[X07Xi] = X’i+1 for 1 < 1 <n-— 2,
which are the standard commutation relations for £, _; (cf. E6). [

4.3. Solvable non-nilpotent Lie algebras.

Lemma 4.13.  Let g C Ay be a finite-dimensional Lie subalgebra and let g be
its derived algebra. Suppose there exists h € g be such that ad(h)|q is not nilpotent.
Let 0, A1, ..., Ay be the distinct eigenvalues of ad(h)|g and let Ey, Ey,, ..., E), be
the corresponding eigenspaces.

]g:Eg@EM@@EAk
2. g/:(g/mEo)@E)\l@@E)\k
3. E0:<h>07“E0:<h>@(C.

Proof. By the theory of endomorphisms,
g = Ker ad™ (h)|g ® Ker(ad(h)|g — A\)™ @ - - - @ Ker(ad(h)|g — Ax)™,

where the characteristic polynomial of ad(h)|y is ™0 (x — A;)™ ... (x — \g)™ . By
Proposition 6.5 of [4],

Ker(ad(h) — A;)™ = Ker(ad(h) — ;).

Since ad(h) has a non-zero eigenvalue, C'(h) # D(h) (cf. subsection 2.2) and
therefore, by Theorem 2.2, C'(h) = N(h) so that

Ker ad™(h) = Ker ad(h).

This proves part 1. To prove part 2 it is sufficient to note that F), C ¢’ since
v; = /\ii[h, v;] for all v; € Ej,.

To prove part 3, let h' € Ey. Then [, E,,] C E,, since [h, '] = 0. Thus
there exist o € C, v € Ej, \ {0} such that [A/,v] = av. Hence [h' — h,v] =0
which means that h and v commute with b’ — {-h. But [h,v] # 0 and so by the
cee, h’—/\a—lhE(C. u

Remark 4.14.  Taking g semi-simple, this lemma provides an alternative proof
of Proposition 4.1. However the proof we gave for Proposition 4.1 works for any
algebra satisfying the ccc, whereas the proof of the theorem above depends on the
existence of the Dixmier partition (Theorem 2.2) and other special properties not
in general available for an algebra satisfying the ccc.

If g C A; is a finite-dimensional solvable non-nilpotent Lie subalgebra then,
by Theorem 4.11, the derived algebra g’ is isomorphic to either an L£,, or is abelian.
We first treat the case where g’ = L, .
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Theorem 4.15.  Let v C Ay be a finite-dimensional solvable non-nilpotent Lie
subalgebra whose derived algebra v’ is isomorphic to L,. Then v is isomorphic
to L,,.

Proof. Since vt C A; is a finite-dimensional non-nilpotent Lie algebra, there
exists h € v such that ad(h)|. is not nilpotent by Engel’s theorem. By Lemma
4.13, ad(h)|¢ is diagonalisable and therefore by Theorem 1 of [6] there exists a
basis Xo, ..., X, of ' = L, of eigenvectors of ad(h) such that the only non-zero
commutation relations are

[X07Xi] = X’H—la 1= 17"an_ 1
[h,Xj] = Oéij, ij,..,n. (44)

Hence X, is in the centre of v and by the ccc we must have X,, € C, [h, X,,] =0
and «a, = 0. But ad(h)|v is a (non-zero) derivation so its eigenvalues satisfy

O :OZO—FO@, 2:1,,71—1 (45)

From this it follows that the eigenvalues of ad(h)|v are ag, (1—n)ag, (2—n)ay,...,0
and hence oy # 0 and the eigenspaces are of dimension 1. The only non-zero
commutation relations of t are then

[X()yXi] = Xi-i—la L= 17 sy = 1

1
{—h, XO} = Xy
Qo

1
{—h,Xil = —(n-DX;i=1,..n—1 (4.6)
Qo
and this shows that v is isomorphic to £, (cf. ET). ]

It now remains to treat the case where g C A; is a finite-dimensional
solvable non-nilpotent Lie subalgebra whose derived algebra is abelian. We will
need the following lemma (also see Theorem 3.2 of [8]):

Lemma 4.16.  Let h, X1, Xy € A; \ {0} and (A, \2) € Z?\ {(0,0)} be such
that

[h,Xl] = /\1X1, [h,XQ] = )\QXQ, and [Xl,XQ] = 0. (47)
Then My > 0 and there exists a € C* such that X‘l)‘2| = aXé)‘l‘.

Proof.  Since [Xi, Xs] = 0, by Theorem 3.1 of [8] there exist m,n € N* and
a;; € C not all equal to zero such that

DY aXixi=0 (4.8)

This can be rewritten as

> > aXix]| =0, (4.9)

uclU (4,7):3M1+jA2=u
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where U = {i\y +jd € Z : 0 < i < m,0 < j < n}. Since eigenvectors
corresponding to distinct eigenvalues of h are linearly independent we deduce that
for all u € U,
> auXiXi=o.
(6,5)1i M+ e=u

Choose (ig, jo) € Z? such that a;y;, # 0. We set ug = ighs + joA2 and
S ={(i,4) € Z*: i\ + jAs =uo} N ([0,m] x [0,n]).

In R? the solutions (x,y) of the equation z\; +yAy = ug define an affine line and
S is a discrete subset of this line. Tt is then easy to see that there exist (¢, ') € Z?
with j* >0 and (i, Jm) € S such that

?:/)\1 -+ jl>\2 = 0 (410)

and every element (i,j) of S is of the form (4, j) = (im, jm) + ki; (7', j') for some
ki; € N. One can then write (in the field of fractions of A;, see page 210 of [4])

> aXixj=xpxg | Y ay(X{XPHM ) =0

(4,9):8A1+JA2=wuo (3,7):3A1+JA2=uo

Since by hypothesis Xmegm # 0, this means that X{’X%l satisfies a polynomial
equation. Factorising (in the field of fractions of A;) we deduce that there exists
¢ € C* such that XV XJ = ¢. Hence XIMXI™M = M (X722 X)) = M (by
(4.10)) and therefore X;** X3 € C*.

If \A2 < 0 this means that there exists b € C* such that X‘l)‘Q‘X‘Q}‘1| =b
which is clearly impossible since in A; the only invertible elements are the scalars
(see page 210 of [4]). Hence A\Ay > 0 and there exists a € C such that
xPel = ax M n

We can now show that a finite-dimensional solvable non-nilpotent Lie sub-
algebra of A; whose derived algebra is abelian is isomorphic to an t(iy,...1i,)
(cf. E8).

Theorem 4.17.  Let vt C A; be a finite-dimensional solvable non-nilpotent Lie
subalgebra whose derived algebra v’ is abelian. Then there exist distinct positive
integers iy, .. .,i, not all zero such that v is isomorphic to v(iy,...1,).

Proof.  Let h € t be such that ad(h)|. is not nilpotent, let 0, A1, ..., Ay be its
distinct eigenvalues and let Ey, Ey,, ..., Iy, be the corresponding eigenspaces. By
Lemma 4.13,

t:Eo@E)\l@E)\Q@"'@E)\k

and since Ey, @ E), @ ... E), C v is abelian we deduce that
t/:E,\l @E)\Q@@E)\k

It is clear that if the centre of ¢ is C, then by Lemma 4.13, v = t x C where
t=(h)BE,\ ®E\,@...E,, satisfies the hypothesis of the theorem and has trivial
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centre. Therefore to prove the theorem it is enough to consider the case where t
has trivial centre (see E8) .

First, note that by Lemma 4.13(3) we have Ey =< h >. Next, since
h € A3 UAy (by Remark 3.2), there exists p € C* such that the eigenvalues of
ad(h) are integer multiples of p (Corollary 9.3 of [4] if h € A3y and Theorem 1.3
of [10] if h € Ay). Hence %aud(h)]t has integer eigenvalues. Choose X; € F), and
X, € E),;. Since we know that [E),, E),;| = 0, applying Lemma 4.16 to %h,Xl,Xg

we deduce that % and %, hence \; and );, are of the same sign. Similarly,

it X;, Xy € E),, then applying Lemma 4.16 to )\ilh,Xl,Xg it follows (since the
eigenvalue is one) that X; = aX, for some a € C* and hence that E), is of
dimension one. It is now clear that v is isomorphic to t(l%], ey ]%’“D ]

Corollary 4.18.  Let g be a complex Lie algebra which contains a finite-dimen-
sional subalgebra not isomorphic to one of the following: sl(2),s[(2) x C,sl(2) x H3,
L., L, ort(iy,...,in). Then A} =0.

Proof. Immediate from Theorems 4.10, 4.11, 4.15 and 4.17. |

Corollary 4.19.  Let g be an affine Kac-Moody algebra associated to the simple
complex Lie algebra g. Then A} = Q.

Proof.  Since g contains a reductive Lie algebra isomorphic to gx C? (generated
by g, the derivation and the central element), the result follows immediately from
Corollary 4.18. [ |

4.4. Finite-dimensional Lie subalgebras of Der(A4;).

In this subsection we find all finite-dimensional Lie algebras that can be
realised as subalgebras of Der (A;) and we give some examples of Lie subgroups of
Aut(A;) which exponentiate them.

Theorem 4.20.  Let g C Der(A;) be a finite-dimensional non-abelian Lie sub-
algebra. Then g is isomorphic to one of the following:

1) sl(2),

2) s[(2) x C?,

3) Ly (n>2),

4) L,/C (n > 2),

5) t(i1, .. oyin) (0<ip <---<ip).

Proof.  Consider the commutative diagram:

Al T Al/C ad Der(Al)

T

71 (ad " (g)) T ad ' (g)
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In this diagram, = : A; — A;/C is a surjective Lie algebra homomorphism
and ad : A;/C — Der(A4;) is a Lie algebra isomorphism (see page 210 of [4]).

If g is not abelian then 7~ '(ad™'(g)) is a finite-dimensional non-abelian
subalgebra of A; containing C and g = 7~ '(ad”'(g))/C. By the results of the
previous subsections 7' (ad "' (g)) is isomorphic to one of the following: s[(2) x C,
s(2) X Hs, an L,, an L, or an t(0,4y,...,4,). Taking the quotient by C this
shows that g is isomorphic to one of: sl(2), sl(2) x C?, an £,/C, an £, /C or an
t(ig, ..., 1,) (cf. E8). Since L,,/C = L,,_, this proves the theorem. u

Remark 4.21.  The derived Lie algebra of L, /C is isomorphic to £,_; but
ENn /C is isomorphic to neither ENn,l nor L, , both of whose derived algebras are
also isomorphic to £,_;. A basis for Zn/(C is h, Xo,...,X,_1 (see E7 for nota-
tions) and the only non-zero commutation relations are [h, Xo] = Xy, [h, Xi] =
—(n— k)X, for k=1,...,n—1 and [Xg, X3] = Xpy1 for k=1,....n—2. In
particular, £, /C is not nilpotent and its centre is trivial.

This theorem implies that if G is a finite-dimensional, connected and in
some sense Lie subgroup of Aut(A;), then G is either abelian or a discrete quotient
of SL(2,C), SL(2,C) x C? or of the simply-connected Lie groups L,, L,/C
and R(iy,...,i,) corresponding respectively to the Lie algebras £,, £,/C and
t(iy, ... i,). We now give explicit constructions of R(iy, ..., i), L, and L, and
show that the groups SL(2,C), SL(2,C) x C?, R(iy,...,i,)/Z, L,/(C x Z) and
L,, can be holomorphically embedded in Aut(A4).

E9 Define &, : SL(2,C) — Aut(A,) by

(3 )0 =+ am ax((3 )0 = o+ o

as aq as ay

and Gy : C? — Aut(4;) by

s (1)) =p =t sl (7))o =g+

Then one checks that &; and &g are injective group homomorphisms such

that
il ) P =aie mp elppads &)

and so there exists a unique injective group homomorphism
&:SL(2,C) x C?* — Aut(A;) extending &; and as.

Remark 4.22.  The derivative of &; : SL(2,C) — Aut(4;) is ad o f; (cf.
Example 5.3) in the following sense: if z € s[(2), then ®, : C — Aut(A;) defined
by ®,(t) = &1(e'*) is a group homomorphism which exponentiates ad(f;(z)) in
bl ) _ ead(b1q+b2p) )

the sense of Definition 2.4. Similarly one sees that daf (b
2
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E10 For iy,...,7, € N* we define R(i,...,i,) to be the (simply-connected) Lie

E11

group whose underlying manifold is C**! and whose group law is
! / / ! _—vt ! —vi /
(a1, ... an,v).(a},...,a,,0") = (a1 +aje”, ... an +a,e " v+

One checks that the Lie algebra of R(iy,...,4,) is isomorphic to v(iy,...,,)
and that ® : R(iy,...,4,) — Aut(A;) defined by

v

@((al,...,an,v))(p) = e p,

B((a,... an0))(q) = ev<q+zﬁp@—l>.

is a group homomorphism with discrete kernel isomorphic to Z. Note that
ayl i e On in

O((ar,...,a,,v)) = PGP AP gad(vp9) wwhich means that ® exponen-

tiates the formulae of example ES8.

We define L, to be the (simply-connected) Lie group whose underlying
manifold is C"*? and whose group law is

(ar,...,an,t,0).(a}, ... a,,t' )= (af,... a4l ¢" ") (4.11)

Vet ) Yt 1%

where

N

-1

thd / k—j)v’ /
aie”F 4 gl

"o (n—k)'
a, = ae + <7

<.
Il

" = t +te,

Vo= v+

One checks that the Lie algebra of ~I~’n is isomorphic to L,, that
R(n—1,n—2,...,0) is a subgroup of L, by the inclusion:

n—1)v (n—2)v

(a1,as, ..., an,v) — (are’ , g€ yeeey U, 0,0)

and that L,/ {(0,...,0,a,,0,0) : a, € C} is a simply-connected Lie group
whose Lie algebra is isomorphic to £,/C. In fact one can extend the
map ® of E10 to ® : L, — Aut(4;) by setting ®((a,...,an,t,v)) =
O((are ="tV age=m 2 a,,v))e 4@ Explicitly, this gives

O((ar,... a0 t,0))(p) = e "p+t,

~ n—1 ake(—n—l-k)v 1
((at, . an,t,0))(q) = € C]‘f'Zmpn . (4.12)

Using (4.11) and (4.12) one checks that ® is a group homomorphism whose
kernel is the subgroup {(0,...,0,a,,0,27wik): k € Z,a, € C}, isomorphic
to the direct product C x Z. Finally, note that the subgroup L, of L,
defined by v = 0 is simply-connected and that its Lie algebra is isomorphic
to £,. The restriction of ® to L, factors to give an injection of L, /C in
Aut(A;) and L, /C is a simply-connected Lie group whose Lie algebra is
isomorphic to L£,,_1.
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5. A family N of sl(2) realisations in the Weyl algebra

In this section we study some explicit examples of realisations of s[(2) in A,
first given by Joseph in [9]. We show that distinct members of this family are
inequivalent under the action of the group Aut(A;) x Aut(sl(2)).

We denote by U(sl(2))) the universal enveloping algebra of sl(2) and by
f:U(s1(2))) — A; the natural extension of f € Ai[@) to U(sl(2))). We also set

(01 (00 (1 0
“=\o 0/ \1 0/ \0o -1

and the images of e, ,e_,eq under the natural inclusion s[(2) C U(sl(2)) will be
respectively denoted by x,y, h.

Definition 5.1.  The group Aut(A;) x Aut(U(sl(2))) acts on Ai[@) by:
(o, w).f = Oéofowfl\s[m) (5.1)
where a € Aut(4;), w € AutU(s((2))) and f € AT®.

Remark 5.2.  The natural inclusion Aut(sl(2)) — Aut(U(sl(2))) is strict, see
for example equations (6.6).

The set Aim) is in bijection with the set of sl(2) triplets. If X, Y, H is
an sl(2) triplet, f : sl(2) — Ay given by f(er) = X, f(e-) =Y, f(eg) = H is a
Lie algebra homomorphism and conversely, f(e;), f(e_), f(eo) is an sl(2) triplet
if f:sl(2) — Ay is a Lie algebra homomorphism.

Example 5.3. From E1 we know that

1 1 1
— _ 2 — 2 —
X 2Q> Y 2p7 H 2(p9+qp)a

form an s[(2) triplet. We denote by f; : s[(2) — A; the corresponding Lie algebra
homomorphism.

This realisation of s[(2) has the following properties:
(i) the set of eigenvalues of ad(f;(eg)) is Z;
(i) fr(n) € Ay for any nilpotent n € sl(2) \ {0};
(iii) fr(s) € A for any semi-simple s € s[(2) \ {0}.
Property (i) follows from the equation ad(f7(eo))(p'¢’) = (j — 1)p'q’; (ii) and (iii)
follow from Proposition 2.3 and Remark 3.2 since f;(sl(2)) = Wj.

Remark 5.4. In the standard representation of A;, the operators X,Y, H of
Example 5.3 are represented by the differential operators:
1 1 d? d 1
X=—2*Y=-c— H=2—+-.
2 2 dx? de 2
It is interesting to notice that one can obtain s[(2) triplets represented by differ-
ential operators of arbitrary order by applying appropriate automorphisms of A;
to this example.
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Example 5.5. (See [9].)  For b € C, the three elements of A;
X =0+pg)q, Y =—p H=2pq+b,

form an s/(2) triplet. We denote by f% : sI(2) — A; the corresponding Lie algebra
homomorphism.

This realisation of s[(2) is fundamentally different from Example 5.3 with
respect to each of the three properties above:
(i) the set of eigenvalues of ad(f%,(eg)) is 27;
(ii) there exists a nilpotent n € sl(2) such that f%(n) € Ay;

(iii) there exists a semi-simple s € s[(2) such that f?(s) € Ay.

Property (i) is obvious and properties (ii) and (iii) are consequences of the
Lemma 5.6. AX +uY +vH e AfUA;3 iff A=0.

Proof. (=): One shows by induction that
ad”(AX + pY +vH)(q) = n!\"a"¢" " + h,(q)

where h,(q) is a polynomial in ¢ of degree at most n. It then follows that if
A#0, (ad"AX +pY +vH )(q))nGN spans an infinite-dimensional vector space
and hence \X + pY +vH ¢ Ay U A3 by Corollary 6.6 of [4].

(<): If A =0 the result follows from Proposition 2.3. ]

Remark 5.7. (See [9].)  For b € C, the three elements of A;
X =—¢ Y=pb+pg), H=2pq+b

form an s((2) triplet. The corresponding Lie homomorphism is easily seen to be
(a, 7) - fﬁ(bﬁ) where 7 € Aut(sl(2)) and a € Aut(A4;) are given by 7(ey) =
e_, T(e.) = e; and a(p) = q, a(q) = —p. However, note that there does not
exist 3 € Aut(4,) and ¥ € C such that (3,1d) - fo = (o, 7) - f;l(bﬁ) since
(o, T) - fﬁ(bw)(e,) € Ay and fY(e_) € A;. This shows that the s[(2) triplets (1)
and (2) of Lemma 2.4 in [9] are equivalent under the group Aut(A;) x Aut(sl(2))
but not equivalent under Aut(A;).

Definition 5.8.  Define N' C AS® by N = {f, ft, : b€ C}.

The following lemma, which is a variant of Lemma 2.4 of Joseph [9], shows
that the s[(2) triplets in N are essentially the only s[(2) triplets whose semi-simple
element is of the form upq + v.

Lemma 5.9.  An sl(2) triplet X,Y, H in Ay such that H = upgq+v with u,v €
C is equivalent to an sl(2) triplet in N under the action Aut(A;) x Aut(sl(2)).
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Proof. It is easy to see that the sl(2) commutations relations imply that
p = £1,+2. The lemma now follows from Joseph [9] and Remark 5.7. ]

5.1. Inequivalence of elements of AN/ under Aut(A4;) x Aut(sl(2)).

In [9] Joseph showed that ATI(Z) is a disjoint union S; U Sy where f € S
(resp. f € Sy) iff the set of eigenvalues of ad(f(eg)) is 2Z (resp. Z). Furthermore,
he subdivided S; (resp. S3) into a disjoint union S;; U S1a U -+ U Sio (resp.
So1 U Soa U ... ), showed that for 1 < r < oo (resp. 1 <1 < c0) the Sy, (resp.
Sar) are stable under the action of Aut(A;) x Aut(U(sl(2))) and that f; € Sy
and f?, € Sy;. This means in particular that f; and f%, are inequivalent under
Aut(A4;) x Aut(sl(2)). We will prove that f¢ and f? are inequivalent under
Aut(A;) x Aut(sl(2)) if b # b’ so that distinct elements of A are inequivalent
under the action of this group. It is not known whether distinct elements of N
are inequivalent under the action of Aut(A;) x Aut(U(s((2))).

Definition 5.10. Let f € Ail(z), let f:U(sI(2) — A be the natural exten-
sion of f to the universal enveloping algebra and let Q) = f(Q)) be the image by
1

f of the Casimir operator Q = sh? +zy + yz of sl(2).

It is easy to see that if f,g € Aim) are equivalent under Aut(A;) x
Aut(U(s1(2))) then f(Q) = g(Q) (cf. [2] or [5]). Calculation shows that Qp =
b(3b+ 1) and thus:

Proposition 5.11.  Let b,b' € C be such that b’ # b and b’ # —b — 2. Then
fY is not equivalent to f¥; under Aut(A;) x Aut(U(sl(2))).

This means that the only elements of N which can be equivalent under
the action of Aut(A;) x Aut(U(sl(2))), a fortiori under the action Aut(A;) X
Aut(sl(2)), are fo; and f;;”72.

Proposition 5.12.  Ifb# —1, fb is not equivalent to f;;"~ under Aut(A;) x
Aut(sl(2)).

Proof: The s[(2) triplets corresponding to f?, and f;;~2 are

X=(0b+pg)g X' =(=b—-2+pq)q
Y=-p Y'=—p (5.2)
H=2pq+0b H' =2pq—b—2.

Suppose there exists (o, w) € Aut(4;) x Aut(sl(2)) such that f?, = (o, w)- f;;"72,
i.e., such that oo -f;;72 = f% ow. Then writing p’ = a(p),¢ = alg) and
w = Ad(g), this gives (see the Appendix)

(—b—2+4p'¢)d = a}(b+pq)q— a3(—p) — aras(2pq + b)
—p = —ai(b+ pq)q + ai(—p) + azas(2pq + b) (5:3)
2 —b—2 = —2aja2(b+ pq)q + 2azas(—p) + (a1a4 + azasz)(2pg + b).

Substituting the second equation in the third equation, we obtain

—2[—a3(b + pq)q + ai(—p) + azaa(2pg + b)l¢' — b —2
= —2a1a3(b + pq)q + 2aza4(—p) + (a1a4 + asasz)(2pq + b). (5.4)
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If ay # 0, the expansion of ¢’ in the standard basis can have only a constant term,
otherwise the term 2a2(pq)qq’ on the LHS contains terms which are not present
in the RHS; but then [p/, ¢'] = 0 which is a contradiction and hence ay = 0. Since
ajay — asaz = 1 this implies that a;ay = 1. Equation 5.4 now reduces to

—2[a3(—p)lq’ — b — 2 = 2aza4(—p) + (2pg +b) (5.5)
and equating the constant term on both sides of (5.5) gives b = —1, a contradiction.
Proposition 5.13.  Distinct elements of N are not equivalent under the action

of Aut(A;) x Aut(sl(2)).

Proof. Immediate from Proposition 5.11 and Proposition 5.12. |

6. The orbit of A/ under Aut(A;) x Aut(sl(2))

In this section we give various characterisations of D, the orbit of N under
Aut(A;) x Aut(sl(2)), in terms of the Dixmier partition and also in terms of
exponentiation. We then calculate the isotropy groups of each of the elements N

and finally, for the sake of completeness, we give an explicit example of an element
in Ai[@) which is not in the orbit of N .

6.1. Characterisations in terms of the Dixmier partition.

Definition 6.1.

D = {feA?:3a,w)e Aut(4;) x Aut(sl(2)) s.t (o, w) - f € N}

Dy = {fe AT :3zes1(2)\ {0} st fz) € Ay}

Dy = {f¢€ ATK(Z) : 3z €5l(2) \ {0} s.t ad(f(2)) has an eigenvector in Az}
Dy = {fe AT :3zes12)\ {0} st fz) € Ay}
[(2)
[(2)

Dy = {f€ AT® 3z e s1(2 \ {0} s.t ad(f(z)) has an eigenvector in A}
E = {fe Ai[@) : 3z €5l(2) \ {0} s.t adf(z) can be exponentiated }

We now show that the above sets are the same. This means in particular
that N is a set of canonical forms for the action of Aut(A;) x Aut(s((2)) on
Dg, Dé, Dl, Dll and £.

Theorem 6.2. D=D;=D, =D, =D} =¢.

Proof.  First, note that D3, D, Dy, D] and £ are stable under the action of
Aut(A;) x Aut(sl(2)) and that the inclusions D3 C D} and D; C D; are obvious.
We have already seen that N C D3, N C D; and N C & (cf. Examples 5.3, 5.5
and Proposition 2.7) and hence, to prove the theorem it will be sufficient to show
that D3§D s Dégpg, Digpg) andEQDl.

D3 CD: Let f € Dy. By hypothesis there exists z € sl(2) such that
f(2) € Az and z must be semi-simple by Remark 3.2. By rescaling we can always
suppose that the eigenvalues (in s((2)) of ad(z) are —2,0 and 2 and then there
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exists w € Aut(sl(2)) such that w™'(eg) = z. By Theorem 9.2 of [4], there exist
a € Aut(Ay),u € C* and v € C such that (a,w) - f(eg) = ao fow (e =
pupq + v. By Lemma 5.9, there exists (o/,w’) € Aut(A4;) x Aut(sl(2)) such
(o/,w") - ((ay,w) - f) € N and hence f € D.

D} C D3: We need the following lemma

Lemma 6.3. Let S € As. Then

(7) C(S) ¢ CUA3UAs; (6.1)
(i) CS)NA; = {uS+v:peCveC}. '
Proof.  Without loss of generality we can suppose that S = pq since any
element of Aj is equivalent under Aut(A;) to p'pg + v/ (Theorem 9.2 of
[4]) and since C(u'pg + V') = C(pq). First note that C(pq) = Clpg| (see
Proposition 5.3 of [4]). Let Z = a(pq)* +-- - +ag be a polynomial of degree
k in pg. Then a simple induction shows that

[Z,0"q"] = k(n — m)ap™ ™ 1¢" ™"~ + terms of lower degree in p.

From this it follows that if £ > 1 the only eigenvalue of ad(Z) is 0 and so
D(Z) = C(Z). By iteration of this formula it also follows that that if £ > 1,
Kerad(Z) = Kerad(Z) and so N(Z) = C(Z). This means that if & > 1,
Z € Aj (see Theorem 2.2). It is clear if kK =1 then Z = a;pq + ap is in A
and the lemma is proved. [ |

Let f € Dj. There exists z € sl(2) \ {0}, S € A3 and A € C such that
[f(2),S] = AS. This implies that ad®(S)f(z) = 0, that is f(z) € N(S). Since
S € Ag, N(S) = C(5) (by Theorem 2.2), and thus f(z) € C(S). However, z is
either semi-simple or nilpotent so that f(z) € Ay UAy U A3 U A, by remark 3.2.
Hence, by the previous Lemma, this means that f(z) € Az and so f € Dj.

D} C Dsy: We need the following two lemmas

Lemma 6.4. Let a € Ay, p € C* be such that [a,p] = —up. There exists
as € Aut(4,) and ag € C such that a3’ (a) = upq + ag.

Proof.  Let a =) hyp'¢’. Since

la,p] = —pp & [a— ppg,p] =0, (6.2)
and [p,p'¢’] = jp'¢’""', one has
N
a=pupg+ Y ap', (6.3)
=0

where a; € C and N € N. One can then write

a= up(q+ Z ) + ao.
But [p,¢] = 1 where ¢ = ¢+ 3, n p~! and it is easy to see that the
homomorphism ag : Ay — A; given by oz;»,(p) =p, as(q) = ¢ is invertible.

Hence
az'(a) = ppq + ag. ]
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Lemma 6.5. Let a € A;, X\ € C* and let gp) = > p_,bkp* be a
polynomial of degree n in p. If [a,g(p)] = Ag(p) then there exists ay €
Aut(A;) such that [0y " (a), p] = 2p.

Proof. Since < p'q’ > is a basis of A;, we can write

Ng
[0, 1= fix(p) ¢',
i=0

where k£ € N*, N, € N and fn,; is a non-zero polynomial of degree M}
in p. Let ¢, # 0 be the coefficient of pM+¢™* in [a, p¥]. A straightforward
induction argument shows that N, = Ny, My = My +k — 1 and ¢ = ke; .

Thus, one has

CDAEDY <Z b’“fi,k(p)qi> -

But since [a, g(p)] = Ag(p) by hypothesis, this means that b,c, = b,nc; =
b,A\, Ny =0, M, =n and so ¢; = % and M; = 1. Therefore

A
[CL7p] = —p+y
n

for some constant v € C. But [%p+ v, %q] = 1 and so there exists an unique

automorphism s of A; such that as(p) = %p—l— v and as(q) = §q. Hence

A

03" (@), )] = . .

We now prove that D} C D3. Let f € D). By hypothesis there exist
z€sl(2), Ne Ay and X € C such that

[f(2), N] = AN. (6.4)

By Theorem 9.1 of [4] there exist a; € Aut(A;) such that a;(N) € Clp].
If A\ # 0, aj o f(2) satisfies the hypothesis of Lemma 6.5. and, by Lemmas
6.5 and 6.4, there exist ag,a3 € Aut(A;), p € C* and a9 € C such that
azt oay oay o f(2) = upg+ ag. Since upq + ag is in Az, this means that
aztoa;toayof € Dy and hence f € Ds. Il A =0, we can reduce to the \ # 0
case as follows. If A = 0, then f(z) € C(N). But C(N) € A; (by Theorem
9.1 of [4]) so that f(z) € A; and, by Remark 3.2, z is nilpotent. There exists
s € sl(2) semi-simple such that [s, z] = 2z and then [f(s), f(2)] = 2f(2). This is
exactly the equation (6.4) with f(z) replaced by f(s), N replaced by f(z) and A
replaced by 2. The argument above in the A # 0 case implies that f € Ds.

E C Dy: If f € £ then by the definition of £ and Proposition 2.7,
feDsUD; =D;. [ |
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Corollary 6.6.  Let f € Af[@). The following are equivalent:
(1) f(sl(2)) € AU A;.
(2) For all z € s1(2), f(z) can be exponentiated.

(3) There exists (a,w) € Aut(Ay) x Aut(sl(2)) such that (o, w).f = fr.

Proof.  Parts (1) and (2) are equivalent by Proposition 2.7.

(1) = (3): The condition (1) implies that f € Dz which in turn, by
Theorem 6.2, implies that f € D. Hence there exists (a,w) € Aut(A;) X
Aut(U(sl(2))) such that f' = («,w).f € N and then by (1) f’ satisfies f'(sl(2)) C
A; U Ajz. By Lemma 5.6 this means that f’ = f;. The implication (3) = (1) is
obvious.

|

6.2. Isotropy groups.

Recall that if a group G acts on a set X, the isotropy of z € X in G is
by definition the subgroup {g € G : g.x = x}. In this subsection we calculate the
isotropy of f; and f?; under the action of the group Aut(4;) x Aut(sl(2)).

In order to calculate the isotropy of f; we need the following lemma. As
usual, the homomorphism Ad : SL(2,C) — Aut(sl(2)) is defined by Ad(g)(z) =
grg~t, where g € SL(2,C) and x € s[(2). Recall that Ad is a double covering
map and that Aut(sl(2)) = SO(3,C).

Lemma 6.7.  There exists a group homomorphism & : SL(2,C) — Aut(A;)
such that froAd(g) = &i1(g) o fr for all g € SL(2,C). Furthermore, &; does not
factor through Ad : SL(2,C) — Aut(sl((2)).

Proof.  Define & : SL(2,C) — Aut(A;) by (see E9, subsection 4.4)

(8 )0 = asatam anl (2 2))a) = g+

as a4 as a4
The formula f; o Ad(g) = a1(g) o fr follows by a straightforward calculation and
&y cannot factor through Ad : SL(2,C) — Aut(sl(2)) since &1(—Id) # q1(Id). =
Proposition 6.8.  Let Zy, be the isotropy of fr in Aut(A;) x Aut(sl(2)). Then
Ty, = {(du(9), Ad(g)) : g € SL(2,C)}.

In particular, Ly, is isomorphic to SL(2,C).
Proof.  The inclusion {(d1(g),Ad(g)) : g € SL(2,C)} C Zy, follows immedi-
ately from the lemma. To prove inclusion in the opposite sense, let (o, w) € Iy,

and choose g € SL(2,C) such that w = Ad(g). By definition

frow=aof
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and, since by the previous lemma frow = a1(g) o fr, we get a~today(g)o fr = fr.
Using the explicit formulae for f; (cf. Example 5.3) this implies that ¢* = ¢,

p? = p? where we have written p’ = a™' o 41(g)(p) and ¢ = a~' o a1(g9)(q).
Hence ¢’ € C(¢*) = C[q] and p' € C(p?) = C[p]. Tt is then easy to see that either
¢ =qand p =p, or ¢ = —q and p' = —p. Thus either ot o d;(g9) = 1 or
a ' o &y(g) = @;(—Id) which means either o = G4(g) or a = &;(—g). Since
w = Ad(g) = Ad(—g), this completes the proof of the proposition. [

To calculate the isotropy of f?; we need the following definition and lemma:

Definition 6.9. Let B = {(Zl 3) € SL(2,C):a; € C*, a3 € (C} and let

3w

B be the subgroup Ad(B) of Aut(sl(2)).

Lemma 6.10. There exists a group homomorphism B . B — AAut(Al) such

that for all g € B, firoAd(g) = B(g) o fb,. Furthermore, 3(g) = B(—g) and 3
factors through Ad : B — B to a group homomorphism [3: B — Aut(A;).

Remark 6.11.  The derivative of 3: B — Aut(4;) is the restriction of the Lie
homomorphism ad o f?; : s[(2) — Der(A;) to the Lie algebra b C s[(2) of B. This
makes sense since every element of ad o f?,(b) is exponentiable. Note that the
elements of ad o f7,(s[(2) \ b) are not exponentiable by Lemmas 5.6 and 2.7.

Proof.  Define §: B — Aut(4,) by
. 0 1 - 0
(2 D)o = e 32 L)) =ata - 2

The result then follows by a straightforward calculation. ]

Proposition 6.12.  Let Iy, be the isotropy of 1o in Aut(A4;) x Aut(sl(2)).
Then

T, = {(B(w).w) : we B}
In particular, Ly, s isomorphic to a Borel subgroup of Aut(sl(2)).

Proof.  The inclusion {(B(w),w) : w € B} C Iy follows immediately from
the lemma. To prove inclusion in the opposite sense, let (o, w) € Z 1, and choose
g € SL(2,C) such that w = Ad(g). By definition, we have

aof?lzﬁlou% (6.5)
which is equivalent to
ao fi(z) = fl(gzg™")  Va esl(2).

If 2 €b=<ege_ > then for(x) € AjUA; (by Lemma 5.6), ao f2,(z) € AjUA;3
(since the Dixmier partition is invariant under Aut(A;)) and hence f%(grg!) €
A; U Az. By Lemma 5.6, this means that gzg~! € b and we have shown that
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gbg~! = b. Since b is a Borel subalgebra of s[(2) and is the Lie algebra of f?, this
implies that g € B.
By the previous lemma and equation (6.5), we have

Qo f?[ = f?] cCw = f?] o Ad(g) = B(g) © f?} = B(w) o f?}

and hence
5(“1)71 oc«o f})l = f?}-

Writing p’ = B(w)™ o a(p), ¢ = B(w)™! o a(q) and using the explicit formulae
for £, (cf. Example 5.5), this implies that p’ = p and 2p'q’ + b = 2pq + b. Hence
0=2(pq¢" — pq) = 2p(q¢" — q), which implies that ¢’ = ¢ and a = f(w). [

6.3. Other examples.

One can construct elements of Af[(z) which are not in the orbit of A/ under
Aut(A;) x Aut(sl(2)) by letting Aut(U(s(2))) \ Aut(sl(2)) act on A. In this
section, for the sake of completeness, we give an explicit example (see also page
127 of [9]).

Define ¢ € Af[@) by g = f}; ow, where w = exp(ad(z?)) € Aut(U(s((2)))
is given by:

w(r) = zx,
w(y) = y+hx+xh— 42°
w(h) = h— 42> (6.6)
Explicitly, this gives
gler) = (1+pa)q
gle-) = —p+4p’¢’ — 4p’¢° + 12p°¢°

gleo) = 2pq—4p*q" + 1. (6.7)
Proposition 6.13. ¢ ¢ D.

Proof. It is enough to prove that there does not exist (a,w) € Aut(A4;) x
Aut(sl(2)) and f € N such that (o, w).f = g. First note that if (o, w).f = g then
either f = f}, or f = f;;> by Proposition 5.10 and the formula Qp = %b(b—f— 1).
Suppose there exists (o, w) € Aut(A;) x Aut(sl(2)) such that (o, w).f?; = g with
be{l,-3}.

The sl(2) triplets corresponding to g and f?; are

X = (1+pg)q X' = (b+pg)q
Y = —p+4p*¢° —4p°° + 12p?¢° Y’ = —p (6.8)
H =2pq + 1 — 4p*¢? H' =2pg+b.



452 RAUSCH DE TRAUBENBERG, SLUPINSKI AND TANASA

Writing p' = a(p), ¢ = a(q) and w = Ad((Z; Zi)), this gives (see Appendix)
b+0d)d = alX —a3Y —ajasH

= ai((1+pa)q) — a3(—p +4p’¢’ — 4p°¢° + 12p°¢°)

—aya3(2pg + 1 — 4p'¢®);
—p = —a3X +aiY +asa H

= —ay(1+pg)g + ai(—p +4p’¢’ — 4p°¢° + 12p°¢°)

+aga4(2pg + 1 — 4p'”);
20 +b = —2a1a:X + 2a3a4Y + (a1a4 + agaz) H

= —2aas(1 + pg)q + 2aza4(—p + 4p°¢° — 4p°¢° + 12p°¢°)

+(aray + azas)(2pq + 1 — 4pg?).

Substituting the second equation in the third equation, we obtain

~2(=a3(1 + pa)g + a3(—p + 45%0° — 4p°¢° + 125°¢°)

+asaqs(2pg+ 1 — 4p4q2)>q' +b
= —2a1a2(1 + pq)q + 2azas(—p + 4p*¢* — 4p*¢® + 12p?¢°)
+(arayq + agaz)(2pg + 1 — 4p4q2).

If a4 # 0 then the expansion of ¢’ in the standard basis would consist of
only a scalar term otherwise —2a2p3¢®¢’ on the LHS contains terms which are
not present on the RHS; but then [p/,¢'] = 0 which is a contradiction and hence
ay = 0.

The equation above now reduces to
2a5(q +pq*)q +b = —2a1a2(q + pg*) — (2pg + 1 — 4p* ). (6.9)

Let k& be the highest power of ¢ appearing in the expansion of ¢’ in the standard
basis. Then the highest power appearing in the expansion of the LHS in the
standard basis is k + 2. Comparing with the RHS gives £ = 0 and ¢ = f(p)
where f is a polynomial in p of degree at most 3. This polynomial must in fact
be of degree 3 to provide the term 4p*q? on the RHS but then this introduces a
term in p®q on the LHS which is not present on the RHS. In conclusion (6.9) has
no solutions and thus g ¢ D. [

Corollary 6.14.  ¢(sl(2)) C Ay UA,.

Proof. Immediate from Theorem 6.2. ]

With respect to the Joseph decompositions S; = S711 U S1oU -+ U Sis and
Sy = So1 U Ssy U ..., one can show that g € Si, (see [9] page 127 and the
Appendix). It is not known whether S;; is non-empty when j > 1 and so it seems

reasonable to conjecture that in fact, all elements of Af[@) are obtained from N
by the action of the group Aut(A;) x Aut(U(sl(2))).
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A Appendix

Proposition A1l. Let g = (a1 a2> € SL(2,C). Define w € Aut(sl(2)) by

a3 Qg

w(z) = gzg~' for any z € 5(2). Then

)
wen) = (T o)
(

2
. AoQy —as
w(e-) = a? —a2a4)
wleo) = aia4 + agas —2a1a9
0 - 2@3&4 —(a1a4 + CL26L3)

where e, e_, ey is the standard basis of s[(2).
Proposition A2. Let g € Ail(z) be defined by equations (6.7). Then g € Six -

Proof. By [9], S = S;1USU---U Si and Sy, (1 < r < 00) are stable
under Aut(A;) x Aut(U(sl(2))). Hence to prove that g € S it is enough to show
that g ¢ S11. Set H = g(eg), X = g(ey), Y = g(e_) and, for m € 27Z, define
D(H, m) by

D(H,m)={z€ Ay : [H,z]=mz}.

Then, by definition (see [9]), g ¢ Si1 iff D(H,2) = XC[H] and D(H,-2) =
YC[H]. By Lemma 3.1 of [9], there exists y» € D(H,2) such that D(H,2) =
y>C[H]. Since X € D(H,2) there exists a polynomial a,H" + --- + ag such that

X = ya(anH" + - -+ + ag),

which gives

q+1q* = ys (an(2pg — 4p%¢" +1)" + -+ + ag) .
Comparing the highest power of p, one has n =0, y = %X and thus D(H, 2) =
XCI[H]. A similar but slightly more complicated argument shows that D (H , —2) =

YCIH]. [
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