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Abstract. Let A = C[xlil,xétl] be the ring of Laurant polynomials and B
the set of skew derivations of A. Set L = A @ B. In this paper, we study the
automorphism group, derivations and universal central extension of the derived
Lie subalgebra of L.
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1. Introduction

The rank one Heisenberg-Virasoro Lie algebra is a central extension of the Lie
algebra {f(t)4 + g(t)|f, g € C[t,t7*]} of differential operators on a circle of order
at most one. Arbarello et al. studied the rank one Heisenberg-Virasoro algebra
and established a connection between the second cohomology of certain moduli
spaces of curves and that of the Lie algebra of differential operators of order at
most one in [1]. Billig constructed a class of irreducible representations for the
Heisenberg-Virasoro Lie algebra of level zero in [2].

In this paper, we generalize the rank one Heisenberg-Virasoro Lie algebra
to the rank two case. Let A = C[z{*, 23], B be the set of skew derivations of A
spanned by the elements of the form z™(maod; — mydy), where 11 = (mq,msy) €
Z2\{0} and dy, dy are the degree derivations of A. We set L = A® B and write L
for the derived Lie subalgebra of L. One can easily check that L is a perfect Lie
algebra. Our purpose in this paper is to study the automorphism group (Theorem
2.10 in section two), derivations (Theorem 3.3 in section three) and the universal
central extension (Theorem 4.10 in section four) of the Lie algebra L.

Let T' = Z*\{0} C Zey + Zey. For m = mye; +maey, T = nje; +ngeg € T,
we set 2™ = ™™ = a2 € A, and denote the skew derivation x™(mod; —
mydy) of A by E(ni), then the Lie algebra L is an infinite dimensional vector
space spanned by elements of the form 2™, E(m), for m € I', together with the
following Lie bracket relations:

[Imv E(n)] = —[E(7), xm] = g(m, ﬁ)xﬁwﬁ
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[E(m)’ E(ﬁ)] = g(Tﬁ,ﬁ)E(m + ﬁ)7 [xm’xﬁ] =0

where g(m, 7)) = (man; — myns).

2. Automorphism Group

Denoted by AutL the automorphism group of the Lie algebra L. In this section,
we first construct two classes of special automorphisms which form subgroups of
the automorphism group AutL, then we give the structure of the AutL.

It is clear that the Lie algebra L is Z2?-graded. Indeed L = @ L =

mer
@ (a™ @ E(m)). Let 4 : L — A, g : L — B be the natural projective maps,
mer
one can easily show that the map 7p is a Lie algebra homomorphism.

Lemma 2.1. If o € AutL, then cA C A.

Proof. = We prove the lemma by contradiction. Assume o(x) ¢ A for some
x € A. First we show there exists y € L, such that [[o(z),0(y)],o(z)] # 0. We
define an order for I' as follows:

m<n<=m; <ng or mp;=njandmy < ns.

k
Note that o(z) € A, we can set wpo(x) = > NE(n;), with the lowest term
i=1

M E(m) # 0. With loss of generality, we can assume the first component mq; of
my is nonzero. Since o is surjective, we can choose y € L, so that o(y) = E(es).
By an easy calculation we have

[[rpo(z), mpo(y)], npo(x)] = —Aim], E(21m + e) + higher order terms # 0.
Hence [[o(z),0(y)],o(z)] # 0. But o[[z,y],x] € [[A, L], A] C [A, A] =0, which is

a contradiction. Therefore we have 0 A C A. m

Lemma 2.2.  Let 0 € AutL, then mgo|g € AutB, and for any m € ', there
exists 1 € I', so that mgo(E(m)) € CE(n).

Proof. By Lemma 2.1, we have mgo|p is surjective. Now we show that wpo|p is
injective. If y € B and wgo(y) = 0, then o(y) € A. This implies y € 07!A C A,
and y € AN B = {0}, hence mpo|p is injective. This shows that mpo|p € AutB.
[4] shows that any automorphism of the Lie algebra B is a graded automorphism.
Hence there exists 77 € I, such that mpo(E(m)) € CE(n). ]

Lemma 2.3.  Let ngo(E(m)) € CE(fi), then o(z™) € Ca™.

Proof.  Since [E(m),2™] = 0, we have o(2™) € @ Ca™. Choose any

g()=0
p € I satisfying g(m, p) # 0. Let mgo(E(p)) € CE(q), then
L 1 ) o
o(z™P) = ———[o(2™), 0 (E(p))] € Cx™ 11,
(™) g(m@[ (@™),0(E@)] e P

g(ii!,7)=0
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On the other hand, since

1
—~—= 7B
g(m, p)

we get o(z™P) e @  Cxf, hence
9(5,71+4)=0

mpo(E(m + p)) = lo(E(m)), o (EP))] € CE(7 + q),

o(@™P)e( @ Ca™HNn( @ Caf)
g(i',7i)=0 9EA+D=0
=( @ Ca" )n( €  Ca™r) (2.1)
9 i7)=0 9+ 3+ D=0
= @ (an +a

=y =

g(i",)=g(q,i—7")=0

Note that g(ﬁ§£g+® = [EE?T)?’L%@] # 0, hence ¢(7i,q) # 0. Therefore ¢(7i',7) =

g(q,— ') =0 force i’ = 71, and which also finishes the most of the lemma. =

Let C* =C\ {0}, Q= {(4,a,b,¢)|A € GLs(Z),a,b,c € C*}. We define a
multiplication on €2 as follows:

(B, 2,2, 22) - (A, 21,1, 21) = (BA, 125" Y52, 11252 y522, 2021) (2.2)

where A = (a;j)2x2. It is easy to check that the multiplication satisfies the
associativity law, the element (7,1,1,1) is the identity and

a2 421 a2 211

(A,a,b,c)™ = (A a BT a4 b T )

is the inverse of (A, a,b,c) € 2. Hence Q forms a group.
Lemma 2.4. Q= GLy(Z) x (C* x C* x C¥)

Proof. The two sets
O ={(A,1,,1)|Ae€G(2,Z)} and Qs ={(I,a,b,c)|AecC"}

are subgroups of €. It is easy to see that Q; N Oy = (1,1,1,1), Qs < Q and
Q- Qy =Q, hence Q =Q; x Qy = GLy(Z) x (C* x C* x C*) |

Now we study the structure of AutL. First we construct a subgroup of
AutL.

Lemma 2.5. Let ©) = {7|d € AutL,m0|p = 0}. Then ©; is a subgroup of
AutL, and ©1 = GLy(Z) x (C* x C* x C*)

Proof. Forany g € ©1, by Lemma 2.2 we see 7|p = mp0|p € AutB. Moreover,
from [4], there exists A = (a;j) € GLy(Z),a,b € C*, so that

g(E(m)) = |Ala™b™ E((mya1; + meaia)er + (myag + maass)es).

Now we give the action of @ on A. By Lemma 2.3, we can set

E(mm) _ k(m)x(m1a11+m2a12)61+(m1021+m2a22)€27
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where k : T — C* is a mapping. Since o[E(m),2"] = [5(E(m)),7(z")], we have
g(m, @) (k(m + 1) —a™b"?k(17)) = 0.

For any fixed m, 7 satisfying g(ni, ) # 0, the above identity implies

k(m + 1) = a™b™ k(i) = a™b™k(m)) (2.3)

Take m = ey, = ey, the above identity gives @ = k) por any m € I', we

have g(ni,e1) # 0 or g(m,ey) # 0. This gives M%Q k(zl) or afl(l’?% = ’“(22)
)

from (2.3). Hence k(m) = c-a™b™?, where ¢ = @ =
which is independent of m.
Now we prove the first part of the lemma. For any o € ©1, then

1S a nonzero constant

(E ) ’A‘amlbsz((mlall + m2a12)61 + (m1a21 + m2(122)€2)
xrﬁ) = ¢ . g™ pm2 p(miaitmaaiz)er+(miaz+maazs)es

We can easily check the following identities:

12™M2 —ag2Mm] a1mj —ajlmg

5_1(E )) — |A|a7bTE(m1a22‘gTﬂ2a12 ey + m2a11|2|mla21 62)

— ajgmo—agamj az1mj—ajjmy mjagp—mgaj mgaj]—mjag]
—_—— — — L. Ty E— ) e E—
g (™) =cta A] b 1A] T A] i+ A] 2

and also o'c ! € ©, for any &, € ©;. Hence O, is a subgroup of AutL.
We define a map 7 : Q) — O, as follows, for (4,a,b,c) € Q,

T(A, a, b, C) (E ) |A\am1bm2E((m1a11 + m2a12)61 + (mlagl + m2a22)62)
T(A a.b C)(l‘ﬁ) — . m1bm2x(m1a11+m2a12)61+(m1a21+m2a22)62_

Then it is easy to check that 7 is a bijective map. Moreover by (2.2), we have
T((B,a1,b1,¢1)(A, a9, by, ¢2)) = 7(B, ay, by, c1)7(A, ag, be, )
Hence 7 is a group isomorphism. ]
Remark 2.6.  Define a map (- \ )1 Z2x C* — C, by (m|d) = myc! + mac?,
where 1M = mye; + maes, € = (ct, ¢?). Denote
C2, = {(Cij)ijez|j € C*, (iey + jea|Gy;) = 0, and only finitely many ¢j; # 0}.

It is clear CZ is an abelian group under the usual addition. The following two
lemmas give another class of the automorphisms of AutL.

Lemma 2.7.  For ¢ € AutL, if mgo|p =id|p, then there exists finite nonzero
elements ¢» € C?, such that

where (r1¢z) =0 for all 7€ Z*.
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Proof. Set 6(E(m)) = > fx(m)a™" + E(m). Take

Fez?

G = (e, ;) = (fr(er), fr(ez)). From G[E(m), E(i')] = [6(E(n1')), 6(E(n))] we

have
g(m’,ﬁ')f;(r?ﬂ + ﬁ’) = fr m’)g(m’ + 7 ﬁ’) + f,r(ﬁ’) (m', 1 +7) (2.4)

(
Now we prove fx(m) = (m|é-) with (F]éz) = 0 for all 7 € Z?. The argument
is divided in three cases.
(A). For 7 = rie; + roeq and rire # 0. Let m/' = m, @i’ = Ini, then (2.4)
gives

g(m, 7)(fr(lm) — Lfe(m)) = 0 (2.5)
Let m = ey, ey respectively, (2.5) gives
fe(ler) = lck, fr(ley) = Ic2 (2.6)

Let m/ = myey, " = mgey, mymg # 0, (2.4) gives
fr(m) = <F+ m|c}) (27)

In particular we choose 7 satisfying g(m,7) # 0 in (2.7), then by (2.6) we have
(r1¢z) = 0. Hence (2.7) induces fz(m) = (m|cz) for mymy # 0. Thus the result
follows from this and (2.6).

(B). For 7= 1r1e1 + 1363 and r; = 0,75 # 0 or 79 = 0,71 # 0. Without loss
of generality, we assume 7, = 0 and 75 # 0. By a similar argument as (2.6), we
have fz(mye;) = mich. Let ni/ = e; + kep, @' = ey, (2.4) gives

kf=(2eq + kea) = fr(er + kea)(k + 12) + ch(k — 19) (2.8)
Let m/ = 2ey, 7' = key, (2.4) gives
2k f=(2e1 + key) = dcik + 2f#(keo) (k + 12) (2.9)
Let m/ = ey, 1’ = keg, (2.4) gives
kfr(er + key) = crk + fr(kes)(k +19) (2.10)
Solving the equations (2.8)(2.9)(2.10) we have
fr(kea)(k+1ry) =0 (2.11)

Note that f#(r) is the coefficient of 2™+ in 6(E(1m)), we have fr(—ryey) =
fr(—7) = 0. Hence for any k& € Z\{0}, fr#(kezs) = 0 from this and (2.11). In
particular take k& =1, then ¢2=0.

Taking m' = myey, W = maea,mymy # 0, (2.4) gives fr(m) = ckmy.
Hence, for any m € T, fx(m) = ckm;. Immediately we have fr(m) = (m|cy)

and (r]ér) = 0.
(C). For 7= 0, (2.4) induces

g(m, M) (f5(m) + f5(7) — f5(m + 7)) = 0 (2.12)

Similarly as the proof of case (A) and (B), we can get f5(m) = (m|c). ]
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Lemma 2.8. Oy = {d|0 € AutL,mpé|p = id|p,0|a = id|a} is an abelian
subgroup of AutL, and Oy = C2 .

Proof. By the Lemma 2.7, one can easily check that ©, is an abelian subgroup
under composition of automorphisms in ©,. Define p : C2 — Oy by (Cij)ij —
p((¢;)i7), where p((Cij)ij) € O, such that
p((Cij)is ) E(m) = ,ZZ<m|5ij>fEm”el+j” + E ()
1,)€
p((Cij)ij)a™ = a™
One can check p((c;);;) is bijective. Moreover, for any (b;;)i;, (€i;)i; € C% , we have

—

)
p((bi3)i; + (E5)i5) = p((bi;)i;)p((E;)5;), which implies p is a group isomorphism. ®

Remark 2.9. For 2" € A, since (ad(z"))*> = 0 for ¥ € T', we know that
expad(z”) = 1+ ad(z") is an automorphism of L. Indeed, we have

exp(ad(a")) B (1) = (mi|cr)a™ " + B(ni)

where ¢ = (rq,—r1) for ¥ = (r,r2) € I'. One may compare this with the
automorphism & defined in Lemma 2.7 to see that the abelian subgroup ©, can
also be constructed in this way.

Theorem 2.10.  AutL = (GLyZ) x ((C* x C* x C*)) oc C2,

Proof. First we show that Autl. = ©,0;. For any oy € AutL, define a
map o1 by oi|p = 7oolp,01la = 0ola, We have o, € O1,000;" € Oy, s0
Autl = ©,0;. Next we prove that the decomposition is unique. In fact, if
o] € ©1,0) € Oy is another such a decomposition, then we have 0907 = o0}, this
induces oot = o4 oy, Since ©, N O, = id, we set 0y = 0,05 = o). Moreover,
one can check O, is a normal subgroup of AutL, thus Autl = ©; «x ©5. By using
Lemma 2.5 and Lemma 2.8, we get AutL = (GLyZ) x (C* x C* x C*)) < C%,. =

3. Derivation Algebra

In this section, we study the derivation Lie algebra Der(L) of the Lie algebra
L=][L,L| with L=A& B.

Lemma 3.1. L is a finitely generated Z?-graded Lie algebra.

Theorem 3.2[5]. Let G be an abelian group. If A = @ A, is a finitely
acG
generated G-graded Lie algebra, then Der(A) = @ Der(A), is also a G-graded
acG

Lie algebre. Moreover, if d € Der(A)q, d(Ag) C Aats-

Theorem 3.3.  Der(L) = Inder(L) @ Outder(L), where

Inder(L) = @ (Cadz™ & CadE(r))

Outder(L) = Cdy & Cdy & Cp, @ Cpy & C5
and dq,dy are degree deti’uations Qf L, p1,ps are determined by p1 E(1m) = mia™,
pgﬁ?(ﬁz) = moz™, pra™ = pa™ = 0, and 0 is determined by SE(m) = 0,
ox™ = x™.
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Proof. By Lemma 3.1 and Theorem 3.2, we set Der(L) = @ Der(L)z. For
FezZ?

dr € Der(L)z, let

where @1, @9, 11,1 are maps from Z? to C. For convenience of notations, we set

¢1<F7 _F) = OJ SOQ(Fa _F) = 07 Z/}1(7?7 _F) = 07 ¢2(F7 _m =0

Using the property of derivation, dr|a,b] = [dz(a),b] + [a, dz(b)], we have

Uo7, 10+ 1) g (1, 7T) = ha(7, M) g (1 + T, ﬁ) + %(F ﬁ)g(m i+ 7), (32)
o (7, 1m) (M + 7, 70) + o (7, 1) g(m, 7 + 7) = 0. (3.5)

Now we prove that ¢o(7,m) = 0. We may assume m # —7. Interchange i, 7 in

(3.4), then
(7, M) g(1 + 7, m) = o7, 1 + 1) g (71, 1) (3.6)
Solving the equations (3.4) through (3.6), we have ¢o(7, m)g(m+7,7) = 0. Choose
n € I' satisfying g(m + 7, 1) # 0, then pq(7,m) = 0 as required.
Now we divide the proof into two cases. First for 7 = 0, we solve the
equations (3.1) through (3.3) to get

g, 71) (¢1(0, M + ) — 1 (0, m) — ¢ (0, 7)) = 0 (3.7)
g, 17) (20, 7 4 78) — 12(0,17) — 2(0, 7)) = 0 (3.8)
JFrom (3.7),(3. 8) an (3 9) one can easily deduce the following identities:

2(0,m) = my1Pa(0, e1) + marh2(0, €3)

¥1(0,11) = my1(0, e1) + marp1 (0, e2)
901(0,7’?1,) = wZ(Oam) + ¢, C € Ca

where the constant ¢ = 11 (0, e2) — ¢1(0,e2). Hence dimDer(L)z < 5.

Let di,ds be degree derivations of A, p;, po and § are linear maps on L,
satisfy piE(m) = mix™, poE(1m) = moz™, p1a™ = poa™ =0, SE(m) = 0,62™ =
™. It is easy to check dj,ds,pi,p2,0 are linearly independent and belong to
Der(L)g, then we get dimDer(L)s =5 and Der(L); = Cd;®Cdy®Cp; &Cpo®Cs.

Next we consider the case for 7 0. Without loss of generality, we assume
r1 # 0. For m = eq, 1 = mayey, (3.1) gives

©1(T, maes) = maop (T, €2) (3.10)
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For m = myey, 1= ey, (3.1) gives
e1(7,myer + eg)my = (mq + r1)e1 (7, maer) + ma(ra + 1)1 (7, e2) (3.11)
For m = mye; + ey, T = —eq, (3.1) gives
©1(7,myer)my = (mq + r1)1 (7, myer + ea) + (r1 +my — mara) 1 (7, —e2)
By (3.10), we have ¢y (7, —ea) = —p1 (7, e2), thus the above identity deduces
©1(7,myer)my = (my + 11)@1(7, mye; + ea) — (11 +my — mare) 1 (7, ea)  (3.12)

Solving (3.11)(3.12) we get

T

P (rymaer) = —T—lmﬂh(ﬁ e2) (3.13)
For i = myey, 1 = mgey, (3.1) gives
@1 (7, m)mima = ma(ma + r1)p1(7, mier) + (r2 + ma)mip1 (7, mae2) (3.14)
Substitute (3.10)(3.13) into (3.14) we get
(7, 7) = (ma = Em i (7 ) (3.15)
By a similar argument, we have
o7, 1) = (my — :—jml)%(ﬁ es) (3.16)
Now we prove ¢ (7,m) = (7, m). Let 1 = —m, (2.3) gives

This implies that if g(m, ™) # 0, @1(7,m) = o(7,m). For the case of g(m,7) =0
and m + 7 # 0, we choose 1 € I' satisfying g(m + 7,7) # 0, g(¥,m+ i)
# 0, (3.2),(3.3) give us ¢1(7,m) = (7, m), where we have used the fact that
p1(r,m) = o(r,m) whenever g(m,7) # 0. This implies dr is determined
by (7, ez2) and y(7, es), so dimDer(L); < 2. Note that ad(z"), ad(E(F))
are linearly independent derivations in Der(L)z, hence dimDer(L)z = 2 and
Der(L)y = Cadz™ @ Cad E(7). Then we get the result. n

4. Universal Central Extension

Let 0 —» K — L 2 L — 0 be a central extension of the Lie algebra L, and idj,
be the identity map on the Lie algebra L. We can define a linear map 7: L — j),
such that A\r =idy. Set 7" : L x L — K,7"(a,b) = [r(a),7(b)] — 7([a,b]) for
a, b € L. Obviously we have

*(a, [b,c]) + (b, [¢,a]) + 7 (c, [a,b]) =0 (4.1)

and 7*(a,b) = —7*(b,a). In this section, we study the universal central extension
of the Lie algebra L. For this purpose, we need the following three propositions.
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Proposition 4.1. (E(m), E(n)) =
(

7_*
_%T*(E (m1 + nl)el), E((THQ + 712)62), mi1 +ny 75 O,mz —+ no ?é 0
(m2n1 — mlng)T*(E(el + (7712 + n2)€2, E(—el)), m1+n; =0,mo + no 75 0
—(m2n1 — man)T*(E((ml + n1)61 -+ 62), E(—eg)), mi1+ ny 75 0,mo+mn9 =0
mi7*(E(e1), E(—e1)) + mem*(E(e2), E(—e2)), mi+mny=0,mg+no =0

Proposition 4.2.  7*(2™ E(i7)) =

——(mTjZS(%ﬁQ)T*(xmﬁm 0 FE((ma+ng)es), my+mny #0,mg+mny #0

myr*(xbmetne B(—e)), my+mny=0,my +n9 #0

sz(m1+"11E( e2)), my+mny #0,mg+ny=0

(@, E(—e1)) + mom* (2%, E(—€2)),  mi+mng=0,my+n; =0
Proposition 4.3.  7*(z™ 2") = 0. Proposition 4.1 is given in [12]. Now we

prove Proposition 4.2 by a series of lemmas. Proposition 4.3 will be proved in the
last part of the section. Set a = 2™ b = E(ii'),c = E(F""), (4.1) gives

g(n', 7 (xm/,E(ﬁ’ + 7)) + g, m")T* (E(ﬁ’),:vmurw)

+g(@, )T (™ E(F) = 0 (4.2)
Lemma 4.4. 7™, E(m)) =0 formeT.

Proof. Let ni =7"=m, 1’ =1 —m satisfying g(m,n) # 0, (4.2) gives
g(m, @) (r* (™, B(1)) + 7" (2", E(7))) = 0.
Since g(m, ) # 0, we have
T (™, B(7)) = =" (2", BE(m)) = 7 (E(m), 2")

Immediately we get

™ (@* 7 B(7)) = (B (2m — i), ") (4.3)

For mi =m,n' =n,r" = —ri +m, (4.2) gives
(2", B(m)) + 7 (™, B(—i 4 i) + 7 (@ E(R) =0 (44)

For v =m,m/' =n, 7' = —ni +m, (4.2) gives
(2™, E(m)) — (™ B(—7 4+ m)) + 7 (E(2m — i), 2") = 0 (4.5)

Solving the equations (4.2) through (4.5), we obtain
(2™ B(—7 4 m)) = 0 (4.6)

(¥ E(R) =0 (4.7)
)
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Lemma 4.5. (1) If my+ny #0, then (™%, E(nie;)) = 0.
(2) If mo + ng # 0, then 7*(2%™2, E(ngey)) = 0, for nonzero integers
mi,ni,z’ = 1,2

Proof.  As a direct consequence of Lemma 4.4, we have
(2™ E(my,0)) =0
We prove (1) for my # ny. For ni = nje; + e, i’ = —eq, 7' = myeq, (4.2) gives

mlT*(:vm’l, E(mie; —es)) + mlT*(E(—eg),xm1+”1’1) + an*(m’”’O, E(mey)) =0
(4.8)

For mi = nqje, i’ = miey — e9, 7' = eq, (4.2) gives

—my 7 (2™, E(myey)) + mim* (E(mie; — e), ™) — nyr* (2™ E(ey)) = 0
(4.9)
For mi = —ey, ' = €9, 7" = (M1 + nq)eq, (4.2) gives

(my+n) 7 (@1 E((my+n1)es+e9)) + (my +n1) 75 (B(ey), 2™ 071 = 0 (4.10)
For mi/ =1’ = —ey, 7= (my + ny)ey + 2ey, (4.2) gives

(27 E((my 4+ n1)er + e3) = 7 (E(—ey), 2™ 1) (4.11)

Solving (4.8) through (4.11), we get that, if m; # ny, 7*(2™° E(nie;) = 0. This

finishes the proof of (1). (2) follows from (1) by symmetry. ]

Lemma 4.6.  For my +ny # 0,mq + ny # 0, we have

7 mamny — MmN

™™ E(n)) = — 7 (gm0 Moy -+ Ng ey
(@, (i) = ~ e I (a0, (1 )

Proof.  We divide the argument into three cases.

Case 1. For ny = 0, let m' = (my +ny)ey, 7’ = njey, v’ = —nje; + maoey, (3.2)
gives
*/ ny * 0
2™ EB(nier)) = —————7" ("0 E(mae
P Blmen) = - (mze2))

as required. In particular, this gives
n1

* (. m1,ma+n2 E —
" (z ,E(nieq)) —m1 o

T*(xm1+n1,0’ E((’ITLQ + n2)@2)) (4.12)

Case 2. For ny =0, let m/' = (mg + na)es, ' = noea, 7’ = mye; — nageq, (4.2) gives

*( m n * mo—+no
(" Blnaes)) = o (a0, Emaen)
By (4.12) we have
X/ _m no */ _m1,0
(2™, E(ngey)) = ————7" (™", E((mgy + ngy)es))

m2+n2
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as required. Also this implies

U2

*(pmitn,me o —
" (x , E(nges)) .

@™ E((mo + no)es)) (4.13)

Case 3. For ny # 0,ny9 # 0, let M/ = myeq + maey, i’ = njey, r = ngeq, (4.2) gives

—

—nana (2™, E(7T)) + nomym*(E(nyey), ™) — nymor™ (2™ T2 E(ngesy))

= 0. Solving this equation together with (4.12)(4.13) we have

7 Moty — M1N2

T*(xm’ ) =~ (m1 + m)(mz + nz)T*(mml Bl ¥ n2)€2)'

This finishes the proof of the lemma. [ |

Lemma 4.7. For my +ny = 0,mg 4+ ny # 0, we have

(2™, E(i)) = mit* (b2 E(—ey))

Proof.  We divide the proof into two cases.
Case 1. For my =0, let m/ = mye, i’ = —eq, 7" = (1 — my)e; + noey, (4.2) gives

(2™ E(—mye; + noeg)) = my 7 (21", E(—ey)) (4.14)
Case 2. For mg # 0, let m/ = myey, i’ =7, 7" = maeq, (4.2) gives
—nymar* (™0 E(nyey + (my + ng)es)) + mimor* (E(7), ™)

+nomi 7 (2772, E(mgey)) = 0

applying lemma 4.5 and (4.14) we have 7*(z™, E(1)) = my7*(x™2t"2 F(—e)).
]

Similarly as Lemma 4.7 we get

Lemma 4.8. For my 4+mnq # 0,my +ny =0, we have

—

(2™ E(i)) = mor* (2™ B(—ey))

Lemma 4.9. For mqy +nq =0,m9 4+ ny =0, we have

™ (z™, B(7)) = mym* (20, B(—ey)) + maor* (2™, E(—ey))
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Proof. Let m/=m, 7' =7,7 = —m — 1, (4.2) gives
(many — mang) (7% (x™, BE(—m)) + 7" (E(R), 2™ ") — 7* (2™, E(—m — i1))) = 0
(4.15)
Let 7 = —mqe; # 0, (4.15) gives
(2™, E(—m)) = 75(a%™2, E(—mgey)) + 7% (x™ 0, E(—myey)) (4.16)
Let M = mqey, 7 = maeg # 0, (4.15) gives
™ (x™ B(—m)) = 77 (2™, E(=mye1)) + 7°(E(mges), £%7™2) (4.17)

Now we have to determine 7*(2™°, E(—mye;)) and 7*(E(maes), 2% ™). Solve
(4.16)(4.17) and take mg = 1, we have

(2%, B(—e3)) = —7* (2%, E(es))

Similarly
(@ E(—e;)) = =7 (27, E(e1)) (4.18)
Let my = —1,mqe =1, (4.17) gives
(2 " Eley — ey)) = 7 (270, E(ey)) + 7 (E(ey), 2%71) (4.19)
Let m = myey, = —ey, (4.15) gives

(@™ B(=myer)) — 752, B(—ep)) = 75 (™!, E(—mye; +e3))  (4.20)
Let m = (my — 1)ey, 7 = e; — es, then

T*(xml_l’o, E(—mi+ 1)ey)) — T*(ﬂ:_l’l, E(e; —ey)) = T*(:vml’_l, E(—mqe; + e3))
(4.21)
equations (4.18)-(4.21) give the following formula

(2™, E(—myer)) — 75 (2™ E(—my + Dep)) = 752", B(—e1))
By introduction on m;, we have
(™0, BE(=mye1)) = mym* (20, E(—e1)) (4.22)
By symmetry,
(2% B(—magey)) = mo7* (2™, E(—e)) (4.23)
Finally, substitute (4.22)(4.23) into (4.16), we obtain the result of this lemma. =

Proof of Proposition 4.2: The result of Proposition 4.2 follows from Lemma 4.6
through 4.9. [ |

Proof of Proposition 4.3: Take a = z™ b= 2" ,¢c = E(') in (4.1), then

>/ =/

g(@ P (@™ Y 4 (7 )T (2, 2T = 0 (4.24)

Now we divide the proof into three cases.
Case 1. For g(m,n) # 0, take m/ = 7' = m, i’ =7 —m in (4.24). By a simple
calculation, we have 7*(z™, 2) = 0.
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— —/ —/

Case 2. For g(m,n) =0 and m = —n, let 7" = —i@' —m, 7’ = 7', m' =m, (4.24)
gives . )
g(m, @) (T (2™, ™) + (2", 27") =0 (4.25)

For m = e; + e3 and 7' = ey, es respectively, (4.25) gives
(@0, 270) = (b b = o (00, 2071 (4.26)
Moreover for m = ey, 1’ = eq, (4.25) gives
(20, z7M0) = —7* (2%, 207 (4.27)

Hence (4.26)(4.27) imply 7*(z'9 z710) = 7*(2%1 2071) = 0.
Therefore for m € T, from (4.25) we have 7*(2™ 2™ ™) = —7*(210, 2719)

or 7*(z™, x7™) = —7*(2%, 2071). This implies 7*(z™,2™™) = 0

Case 3. For g(m,n) =0 and m # —ii, we set m/ = m, 7" = 7,7’ =7 — 7 so that

g(m,7) #0,g(71,7) # 0, then (4.24) gives

Since g(ni — 7, m +7) = g(ii +m, ) 7 0 from the assumption on m and 7, case 1
shows that 7*(2" ", 2™*") = 0. Hence 7*(2™,2") = 0. This finishes the proof of
Proposition 4.3. [ |

Denote the mapping p: L — K as follows:
——L (™0 E(maes)), my #0,mq #0

mims2

pa™) =9 Tt E(=er)),  mi=0,mz#0
rilT< mllvE( ))7 ml#oamQZO

_;7—*(E(m162), E(m2€2)), my #0,me #0

mims
M(E(m)) = —%T*(E(Gl + m2€2), E(—el)), my = 0,mo 7§ 0
L (Blmiey + e2), B(—e2)),  my # 0,my =0

Define Lie bracket [a, ]’ on the vector space L = L @ (K, Ko, K3, Ky4):

[Kza L] =Y, [ ] Lo
[z E(7)] = (mgnl mlng) T4 S oh ()
(£ ( ), E(0)]" = (many — mang) E(m + 7i) + dmaof (1)
where i=1,2,34. h(m) = mi K1 + moKs, f(m) = mi K3 + maKy. We can easily

check that L is a_perfect lie algebra. Let m : L — L be the projective homo-
morphism, then (L, ) is a central extension of L, and kerm = (K7, Ky, K3, Ky).
Indeed we have

Theorem 4.10. (L, ) is the universal central extension of the Lie algebra L

Proof. Let 0 > K — L _i> L — 0 be any central extension of L, 7,7" are
defined as before. We set i : L — L, such that

(K1) =7 (2", E(=e1)); i(K) = 7*(x
T (E(er), E(—e1)); i(K ):T
7(a) + p(a),Va € L
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It’s easy to check that 7 is a Lie homomorphism, and \fi = . Since L is perfect,
for any a € L, there exist b,c € L, such that [b,c] = a. If \i/ = 7 = A\,
where 4/ is another homomorphism from L to L, we have 7i(b) — 4/(b) € K and
fi(e) = w'(c) € K. So [u(b), m(e)] = [/ (b), 1 (c)], Ti(a) = p'(a). This proves that 7z
is unique, and also completes the proof the theorem. [ ]

Corollary 4.11. The second cohomology H*(L,C) of the Lie algebra L is 4-
dimensional.
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