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Abstract. In this paper, we determine a range of p for which there is L?-
continuity of the Bergman projector in the tube domain over Vinberg’s cone.
This is the simplest example of a homogeneous non-symmetric cone. Our main
tool is the existence of a suitable isometry between the cone and its dual.
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1. Introduction

Let V' be the Euclidean vector space of 3 x 3 matrices with real entries of the form

Tr1 T4 s
T = r4s 9 O ,
Ts 0 T3

where the inner product is defined as follows

(z|y) = Trace(xy) = x1y1 + T2y + x3ys + 2244 + 225Ys.

Let
Q={reV: Qi) >0, j=1,2,3},
where
3 3
Qi(z) =21, Q2z)=20——, Qs(x)=23— —,
T T

be the Vinberg’s cone. Then ) is a proper open convex cone and its dual cone is
given by
r={eV: Qi >0, j=123}

* The last author is grateful to A. Bonami for her critical observations and to B. Trojan
for fruitful discussions shared on this subject. Both authors express their sincere thanks to the
referee for his numerous suggestions and for pointing out one serious mistake in the manuscript.
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where ) ,
Q) =a-+-2, Q=& Qi) =6
& &

In [4], Casalis proved that the cone 2 is non self-dual for any positive symmetric
bilinear form defined on V.

In the sequel, we will use these notations: for all a = (a1, s, a3) € R?, x €
Q and £ € O

3 3
Q*(x) = [ ] @7 () and (@")*(¢) = [ [(@))*(¢).
j=1 Jj=1

Let Tqo = V +4Q be the associated tube domain. We put 7 = (2,2,3).
For v = (vy,v9,v3) € R® we denote by LE(Ty), 1 < p < oo, the Lebesgue space
LP(To, Q""" (Smw)dv(w)) where Q~27(Imw)dv(w) is the invariant measure with
respect to the group of automorphisms of §2. Here dv is the Lebesgue measure
defined on C".

The weighted Bergman space AP(Tg) is the closed subspace of LP(Tg)
consisting of holomorphic functions. In order to have a non-trivial subspace, we
take v = (v1, 9, 13) € R? such that vy > 1, vy > % and vg > %

The orthogonal projection of the Hilbert space L2(Tq) onto its closed
subspace A%(Tg) is the weighted Bergman projection P,. It is well known that
P, is defined by the integral

P f(z) = / B, (2, w) f ()@ (Smw)dv(w)

where

By (2 w) = dyQ (z - @)

?

is the weighted Bergman kernel, that is the reproducing kernel on A2%(Tq).

The LP-boundedness of Bergman projections on tube domains over cones
have been studied by many authors these last years. In [1], D. Békollé and A.
Bonami considered the forward light cone; they obtained some sufficient conditions
using Schur’s Lemma. They have proved that this condition is necessary and
sufficient for the positive Bergman operator; that is the Bergman projector with
positive Bergman kernel. This result has been improved in [3]. There are values
of p for which the Bergman projection is bounded whenever the positive Bergman
operator is unbounded.

In the Lecture Notes [2] of the Workshop "PDE, Classical Analysis and
Applications” held in Yaoundé in December 2001, the authors generalized to the
case of general symmetric cones the results of [3]. Moreover, D. Debertol in his
thesis [6] obtained the sufficient conditions above with general weighted measures.

On the other hand, A. Temgoua in his thesis [12] gave sufficient conditions
in the case of Siegel domains of type II, symmetric or not; he applied Schur’s
Lemma to the positive Bergman operator.

It is important for us to mention that all these sufficient conditions are far
from being necessary when the rank of the cone is greater than 1.
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The aim of our work is the generalization of D. Debertol’s result in the set-
ting that A. Temgoua has considered, that is, tubular domains over homogeneous
cones.

The purpose of this paper is to make sure that all results known in the case
of tubular domains over general symmetric cones are also valid if the homogeneous
cone considered is not necessarily self-dual. This justifies the fact that we focus our
attention in the particular case of Vinberg’s cone which is the simplest example
of a non self-dual homogeneous cone. In a joint work with B. Trojan, the second
author is looking for the generalization of results announced here in the case of
general homogeneous cones. This cannot be done without the use of deep tools of
algebra, this is why we have first considered this typical example, where everything
can be written directly.

In order to present our results, let us consider the positive Bergman operator

P f(z) = / 1B, (2, w)] £ () Q" (Sm w)dv(w).
We have the following:

14

p < v+ 1. Hence P, is bounded for this range of p.

Theorem 1.1. The operator P is bounded on LE(Tq) if and only if ”ly—Jl“l <

As we mentioned above, the “if” part of this Theorem has been proved by
A. Temgoua [12] and we prove here that the “only if” part is also valid. For the
case of tube domains over symmetric cones, authors of [2] established that there
are values of p for which P, is bounded, but P, is unbounded. We extend this

result to the tube domain over Vinberg’s cone. We have the following theorem
which is the main result of this paper.

Theorem 1.2. The Bergman projector P, extends to a bounded operator on
Lo(Tq) for Y2 <p < +2.

We describe the main ideas in the proof of this result. We must take
advantage of the oscillations of the Bergman kernel. Hence, we are induced to
use the Fourier transform in the z variables and consequently to focus on L2-
norms in these variables. For this reason, we introduce mixed norm spaces. For
1 <p,qg<oo,let LPITq) = L1, Q" " (y)dy; LP(V, dx)) be the space of functions
f on T such that

1z = ( / ( / rf<x+z'y>rpdx)”@”<y>dy>

is finite (with obvious modification if p,q = c0). As before, we call AP%(Tg) the
closed subspace of LE9(Tg) consisting of holomorphic functions.

For p = 2, we obtain that P, is bounded on L2%(Ty) if and only if
gzi—ﬁ < q < 2v; + 2. We observe that, as in the case of symmetric cones, we
have this necessary and sufficient condition for the Bergman projection. Then
Theorem 1.2 follows by interpolation with Theorem 1.1.

This paper is divided in 7 sections, the first one is the introduction above.
In the second section, we give an isometry between the open convex homogeneous
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cone and its dual. The third section describes a solvable group that acts simply
transitively on the Vinberg’s cone and gives its Whitney decomposition. In section
4, we compute some important integrals. Section 5 deals with Bergman spaces and
the last two sections state the proofs of results announced in the first section.

2. An isometry between an open convex homogeneous cone and its
dual

In this section, we describe the main tool that we use to obtain our result; we show
that there is an isometry between an open convex homogeneous cone and its dual.
We begin by recalling some definitions.

2.1. Preliminary definitions.

A subset C' of R" is said to be a convex cone if for x,y € C and A\, > 0
we have \z € C' and \z + py € C.

We define its dual cone by

C*={¢cR": (£lx) >0, Vo e C\ {0}}.

Let C' be an open cone. We say that C' is self-dual if C'= C*. The cone C
is said to be a proper cone if C'N (—C) = {0}.

The cone C' is said to be homogeneous if the group G(C) = {g € GI(R") :
gC = C} acts transtively on it i.e for z, y € C' there is an element g € G(C') such
that y = gz.

A homogeneous cone that is self-dual is said to be a symmetric cone. Let
us remark that G(C*) = (G(C))* and C** = C.

2.2. The Riemannian structure of a proper open convex cone. Let C be
a proper open convex cone. We denote by ¢ (resp. ¢.) the characteristic function
of the cone C (resp. C*); then for x € C' and ¢ € C*,

w(x):/*e(xf)dﬁ and go*(f):/Ce(f'z)dx.

From a change of variables (see also [13], Chapter I, formula (2)), we have

Vg € G(O), o(gx) = |Detg|'p(x) and ¢.(g*¢) = [Det g| " @.(§).

We have then the following

Lemma 2.1.  Let C be a proper open convex cone. The measure m (resp. m. )
defined on C (resp. C*) by

dm(z) = p(x)dr  (resp. dm.(£) = ¢.(£)dS)

is invariant under the action of the group G(C) (resp. G(C*)).

The gradient of a differentiable function f at the point x € R™ is defined
by
d
(Vf(@)lu) = Duf(z) = - f(w +tu)

t=0
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for all u € R™.
For x € C we define x* € C* by

" = —Vlogp(x).
Similarly, for £ € C* we define
" =—Vlogp.().

Since the function log ¢ is strictly convex (cf. Proposition 1.3.3 of [7]), the
symmetric bilinear form on R”

Go(u,v) = DyDylogp(x) (resp. Gi(u,v) = D,D,logp.(§))

where u, v € R" defines on C' (resp. C*) a structure of Riemannian manifold.
The corresponding Riemannian distances are given by

d(z,y) = inf {/01 \/Gw) (W(t)ﬂ(t))dt}

and

d(em =it { | 1 NEREORETIY.

where the infimum is taken on the smooth path ~: [0,1] — C (resp. v*:[0,1] —
C*) such that v(0) =z, ¥(1) =y (resp. v(0) =&, 7v*(1) =n).

Lemma 2.2. The Riemannian distances d and d. are invariant under the
action of G(C) and G(C™) respectively i.e

Vz,y € C, Vg € G(C), d(gz,gy) = d(z,y)
and

V¢, ne C, Vg € G(O), di(g™E, g™n) = du(§, 7).

Proof.  For the proof see [7], pages 15-16. [

Proposition 2.3.  Let C' be a homogeneous cone. For x € C and g € G(C),
we have the following:

*

(g:c)* — g*_lx :
o(x)p«(x*) 1s constant,

(") = x.

Proof.  See [13], Chapter 1, Section 4. n
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The first equality of the Proposition 2.3 shows that whenever the cone C'
is homogeneous, so is its dual C*.

For x € C and ¢ € C*, we denote by A(x) and A.(§) the selfadjoint
endomorphisms defined on R™ by

(A(z)ulv) = Go(u,v) and (Al (§ulv) = Gi(u, v)
where u, v € T,C = R". By the G(C)-invariance of G, (resp. the G(C*)-
invariance of Gf), one has
Algr) =g A(z)g™" and  Au(g7¢) =g A(€)g" (1)
for all g € G(C'). Moreover, the following equalities hold
¥ =A(x)r and (z|z*)=n
for all z € C.

We have the following result which is the most important of this section.

Theorem 2.4.  Let C' be an open convexr homogeneous cone. The map o : x —
x* between the Riemannian manifolds C' and C* s an isometry; that is

d(z*, y*) = d(z,y).
Proof. It suffices to establish that
Ga(z)(D J( )7 DUO'(.T)) = G$<U7U)7

for all u,v € T,C' = R"™. The map o, : £ — &* defined from C* to C' is the inverse
of the bijection o : x +— x* defined from C to C* since C** = C. Moreover, for
all £ € C*, one has (cf. [7], page 17)

Dyo.(§) = —Au(&u.
We deduce that for all x € C,
u=Dy(0,00)(x) = Dp,o@0(c(x))
= —Au(o(x))Duo(z) = —A(a")(—A(x)u) = Au(2") Az)y;

thus

A (") A(z) = Idgn
where [dgn» denotes the identity map defined on R™. Hence,

Gy (Duo (@), Dyo()) = m)( Az, —Aw)o)
= GL(Al@)u, A(z)v)
|

= (Au(a")A(z)ulA(z)v)
= (ulA(z)v) = (A(z)ulv)
= G.(u,v).
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Remark 2.5. It is important to mention that the map o, : £ — &* is not
necessarily equal to the inverse of o : z — z* for a non-homogeneous cone. (For
instance, see [10] for a counterexample where the cone is even proper). On the
other hand, according to Lemma 8.3 of [5], in a general proper open convex cone,
one can define a metric on the dual cone as a second derivative of a smooth function
so that ¢ is an isometry.

3. Geometric properties of the Vinberg’s cone

It is well known that the Vinberg’s cone is homogeneous (cf. [13]). In this section,
we give a description of a solvable group that acts simply transitively on the cone
Q2. For x € V, we define

T1 T4 Ty s
o= (1) = ().

If
o a . L
gZ_<O 52)7 aél%()? [/ ]‘72
then one defines an element g of GI(V') by
prige) = gpri(x)g, i=1,2 (2)
where g; denote the transpose of g;. Let us remark that when x € Q, then prq(z)

and pro(z) belong to the cone of 2 x 2 positive definite symmetric matrices. The
endomorphism ¢ is then well-defined by (2) and we have

a’xy ay1T1 + adiy avoT1 + adoxs
gr = | amim +adizy Vi, + 03wy + 2617104 0
Yoy + adaxs 0 Yazy + 03x3 + 202725

We denote by e the identity matrix of V. The following identities are consequences
of the same properties in the case of 2 x 2 positive definite symmetric matrices
(see for instance [3], section 2):

Qi(gz) = o*Qi(x) = Q1(g9e)Q(x) (3)
Qa(gr) = 67Qa(x) = Qa2(g9e)Qa(2) (4)
Qs(gzr) = 03Qs3(x) = Qs(ge)Qs(x) (5)
where e is the identity matrix of V. It follows that g € G(Q2) and
Q" (g9z) = |Det g| Q" (z) (6)

since

Det g = a*0765 = Q" (ge). (7)
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3.1. Description of a solvable group that acts simply transitively on ().

Let us now consider the solvable subgroup H of G(£2) consisting of elements
h defined as in (2) by

L a ' -
hl_(O 51')’ a>00>0 i=1,2.

For all y € Q, the equation y = he with h € H has a unique solution h(y) defined
as follows

VU Nin VU T
hi(y) = and  ho(y) = . (8)

0 \/92—%—12 0 \/ys—‘y;—f
This shows that the group H acts simply transitively on the cone (). Therefore
we have this identification 2 = He.
For all x € Q, & € QF and ¢g € G, (9z|§) = (z|g*¢) where the adjoint
endomorphism ¢* : V' — V is defined by

27163+ 20714+ 20728 N10i1&atadi€y V20283t a02Es
g = Y101&2 + d1&y LS 0
V202€3 + adas 0 05&3

Let £ € Q*. If we put

£ — g &€ a £ — 8 _ &8 &
& & V& 17 g &3
7T1(§) - ) 7T2(§) =

Ve
0 Ve 0 V&

then 7(&) is the unique element of H that satisfies

E=m({)e.

This gives the identification Q2* = H*e.

3.2. Invariant measures on  and Q*. Let y € Q and £ € Q*. From (6),
the measure

dm(y) = Q7" (y)dy (resp. dm.(§) = (Q7)77(£)dS)

is G(Q)-invariant on  (resp. G(Q*)-invariant on Q*).

The element e* is given by
2 00
ee=|020
0 0 %

We have
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3 3
QieNi(e) =2, Qxe)@a(e) =5  Q3(e)Qs(e") = 3. (10)
It follows by homogeneity that if a = (a1, s, a3) € R? then
Q" (@)(Q)" (a) = oo gowses (1)

for all z € Q.

3.3. Some comments about the metrics.

We have established in the second section that the map o : x +— z* is an
isometry from €2 to 2* with the metrics

Go(u,v) = DyDylogp(r) and Gi(u,v) = D, Dy logp.(§)

where u, v € V.

Now, we want to show that if we change our invariant metrics, this result
can be false. Given a G(2)-invariant metric H and a G(Q*)-invariant metric H*,
they realise an isometry between 2 and Q* if and only if

He-(A(e)u, A(e)v) = He(u,v).

According to the identifications 2 = He and Q* = H*e, we consider the following
metrics on Q and Q* defined as in [2]: for z € Q, £ € OQ*, we put

Ge(u,v) = (htulh™ ')

and

Ge (u,v) = (9" ulg™'v)
where © = he, ¢ = g*e with u, v € V and h,g € H. We have the following
proposition:

Proposition 3.1. i) The metric G, (resp. Gf ) is an H -invariant metric (resp.
H* -invariant metric).
ii)The metric G, (resp. Gf) is different from the H -invariant metric G,
(resp. H*-invariant metric G¢) defined by the characteristic function of the cone
Q (resp. QF).
iii) We have
. (Ale)u, Afe)0) # Golu, v).

Proof. i) Let u,v € V and g € G, we want to show that

ggfﬂ(.gu? gU) - gg(U, U).

The result is obvious by the definition of the metric.
ii) Since metrics G, and G, are H-invariant, it suffices to take = =e. We
have
Ge(u,v) = (A(e)ulv) # (ulv) = Ge(u, v)
since A(e) # Idy. In fact A(e)e =e* # e.
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iii) Since * = H*e, we have e€* = h*e where h is defined by h; = hy =
( V2 0

0 3

) according to (9). Since e* = A(e)e, we obtain
2

i (A(e)u, A(e)v) = (h* T A(e)ulh* ' A(e)v).

But h* ' A(e) cannot be the identity because A(e) is not in G(£). u
Remark 3.2.  For the case of symmetric cones, x* ~! (Proposition I11.4.3
of [7]) and we obtain that G, = 2G,. Thus, the map ‘01 C — C defined by

o(z) = a* = 2z~ is an isometry for the metric G,. (See [2], Theorem 2.50).

For p = (uy, po, u3) € R3, all the following identities hold

Q"(h(y)t) = Q"(y)Q"(?) (12)
Q" (m(&)) = ( )MEQM(E) (13)
(@) (h(y)'€) = Q")(Q")"(E) (14)
(@) (w(€)™n) = (Q)ENL)"(n) (15)

for all y,t € Q2 and n,¢& € Q.

3.4. The Whitney decomposition of the Vinberg’s cone. In this section,
we will prove some lemmas and propositions which are useful in the sequel; the
most important of them is the Whitney decomposition of the cone (2.

Lemma 3.3.  Given A > 0, there is a constant C C(A\) > 0 such that:
i) if d(y, t) < A then Q() =1,2,3 and x, y € Q,;

ii) if d.(¢, m) < \ then % < gi <C forall j=1,2,3 and €, n € Q.

Qilgy) _ Q;®) Q;(g"8) _ Q8
Sy = 0.0 (resp. Qif(g*n) = ng(n)) for all g € G(Q2) defined by

(2), it is sufficient to take ¢t = e (resp. 7 = e). The conclusion then follows from
the continuity of the functions @; (resp. Q) and a compactness argument. |

Let A > 0, y € Q and d the G(Q)-invariant distance defined in 2. We
denote by

Proof. Since

Bily) = {t € Q:d(y, t) < \}
the d-ball centered at the point y with the radius .
Lemma 3.4. Let 0 < A< 1. Then

m(Bx(y)) ~ A’ and mu(Br(§)) ~ A\

Proof. By the G(Q2)-invariance of the distance, we have for all ¢ € G(Q),
By (e) = gBy(e), so m(By(y)) = m(Byx(e)) for all y € Q. It follows that

- d = “T(y)dy ~ dy.
m(By(e)) Am)m@ e Am)y

It is well known that the distance d is equivalent to the Euclidean distance on
compact subsets of V' (cf. [11]); hence there is two positive constants ¢; and ¢y
depending on €2 such that

{yeQ:ily—e/ <A} CB\e) C{yeQ:|y—el <A}

and the result follows. m
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We give now the Whitney decomposition of the cone 2.

Lemma 3.5. Given 0 < X\ < 1, there exists a sequence {y;}; of points of
such that the following three properties hold:

i) the balls B A (yj) are pairwise disjoint;

ii) the balls By(y;) form a covering of §;

iii) there is an integer N = N(Q) such that every y € Q0 belongs to at most
N balls By(y;).

Proof. Take F = {y;} a maximal subset of  (under inclusion) among those
with the property that their elements are distant at least A one from the other.
Clearly the balls B%(yj) are pairwise disjoint. If the balls Bj(y;) were not a
covering of {2, this would contradict the maximality of F.

C
(). Hence m(U, By (1) < m(Bas (1) = (B (@) e S5, m(Bs (1)) <
ax(e)) e Nm(B%(_)) < m(B%(g)) and N is finite. n

2

By
2
m(B
Remark 3.6. This lemma is also valid for the dual cone Q2.

Definition 3.7.  Sequences {y;}; (resp. {&;};) of points of Q (resp. Q*) that
satisfy properties of Lemma 3.5 are called A-lattices of € (resp. Q*.).

The family {Bx(y;)}; (resp. {B3(&))};) is called a Whitney decomposition
of the cone  (resp. Q).

Proposition 3.8.  The sequence {y;}; is a A-lattice of Q if and only if {y}};
18 a \-lattice in Q2*. The sequence {yj}j is called the dual lattice of the \-lattice

{y;};-

Proof.  The proof follows immediately from the definitions and Theorem 2.4.
[

Lemma 3.9.  Let (yo, &) € Q2 x QF; then
[Ba(yo)| = Cx@7(yo) and  [B5(&)| = CA(Q7)" (%) (16)

Proof.  We know that yo = h(yo)e with h(yy) € H; if we use the change of
variables y = h(yo)t, dy = Q7 (yo)dt, and, since the distance d is G(Q)-invariant,
d(y, yo) = d(h(yo)t, h(yo)e) = d(t, e). Hence,

| Bx(yo)| = QT(?JO)/B ( )dy = C\Q" (yo)-

The same argument holds for B (). m
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In the sequel, we will consider the following disjoint covering of the cone

Q*
7j—1
E;=B;, E;=B\|JB; j=2....
k=1
where B} = B}(y;). We have
|E7] ~ |Bj| ~ (Q7)"(y;)-

Proposition 3.10.  Let y € Q (resp. & € Q. ) There is a constant v =
v(2, Q%) > 1 such that

L (yl§) I ()
TS (p 7 = Twle) <”)

whenever £ € B(&) (resp. y € Bx(vo) )-

Proof.  Suppose first that §; = e. The inner product (y, §) — (y[§) is contin-
uous from 2\ {0} x Q* to R%; thus, restricted to the compact set {t € Q: |t| =

1} x Bj(e), this function of two variables is between two constants C; > 0 and
wlé)
(yle)’
For the general case, just write § = 7(§)*e with 7(&) € H and notice

C5 > 0. Replacing y by % in we establish the proof for { = e.

that
06 (r(&ylr() )
(y1€0) (m(So)yle)
Then one concludes using the first case. [ |

Corollary 3.11.  Let (yo, &) € Q x Q. There is a constant v > 0 such that

< (y[¢) < 57

= | ot

for all (y, &) € Ba(yo) x B3(&o)-

Proof. = We recall that (yo|ys) = 5. Using Proposition 3.10, there are constants
¢y > 0 and ¢ > 0 such that

1 1 :
1 _ W) e and L < )

ca (W) ca (volyg)

< Cy

whenever ¢ € B3 (&) and y € By(yo). The result follows from the fact that

&) _ o) . (ylv)

(wolys) — Wlws) — (wolwg)

Take v = cico. [ ]
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4. Some integral formulas

We recall that
To =V +iQ (resp. T =V +iQ" ).

We denote respectively by
H={:=2+iycC:y>0} and Hy={z=2+iyc C’:yc A3}

the upper half plane of C and the tube domain over the spherical cone A3. For
z € Ty (resp. ¢ € Tg+), we write

242 252
Ql(z) = z1, Q2(2) =Z2— —, Qs(z) =Zz3— —;
21 21
R R G () =
Q1"(¢) =G c G Q2" (Q) = G, Q57(C) = .
2 3

Proposition 4.1.  Forall z=x+1y € Tq (resp. ( =n+ i€ € Tq+ ), we have

e Q; (;) >0 (resp. Re Q;* (g) > 0), j=1,2,3.

?

Moreover, for all y € Q (resp. £ € QF),

c%(xfw>\2@xw <mw.\@;(”*%)\2@f@», j-1,2.3

] 2

Proof. Let 2z = z+wy € Tg. Then 2z, = x1+1y; € Hy, which allows to conclude
directly. In the same way, for k = 2, 3, one has (21, zx, 2k+2) € Hsy, which allows
to conclude as in [3], Lemma 3.1.

Now let ¢ =n+i§ € To-. Assume first that { = e. Then, SmQ3(¢) =1 >
0, j=2,3 and

un U5
Sm Q3 =1+ + > 0.
@1(¢) m+1 i+l

So, for j = 1,2,3, we have Q3(¢) € H,. More generally, if { € *, then { = 7(§)"e;
for n = 7(§)*B with # € V, we obtain Im Q3(¢) = Q;(§) >0, j=2,3 and

2 2
%mQ’{(C)=Q’{(£)(1+ oy s )>0.

gE+1 pB3+1
This implies that for j =1,2,3, Q3(¢) € H;. It follows that
(SN _ o
fe Q; H =3ImQ;(¢) >0

and

o (5] “ g+ o) 2 smQrw 9 2 00 s-12s
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Notation
For v = (11,19, v3) and j=1,2,3, we shall denote by

Q;j <i> (z € Ta)

i
(resp.

@ ($)  €em)

]

the determination of the v;-th power that corresponds to the holomorphic deter-
mination of the logarithm of Q7 (2) (resp.(Q7)" (£)) which is real and positive on
i) (resp. Q).

We recall that
T=1(2,3/2,3/2).

Lemma 4.2.  Let v = (vy,vy,v3) € R3. The integral

/Q€(§|y)Qu-r<y)dy (resp. /* ei(y|£)(Q*)ViT(§)d£ )

is finite for all £ € Q* (resp. y € ) if and only if

1
vy > 0, y2>§, 1/3>§ (resp. vy >1, 1,>0, v3>0 ).

For these values of v and for all ( =n+ 1§ € Tox (resp. z=x+ 1y € Ty ),

/Qei(dy)Q”T(y)dy = 7l'()(ve — %)NVE} - %)(Q*)V (%) (17)
(resp.
/* Q) ()de = 7D (1 — DT () (13) Q™" (;) ). (18)

Proof.  To prove (17), by homogeneity, it suffices to compute the integral

[ e ey
Q

[ St Si+3
(S% B < 0 Si1 )

with s; >0, s5 >0, s3 > 0. Let y € (), we use this change of variable

For 1 =1, 2, we put

/

pri(y) = (S)z’(s)ia =1, 2

then
5

Qy) = sis3sy, dy = 2ssyssds, (ely) =Y sp.
k=1
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We obtain

3

400 oo
—(e v—T —s2 2u1— —s? 202 .
/Qe ©Qr=(y)dy = 237 </0 e s} 1d51> H (/0 e "is; de) ;

=2
the integrals on the right hand side are convergent if and only if 14 > 0, 15 > %
and v3 > %

The proof of (18) follows directly from the properties of the Gamma function
of the cone. (See [9]). |

Lemma 4.3.  Let p = (g1, 2, p3) € R* and X = (A, M2, \3) € R®. For all
y € QQ, the integral

Jualy) = / Q“(y + 0)Qw)du

18 finite if and only if
3 3
AL > -2, Ay > -1, Az > -1, /L1+)\1 < =3, /L2+>\2 < —5, M3+>\3 < —5.

In this case,
Tua(y) = Mn Q7 (y).

Proof.  One can observe that the convergence of the integral J,,(y) is estab-
lished for y = e; the rest follows by the identification 2 = He and the fact that

Q(h(y)t) = Q(y)Q(t) where y = h(y)e, with h(y) € H (here, @ = Q11D). By

(18), we write

Qe+ v) = cu) / e~ (&M ()1 (¢)de

*

if and only if p; < —1, pe < 0 and p3 < 0. According to Fubini’s Theorem, (17)
and (18), we obtain

Inte) = ) [ 0@ (o) [ 9@ )
* Q
= ) [ Q) I 1= My, < oc
if and only if
3 3
AL > —2, Ay > —1, Az > —1, ,ul—i—)\l < —3, M2+>\2< —5, M3—|—>\3 < —5

Lemma 4.4. Let a = (ay, as,a3) € R3.

i) The integral
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3

5, Q3 > % If this case,

converges if and only if ay > 3, ag >

Ja(y) = maQ " (y).
ii)  The function

o[zt
F(z)=Q < - ) (z € To)
with t € Q, belongs to ALY(Tq) if and only if

3 m+1 2 vj 3
ap > mar§ —, + y Q>
p

q p

Proof. For fixed y € Q, interpret (19) as the L?-norm in dr of Q2 (#)
By (18) and Plancherel’s formula, the integral in (19) is finite if and only if the
integral

| 0@

is finite. This proves (i).
The rest follows by Lemma 4.3.

Lemma 4.5.  Let o = (o, a0,03) € R® and 0 < A < ;. There is a constant
Cy such that for all y € Q, |y| < A,

/ Q—a (.T+Zy) ‘ dl’ Z CaQ_a+T(y)-
{zeV:|z|<1} ?

Proof. Weset x = h(y)z’ where h(y) is given by (8), and we use the fact that

dxr = Q7 (y)dx'. Then
. P
[ o (B0 e | o (242
{zeV: |z|<1} ¢ {a'eV: |n(y)z'|<1} t

> CLrQ=+(y) with
,
Q™ (x + zg) ' dx’.
i

ca= |
{z’eV: |2'|<1}

In fact, by our assumption, |y| < 1; this implies that [|A(y)|| < 1. It follows that
set {2/ € Vi |h(y)2'| < 1} contains the set {«' € V : |2/| < 1}.

The characteristic function of Q and Q*. We deduce from (18) and
(17) that

o) = [ g = [ QT = TQ () (20)
and

oul€) = /Q €Wy = /Q QT (y)dy = m(Q") (). (21)
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5. The Bergman spaces

Here, we recall some basic facts about Bergman spaces. All these results are
basically the same as those obtained in the paper [3]. The reader can look at
this paper to have more details of proofs omitted here. For v = (vy,1n,13) €
R? such that v; > 1,1, > 1/2 and v3 > 1/2, we shall denote L%V)(Q*) =

L2, (Q*)(£)d€) and we define by

£o(:) = 2m)E [ @C0g(6)de

the Laplace transform of a locally integrable function g. We have this Paley-Wiener
type theorem

Theorem 5.1.  Let v = (v1,10,v3) € R® with vy > 1, v; > 1/2, j = 2,3.
A function F belongs to A%(Tq) if and only if F = Lg, with g € L%_V)(Q*).
Moreover

1F N2 () = €u||9||igﬁ>(n*) (22)
where
e, = w2 IR (b + )T (s — 1/2)T (15 — 1/2).
Proof.  Cf. [7], Proposition 1X.3.3. u

We denote by (,), the Hermitian form induced by the A%(Tq)-norm. It
follows that for F' € A2(Tg), since the Bergman kernel is a reproducing kernel of
A%(Tg), by polarization of (22),

Pw) = (B )y = eulg, 9a)sz oy = [ 9(0e,l@(Q) ()

*

Since F' = Lg, one has

gu(€) = (2m)73e, eI (Q)  (€).

Hence, by (18),

By(2,w) = (21) $Lgu(2) = d,Q ( - “) |

1

The operator
Pf(z) = / B, (2, w) f(w)Q"~(Smw)do(w)
Ta)

is the identity of A%(Ty); it provides the orthogonal projection of L2(Tq) onto
A%(Tg) i.e it is the Bergman projection.
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Lemma 5.2.  Let F € AP9(Ty). The following assertions hold:
i) There is a constant C = C(p,q,v) > 0 such that for all z = x+1iy € Tqy,

|F(z+iy)| < CQ™ % (y)|| F|l apa(ry)- (23)
ii) There is a constant C' = C(p,q,v) > 0 such that for all y € (2,
IF -+ iy)llp < CQ T W) Fll apacry)- (24)

iii) There is a constant C' = C(p,q,v) > 0 such that for all y € Q and all
S >p,

IF(+iy)ls < CQ™ 5 263 ()| Fllapac,)- (25)

Proof.  The proof is the same as in [3], Lemma 4.2. ]

Corollary 5.3.  The Bergman space AP(Tq) is a Banach space.

Proof. Taking s = oo in Lemma 5.2, we see that convergence in APY(T)
implies convergence over compact subsets of Tg. So APY(Tg) is a closed subspace
of LP9(Tq). This one is known to be a Banach space. n

Remark 5.4. Let a = (a1, a9, 3) € R? such that oy > 1, o; > 0, j = 2,3;
for all (x,y,t) € V x Q x Q,

’Q“‘ (= y)] < Q) (26)

Q™ (y+1t) <Q(y). (27)

The inequality (26) is a direct application of Proposition 4.1 and inequality
(27) follows from Lemma 4.2.

Corollary 5.5.  Let v = (v1,va,13) € R? such that vy > 1, v; > 1/2,j = 2,3
and F € APY(Tg);

i) for every t € Q, the function Fy(z) = F(z + it) belongs to the Hardy
space H*(Tq) for s > p;

it) for y,t € Q
[F(-+i(y + )l < F(-+y)lls;

i) for a = (a1, 9,a3) € R® such that oy > 1, a; > 0,7 = 2,3 and
e >0, let

F.o(2) = F(z +ice)Q™° (5z + zg) .
i
Then F., € AP9(Tq) and we have

i || F = Pl agon, = 0.

Proof.  The proof is the same as in Corollary 4.4 of [3]. [
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Corollary 5.6.  Let v = (v1,v9,153) € R® and p = (uy, po, pi3) € R® such that
vi > 1, 1> 1 and v; > 1/2, p; > 1/2, j =2,3. The subspace ADI(Tq)N A" (To)
of the Bergman spaces AD?(Tq) and A3"(Tq) is dense in each of them.

Proof.  The proof is the same as in Corollary 4.5 of [3]. ]

6. Proof of Theorem 1.1

In order to prove Theorem 1.1, we will state that the LF?(Tg)-boundedness of the
operator P is related to the LI(2, Q" " (y)dy)-boundedness of a positive integral

v

operator on the cone ).

6.1. Positive integral operator on the cone (). Consider the positive inte-
gral operator S defined on 2 by

/Q (v + v)g(©) Q" (v)dv (28)

It is easy to verify that S is a self-adjoint operator. We put
@ =1r+1

Theorem 6.1.  Let v = (v1,v9,v3) € R® such that vy > 1, vy > 1/2, 13> 1/2.
The operator S is bounded on L(Q, Q""" (v)dv) if and only if ¢, < q¢ < qy.

Proof. The sufficiency.
We will use Schur’s Lemma (See [8]). The kernel of the operator S relative
to the measure Q"7 (v)dv is given by

N(y,v) = Q" (y +v)

and it is positive. By Schur’s Lemma, it is sufficient to find a positive and
measurable function ¢ defined on 2 such that

/

/Q Ny, 0)0(0)7 Q" (v)dv < Coly)" (20)

and
/ Ny, 0)o()'Q" " (y)dy < Cop(v)". (30)

We take as test functions p(v) = Q7(v) where v = (v1,72,73) € R? has to
be determined. An application of Lemma 4.3 gives that (29) holds whenever

— -1 1/2 —
i and /

<’yj<0 71=2,3

and (30) holds when
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Assume ¢ < 2 < ¢ then 1/2;'“ < 1/2(17”1, j = 1,2,3. In this case the

inequalities (29) and (30) are simultaneously satisfied if the following conditions
hold

1/2 — v
vje]%ﬁ[, j=2.3 (31)

and

vl

¢ ¢ g’ q

The interval in (31) is non-empty since v; > 1/2, for j = 2,3 and the intersection

in (32) is not empty if _q—’fl < _71, ie if ¢ > ”1V_J1F1 =q..

The case ¢ < 2 < ¢ is obtained accordingly since the operator is self-
adjoint; we obtain the dual condition ¢’ > ¢, i.e ¢ < q,.

The necessity.

If we take for g the characteristic function of the invariant ball Bs(e), 0 <
d < 1; from Lemma 3.3 we know that the functions v — @Q(v) is almost constant
on Bj(e). Moreover, take ¢ so small that there are two positive constants ¢; and
co such that {t e V : |t —e| <1} C Bs(e) C{t €V : |t —e| < co}. For a fixed
y € Q, the function v € Q — Q(y + v) is continuous on the compact subset {t €
Q:|t—e| < e} of V contained in §2; then there exists b € {t € Q: |t —e| < ¢}
such that Q(y+v) < Q(y+b) forall v e {t € Q: |t —e| <} D Bs(e). It follows
that

1S9/l La0.@v = w)awy = < /Q ( B()Q_”(erv)Q”_T(v)dv) Q”_T(y)dy>q

([ ( [ o D e ) q @iy

¢ ( [amw+ b)@”(y)dy) '/ R

v

v

le
159 La@.@v=(wyav) = Crsl| Q" (- + b)|| La(a.@v—7(w)av)-
So if S is bounded on L%(£2, Q¥~"(v)dv), the function y — Q~"(y+b) belongs to

Li(Q,Q" " (y)dy). Using Lemma 4.3, we get the necessary condition ¢ > ¢,. The
dual condition ¢ < ¢, follows from the self-adjointness of S. ]

6.2. Proof of Theorem 1.1.
We prove the following;:

Theorem 6.2. Let 1 < p < 400 and 1 < g < +oo. The operator P is
bounded on LE9(Tq) if and only if ¢, < q < q,. Moreover, the weighted Bergman
projector P, is bounded from LP(Tq) to AP(Tq) whenever ¢, < q < q,.
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Proof. The sufficiency
Let f € LP9(Tg); we use this notation f,(z) = f(x + iy). Then

P fla+iy) = / (15757 * £)(£)Q" " (w)dv

by Minkowski’s inequality and the Young’s inequality, we obtain that

(fresvsmie) < (f (1o s om) e)
/ (/ 1@yl 1ol )|pdx);Q"_T(v)dv

< / Q5257 # full, @ (v)d
< / Q5 L, Q" (v)do

IN

Moreover, by Lemma 4.4,

H|Qy+v H|1 - CQ (y + U)

hence,

([ 1R s inras) < cosg

where S is the positive integral operator defined in (28) and g(v) = || full,-
The function ¢ belongs to L9(2, Q" " (v)dv) since f € LP9(Tq). It follows from
Theorem 6.1 that for ¢/, < ¢ < ¢,, one has

1B, fll pa ) SO gl Lo (.0 w)aw) SCUu |91l Lo (.00 7 w)ary =C0u | f | Loa () -
This finishes the proof of the sufficiency part.

The necessity

Conversely, we shall prove that P is not bounded on L2%(Tg) when g > q,.

Let A € R such that 0 < A < }1 and ¢ the function defined on T, by
g(z +iy) = X{|x‘<1}(x)k(y) where k € L9(Q2, Q""" (v)dv) is positive with support
in {y € Q:lyl <3} By Lemma 4 5, there is a constant C' such that for all
v,y € Q which satify [v] < 3, |y < 3,

Pfg(z +iy) > Cb, Q7" (y +v)k(v)Q" " (v)dv = Cb,Sk(y).

A
lvl<g

It follows from our hypothesis that

/y|<; (S/f(y))qQ”T(y)dyzc:A!|<g </|x<1(5k(y))pd:c)ZQ”T(y)dy
< c(Cby) /y - ( /| > P g(ﬂf—l-iy)!pd:l:)ZQ”_T(y)dy

c(Ch) NPT gl Tparyy < ¢ (Cb) Nl Tpar,
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Let N € N*. By applying the statement above to the Euclidean ball
B(O, N), we obtain

/y|<N ( o] <N Qly U)_Vk(U)QV_T(”)d”) ‘1 Q" (y)dy

< ¢(Ch,)0 / (k())'Q" " (y)dy.

lyl<N

The continuous functions with compact support are dense in L9(£2, dz),
dz = Q" "(y)dy), so by letting N tend to infinity, we conclude by the Lebesgue
monotone convergence Theorem that

[ (SHQ )y < Cull P ol gy < L [ (H)"Q7 i

Thus, if P is bounded on L2%(Tg) then S is bounded on L9(Q, Q""" (y)dy); we
deduce that, if S is not bounded on L4(Q, Q""" (y)dy), i.eif ¢ > q,, then P/ is
not bounded on L24(Tq). This gives the necessary condition.

To obtain the result for the Bergman projector, it is sufficient to remark that
for all f € L}(Tq), one has ||, fllpag) < 1P 1 lpacrg) < Cuglll Flllzpocry) =
Cogll fl 221,y Whenever ¢, < q < q,.

n

7. LP-estimates of the Bergman projector FP,.

In this section, we shall find values of p for which the Bergman projector P, is
bounded whenever the operator P, is not bounded. We will use the Paley-Wiener
Theorem (Theorem 5.1) to prove that the Laplace transform is an isomorphism
between A29(Ty) and the space b2(Q*). We conclude then by interpolation. The
results here are the same as in the paper [2] which deals with symmetric cones.
We will give only statements of the proofs that emphasize some differences.

We recall that Q" = ; £} where the sets E7 are pairwise disjoint.

Definition 7.1. Let ¢ > 1, 0 < XA < 1 and {¢;} a A-lattice in Q. We
denote by b2(2*) the space of all measurable functions g which are locally square
integrable and satisfy the estimate

ok
Q=

o = | @) ( [ o) | <o

J J
We say that a sequence {);}; belongs to [2 if it satisfies

D IR (&) < +oo.

J

Lemma 7.2.  The space bi(Q2*) is a Banach space.
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Proof.  Just remark that b%(Q*) = IZ(L*(E})). n

Remark 7.3.  Let {a;}; a positive sequence. Then

)
(Za]) <> a) it 0<6<1 (33)
J J

and

> a) < (Zaj> it 0>1. (34)

j
7.1. The boundedness of the Bergman projector P, on L*I(Tg) .

We shall show that the Laplace transform £ is isomorphically bounded
from b2(Q2*) onto A%(Tg).

The following proposition proves the statement for g = 2.

Proposition 7.4.  There is a constant C' = C(v) > 1 such that for all F €
A (Ta),

1 *\ —V *\ —U
cT@E / SO dE < Pl <0 3@ (6) / NCIRE
where F' = Lg with g € L2 ) (€).

Proof.  According to Theorem 5.1, F' € A2%(Tg) if and only if F = Lg with
g€ L (Q*) By Lemma 3.3,

1Pl = o3 [ WOF@) (@ < 4 3@ ™€) [ o).

Conversely, by Lemma 3.3 and (#4i) of Lemma 3.5,

) (&) /E Jo©Fds < c [ 1ol (ZXB;@) (@) ¥(€)de

< CVN6;1||F||2AE,2.

Lemma 7.5.  Let ¢ > 1. There is a constant C = C(v,7,q) > 0 such that for
all g € b2(Q*) and all y € Q,

v

| lat€)e e < Clallggan@ 5 )

In particular, g is locally integrable on €2*.
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Proof.  See Lemma 3.27 of [2]. ]

Theorem 7.6.  Let ¢ > 1. For all F € A%Y(Ty), there is a unique function
g € b2(QY*) such that F = Lg and

9lsg ) < C||F||A3,q(TQ).

Proof. By density (see Corollary 5.6), take F' € A%9(Tq) N A2?(Ty). By Paley-
Wiener Theorem (Theorem 5.1), there exists a function g € L(Q_V)(Q*) such that

Njo

/ g(f)ei(“iy‘f)df.
Q*

Let {y;}; be a A-lattice of Q and let {yj}; be the dual lattice of the A-
lattice {y;};. We saw that the map x — z* is an isometry from Q on Q* (cf.
Theorem 2.4). Thus for y € B; = Bi(y;), one has y* € B} = B\(yj); moreover,
by Corollary 3.11, there is a constant v such that %y < (y|¢) <~ whenever y € B;
and ¢ € B;. Then, for y € B;, according to Corollary 3.11, we have

F(z+iy) = Lg(x + iy) = (2m)~

/ 9()Pde < e, / 9(6)Pe 20 de = ¢ / |F(x + iy)|?da
E]* Q* Vv

by Plancherel’s formula. It follows from (16) that

< . g(&)ﬁg)g < Q7 (y)) /B ,7. ( /V \F(ﬁz‘y)ﬁdx);dy

If we denote by {;}; the dual A-lattice of {y;};, then by (11) and 7) of
Lemma 3.3, (Q°) (&) ([ l9()Pdg )

< (@) w) [ ( / |F<x+iy>\2d:c)gdy

Bj

< e ) [ | ( [ 1P+ z’y>|2dx) Ly

<
! . 2 % —
<, [ ([1rerimpe) @y
B; \JVv
hence
19llg @) < CogllFllazacry)- (35)
This finishes the proof. [ |

We prove now the converse of the previous theorem.

Theorem 7.7.  Assume 1 < q < 2q,. Given g € bi(Q*), then Lg € A%1(Ty)
and
1€l zeiry < Cllolhigar
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Proof. Write F(x + iy) = Fy(x) = Lg(x + iy). For every y € €2, the function
x +— F,(x) is the inverse Fourier transform of the function ¢ + 1), (£) = g(£)e~¥l9),
By Plancherel’s formula,

1Py = (] @R ) @y

By (ii) of Lemma 3.5 and Proposition 3.10, we deduce that

11 20,y < /Q (Ze‘%(y'@" [E * |g(€)|2d§> Q""" (y)dy. (36)

First assume that 1 < ¢ < 2. Since { < 1, we deduce from the inequality
(33) and Lemma 4.2 that

Py = [T ([ o) o
Z (/B* ]g(f)\2d§> /Qeqv(?ﬂfj)QVT(y)dy < CVCI?’HQHZZ(Q*)'

Assume next that 2 < ¢ < 2¢,. Let p = £ and a = (o, as, a3) € R*. By
Holder’s inequality,

IA

e ( [E f \g(g)mg) < (Ze”yﬁj) ( [E * !9(£)I2d5> (Q*)‘””(&))p

1

x (Z e""“y'fﬂ(@*)ap’(sj))p .

J

From (36), it follows that

1Py < [(Ze—wm ( /. |g<s>|2d5> <@*>-aﬂ<@>) (37)

o

x <Z 6_2”@'5”(62*)“”'(&)) Q" (y)dy

J

From (16), i) of Lemma 3.3, Proposition 3.10 and i) of Lemma 3.5 , we
have

Ze y|€] 04,0 (é’]) S Cze y\@ ap T(é-])/*dé-

C’N/ 72(y|£ ap “T(E)dE.

IA
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We deduce from (18) that

e (Q) (g) < CoyQ@ 7 (y)

J

whenever ayp’ > 1, a;p' >0, j=2,3.
So for ayp’ > 1, ajp’ >0, j = 2,3, from inequality (37) we obtain:

P
P gy <Co | (Ze—m&ﬂ ( /. |g(€)|2d€> <@*>—“p<5j>> Q" (y)dy

<Copd ( /E f \g<s>12ds) (Q)*(&) / e B Qor () gy,

J
Moreover, if —ajp+1vy >0, —a;p+v; > 5, by (17), we have
/ e NERQTIH T (y)dy = cany(Q7) 7 (7))
Q
it follows that,
10 ) < Connllglly

Therefore, the conclusion follows if we choose «q, as, a3 such that

arp >1, agp’ >0, azp >0

and
1 1
—aup+1r1 >0, —ap+1e> > —a3p + vz > 5
The parameters oy and ag can be suitably chosen since 0 < a;; < Vj;l/Q, J=2,3,
and «; must lie in | %, 2| which is a non-empty interval. |
o p

We have proved that the Laplace transform £ maps b2(Q2*) isomorphically
onto A%(Tq) whenever 1 < ¢ < 2g,.

Lemma 7.8.  For a = (a1, as,a3) € R® and 3 € R, the integral

o= [ (@0 (1+ 105 Q3(9))" g

18 finite if and only if one of the following two conditions is satisfied:
i) ;g > —1 and a; > —%, j=2,3;
i) oy =—1, a;j>—3, j=23and 3 < —1.
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Uy Uqg Us
Proof. = We use this change of variable: ¢ = uu* where u = 0 uy O
0 0 Uus

with u; > 0, j =1,2,3. We have d§ = 2%ujujuidu and Q*(§) = ufuiu3. It follows
that

+00 3
I.s = 4r (/ w2 (1 4 | log u?]) e~ du ) X H (/ u?aj+2e_“?duj)
0

j=
= 4nJ, K,

where

+00 3 +o00
J, = / W29 (1 4 |logul)Pedu; and K, = H (/ u?ajﬂe“?duj) :
0 0

=2

We observe that K, is finite if and only if «o; > —%, j = 2,3 while J, is finite if
and only if either oy > —1 or both ay = —1 and g < —1.
[

Theorem 7.9.  For q > 2uvy + 2, there is a function g € b%(2*) such that Lg
does not belong to L*9(Tg).

Proof. Let ¢ = 21y —{— 2; we will find a positive function g on * such that
19lp8(0+) < +o0 but I(y fQ (€)]2e 20 d¢ = oo for all y € Q.
Take

(&) = e €(Q")(€)(1 + |log Q1(€)]) 2

with a = (—1/2, as, a3) such that a;q > v; — 3¢, j =2,3.
By Plancherel formula, we have the following

1€l 2007 = / ()2 0" (y)dy:

in particular, /(e fQ + |log Q1 (&))" e~2€l®)d¢. According to Lem-
ma 7.8, this mtegral is not ﬁnlte ThlS shows that Lg ¢ L%%(Tg). Moreover, from
Lemma 3.3, Holder inequality and (iii) of Lemma 3.5,

)() ( /. \g<s>|2d5>

= @) ( | e 0@y rlog@i<f>|>-ld5>

J

19115 )

q
2

J

—Z(E\e 20(7%114’7' o * -1 df %
< 02(/ Q") (€)1 + [log Q1(€)]) —<Q*),(Q)

OZ / D@ (g ><1+|1og@1‘<5>|>—3—@f§§<5>

< CqN 6*(1(5‘2)(@ )(2a+7’)77u T( )(1 + |10gQT(£)|)7%d£

Q*

IN
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According to Lemma 7.8, the last integral above is convergent; so the function
g € b2(Q*) whenever its Laplace transform does not belong to L29(Ty) for ¢ =
2V1 -+ 2. | ]

Let us now consider the operator R = £L7'P,. The operator R is surjective.
We will now show that the operator R is bounded from L29(Tq) to b%(*).

Let ¢ € L2(Ty); by Paley-Wiener Theorem, F € A%(Tg) if and only if
F = Lg with g € L2 (Q*) The self-adjointness of P, implies

< I/¢7 >A2 (Tq) — <¢7 >L2 Tq) <¢ £g>L2 (Ta)-

Now, by the Plancherel formula and Fubini’s Theorem

0 Loty = [ ([ o FIGOT s ) @ )y
= [ ([ Fop@age ) @ way

— / {( / (y'g)Q’”(y)dy> (38)

900 )df}

where F is the Fourier transform. Therefore, for g € L (Q*), equality (38) and
the polarization of isometry (22) in the Paley-Wiener Theorem imply that

<¢7£g>Lg(TQ) = < V¢ >A2 (Ta)
= e (L 1Puyg>L%7V>(Q*) = €V<R¢,9>L§7V)(Q*)- (39)

Comparing (38) and (39) then gives

ROE) = ¢ (Q")"(€) ( / f¢y<5>e—<y€>c2”—f<y>dy) |

We shall need the following lemma.

Lemma 7.10.  If q¢ > 2, then for all ¢ € L3 (Ty), Ro € bi(Q*) and
1Rolsz 07y < Clloll p2a(r,)-

Proof. See Lemma 4.21 of [2]. ]

Let
Ql/ - 2QV - 2Vl +2a

we can prove now the following result

Corollary 7.11. The Bergman projector P, extends to a bounded operator
from L29(Tq) to A%9(Tq) if and only if Q! < q¢ < Q,.
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Proof.  Assume that 2 < ¢ < @,. By Lemma 7.10, the operator R is bounded
from L*9(Tq) to b%(Q*) and according to the Theorem 7.7, the Laplace transform
L is bounded from b7(Q*) to A%9(Ty). We conclude that the Bergman projector
P, = Lo R is bounded from L*9(Ty) to A29(Tg). We obtain the other part by
self-adjointness of P,. This proves the sufficiency.

The necessary condition follows from Theorem 7.9. |

7.2. Proof of Theorem 1.2.

Theorem 7.12. The Bergman projector P, extends to a bounded operator from
LYU(Ta) to ADY(Tq) if
0<i<l! Lol<g
1 12T or L 21 ? 1
< - <1l = — — < =<l ==
qup q qup qup q qup

Proof. For a fixed v = (v, 15, 13) € R3 that satisfies v, > 1, 1, > 1/2 and
vy > 1/2, let us consider the following picture

1
O qy+1

SRl

qv
qu+1 1

N |—=

Picture.
By interpolation, P, is bounded on LP4(Tg) for (1%, %) in the interior of
the hexagon of vertices

1 1 1 1
A0, , D=, , E1,
v +1 2" 2v1+2 v +1

and their symmetric points with respect to (%, %) . [ |

Theorem 1.2 is the particular case p = ¢ of Theorem 7.12. As we remark,
our condition depends only on v4. It is then important to say that, for the dual
cone 0*, we obtain

¢y = 1+ min{2wy, 2v3};
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this result depends on v, and v3 and is different from the one we obtained in this
paper. This shows that when the homogeneous cone is non-symmetric, there are
different indices when one considers the cone or its dual.
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