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Abstract. We consider a manifold with a 2—form and an action of a Lie
group on the manifold which preserves the form. We define a momentum map
and study its properties in this context. In particular we obtain a reduction
theorem. Then we apply our reduction theorem to a certain generalization of
the contact metric manifolds.
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Introduction

In recent years we observe a very rapid development of the symplectic geometry.
In particular, interesting results were obtained using the symplectic reduction the-
orem. This theorem has various generalizations for symplectic manifolds enriched
with supplementary structures. There were obtained the reductions of Kahlerian,
Sasakian, contact, hyper—Kéhler, 3-Sasakian and many other structures, cf. [33].
These generalizations of the classical symplectic reduction theorem lead to the
construction of new examples of various important structures on manifolds.

A contact metric manifold may be seen as a Riemannian manifold of di-
mension 2n + 1 equipped with an f-structure ¢, i.e. ¢34+ ¢ = 0, such that
the Riemannian metric is compatible with ¢ and certain integrability conditions
are satisfied, cf. [6]. Such manifolds have been intensively studied from different
points of view: topological and geometrical. A vast set of examples of contact
metric manifolds is available too; for a rich collection of results one may consult
an excellent book by D. E. Blair, cf. [7].

In the present paper we consider a generalization of the contact metric
manifolds. We consider Riemannian manifolds of dimension 2n + s equipped
with an f-structure ¢ of rank 2n which is compatible with the metric and such
that certain integrability conditions are satisfied; moreover, we assume that the
kernel bundle of ¢ is parallelizable. The f—structure and the Riemannian metric
determine naturally the fundamental 2—form, called also the Sasaki form, cf. (1.2).
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This form is usually not closed neither non-degenerate. There is a wide possibility
to study such manifolds under different assumptions. We consider here the so
called (almost) K, C,S—manifolds which were defined by D.E. Blair, cf. [5]. These
structures carry many similarities with the (almost) Sasakian and cosympletic
structures and have been studied by various geometers, cf. [24, 13, 18, 17].

In section 2. of our paper we consider a manifold on which acts a Lie group
G. There is also given a 2—form which is invariant with respect to the action of
G. Then we define a momentum map for such a structure and obtain its various
characterizations and properties. In section 3. we consider a manifold with a 2—
form such that its rank may vary from point to point. On such a manifold acts
a Lie group leaving invariant the form. Then we prove a reduction theorem for
such manifolds. In section 4. we prove various reduction theorems for the (almost)
IC,C, S-manifolds. In section 5. we present applications of our reduction theorems
as well as methods of constructing examples.

All manifolds, maps, distributions considered here are smooth i.e. of the
class C*; we denote by I'(—) the set of all sections of a corresponding bundle.
We use the convention that 2u Av=u® v — v ® u.

1. Preliminaries

1.1. Actions of Lie groups on manifolds. In the present subsection we
recall basic definitions and properties considering the action of a Lie group on
manifolds in relation with the symplectic geometry. We extend these properties
for a manifold with any invariant 2-form. We use these definitions and properties
later on in our paper. There is a vast very good classical bibliography about
the subject, cf. [2, 1, 29, 23]; there are also some new brilliant textbooks too,
cf. [12, 4, 14, 31, 33]. One can find an extensive and updated bibliography about
the subject in [33].

Let M be an n-dimensional manifold and G a Lie group acting on the
left on M by v : G x M — M. We denote by g the Lie algebra of G. If
A € g then by A we denote the vector field on M determined by A via the
action 1, ie. if & € M then A, = d.,(A) where ¢, : G — M is such that
y(a) = ¥(a,x) for each a € G; e denotes here the neutral element of G. In such
a way there is defined the map di) : g — I'(T'M) such that di»(A) = A. The map
diy is an arﬁ—\hi)momorphism of Lie algebras, i.e. for each A, B € g we have that
[A,B] = —[A, B].

The group G acts by the adjoint representation Ad : G — Aut(g) on g;
for each a € G and A € g we denote a- A := Ad,(A). Then there is the coadjoint
action Ad* : G — Aut(g*) on the real dual space to g; for each a € G and ¢ € g*
we put a- ¢ := Ad:_,(¢) = ¢ 0 Ad,-1. Then the action of G may be extended for
the tensorial and wedge products of the spaces g and g*. In particular, if a € G,
¢ € N’g* and A, B € g then (a-¢)(A, B) = ¢(a- A,a- B). The adjoint action of
g on itself ad : g — End(g) determines the coadjoint action of g on g*, i.e. for
each A € g and ¢ € g* we have A-¢ := ¢ oady. This action extends also to the
higher tensorial powers of g and g*.

There is given a natural pairing (, ) : g* X g — R such that for each ¢ € g*
and A € g we have (¢, A) := ¢(A). This pairing extends to the pairs of external
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products of Lie algebras, in particular we have (, ) : g*Ag* x gA g — R such
that for each ¢ € g* A g* and A, B € g we have (¢, AN B) := ¢(A, B). We have
the following useful property: if f: M — g* and A € g then d(f, A) = (df, A).
The same property is valid for smooth maps from M to A?g*.

There is defined the Chevalley cocomplez 0 2> g* 2 A2g* 5 A3gr 2 .
with the coboundary operator 6. We recall the explicit formula for the first cocycle
space

C'(g,R) = {¢ € g*| for each A, B € g, ¢([A, B]) =0} = ([g,g])° (1.1)

where ([g,g])? denotes the subspace of g* consisting of the annihilators of [g, g].
Then there are defined the cohomology spaces H*(g, R) which play important role
in describing the properties of the Lie algebra g. We would like to remark that the
action of G' and that one of g commute with 6. Hence H*(g,R) is also invariant
by the action of G.

Observation 1.1.  Suppose that F is a G-invariant 2-form on M. If ALdF
=0 for all A€ g then B, A|JF = 2d(F(A, B)) for each A,B € g.

Proof.  If fact, for each A, B € g we have

2d(F(A, B)) = d(Bu(AJF)) = L(ALF) — Ba(d(ALF))
= Lz(ALF) — Bo(L;uF — AudF) = L(ALF) = [B, A]F.

1.2. Metric f-—manifolds and associated structures. Let M be a m-—
dimensional manifold equipped with an f—structure ¢, i.e. ¢ is an endomorphism
of TM such that @®+¢ = 0. This is a natural generalization of an almost complex
structure, cf. [37].

A Riemannian metric g and ¢ are said to be compatible if for each X,Y €
TM holds g(p(X),Y) 4+ g(X,9(Y)) = 0. If g and ¢ are compatible then it is
possible to define the Sasaki 2-form by posing:

F(X,Y) = g(X, p(Y)). (1.2)
Moreover, we have the following simple observation.

Observation 1.2. A Riemannian metric g and an f—structure ¢ are compat-
ible if and only if at each point x € M there exists an orthonormal basis of T, M
such that the matriz of ¢ at the point x is given by

0; 05, O
o o I, (1.3)
o -1, Or

where OF denotes null p x ¢ matriz and 1, denotes the p X p identity matriz. In
particular it follows from (1.3) that rank (¢,) = rankF, = 2n. Clearly the numbers
n,s may vary from point to point, but 2n 4+ s = m in each point.
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Let M be equipped with a compatible Riemannian metric ¢ and an f-structure
. We denote by N(F) the null distribution determined by F', i.e.

N(F)= | J N(F,) = {X € T,M|X.F = 0}. (1.4)

zeM

It is clear that N(F') is not a subbundle of TM in the strict sense since its fibres
may have different dimensions. We observe that N(F) = kery. Then we put
D :=Imp. We have also the following orthogonal decomposition

TM =D& N(F). (1.5)

Remark 1.1.  If there is given an action of a Lie group G on M such that G
preserves g and ¢ then G preserves also F' and the decomposition (1.5).

(M, g,p) is said to be an f —structure with parallelizable kernel (we write:
f.pk —structure), if there exist s global vector fields &, ..., & and dual 1-forms
nt,...,n° on M satisfying the following conditions

p(&) =0, nop=0, P =-T+> W@, 1) =0 (1.6)
j=1
for all 7,57 =1,...,s. On such manifolds, among compatible metrics, there always

exists an adapted Riemannian metric g, in the sense that for each X,Y € I'(T'M)
g(X.Y) = g(o(X), o(YV) + Y 0P (X)p (V). (1.7)
j=1

Hence there is also given the Sasaki 2—form F' as in (1.2).

Reassuming, we have the following structures on the manifold M: an
f-structure ¢, the vector fields &i,...,&,, the 1-forms n',....n°, an adapted
Riemannian metric g and the Sasaki 2-form F'. We put Z := (M, g,0,&,7°); it
is called metric f-structure with a parallelizable kernel or metric f.pk-structure,
cf. [18]. Tt is easy to observe that Dt = span{&,..., &} = N(F). With the
f-structure ¢ there is naturally associated a tensor N, of type (2,1) defined in
the following way: N, := [p, ] + 2> i, dn' ® & where [p, ] is the Nijenhuis
torsion of ¢, cf. [28].

Definition 1.1. It is said that
e Z is normal if N, =0
e Zisan almost C-structure if dn' =0 for i =1,...,s and dF =0
o Zisa C-structure if dn' =0 for i =1,...,s, dF =0 and Z is normal

Z is an almost S-structure if dnpt = F for i=1,...,s

Zisa S-structure if dn' = dF for i =1,...,s and Z is normal

Z isa K-structure if dFF =0 and Z is normal.
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The above definitions are natural generalizations of the notions of the metric
contact, Sasakian and cosymplectic manifolds, cf. [6].

The f.pk—structures may be seen from a different point of view. Namely
as a certain type of almost C'R-manifolds. In fact, given an f.pk-—manifold Z,
we may define an almost C'R-structure by considering (M, Imp, ¢|im,). This
structure is usually far from being integrable. However, the conditions on Z of
being (almost) C, S, K— structures may be expressed in the language of the C'R—
geometry. Vice versa, an almost C'R—structure (M, H,J) with a parallelizable
transversal bundle determines an f.pk—structure. However, we shall not use the
language of C'R—geometry here.

Suppose that M" C M is a submanifold such that ¢(7TM') C TM' and for
each i € {1,...,s}, x € M, (&), € T,M'; then we put & := &y, (7)) = 0|,
¢ = |y and ¢ = glar. We also put 2" := (M, ¢, ¢, &, ()7).

Proposition 1.1.  ([16, 27]) 2’ is a metric f.pk-structure; moreover, if Z is
(almost) K—,C—, S— structure then so is Z', respectively.

Suppose that 7 : (M, g) — (M, g) is a Riemannian submersion such that
&,...,&_ are horizontal and projectable onto &,...,&_, via 7; moreover,
s kt1,-..,& are vertical. We suppose also that ¢ is projectable onto ¢ via

7. Then it is easy to observe that n',...,n*"% are projectable onto #',...,7*7*

via 7. We put Z := (M, §,%,&0,7%), o, €{1,...,5s—k}.

Proposition 1.2. Z isa metric f.pk—structure. Moreover, if Z is (almost)
K—,C—,S— structure then so is Z, respectively.

Proof. Let X,Y € T;M and let X,Y € T,M be their horizontal lifts at a
point © € M. Then

3((X),Y) = g(r.(p(X)), m(Y)) = (7"9)(¢(X),Y) = g((X),Y)
= —g(X,o(Y)) = —9(X,0(Y))

hence it follows that g, are compatible. We denote by F' the associated Sasaki
fundamental 2—form. Using similar equations as (1.8) it is easy to prove that
™F =F, 77 =n"and (N;)(X,Y) = m.(N,(X,Y)); therefore the second part
of the assertion follows. [ ]

(1.8)

2. Momentum maps for manifolds with degenerate 2—forms

Throughout all of this section we suppose that M is an n dimensional manifold
with a 2—form F' and ¢ : G x M — M is an action of a Lie group G on M which
preserves F'. The following definition is a natural generalization of a well known
concept from the symplectic geometry.

Definition 2.1. A smooth map pu : M — g* is said to be a momentum map
for the action 1 iff

(a) for cach A € g we have (du, A) = ALF

(b) p is G-equivariant.
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Remark 2.1. We do not assume that F is closed neither non-degenerate 2-—
form on M. Usual momentum maps are related with the symplectic manifolds.
The cases when the 2—form F is degenerate but still closed is considered in [36, 3.
With some regularity conditions about N(F') there are obtained the symplectic
structure, the momentum map and the symplectic reduction theorem on the in-
duced quotient manifold. A very general aproach to the momentum map is con-
sidered in [21].

If there exists a momentum map for the action ¢ then for each A € g we
have that A.dF = 0. In fact, we have

ALdF = LiF — d(AsF) = —d{dp, A) = —(d?u, A) = 0.

Assumption. From now on throughout all of this section we assume that ALdF =
0 for all A € g. In many cases this condition appears to be sufficient for the
existence of a momentum map for .

We consider the following vector subspaces of I'(T'M)

b(F) :={X e T(TM)|3f € C®(M) df = X,F and X_.dF = 0},
sp(F) = {X e I(TM)| LxF = 0}.

We call the vector fields in h(F) (sp(F')) Hamiltonian (respectively: symplectic)
vector fields associated with F'. We observe that for each X,Y € h(F) we have
[X,Y]oF = (LxY)F = Ly(YJF) — Y o(LxF) = 2d(F(Y, X)). Hence it follows
that [X,Y] € h(F) and h(F) is a Lie subalgebra of I'(T'M). Similarily, LixyF
= Lx(LyF)— Ly(LxF) =0 and then sp(F) is a Lie subalgebra of I'(T'M). It is
easy to observe that h(F) C sp(F).

Example 2.1. We consider M = R* with its standard coordinates z,y, z,t
and a 2-form F = dz A dy. Then we consider the function f € C*°(M) such
that f(z,y,z,t) = z. It is easy to observe that there is no vector field X on M
such that X JF = df; this is in contrast with the case of the standard symplectic
structure on R*.

Since for each A € g we have L7F = 0 then the map di» sends g into sp(F'). If
X eI'(T'M) and X F = df then it does not imply that X € sp(F') unlike in the
symplectic case. In fact, there is the following counterexample.

Example 2.2.  Suppose that there are given: the manifold M := R3 with its
standard coordinates x, vy, z, the 2-form F' := zdxAdy and the vector field X = %.
It holds X 4F = 0 = d(constant). On the other hand

0
LxF = d(XoF) + XdF = o-(dw A dy A dz) #0;

therefore X ¢ sp(F).

Since for each A, B € g we have [A, B]uF = 2d(F(A, B)), cf. Observation 1.1,
then p: g/[g, 9] — Hig(M) is a well defined map where p(A) := [ALF]. Then we
have the following condition for the existence of a momentum map.
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Proposition 2.1. There exists a smooth map p: M — g* satisfying condition
(a). of Definition 2.1 if and only if p=0.

Proof.  If there exists p satisfying 2.1(a) then for each A € g we have p(A) =
[ALF] = [d{(u, A)] = 0. Vice versa, suppose that p = 0. We consider a basis
Ay, ..., Ay of g; then A;,F = df; for some fi,...,fs € C*(M). We put
=20 fiA¥ where A%, ..., A5 is the dual basis of g*. n
Hence there exists p satisfying 2.1(a) in the case when Hlz (M) = 0 or when g is

perfect, i.e. [g,g] = g. If, in addition, G is compact then we can average such
to get a momentum map. In fact, we have the following proposition.

Proposition 2.2.  Suppose that G is compact and that there exists a map
i M — g* satisfying 2.1(a) then there exists a momentum map for 1.

Proof. = We put p, := (L}_,f1) o Ad,-1 for each a € G and we observe that i,
is smooth and satisfies 2.1(a). Then we define

:u::/,uaVG
G

where vg is the left invariant volume form on G such that fG vg = 1. It is easy
to observe that the constructed p is a momentum map for . |

Proposition 2.3.  Suppose that there exists a momentum map p: M — g* and
that H'(g,R) =0 then u is unique.

Proof.  Suppose that p/ : M — g* is another momentum map for . Then
the map g/ — p takes its values in the cocycle space C'(g,R), cf. (1.1). Since
H'(g,R) = C'(g,R) = 0 then it follows that x and p' coincide. n

Suppose that p: M — g* is a momentum map for ¢ and ¢ € g* then u+ ¢ is
a momentum map if and only if ¢ is G-invariant; if G is connected then this is
equivalent to ¢ € ([g, g])°. In fact

(d(n+ ¢), A) = (dp, A) = AF,
a-(p+@)(r) = p(x)o Ady + ¢ = (u(x) + ¢) 0 Ady.

In the symplectic geometry the existence of the momentum map is strictly
related to the existence of the so called comomentum map. If F' is degenerate it
is not possible to define in the same way comomentum map as in the symplectic
context. However, we propose the following definition.

Definition 2.2. A map p* : g — C°(M) is said to be a comomentum map
iff for each A, B € g we have pu*([A, B]) = F(Z, E) and the following diagram
commutes X

g —— C®(M)

_d% ld (2.1)

D(TM) —2— T(T*M).

Then we have the following proposition.
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Proposition 2.4. If u: M — g* is a momentum map for the action v then the
map p* g — C®(M) defined as p*(A) :== —3(u, A), (A € g) is a comomentum
map.

Proof. In fact, let A, B € g and let a; denote the 1-parameter subgroup of
transformations of G determined by A then

. 1 1, d
(A B) = A B) = —5 (S (Ade)(B)lico
1d 1 ~ ~ ~
= —gg oL, Bllio = —5(du(A), B) = F(A, B).
On the other hand for each A € g we have that
) 1 1 1~
(" (4)) = — sl A) = 3 {dp, A) = —3 AP = (F o (~dué))(4),
therefore diagram (2.1) commutes. u

The inverse of the above proposition is also true.

Proposition 2.5. If p* : g — C®(M) is a comomentum map and G 1is
connected then the map p : M — g* defined as (u, A) := —2u*(A) for each
A € g is a momentum map.

Proof. In fact, for each A € g we have
{1, A) = —2dp2*(A) = 2P (db(A)) = 2P (A) = AL,

therefore condition 2.1(a) holds. Suppose that there are given A, B € g and a; the
1-parameter subgroup of transformations determined by A; we fix also x € M.
Then we consider the function v : R — R such that ~(¢) := (u(a; - z), B) —
(u(x), Ad,_,(B)). Then clearly v(0) = 0 and we have that
7/(75) = <dp“(Aaz~$)7 B> - <:u(l‘)7 [A7 Adaft(B)D
- Fat~x(§at~za Avatw) - Fx(Ada—t(B) gx)
= (L5, F)eldLo (Bas) AL (Ayy0)) = FolAdy_(B),. A,)

= Fu(Ad, (B),, A,) - Fu(Ad,_(B),, As) = 0.

x’

It follows that 7 is constant equal to zero; this means that u is G-equivariant. m

We would like to refine a little Propositions 2.4 and 2.5. For this purpose
we define CF ) (M) = {f € C>(M)| df (N(F)) = 0} and () (T"M) := {V €
T*M| U(N(F)) = 0}. It is easy to observe that if there exists a comomentum
map p* : g — C°(M) then p* takes actually its values in the space Cf (M)
and the following diagram commutes:

g —— CJ%O(F)(M)

o I

b
I(TM) ——— T (T*M).
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In our case of F' possibly degenerate we may define the Chu momentum
map. We consider the map & : M — A?g* such that for each A, B € g we have
O(z)(A, B) := F(A,, By). It is clear that for each x € M the map ®(x) is an
element of A?g*. Moreover for each A, B,C € g the following holds

02 34F(A,, B,,C,) Y —s(0(2))(A, B, C).

The essential fact in proving equalities (i) and (ii) is that for each A € g we have
ALdF = 0 which is the light motive assumption of this paper. Therefore we have
that @ has its values in the cocycle space C?*(g,R). The map ® : M — C?%*(g,R)
is called Chu momentum map, cf. [14, 33]. The Chu momentum map enjoys many
symmetry properties as stated in the following theorem.

Theorem 2.1.  The Chu momentum map ® : M — C?%(g,R) satisfies the
following properties:

(1) @ is G-equivariant

—_——

(2) for each A, B € g we have (d®, (A, B)) = [A, B|JF

(3) for each A,B,C € g we have (d®(C), (A, B)) = —(C - (d®), (A, B))

—~——

(4) kerd® = {X € TM| VA,Beg F([A, B],X)=0}.

In Theorem 2.1 there is considered the extension of the adjoint action of G on
the cocycle space C?(g,R) as well as the extension of the representation of g, cf.
Subsection 1.. Theorem 2.1 may be proved in a similar way as the corresponding
theorem in the non-degenerate case, cf. [15, 33], and we omit the proof here.

3. Reduction theorem

Throughout all of this section we assume that

e there are given a smooth manifold M and a 2—form I on M not necessary
of constant rank neither closed

e there is given an action ¢ : G x M — M of a Lie group G (dim(G) = d)
on M which preserves F

e there are given a momentum map p : M — g* and ¢y € g* which is G-
invariant and such that p=!(¢g) # @; G acts freely and properly on p=*(¢y).
The action of G on M determines the orbits and we denote by O, the orbit
of the action of GG passing through x.

The proper action of G on p~1(¢y) means that the map v x id : G x u=(¢) —
= (do) x 1 () is a proper map, cf. [8]. We also will use the following notation:
7 o) — M = G\pY(¢yo) for the canonical projection and u : = 1(¢g) — M
for the canonical inclusion.
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Theorem 3.1.  If there exists an open neighbourhood U of u=t(¢y) such that
U>3z—dim(T,0NN(F,)) = const. = k then

(A1) p=Y(¢o) is a reqular submanifold of M of dimension dim(M) —d + k

(A2) pY(¢o) is G—invariant, M is a manifold of dimension dim(M) — 2d + k
and the projection 7 : u~*(¢g) — M is a G -left principal fibre bundle

(A3) there exits a unique 2—form F on pu~t(¢o) such that mF = u*F

(A4) if z € p'(¢o), m(z) = Z then rank(F,) = rank(F;) + 2(d — k) and
dim(N (F,)) = dim(N(Fz)) + k; in particular, if rank(F') = constant on an
open neighbourhood of = (¢g) so is rank (F) and dim(N(F)) throughout all
of M

(A5) w*F is closed if and only if F is closed

(A6) if ,u_l(gbo) is connected then F is exact if and only if there exists a 1—form
n on p (o) such that n(TO|,~1(4)) =0 and dn = u*F.

Proof.  (Al) Since the action of G is free when restricted to p='(¢g), we
may assume that d,¢ : g — T,0 is an isomorphism for each x € U. We fix
z € U and consider a map « : 7,0 — TFM defined by a(X) := XJF. Then
the point is that dim(Ima) = d — k. To prove this we consider the dual map
a* : (TrM)* — T:O which under the identification (7;M)* = T,M becomes
a*(X) = a*((X*)*) = —(X2F)|n,0 for each X € T, M. Therefore, a* has the
rank equal to d — k. On the other hand, we have

Im(d,p) = {d(X)eg’| X eT, M}

= {—(XuF)odypeg| Xel,M}
{(XJF)|r,0 € T;0| X € T,M} = Ima”.

I

It follows that the map U 3 x +— dim(Imd,p) is of constant rank equal to d — k.
Hence from the local expression of the maps of constant rank, cf. page 41 of
[35], it follows that p~'(dg) is a regular closed submanifold of M of dimension
dim(M) —d+ k.

(A2) Since for each z € pu~!(¢o) and each a € G we have u(a-z) = a- u(z) =
a-¢o = ¢y then pu=1(gy) is G-invariant; this implies that 7,0 C T, (¢). The
second part of the assertion (A2) are well known theorems in differential topology,
cf. [35, 9].

(A3) For each a € G, X € Tp '(¢o) and each A € g we have that

L'(uw'F) = u(L,F)=u"F
(As(u"F))(X) = (u"(AsF))(X) = F(A, X) = {du(X), A) = 0.
Therefore u*F is a tensorial form on u~'(¢p), cf. [28], and then there exists a

unique 2-form F on M such that 7*F = u*F.
(A4) If we fix x € u~*(¢o) than we have that

o) = ker dppu = ﬂ ker(zLF).

Aecg
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Since T, O C Tyu *(¢o), cf. proof of (A2), then for each A,B € g we have

F(A, B) = 0. There exists a vector subspace V, of Ty~ (¢) such that N(F,) =
V. ® (N(F,)NT,0); we put k' := dim(V,). There exists a vector subspace W, of
T, O such that 7,0 = W, ® (N(F,)NT,0O). From the assumptions it follows that
dim(W,) = d—k and F, restricted to W, x W, vanish since W, C T,,O. We denote
by Bj a basis of the vector space V,, and by B, a basis of N(F,)N (7,0). Then
we will construct convenient vectors which together with the elements of By U By
give a basis of T,u~*(¢g). Since F, vanishes on N(F},) and since N(F,)NW, =0
then there exist vectors

X, Xgw Y1, Y 20, 2

in T,p~'(¢o) which together with those of B; U B,y give a basis of T,u™t(¢) and
the following equalities hold

span{ Xy,..., Xg_} = Wa, F(Ya,Zs) = dup, F(Xi,Ya) =0,

F(Xi, Zo) = F(X;, X)) = F(Ya,Y3) = F(Zo, Z3) = 0 (3.1)

for each 7,5 = ,d—k and a,3 =1,...,l. We observe that the rank of F,
equals to 2 + 2(d k) Then we put Bz := {Xl, ooy Xakt, Byi={W,..., Y1},
Bs :={Z,...,Z;}. The set By UBy UBsUB,UDBs is a basis of T,y '(¢o). The
point is that the matrix of F, restricted to Tpu *(¢¢) and taken with respect to
the constructed basis is the following;:

oF OF oY, oF of
Op  OF 05, Of Of
F,~ |05 i+ oiF o+ oft (3.2)
o, 0, 0,, 0 I,
0y Op 04, -I O

where @F denotes the null p X ¢ matrix and I, denotes p—dimensional identity
matrix. We observe that the projection dm : ~L(¢g) — Tz M sends bijectively
the set of vectors B; UB,UBs onto the basis 31UB4UB5 of Tz M where B; := dn(B;)
for i = 1,4,5. Since u*F = 7*F then the matrix of F with respect to the basis
By U By U Bs is the following

- /o% of oFf
F~l0, O 1 |. (3.3)

Therefore the rank of Fj equals to 2{ and hence

rank(F,) = 20 + 2(d — k) = rank(F;) + 2(d — k).
It also follows from (3.3) that dim(N(F;)) = k'. Then from the decomposition
N(F,) =V, ® (Tup(¢o) N T,O), cf. proof of (A4), we have that

dim(N(F,)) = dim(V,) + dim(T,pu " (¢o) N T,0) = k' + k = dim(N (Fy)) + k.

This ends the proof of (A4). B
(A5) This follows immediately from the facts that 7*F = uv*F and that 7 is a
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submersion.

(A6) If there exists 7 € T'(T*M) such that dij = F then we put n = 77
which satisfies the required conditions. Vice versa, suppose that there exists
n € D(T*w (o)) such that n(TO|,~1(4,) = 0 and dnp = v*F. If A € g and
X € Ty (¢o) then (Lzn)(X) = (Ax(dn))(X) + (d(Am))(X) = (Au(u"F))(X) =
(u*(ALF))(X) = 2F(A, X) = 0. Since u*(¢) is connected then from the above
equation it follows that n is G-invariant on p~'(¢g). Therefore there exists a
1-form % on M such that 7*7 = 1. Then

' F = u*F = dn = d(7*7) = 7*(dn) (3.4)

and hence dij = F since 7 is a submersion. This ends the proof of (A6) and the
theorem. n

4. Reduction theorems for K,C,S—structures

Throughout all of this section we assume that

e there are given a manifold M with a Riemannian metric ¢ and an f—

structure ¢ which are compatible; hence there is also given the Sasaki 2-
form, cf. (1.2)

e there is given an action ¥ : G x M — M of the d-dimensional Lie group G
on M which preserves g and ¢; hence 1 preserves also F

e there is given a momentum map p : M — g* and ¢y € g* which is G-
invariant and such that p='(¢g) # @; G acts freely and properly on p=* ().

To shorten the notation we put M := G\u~'(¢y) for the quotient space, u :
w1 (¢o) — M for the canonical immersion and 7 : ! (¢g) — M for the canonical
projection.

Theorem 4.1.  If there exists an open neighbourhood U of u=t(¢y) such that
U3z — dim(N(F,) NT,0) = const. = k then

(B1) p=Y(¢o) is a reqular submanifold of M of dimension dim(M) —d + k

(B2) p (o) is G-invariant, M is a manifold of dimension dim(M) — 2d + k
and 7 : p~Hpo) — M is a G -left principal fibre bundle; moreover 7 is a

Riemannian fibration where M carries the natural metric g obtained via the
isometric action of G on u=(¢)

(B3) there exits a unique 2—form F on pu~t(¢o) such that w u*F

=
(B4) if z € p'(¢o), m(z) = Z then rank(F,) = rank(F;) + 2(d — k) and
dim(N(F;)) = dim(N(Fz)) + k; in particular, if rank(F) = const. on an
open neighbourhood of 11~ (¢g) so is rank (F) and dim(N(F)) throughout all
of M

(B5) u*F is closed if and only if F is closed
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(B6) if n'(¢o) is connected then F is exact if and only if there exists a 1-form
n on u (o) such that N(TO|~1(40)) =0 and dn = u*F

(B7) F, g are compatible; ¢ 1is projectable via w on the unique metric f-structure
@ on M ; moreover ¢ s determined by g and F'.

Proof. Points (B1),(B2),...,(B6) follow immediately from Theorem 3.1. We
remark only that in point (A2) we cite a well known fact that is: an isometric, free
and proper action of G on (u~!(¢y),g) determines the Riemannian metric on the
quotient space M and 7 is a G-left principal bundle which is also a Riemannian
submersion.

(B7). We fix # € u~'(¢) and put Z := w(x). To prove this point we need only
to refine a little the proof of point (A4) of Theorem 3.1. In fact, in that proof we
consider the decomposition

T (o) = Vo @ (N(F,) N T, O0) & W, @ spanBy @ spanBs. (4.1)

Since g and ¢ are compatible then we can find V., W,., By and Bs in such a way
that the decomposition (4.1) is orthogonal and such that the bases By and Bs are
g—orthonormal. Then we choose B; a basis of V,, By a basis of N(F,)N7T,0
and B; a basis of W, consisting of orthonormal vectors. Hence equations (3.1)
are satisfied and the matrix of F, with respect to the basis By U By U B3 U B, U B5
of T,p=Y(¢o) is the same as the matrix in (3.2). The projections B; U B, U Bs give
an orthonormal basis of T;M . Then the matrix of F; with respect to the basis
B, UB,UBs is equal to the matrix defined in (3.3). From Observation 1.2 it follows
that g and I are compatible. Since F' and g are compatible then there exits a
unique f-structure @ on M determined by them; it is easy to observe that ¢ is
the projection via 7 of . |

Theorem 4.2.  Suppose that

o dim(M) = 2n + s and there is giwven an f.pk-structure (M,g,¢,&, 1)
(i,j=1,...,8) on M

e the action of G on M leaves invariant the vector fields &1, ...,&s; hence
nt,...,n° are also G —invariant

e span{&y,..., &} NTO = span{&_ji1,...,&s}; this condition means that the
intersection of the tangent space to the orbit of G and N(F,) is always
spanned by Es—gi1, .-, &s

(C1) uY(go) is a regular submanifold of M of dimension dim(M) —d + k

(C2) pY(eo) is G —invariant and M is a manifold of dimension dim(M)—2d+k
and 7 : pH(po) — M is a G -left principal fibre bundle; moreover 7 is a

Riemannian fibration where M carries the natural metric g obtained via the
isometric action of G on u=(¢y)

(C3) there exits a unique 2—form F on u=*(¢y) such that m*F = u*F
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(C4) rank(F) = const. = rank(F) + 2(d — k) and dim(N(F)) = const. =
dim(N(F)) + k

(C5) w*F is closed if and only if F is closed

(C6) if u~t(¢g) is connected then F is exact if and only if there exists a 1-form
n on p~ (o) such that n(TO|,~1(4,)) =0 and dn = u*F

(C7) F and g are compatible and ¢ 1is projectable via w on the unique metric
f-structure @ on M ; moreover ¢ is determined by g and F

(C8) the wvector fields &1,...,&s—k project via m onto vector fields &, . g ok,

n',...,m*F project onto 1—forms ... s, and (M, 3,8, 78),
(o, 6=1,...,5—k) is a f.pk—structure; we denote this structure by Z

(C9) if Z is almost S,C, K —structure then so is Z, respectively

(C10) if Z is S,C, K —structure then so is Z, respectively.

Proof.  Since the assumptions of Theorem 4.1 are satisfied then the proper-
ties (C1), (C2), (C3), (C5), (C6) and (C7) follow immediately. Since N(F') =
span{&y, ..., &} then

M > z — dim(7,0 NspanN(F)) = dim(span{&_j4+1...,&}) = const. = k

Then (C4) is clear too since the rank of F' is constant equal to 2n.

(C8) We fix x € u(¢) and & = w(z). We use some part of the proof of the
condition (B7) of Theorem 4.1, in particular we have the following orthogonal
decomposition

T (o) = Vo @ (N(F,) N T, O0) & W, & spanBy @ spanBs. (4.2)

for a convenient choice of V,,, W, and sets of vectors B4, Bs. From the assumptions
of the present theorem we have that N(F,)NT,O = span{&;_j41, ..., &} and V,, =
span{&i, ..., & ). Hence dr sends isometrically &,..., &y onto &, ..., & k;
the projected vectors do not depend on the choice of z € u~!(¢y) since the frame
&1, ..., & is invariant with respect to the action of G. Moreover, it is clear that
N(F) = span{&y,...,& x}. Since ni(=) = g(&,—) for i = 1,...,s, g projects
on g and & projects on & for i = 1,...,s — k then 7" projects onto 7° and
7 = g(&,—) for i =1,...,s — k. We need to verify conditions (1.6) and (1.7)
which may be proved using similar methods so we prove here only the latter one.
In fact, for each X,Y horizontal vectors in T,u~*(¢o) which projects on X,Y we
have

g(X,Y) = g(X,Y) ZQ(SD(X)>w(Y))+Z?7i(X)ni(Y)

=GP0, ET) + LX)+ Y wXn)
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Therefore, (M,g,,&.,85) (o, = 1,...,s — k) is a metric f-structure with
parallelizable kernel.

(C9) Essentially this point follows from u*n® = 7*7® and w*F = 7n*F for a =
1,...,8s — k. In fact, if Z is an almost C—manifold then 0 = u*dn® = du*n® =
dm*n® = 7*din® and hence Z is an almost C-manifold. If Z is an almost K-
manifold then 0 = vw*dF = du*F = dn*F = 7*dF and hence Z is an almost
K-manifold. Similarly, if Z is an almost S-manifold then 7*dn® = u*dn® =
uw*F = 7" F and hence Z is an almost S-manifold.

(C10) Since 7 : u~(¢y) — M is a Riemannian fibration then there exists the
operator of the horizontal liftings of the vector fields from TM to Tu '(¢g): we
denote this operator by H. Let X,Y be vector fields on M and let X = X7,
Y = Y be their horizontal liftings. With this notation we have the following
formulas for the Nijenhuis torsion

(lp, o) (X,Y) = ([gb, @](X,Y))H + terms belonging to
(N(F)NTO) & W & (T~ (¢0)) "

On the other hand, since span{&,_ji1,...,&} C ker(dn) then

s s—k

S (drf @ &)(X,Y) = Y (d* © &) (X, V),

=1 a=1

it follows that if ./\[q, = 0 then N; = 0. This means that the normality of Z implies
the normality of Z; together with (C9) this completes the proof of assertion (C10).
]

Remark 4.1.  The symplectic reduction for manifolds equipped with supple-
mentary structures have been considered by various mathematicians and is still an
area of intensive research, e.g. a Kéhler reduction [26], a hyper-Kéhler reduction
[30, 25], a quaternion-Kéahler reduction [19, 20] Sasakian and 3-Sasakian reduction
[10, 11, 22]. There are also many other applications and generalizations of the
reduction procedure which we do not mention here cf. [33].

5. Construction of examples

Example 5.1.  Let (M, Fy) be a smooth manifold with a 2-form and g :
G X My — M, be an action of the Lie group G preserving Fy. Let pg : My — g*
be a momentum map for the action 1. Let (Mj, F}) be another manifold with a
2—form F}. We put M := My x M; and m; : M — M, the projection on the i—th
component for ¢ = 0, 1; moreover we put F := 7jFy + 77 F; and define the action
Y G x M — M such that ¥(a, (zg,21)) := (¢¥1(a,x0),21) for each a € G and
(xo,21) € M. Then it is easy to observe that py o m is a momentum map for .

The above example may be generalized in the following way.

Example 5.2.  Let (M;, F;), i = 0,1, be manifolds equipped with 2—forms and
let ¥; : G x M; — M; be the actions of a Lie group G on M, leaving invariant
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the forms F;. Suppose that there is given a G-equivariant map 7 : M; — M,
such that F} = 7*Fy and suppose that g : My — g* is a momentum map for 1)
then it is easy to observe that pg o 7 is a momentum map for the action ; on
(M, Fy).

We have the following proposition which is a good instrument to construct exam-
ples of momentum maps.

Proposition 5.1.  Let (M;, F;), i = 0,1, be manifolds equipped with 2-forms
and let ; : G; X M; — M; be the actions of the Lie groups G; on M, leaving
invariant the forms F; for i = 0,1. Suppose that there is given a homomorphism
p: G — Go which is a local diffeomorphism (hence p is a covering map) and
that there is given a local diffemomorphism m : My — My such that Fy = 7*Fy
and such that m is p—equivariant. Let us also suppose that there are given maps
wi s M; — gf (i =0,1) such that the diagram

Gl X Ml 1:[)1 M]_ M1 g?{

pXWl ﬂl T(dp)*

commutes. Then py is a momentum map for ¥y if and only if gy is a momentum
map for .

Proof.  Suppose that po is a momentum map for 1)y then for a given A € g;
we have that

(dpn, A) = (d(" o) o dp, A) = (" (dpo), dp(A)) = 7 (dpo, dp(A)) 5.1
— 7 (dp(A)uFy) = 7 (dr(A)LFy) = As(m*Fy). '

On the other hand, for each a; € G; and each x, € M;

pa(ar - z1) = po(plar) - w(z1)) o dp = po(m (1)) © Adpy(ay)-1 © dp

= po(m (1)) 0 dp o Ad,—1 = ay - (). (5.2)

Therefore from (5.1) and (5.2) it follows that p is a momentum map. In a similar
way it may be proved the opposite implication of our proposition. |

From the previous proposition it follows, as a particular case, the next example.

Example 5.3.  Let (M, F) be a connected manifold with a 2-form F and let
Y : G X M — M be an action of the connected Lie group G preserving F'. Then
we consider the universal cover M and the canonical projection 7 : M — M.
Then there is given the 2—form F :=7*F on M. Morcover the action ¥ lifts to
the action z/z G x M — M such that the following diagram commutes

éx]f\ZLM

per | |-

GXMLM.



D1 TERLIZZI AND KONDERAK 579

Here G is the universal cover Lie group and p : G — @ is the canonical covering
map. Clearly 7 is p—equivariant and F is G-invariant. It follows from Proposi-
ton 5.1 that a momentum map for # lifts to a momentum map for 1; moreover,
any momentum map for ¢ which is m(M)-invariant may be pushed down to a
momentum map for .

In the next example we apply the suspension construction to get momentum maps,

cf. [34].

Example 5.4. Let (M;, F;), i = 0,1, be two manifolds with 2—forms F; and
let v; : G; x M; — M; be actions of the Lie groups G; preserving the forms;
suppose also that there exist momentum maps p; : M; — g*. Let p: m(My) —
Diff(M;, Fy, p1) be a homomorphism of groups where Diff(M;, F, 1) denotes the
group of diffeomorphisms of M; preserving the form F} and leaving invariant
the map p1. Then My carries the induced 2—form Fy = 7 Fy, the action of the
group Gy on M, and the momentum map i : My — g;, cf. Example 5.3. The
group (M) acts freely and properly on My x M, in the following way: for each
I € m(Mo) and each (Zo,z1) € My x M,

L (Zo, 1) := (L ZTo, p()xq)

and the quotient space is a smooth manifold; we put M := 7T1(M0)\<M0 x M) and

we have also the canonical map 7 : MO x My — M. The 2-form Fo + F} projects
via m to a form F on M. Since the map Jigp X p; is invariant by the action of
71 (M) then it may be pushed down to a map A : M — gi & g. Suppose that
the action 1)y commutes with the deck transformations determined by m (M) and
suppose also that the action of p(m(My)) and that one of Gy on M; commute
with each other. Then it is possible to define an action ¥ of the Lie group éo x G

on M such that for each (@,b) € Gy x Gy and [Ty, 21] € M

U((a,b), [Fo, 21]) == [o(@, Zo), ¥1 (b, 1)].

Hence the following diagram of maps

(éo x G) X (]T/[/o x M) Lo, (jT/[/O x M) —— Hoxim, 8o D 97

o] L

GoxG)yxM  —— M Lo gag

is commutative. It is easy to observe that A is a momentum map for the action

of Gy x Gy on M.
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