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Abstract.  Recent work Bobienski and Nurowski on 5-dimensional Rieman-
nian manifolds with an SO(3) structure prompts us to investigate which Lie
groups admit such a geometry. The case in which the SO(3) structure admits a
compatible connection with torsion is considered. This leads to a classification
with respect to special behaviour of the connection, which enables us to recover
all known examples, plus others bearing torsion of pure type. Suggestive rela-
tions with special structures in other dimensions are highlighted, with attention
to eight-dimensional SU(3) geometry.
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1. Introduction

Given an oriented Riemannian manifold of dimension five (M?®, g), an SO(3) struc-
ture is the reduction of the structure group of the frame bundle to the Lie group
SO(3) sitting inside SO(5). The inclusion we choose is the one based on the irre-
ducible 5-dimensional representation of SO(3), determined by the decomposition

s0(5) =s0(3) BV,

where V' is the unique irreducible 7-dimensional representation of SO(3). It is
known that the homogeneous space SO(5)/SO(3) has an SO(3)-connection V
whose torsion tensor 7' is skew-symmetric (and unique), by which one intends
that

T(X,Y,Z) = g(VxY — VyX — [X,Y], Z) (1)

is a three-form for any X,Y,Z vector fields, for which refer to [2, 9]. Indeed this
was already noticed in [15], to the effect that the skew-symmetry of 7" can be used
to align SO(3) structures on five-manifolds with other kinds of torsion geometries.
In the general framework of geometric structures on Riemannian n-manifolds, G-
reductions are distinguished by the irreducible components of the representation
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R™ ® so(n)/g, g being the Lie algebra of G. The decomposition of this space
depends on a tensorial object, most of the times a differential form. Well known
is the archetypal description of almost Hermitian structures [11] in terms of the
Kahler form. Other G-geometries have been discussed using the same approach,
see [6] amongst others for G = SU(n).

We review SO(3) geometry in section 2. In some sense it is slightly different
from more familiar G-structures, for it is defined not by means of a skew form
but rather a symmetric tensor, denoted T. Apart from T, one can not expect
to find other invariants for the representation of SO(3) on R, in particular no
differential form. A rather diverse situation occurs in higher dimensions, such as
eight for instance, where both totally symmetric and totally skew 3-forms play a
relevant role [14], see section 9.

In the special case of concern, the so-called nearly integrable structures,
this tensor behaves — strikingly — like the almost complex structure J of a nearly
Kahler manifold, whence the similar name.

For a general SO(3)-reduction the tensor product R @ so(3)" decomposes
into the analogues of the Gray-Hervella classes, minding that here the complement
s0(3)" is reducible (hence not V). As the torsion T' of a nearly integrable SO(3)
structure is uniquely defined and skew-symmetric, and the spaces of three- and
two-forms on M5 are Hodge-isomorphic, one decomposes the latter under SO(3)
in the sum of two irreducible modules

AN = A2 @ A2

of dimensions three, seven respectively. When the components therein are trivial,
the characteristic connection V is in fact the Riemannian one, and [5] proves
that the simply connected manifolds M® admitting a torsion-free SO(3) structure
are R%, SU(3)/SO(3) or SL(3,R)/SO(3). It is not surprising that these models
are symmetric spaces, as proven by Berger’s holonomy theorem. The paper of
Bobieniski and Nurowski classifies 5-dimensional Lie groups with type A%, and
finds examples with closed torsion of the complementary type AZ%.

The present note pertains to 5-dimensional real connected Lie groups L
with invariant metric g and SO(3) structure having anti-symmetric torsion 7'.
More precisely, we characterise the Lie groups (L, T,g) admitting a splitting
[ =bhDp of the Lie algebra of L defined via an adapted frame, see section 5., in
terms of the structure constants. This in turn yields a classification (theorem 4.4)
assuming that the SO(3) connection V satisfies

VxhCh, VxpCp, VX €D,
thgpu vagha vyep

This special behaviour is displayed by the Levi-Civita connection V in all in-
stances of [5], and corresponds to demanding that the group L act transitively
on a Riemannian symmetric surface. We then prove that either the Levi-Civita
connection fulfills the same algebraic conditions as V, or V is identically zero
(theorem 7.1). In the latter case the Lie group is essentially SO(3) x R?, and
thus the unique instance up to isomorphisms. Our results are in line with the
main reference [5] and in some sense attempt to complete that classification. All
examples have d+T = 0, and it would be thus natural to ask whether this were
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always the case. We prove that a large class of Lie groups, comprising those of [5],
satisfies the equivalent requirement of symmetry of the SO(3)-connection’s Ricci
tensor. In every case the torsion type, whether A2, A2 or generic, is determined. In
section 8. we prove the existence of structures of type A% with non-closed torsion,
by finding an explicit example. This is once again realised by a Lie group that
acts transitively on a 3-dimensional symmetric space by way of

b,p] Cp, [h,p]ChH, [h,b] Cp.

Section 9. is devoted to understanding the geodesic equation Vx X = 0, for
any X in [, which arises from ‘near integrability’ and has remarkable consequences.
Using this property it is possible to construct nearly integrable geometry of higher
dimension, namely SU(3) structures on the Riemannian products L x R* and

L x SO(3).
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the DFG.
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2. Irreducible SO(3) geometry

The vector space R® is isomorphic to the set of real 3 x 3 symmetric matrices with
no trace S2R?; we fix the isomorphism as follows

1

i T4 T2 T3
1
X =(xq,...,x5) «— T2 7§+$4 s ) (2)
2
Zs3 Ts —jgxl

the square root only being a convenient factor. The irreducible representation on
R is given by

p(h)X =hXh™' heSO3),
where the vector X is thought of as matrix of the above form. An SO(3) structure
on (M, g) can be identified [5] with an element of T € ®®R? such that

i) T= Zixk:l Tk do; ® dr; ® dzy, is symmetric in all arguments,

ii) the endomorphisms X +— Ty = X T are trace-free and

iii) (Tx)?’X =g(X, X)X, for all X € R>.
The contraction X T prescribes to fill the first argument of T, so Tx(-,-) =
T(X,-,). Notice by the way that ii) is expected, given that }_,T;;; defines
the components of an SO(3)-invariant vector in R, so it must vanish for each
t = 1...5 because the representation is irreducible.
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These properties together with the identification (2) determine an adapted
frame, i.e. an orthomormal basis {ej,es,e3,€e4,65} of tangent vectors so that
X = Z?zl xje; and the metric automatically assumes the canonical form ¢ =

S (¢)?. Adopting the choice made in [5], the SO(3) structure is completely

described by the tensor

T(X, X, X) = 21 (323 + 327 — 2 — 302 — 3a2) + 2By (a2 — 23) + 3v/3aaw325, (3)

given by the determinant of X .

The action of SO(3) on C?, like the one of SU(2), endows the symmetric
tensor product S*C? = C® with a real structure, and S3(S*C?) contains only one
copy of C, generated in fact by T. The recipe to tackle a general G-structure
prescribes first to determine the form(s) with isotropy G = SO(3), the lack of
which makes this whole matter quite complicated.

Definition 2.1.  [5] An SO(3) structure is said nearly integrable (NI) when

for all vector fields X € R5.

This relation is — at least formally — similar to that defining a nearly Ké&hler
structure on an even dimensional manifold: (VxJ)X = 0. Just as the almost
complex structure J is a Killing form [17] there, (4) is saying that T is a symmetric
Killing 3-tensor.

The theoretical interest of such a structure lies in the fact that it admits a
uniquely defined characteristic connection

V=v-I1IT (5)

with torsion 7" a three-form, in the sense of (1). We finally ought to remind that
the existence of a nearly integrable SO(3) structure is actually the same [5] as
having skew-symmetric torsion T. Among the simplest examples of G-invariant
metric connections with anti-symmetric torsion one counts those of naturally
reductive spaces. These are homogeneous spaces with a reductive decomposition
h @ p possessing a connection V = V + [-,-]p and characteristic torsion tensor
—9([, ]y, ), skew-symmetric by very definition. Because the latter and the induced
curvature are parallel, naturally reductive spaces generalise Riemannian symmetric
spaces. For a G-structure though, there is no Lie group acting transitively in
general. Besides, there are sound reasons to believe that Riemannian manifolds
M" endowed with metric connections V with skew torsion are useful in string and
supergravity theories, see [10, 1] and references.

The space A®R® is isomorphic via the Hodge operator to that of two-forms,
and the latter decomposes under SO(3) into the direct sum of the irreducible
modules

A2 = span{E, By, B} 2 50(3), A2 = (A2)". (6)

The orthogonal complement is taken with respect to the pairing

(o, B) = #(T(a) A =B), (7)
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via the endomorphism T(ef A e¥) = 437 1 m TijmTrime? A el of A*(R%)* from
[5]. Wedge products of basis vectors will be henceforth expressed by juxtaposed
indexes.

The forms FE; are given in matrix form by

0 0O 0 0 V3 0 0 V3 0 o0 0 0 0 0 0
0 0 1 o0 0 0 0 0o 0 1 0 0 0 2 0
FE, = 0 -1 0 o0 0 7E’2 = V3 o 0 1 0 ’E3 = ) o o 1 |,
0 0 0 o0 1 0 0 -1 0 0 0 -2 0 0 o0
-3 0 0 -1 o0 0 -1 0 0 0 0 0 -1 0 0
or

Ei=V3eP 4B e E=v3eBpe® et Ey=2%1eP ()

when seen as elements of A?(IR%)*.

We shall say that a NI structure T, the corresponding torsion T or the
manifold carrying T has/is of type W if *T belongs to the subspace W C AZ?.
The type can thus be A2 @ A2 generically, AZ, A2 which we shall both refer to as
‘pure’ type, or {0} i.e. the torsion-free case.

3. The characteristic connection of a 5-dimensional Lie group

We begin by taking a generic Lie group of dimension five and write its structure
equations
del = 61612 + e + b10€45
d62 = b11612 + ...+ b20645
de® = ... (9)
det = ...
d€5 = b41612 —f- Ce —|— b50€45.

Taking (eq,...e5) to be the adapted frame means fixing the SO(3) structure and
varying the Lie algebra equations in terms of real numbers b,, o =1,...,50.
Polarising the expression (3) gives the non-zero components of T

Tin=-1, Tip=1 Tuw=1 T= —%; Tis5 = _%7
% T

wfS

_ _ V3 _
Tyz3 = =%, Tuss = 235

Lemma 3.1. The SO(3)-tensor T is NI if and only if the structure equations
satisfy the set of linear relations (10) below.

Proof.  Allow X to be a generic linear combination of the adapted basis (e;) of
the Lie algebra [ of L, i.c. X = 327 \je;. Imposing (4) means solving the equation
(VxT)(X, X, X) =0 for all values of the \;’s.

Consider, heuristically, X = Xez + pey and let Y = VxX. Then (4)
becomes

0= %(VXT)(Xa X7 X) = T(Y7 XaX) = )\2T(Y7 63763) + 2)\MT(Y> 63764)
+ PT(Y,eq ea) = N(=1g(Y,er) — Lg(Y,ea)) + 20 Lg(V, e5) + p2g(Y, e1)
= AZ(%Q([Xu 61]7X> + \/ng([Xv 64]7X>) - \/gAﬂg([Xv 63]7X> - N2g([X7 61]7X)7



H44 CHIO0SSI AND FINO

eventually resulting in a fourth order polynomial ), - 4 A Py; . Given that \, p
are arbitrary, the conditions translate into F;; = 0 for all ¢, j = 0 .., 4. Explicitly

P40 = %(bgg — \/gbgg) = 0, P04 = —b33 = 0, P22 - %b33 - b22 + \/§b28 =0
Py = %(532 + b3 — V/3bss) = 0,  Prg = —(bag + bsa) + V/3bsg = 0.

The story is similar when all \;’s are present. Passing from linear combinations X
of p elements to p+1 is not that more involved, since most of the new information
is trivial by previous relations, justifying the fact that the system is linear. The
set of conditions imposed by (4) hence reads:

by = b1y = b3 = b3z = 0, byy = —b3y, b1z + b3 =0, )
by = V/3(bos + bs), b = v/3(—buz + big), boo = V/3bas, by = v/3bso,
ba1+b15="/3b17, bia+bs1=v/3b15, by = V/3(b5 — bar ), ba=v/3 (b7 — buy),
2b2s + V/3b1g = 2v/3(b1g + bar), 2bas — V/3bis = 2v/3(bas — bug),
2099 + b17 = bag + b1g, 2bag + bag = bag + b3s, 2bag — bis — b3z = bys, (10)
bas + bso = bas + boz, bos + bio=v/3(bos + baz), bas — bso = bar — bas,
2(bog + bg) = 2/3bas + b1z + bg, 2(baz — by) = 2v/3bar — (biz + bs),
2(b3g + bso — bas)=bss, bss + b1z = bao + bis, 2(bag + bzg — bar)=bs,
bss = —bis, V/3(bao + bis — bss) = ba1 + bi2, byz = —bog — V/3bys, )

which is easily handled by computer programs. ]

Further constraints on the coefficients in (9) derive from d? = 0, but due to
computational complexity we reserve the Jacobi identity to when strictly necessary,
typically at the very end of the classifying process.

Since V preserves the metric and the tensor T, it is clear that

9(VxY,2) +9(VxZ,Y) =0,
T(VxY, Z, W)+ T(VxZ,Y, W)+ T(VxW,Y, Z) = 0.

The characteristic torsion (5) of the structure is then given by

= (bsg — bio + bi2)e'® — bge'** + (V/3b15 — br)e'?+

(V/3bis — bg)e'® + (bos — V/3bar — 5513 - ‘bG) 1954

(V/3bag — b1o)e™® + (2bag — bi7 — bss)e?* + (bog — bsg — brg)e*+

(bsr — bis — 2bag)e®*® + (‘[b 13+ fb \/?gbg - \/73524 + bsg — baz)e®.

The SO(3)-connection V can be thus reconstructed, and is written here as an
s0(3)-valued form

I =~'Ey + 7B, + 7’ Es

where
v =13 =13 =T (11)
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and
Iz = \/Lgpil)) =T = —(bos + bg)e! — bize? — boge® + bise? — byze®,

F%:%F%:Fé = (b43—b10)61 — b15€2 + \/Lg(%blg—bg‘i‘%bﬁ—bgzoe?) — b40€4 — b5065,

F‘g:%ri = —%(bﬁ—f—blg)@l + <b45—b50—b19)62 — 62963 + (b47—b39—b48)64 — b4965
are the connection 1-forms. All F; 's vanish precisely when

b43 = b107 623 = _b87 b15 = b17 = b29 = b40 = b49 = 07

(12)

bag = bar = bso = 0,by5 = b9, bag = —b3g, 013 = —bg, bay = —by.

Now the curvature K = r'Ey + r?Ey + 13 E3 € A*[* ® s0(3) is determined
by
rh=dy' Ay r=dy? P Ay P =dy ey A
and r' = K2 r* = K2, r® = K? are then non-zero components of K. If T = 0
then K is determined by a constant F' € R, since [5]

r=FE;, j=1,23

and the SO(3) structure is locally isometric to that of a symmetric space @)/SO(3),
with
SO(3) x,R>  if F =0
Q=1{ SL(3,R) if FF <0 (13)
SU(3) if F>0.

A purely formal but still suggestive relation between near integrability and
lower dimensional geometry is the fact that the number of parameters b, upon
which the Riemannian connection of a NI structure depends, is precisely half of
the total, exactly as for self-dual connections on a four-manifold [14]. Whether this
has to do with the universal covering SU(2) — SO(3) remains to be seen — though
the fact that the Berger sphere SO(5)/SO(3) is diffeomorphic to Sp(2)/SU(2) is a
clear indication — and will be dealt with elsewhere by the authors. But here is an

Example.  Consider the Lie algebra [ with structure equations
( del = b7625 — 637635 — b45645,
d€2 = —b7€15 + b45€35 — b37€45,
b2 +b2
) ded = byreld — byse? + ( 27; ;15)645’ (14)
de* = byse' + bgre? — (b37btb45)€35’

b2, +b3
\ de® = bre'? — byre? — byse® — byre!® 4 byse? + ( 37b7 4§)634’

and the NI structure whose three-form 7' is given by

b2, +b2
T = —bre!® 4 byl 4 byse — by e235 4 hyre245 — ( 37b7 i5) ;345

First of all this torsion is harmonic. But more crucially, the associated Lie group
L is thus endowed with an SU(2) structure defined by

a = 65, Wy = 612 +€34’ Wy = 613 +€42, w3 = 614 —|—623.
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To be precise, this is actually hypo [8] as
dwy =0, dwyNa)=dwsANa)=0.

Examples of this sort are noteworthy because they induce local integrable SU(3)
structures on L x R. Moreover, they yield half-flat geometries, which also evolve in
one dimension higher, but to holonomy Gs. In fact, (14) is part of a more general
family, as shown by

Proposition 3.2.  Let L be a Lie group whose Maurer-Cartan structure (9)
satisﬁes (12) plUS bG = bg = b12 = b35 = O,blo = —b45,b9 = —b37,b39 =
(b3, + b%)/b;. Then for some closed 1-form €°, the invariant SU(3) structure
on L xR

w=uws+aAe, w+:w2/\a—w1/\e6

15 half-flat.
Consequently w A €7 + ), is an integrable Gy structure on a local product
L xR xR for a closed 1-form e”.

Proof.  Almost immediate, once one recalls that half-flat is a fancy name for
the closure of ¥, and w A w. [ ]

4. Classification

The action of the endomorphisms Ty = T(X,-, ) indicates that whilst T,,, T,,
and T., preserve the decomposition

[=bh @ p=span{er, e, e4} & spanfes, es}, (15)

T.,, T, on the contrary do not. This reflects the irreducibility of the rotational
action.
We shall capture the Lie algebras [ for which the SO(3)-connection satisfies
the conditions: _ _
VxhCh VxpCp, VXch

Vyh Cp, VypCh, VY ep. (16)

Otherwise said, h-derivatives preserve the splitting (15), but differentiation in the
p-direction swaps the subspaces. The geometric motivation of this condition are
readily explained.

In order to classify 5-dimensional Lie groups L with an invariant SO(3)
structure (g, T) whose characteristic connection V satisfies (16), it is quite useful
to distinguish whether (I,§) is a symmetric pair or not. A Lie algebra [=m @ q,
or better ([,m) is called a symmetric pair when

mm]Cm, [mqCq, [q,q9 Cm.

If H is the connected Lie subgroup of L with Lie algebra b, we have a Riemannian
fibration of Lie groups
H—L— L/H (17)
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whose fibres H are totally geodesic submanifolds of L and whose base is a 2-
dimensional symmetric space. Therefore L/H is a finite quotient of R?, the
Riemann sphere or the Poincaré disc according to the curvature. Since p is indeed
the tangent 2-plane spanned by es, e5, the curvature of L/H is given by

k(p) = —gles, [[es, sy, e3]p) = bo(3b6 + $b13 — by — V/3bar) — bigbus + bzgbas, (18)

and its sign decides which of the space forms one is looking at.

Lemma 4.1.  Ifp is ad(h) -invariant then § is a Lie subalgebra of I and [p,p] C
h.

Proof. If p is ad(h)-invariant, the structure coefficients

627 b47 b57 b77 b87 b107 b127 b147 b157 b17a b187 b327 b347 b357 b37a b387 b40

all vanish. As a consequence of (10) also bag, by, bay, by are zero. So the Maurer—
Cartan system (9) simplifies to

(de' = bge*t + bge®
de* = bize' + 2(bso + big — bus)e** + bige®
de® = /3byge'® + bose'® + %3(59 +bag — 5(biz + bg))e* + 2bage™!
+(bso + bag — bas)€®® + bage®* + bage™®
+¥3(bg + boa — §(bis + bs) + V/3bas — V3bar)e®
de* = —bize'? + 2(bgg + bag — baz)e** + bge™
de® = (by + V/3bar — %bls - %66)613 +V/3bsoe™® + buse™ + 2bage™ + byge®

\ +b48€34 + b49€35 + b50€45.

Using the vanishing of the coefficients of €234, ¢25 in d(de’),i = 1,2,4, and of
el 135 235 345 for = 3,5, then either

® by = by = 0 (implying [p,p] C h), or

o b3y +biy # 0 and by = byg = bzg = 0,b15 = —bg,bys = —bag, bss = buz,
bso = —baeg (which force p to become a Lie subalgebra of [).

But in the latter case, the Jacobi equation ends up annihilating both b49 and bag,

contradicting the assumption. [ |

Corollary 4.2.  Demanding p to be ad(h)-invariant is equivalent to the pair
(I,h) being symmetric.

Proof. In terms of the structure equations V satisfies (16) if and only if

b43 = b107 623 = _b87 615 = b17 = b29 = b37 = b40 = b49 = 0.

If, in addition, b; = by = by = b1 = by; = 0 then [p,h] Cp and h is a Lie
subalgebra of . [ |
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The algebraic structures appearing later will often be solvable Lie algebras
g, whose derived series

92¢'2¢g°2...297=0

collapses at some stage ¢ € N called the step length. Each ideal is defined by
bracketing the preceding one in the sequence with itself, g™ = [g’, g'], beginning
from g = g. The first subspace g' = [g,g] is the commutator and such a g is
referred to as ¢-step (solvable).

Example 4.3.  There is only one solvable (non-nilpotent) Lie algebra of dimen-
sion two, modulo isomorphisms:

52 = (07 612)7
and similarly, only one 3-dimensional 2-step one, namely
53 = (O, 0, 613) .

This notation for Lie algebras expresses the bracket of g via the exterior
differential of g*, so in the latter example one should understand the basis ey, e5, €3
of s3 to satisfy de! = de? = 0,de® = e'3, or equivalently [e,es] = [ea, €3] =
0, le1, e3] = —es.

Solvable Lie algebras and groups are intimately linked to non-positive cur-
vature, as predicted by Alekseevskii [3]. This phenomenon manifests itself patently
in the coming sections, goal of which is to prove

Theorem 4.4.  If the characteristic connection behaves as in (16), the torsion
15 always coclosed

dxT = 0.

Moreover
a) if (I,h) is symmetric, | is either solvable or isomorphic to

[, = 50(3) ® R?
[2 — (2612 614 615 _ 623 2624 625 + 634)

[; =50(3) ® sy

b) If (1,b) is not symmetric instead, then NV = 0 and | is isomorphic to so(3) ®R2.

The appearance of algebras isomorphic to s0(3) @ R? in distinct contexts depends
upon the underlying SO(3) structure, which changes in a) and b). The proof of
this statement is scattered over sections 5. and 7.

The type of SO(3) geometry is determined by the presence of intrinsic
torsion in the modules (6). Because the two-forms F;’s are eigenvectors of the
endomorphism T of (7), one has that 7 € A2 if and only if

TANE; =0, i=1,2,3. (19)

The Lie algebras of type A2 are therefore those for which this linear system in the
b,’s holds. They will be highlighted in the rest of the paper.
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To conclude the section we recall two basic equations [13] for general metric
connections with torsion V. One of these relates the covariant and exterior
derivatives of T

AT (z,y, z,w) = Guy (V. T)(y, 2,w) — (VW T)(2,y, 2) + 200(2,y, 2,w0),  (20)
where & is the cyclic sum. The four-form
200 = 32 (e;uT)? (21)
also shows up in the Bianchi identity for the curvature R of V
Gx,yyz]?(:c, y, z,w) = dT(z,y, z,w) — op(x,y, z,w) + (Vo T)(z, 1, 2).

Corollary 4.5.  [13] When the torsion is V -parallel then dT = 20 .
If additionally the manifold happens to be flat R = 0, then it has closed
torsion. |

For other manifestations and the significance of o7 see [2].

5. (I,h) symmetric pair

The case when ([, h) is a symmetric pair corresponds to the Levi-Civita connection
satisfying a bunch of relations similar to (16):

Proposition 5.1. The Levi-Civita connection V satisfies

if and only if p is ad(bh)-invariant and b is a Lie subalgebra of 1.

Proof.  The conditions are equivalent to the vanishing of the coefficients b7, bg,
bio, bz, bis, biz, bag, bag, bss, bsr, bao, baz, bag in (9). u
The first relation is an old acquaintance, for 0 = (Vyh), is the second fundamental
form of H C L.

Imposing (16) reduces the characteristic connection to the treatable

Ve, = —V/3(bages + Aes) @ €2 + /3(byres + bspes) @ €° )

Vey = 2Bey @ et + 20es ® €2 + (Aes + boges) ® €3 + 2Dey @ e+
(bsoes + bares) ® €°,

Ves = Bes @ e! + Ces ® €% + (bas(ea — V/3er) — Aes) ® €® + Des @ e+
(b47(€4 —V3e1) — bsoez) ® €, (22)
Vey = —2Bes @ e! — 20ey @ €% + (—boges + Aes) @ € — 2Dey ® e+
(bsoes — bares) @ €,
Ves = —Bes @ el — Ces @ €2 — (bases + A(es — V3er)) ® €*—
Des @ e* — (bares + bso(es + V/3e1)) @ €°,
where capitals are merely used to abbreviate the constants
B=1(bs+bis),  A=Y3(by+ by~ B),
C = b5 — bys + brg, D = bzg + bag — buy.
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Corollary 5.2. The splitting b @ p is curvature-invariant:
Proof.  From (16) one induces easily that

Rypb, Ry, Rph € h,
Rypp, Rypp, Rppp € .

Using the symmetries of R, this means Ryypp, = Ryppp = 0, i.e. whenever any three
indexes in the components R;j; denote vectors in p (or h), the curvature is zero.
In other words the curvature 2-form preserves (15). [

As a consequence, the SO(3)-curvature R fulfills similar conditions Ry, =

Ryppyy = Rippp = Rppep = 0, despite it no longer being a symmetric endomorphism
of A%l

The vector space decomposition (15) also transfers to the algebraic level as
follows

Corollary 5.3. When p is Abelian [ is a semidirect sum

[:h@ap>

where a : h — Dex(p) is a homomorphism of Lie algebras.

Proof.  This descends from the ad(h)-invariance of p. n

For better handling the discussion now divides into the mutually exclusive
cases

T=0, dT =0 (with T # 0, called ‘strong’), and dT # 0,

the simplest being the torsion-free one.

Proposition 5.4.  Let (I,h) be a symmetric pair with T =0. Then

(i) [5] the SO(3) structure of L is locally isometric to that of a symmetric space
of mon-positive curvature, hence either R® or SL(3,R)/SO(3);

(i) U is solvable;
(111) the symmetric space L/H 1is flat.

Proof.  The structure equations are

[ de! = bye

d€2 = b13€14 + 2(b50 + blg — b45)624 + (bzg — b50)635

de® = \/3byge™® + (%bm + V/3by7)e'® + (—bar + \/7359)623 + (bso + bas — bus)e® +
byge3t + (%ﬁbg + b48)645

d€4 = —b13612 + 2(b39 + b48 — b47)€24 + b39€35

d65 = (bg + 2\/§b47 — 624)613 + \/§b50615 + b45623 + b47625 + b4g€34 + b50€45.

The inspection of the Jacobi identity tells that there are four solutions for which

V = V. Only the non-zero coefficients are indicated and serve to distinguish the
Lie algebras:

\
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1. b28:b50:a7é0
(0,2ae*, a(v/3e3 + €3 + 2e2),0, a(v/3e!® + %))

2. bgg = b50 = %(b1215 + bis)/b45,b45 =a 7é 07b48 = b

(O, —a2a+b2 624’ 5645+a?24;b2 (634+\/§€13)+§ez5’ 2b624, a2242b2 (645+\/§el5)+5634+
ae®).

3. bsp = —%bm, bag = %519, b3g = 2by7,boy = \/5547, big = a,byr = b,a®> +b? #0
(O,a(624 + 635)’ %a<\/§€13 + e34) + b(\/§€15 + 623)7 b(2€24 + 2635)7
b(V3e'® + e®) — Ta(V/3e® + €¥)).

4. b13:2b24:a7é0

14 1,15 12 1,13
(0,ae't, 5ae", —ae'?, —5ae"’).

The first three instances are 3-step solvable Lie algebras with 3-dimensional
commutator ' and h = R & s,. The Lie algebra (1) is isomorphic to (2) with
b = 0. The Lie algebra (4) is 2-step solvable with 4-dimensional commutator
(! and b Abelian. Instead p is an Abelian subalgebra only for the Lie algebras
(1), (2) and (4), so the curvature formula (18) implies sectional flatness. In the
remaining case, where p is not Abelian, we still have k(p) = 0. The constant F' of
(13) is negative for (1)-(3) and vanishes for (4), so [5] implies that the first three
are isometric to SL(3,C)/SO(3), the last to R5. ]

The Lie algebras listed (in roman numerals) in the sequel have simpler
structure equations than those generated in the proofs. They are attained by
standard changes of bases — omitted not to bore the reader senseless — and may not
be optimal: for example v/3e! +e* could reasonably be a basic 1-form, as variously
hinted by, e.g., (22). This depends essentially on the choice of representation (2).

Nevertheless, it should be all but clear that doing this will alter the SO(3)
structure rather dramatically, so retaining the original expressions, prior to any
algebra isomorphism, allows to read off the geometry of interest. In order to truly
distinguish algebras up to SO(3) equivalence, Cartan-Kéhler theory seems the
only reasonable way. This was pursued in [5].

Lemma 5.5.  If (I,h) is a symmetric pair with strong torsion, then | must be
isomorphic to one of

L (0,—2e2, (13 4 ¢3) 4 m(e! + e23), —2me?t, m(e® 4 €2 — (5 4 )
II.  (e*')e')0,e'2)0)

T (%5,0,e® + e 2, —e%)

IV.  (—ce® ae®, ce’ — ae® + be®®, —be3® ) —cel® + ae® + be3t),

where m,a,b,c € R,a®> +b* + ¢ # 0. The first two algebras give rise to a flat
quotient L/H , whereas k(p) is negative for III and IV. The torsion is of pure type
A2 in the family of Lie algebras IV when ¢ =0, and always in I.
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Proof.  Suppose that T' be closed, and not identically zero. After imposing the
Jacobi identity one reduces to four instances:

1. bsg = —bog = —a # 0,bos = v/3bsr = V/3b
(0, —2ae?*, a(v/3e® + e3) + b(v/3e® + e23), —2be?, b(v/3e'? 4 e*) —
a(v/3e’ + ) with T = 2(ae? + be*)e® and k(p) = 0. Example 6.3.3 in
[5] is contained in this family of algebras by requiring b # 0.

2. be,:—blg:a#o
(—ae*, aett, 0, —ae'?,0) with T = ae'?* and k(p) = 0.

3. b47 = —%\/gbg = —a 7£ 0
(V/3ae®,0,2ae® + ae?, 2ae?*, —ae®®) with T = v/3ae'®® and k(p) = —3a>.

4. bys = big = a,bsg = —byg = —b,by = —boy = —c,a®> + 0>+ #0

(—ce35, ae, ce'® — ae? + be'S, —be® | —ce'd + ae?® + be3t) with

Y

T = (ce' — ae? + be?)e®® and k(p) = —a® — b* — 2.

The following observations guarantee that three cases are algebraically distinct.
The first Lie algebra is 2-step solvable with dim[* = 3, has an Abelian p and
h = R @ sy. The third one is 3-step solvable with 4-dimensional commutator.
Numbers (2), (4) are both essentially s0(3) & R?, and account for [; in theorem
4.4. [ ]

Lemma 5.6.  If dT # 0 and (I,h) is a symmetric pair then [ is one of
I (€24,0, e, 2 e 1 M)
I (6624,2eM, 1 — /32 — /3B, 212, 13 4 /362 4 /3eM)

I ((2c+ V3(0? +1))e*t + ce®, —2be?*, —1(b? + 1) — be? — b2e®,
(1= b2)e2t be® + L(b? + 1)e® + )

IV (=2(0% + e — (VP + 2 + 1)e®, —2be*, e!® — be® + ce®®, 2ce™,
—eld 4 be? + 6634)

up to isomorphisms, where b,c € R. The surface L/H has zero curvature in cases
1, II and negative in the others.

Proof.  If dT # 0 the following possibilities come out of d* = 0:

1. b6 = 2\/3()47 = 2\/501 % 07

(2v/3ae?*,0, —ae®® — 2ae*>, —2ae**, ae?®) and

T = —2V3a(e*™ + e'3),  dT = 12a2¢*.
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2. bag = 2by7, b5 = 2v/3ba7, byr = a # 0
(2v/3ae®*,0, —ae?, 2ae**, ae®® + 2ae**) and

T = —2V3a(e*™ + '3,  dT = 12a%¢**.

3. bag = tbig, bus = \/75513, be = 313, bar = \/75513, bis=a#0

14 1 .15 \/§a623 \/gae45,—ael2,—lael3+‘/75(1625—1- \/§a634) and

24 _ V3 _ 3 V3
(3ae*, ae'?, zae > > 5 >

T = —3a(e’®* + e),  dT = 9a*e**.

2 3b2++/3c2 b24c?

4. bg = a, b45 = b, b48 =C 7é O,b(; = —ac-i—fc +v/3c ,b47 == _;—cc
2 2 2, .2 2 2 12 2, .2

(2ac+\/§b +/3c 624—|—a635, —2()624 _ b ;—Cc e23_b€25_b_645 C Cb 624,5623+b ;—cc 625

c . ? c )
+ ce*') with

T — _ 2ac+V3BV2+V3c? 124 actV/3b2+/3c? 135 dT = (2ac++/3b24+/3¢?)? 2345
- c € c € - c? €

and k(p) = —a®. The algebra [ is 3-step solvable. For b # 0 the dimension
of I! is four. Further asking a # 0 recovers [5, Example 6.3.2, 6 = 1]. Taking
b =0 gives a 3-dimensional commutator instead.

5. bog =a #0,bys = b, bug = ¢, b2 + 2 # 0, bg = —28+ pg = L’ ta?

a a

2 2 2 2 2
(_26 :c p24 _ b +ca+a €35 2bet ael® — he? + e’ 2ce?, —ael3+b623—|—ce34)

2 2 2 2 2 b2 2 2 b2 2
T =20t el2d 4 e ta o135 - g = g 7+c )(Z2+ +¢?) 02345

Y

~Y

This has 4-dimensional commutator such that [* 2 so0(3), and curvature
k(p) = —(% + 1). It corresponds to [5, Example 6.3.2] with 6 = 0.

The first two Lie algebras are 3-step solvable with 3-dimensional commutator and
isomorphic. The third one is perfect, i.e. [' = [. For the Lie algebras (1)—(3), and
for the family (4) with a = 0, p is Abelian. The algebra b is always s3, except
for (3) where h = s0(3). The first three instances fibre onto a Euclidean surface
L/H, for the remaining ones k(p) is negative. Suitable normalisation of (3) and
(5) give precisely [y, [3 of Theorem 4.4. [

The torsion has type A2 for (4) with —v/3ac = b* + ¢?, and (5) with
a’? = 3(b* + ¢?). Up to SO(3) equivalence these appear, though in disguise, in [5,
Theorem 6.7].

Let RNiC, Ric indicate the Ricci tensors of the characteristic and Levi-Civita
connections. Although in general there is no reason for the former to be symmetric,
this is what happens at present

Proposition 5.7.  If (I,h) is a symmetric pair, the torsion is always coclosed.
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Proof.  One checks without effort that all Lie algebras in this section have a
symmetric Ricci curvature Ric. The general formula for a metric connection with
skew torsion

Ric(X,Y) = Ric(X,Y) + L+dxT(X,Y) + L 17 g(T (X, e,), T(Y, ¢)))
allows to conclude. ]

The same reasoning holds in the non-symmetric case. Since the characteristic
connection will be identically zero there, every SO(3)-curvature tensor vanishes
(theorem 7.1), turning *7" into a closed form.

Lemmas 5.6, 5.5 can be modified and proved differently, for it is actually
possible to spot the closure of dT' a priori. A lengthy computation involving (20)
shows that dT = > (e;uT)? everywhere. Now T can be either decomposable as
h A e, for some h € b, or proportional to e! A (e2* + €3%). In the first case the
contraction with any basis element is itself decomposable and simple, so or = 0
eventually and the torsion must be strong by corollary 4.5. Alternatively, one
obtains a non-zero differential e?4°.

6. Parallel forms

6.1. Parallel torsion.

Whenever in presence of a characteristic connection, it is relevant to consider
whether it annihilates the torsion 3-form. Evidence of this very restrictive condi-
tion can be found in [7, 4]. In the former Cleyton and Swann prove that parallel
torsion implies d*T" = 0, which seems to pervade our classification.

Proposition 6.1.  Let (I,h) be a symmetric pair. Then | admits (non-zero)
parallel characteristic torsion if and only if it is isomorphic to s0(3) @ R*. For
these [’s the characteristic connection is actually zero.

Proof.  As for lemma 5.5, when T is closed (and coclosed) the Lie algebras (2)
and (4) fulfill VI' = 0. An obvious coordinate change proves them both Abelian
extensions of s0(3). If dT" # 0 instead (see lemma 5.6), the torsion is never
parallel. [ |

6.2. Reduced holonomy.

The holonomy of the characteristic connection will reduce to a subgroup only in
presence of a parallel vector, and because of lack of space inside SO(3) there is
one non-trivial case, that of the circle

Hol(V)=U(l) <= 3fel:VE=0.
The next result concerns groups L other than the 5-torus:

Proposition 6.2.  Let (I,h) be a symmetric pair whose Lie group L has char-
acteristic holonomy U(1) C SO(3) by way of a V -parallel vector field &. Then |
1s 1somorphic to

1) s0(3) ®R?
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2) (0,e", €15, 12, ¢13),
3) (2 + el +e%,0,e'5, e, e3)
4) (0,0,0,0,e'® + %)
5) s3®R?
6) (0,0,e', e e3).
All others have full holonomy.

Proof.  First of all a parallel vector-to-be & must belong to h: the coefficients’
relations imply that components in e3, e; cannot appear. Disregarding situations
where the connection itself is zero, imposing V& = 0 yields either that

e p-derivatives are zero (precisely when £ = e;), or

e Vy =0 (ic. £ has ey-,e4-components as well).

a) e; is parallel for these types of algebras:
(0,0, base™® 4 byge®, —byge®®, —bose™® + byge®)
(59635, (big — baz)e®* + b1 bage® — byze®® + byge®, —byse®,
—bg4€13 —+ b45€23 —I— b48€34) (66624, —66614, O, b6€12, 0)
(07 513614, b24€15, —b13€12, —b24613)7

<b6€24 + b9€35, —2b45€24, b24€15 — b45€25 + 648645, 2b4g€24, 624613 + b45€23 —+ b48€34>

with by = —2(b35 + bl)/bs. The first three are isomorphic.

b) When the line ¢ intersects the plane span{es, e4}, the candidates for covariantly
constant fields have the form

xrep + Yea + t€4,

subjected to t* + y* = 3z% # 0 (we omit other relations imposed on (22)). Apart
from the Abelian algebra as, here are the solutions:

(b9€357 07 b96517 \/Tgbge?ﬁ) b9613 - \/Tgb9634)7 (b66247 07 b6€417 07 b6612)7
(0,0, ba4(e"® + v/3€%),0,0), (0,0,0,0,bs5(v/3e'® + €2 + €*)),
(0, bige®, bige®® + V/3b39e® baged bige?® + byge3?).

Recognizing the isomorphisms is easy now. ]

7. (I,h) non-symmetric pair

All examples in this section will have V = 0. In particular they have flat
characteristic connection, so their structure coincides with [5, equs (6.10)]. We
will also determine which ones have torsion of type AZ%.

Remember that the SO(3)-connection V satisfies (16) if and only if

b43 = b107 bZ3 = _b8> b15 = bl? = b29 = b40 = b49 = 0.
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One can assume at least one of b7, bg, b1, b12, bss, b37 to be non-zero to prevent p
from being ad(h)-invariant and b a Lie subalgebra of [. The structure equations
then are

((de' = —b1pe® + bee®* + bre®® + bge® + byge® + byge,
de* = bige'® 4 bige™ — bre'® + 2(bsg — bys + big)e*! + bgse® + bige® — bgre®,
de? = —bppe'? + /3boyge!® — bge!t + byge!® + \?(bg +bau = 3bis — 3bs)e™

—b35624 + (b50 + bgg — b45)€25 + 628634
—l-(\/?gbg + \/7%24 - \/7%13 - \?bﬁ + byg — bar)e®,

d64 = —b13612 + b8613 — b10€15 + b35623 + 2(b39 + b48 — b47)€24 + b37€25 + b39€35,
d65 = b7€12 + (bg + \/§b47 — %blg — %66)613 + b10€14 + \/§b50615 + b45623
\ —b37€24 + b47625 + b48634 + b50€45,

and the torsion reads

T — 5126123 _ b66124 _ b7€125 _ b8€134 + (b24 _ %b13 _ %bﬁ _ \/§b47)6135—
b106145 — b35€234 —+ (b28 — b50 — b196235 + b376245+

\/Tg(%bw + %bt‘) — by — bay + bgg — ba7)e®*.
(23)

Theorem 7.1.  If (1,) is non-symmetric, then V =0 and T is harmonic
dl' =0, d«T = 0.

In addition, | has 3-dimensional commutator ' = 2.

Proof. By imposing d? = 0 one gets the extra conditions:
bso = bar = bag = 0,byg = —b3g, b1z = —bg, baa = —bg, bas = by,
and then V = 0 by (11). Thus the above equations reduce to (6.10) of [5] with
t1 = —bia, t2 = bg, 13 = by, t4 = bs, 5 = bg, tg = bio, t7 = b5, ts = big, tg = 0,¢19 = —bsg
subject to the constraints

—b1ob1g + brbsg — bybsr = 0,
brbss — bsbrg + b12b3r = 0,
—b12b39 + bgbig — bobzs = 0,
—bgbsg + b19bss + bgbsr = 0,
—brbg + b12b1g + by = 0.

This system implies dT" = d(*T") = 0. This can be alternatively seen by computing
the form op of (21), as done previously.

A standard computation yields

___ (—brbg+b12b10) __ (brbzg—b1gb10) _ (—b1gbg+b12b39)
1. by = — bbb Grbchob) . Chsbetbab) g, 2 g,

by » V3 by
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_ ___ (—bgb1g+b12b37) _ biob _ biob
2. bg =0,b35 = — =5 =00 by = 2P0 byg = 2310 by #£ 0,

3. b7:O,b9:0,612:0,619:0,635:M,bw#o,

b1o

4. by =0,b3g = b1i237, by = bio = 0,b39 = bsbl;37756 # 0,

5. big = 22189 po = by = by = big = by = 0, bg # 0,

bs

6. bg = by = bg = by = byg = b1z = 0,
7. bg = by = bg = by = b1y = b3y = 0,

whose corresponding Lie algebras have all 3-dimensional commutator [ = [}, [].
Tedious details have been left out. [ |

Since V is flat, [5, proposition 6.6] has [ isomorphic to so(3) ®R? provided
that bgg # 0 in (23). We can generalise this result regardless of coefficients

Theorem 7.2. V=0 on [ if and only if | is isomorphic to s0(3) ® R2.

Proof.  The connection is zero if and only if ¢g([X,Y], Z) is a totally skew. In
other words if
gladxY,Z) = —g(Y,adx Z),

for any X,Y,Z € [. Then [ is compact and Weyl’s theorem says that [ =
' @ 3, where 3 is the center of [. By theorem 7.1 the commutator [! is a 3-
dimensional centerless compact Lie algebra, whence it is semisimple. Thus it is in
fact isomorphic to s0(3). m

Remark 7.3.  The characteristic connection being zero is reminiscent of com-
pact semisimple Lie groups of even dimension equipped with the complex structure
of Samelson [16] and metric given by the negified Killing form. They have in fact
zero Bismut connection and the corresponding torsion is always harmonic, exactly
as in 7.1, see [18].

Remark 7.4.  Note incidentally that if V = 0 then [ = h@®p defines a naturally
reductive space, for both the characteristic curvature and the torsion are obviously
parallel [19].

As equations (23) translate now in to
\/§535 =bio — b1z, bg+0br= \/§b37, bg = —2bg,

Corollary 7.5.  If (I,h) is non-symmetric, the torsion T is of pure type A2
when:

1. bg = —2bg, b1y = —/3bss + bio, b3y = %(21)3 - b?o - bg)?
byr = — %3 (—b2 + 262 — 302, + v/3bigbss),
bio = 23 (—byob2 + 2b1gb3 — b3y + v/302bss + v/3b2bss),
by = — - (263 — b3y + V/3bigbss)
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2. bg = —2by, by = 0, brg = —28%2 bay = ¥3(202 — %),

bss = —ﬁ(%é —b3y), bia = %757 = \/3b3;
3. bg = bss = b3g = 0, b%o = 253, bg = —2b9> b1y = b107 by = \/§b377 b§7 = 2b%9
4. bg =bg = by = byg = bzg = 0,b15 = —/3bss, by = v/3bs7. u

8. Example of pure type A? with non-closed torsion

The majority of Lie algebras found are strongly NI, in the sense that T is closed.
It is tempting to think that strongness would hold in general, but this is not the
case. The disproving example is constructed using a fibration similar to (17) and
will be required to have type AZ.

We consider Lie algebras [ whose Levi-Civita connection satisfies

VyhCh, VypCp, VY €Ep. (24)

These are in some sense ‘dual’ to those of proposition 5.1. The constraints (24)
are equivalent to (I,p) being a symmetric pair this time, i. e.

b,p] Cp, [h,p]ChH, [b,H] Cp.

The connected Lie subgroup P C L with Lie algebra p is the typical fibre of the
Riemannian submersion
L— L/P

that renders L/P a 3-dimensional locally symmetric space. With the aid of O’Neill
formulas the Ricci tensor can be expressed via

Ric(X, X) = —([X, [X, ex]ply, €1) — ([X, [X, ea]ply, €2) — ([X, [X, ealply, €a),
for any X € b, and yields the scalar curvature in terms of the b, ’s.

The Lie algebra

[— (_%615 I 3{5623 _ %564576257 V362 — o2 _ o35 _g\/§€15 _ %623 _ ?164570>

is a particular solution of the system (19) coupled with the Jacobi identity. It has
highest step length (four) and commutator I' = span{ey, ..., es}. Its torsion

T — \/T§6123 . \/§€145 . %6234

is not strong

dT = _%(62345 + \/361235), ds«T = 0.

The Ricci curvature

-5 0 0 —-5Vv3 0

0 =2 0 0 0

Ric(L) = 0 0 -z 0 0
-2V3 0 0 —PV3 0

0 0 0 0o -2

is non-positive, and L/P is scalar-flat.
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9. Higher dimensional geometry

The added value of SO(3) geometry comes from links with other G-reductions.
Interesting seven-dimensional manifolds can be built starting from an SO(3) five-
manifold L: non-integrable CR-structures when L has pure type A%, and Gs-
metrics on sphere bundles over L [5]. We concentrate on 8-manifolds now, moti-
vated by the observation [14] that a natural generalisation of an irreducible SO(3)
structure on a five-manifold is to consider the action of SU(3) in real dimension
eight. We therefore take the product L x K, with K = R3 or SO(3), equipped
with the left-invariant metric

§=g+ () + () + (),

where ¢ is the adapted metric on L and eg, e7,eg span the Lie algebra € of K.
When K = SO(3) this basis is the standard one [eg, e7] = es, [e7, es] = €, [es, €] =
e7. The vector space R® is identified with the set of traceless skew-Hermitian 3 x 3
matrices

z1 — V3 V3(w2+ixs) V3(ws + iz
X =(x1,...,28) < \/g(xQ —irg) x1+ NI \/g(x5 + iz6)
V3(x3 —izr) V3(w5 — ixe) —214

The irreducible representation of SU(3) on R® is given — as for SO(3) — by
p(h)X = hXh™' h € SU(3). An SU(3) structure on (L x K, g) is defined [14] by
an element T € ®3R® satisfying similar relations to those of T
T(X,X,X) =T(X,X,X)+ 3z, (22 + a2 — 223) — 2LBay(—a2 + 22)

+ 3\/5(1’31’6%'8 — T5Tely —+ .%'21’71’6),

. -
with X = (z1,...,x5). Setting xg, 27, s to zero induces the same structure on
R> C R® as (2), because the position of v/3 is more or less only cosmetic. Yet in
stark contrast to dimension five [5], the reduction is equivalently determined by
the differential 3-form

v=FE NS+ EyNe + Eg A e+ %78,

where the E;’s come from (8). The isotropy of ¢ is SU(3)/Zs; embedded in
GL(8,R). We refer the reader to [12] where the action of SU(3) on R® was first
examined. In this respect we can show that under (24) the 3-form ¢ is never
closed: in particular the Lie algebra of the previous section does not have an
integrable PSU(3) structure a la [20].

As in the lower dimension, a nearly integrable SU(3) structure is defined
in terms of a symmetric Killing tensor T. This only implies the existence of a
connection with totally skew torsion, but is no longer equivalent to it. We shall see
under which circumstances one can get hold of a nearly integrable SU(3) structure
on L x K, and that the induced characteristic connection is the zero connection,
making 1 obviously parallel.
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The explicit components of T = ij b1 Tijk dzr; ® dx; ® dxy, are:

Tz‘jk = Tijr, 4,75,k <5;

= T177, Tlss =1, P]T466 = —'TT477 = P]T267 = _P]T368 = T578 = \/75
(25)
Let V indicate the Levi-Civita connection on [+ £ and also its restriction to [ and

£, so

|
Ti66 = —3

_ 1, _ _ 1, _ _ 1, _
Veser = 568 = —Ve€6, Veges = —5€67r = —Ves€s,  Ve,€8 = 566 = —Veger

for K = SO(3).
Lemma 9.1.  Let (L%, g, T) be NI Then the SU(3) structure (Lx K, §,T), with
K =R3 or SO(3) is NI if and only if

VxX =0 forall X €l.

Proof. Set X = X +Y € [+ ¢. By construction VyY = 0, and both when
t=R3 and €= s0(3), VyY vanishes as well. Thus

0=T(VzX,X,X)=T(VyX,X,X)
= T(VxX, X, X)+2T(VxX,X,Y) 4+ T(VxX,Y,Y).

The first term (all X’s) vanishes by near integrability of L, and the second too
because the components (25) yield T(L,[,€) = 0. By lincarity T(VxX, e;,¢;) =
0, 4,7 = 6,7,8. Using (25) once more gives g(VxX,[) = 0. The argument also
works backwards. |

The relation of the lemma says that V.e;+V,e; =0 forall 4,5 =1,...,5, which
implies (12). The first string of the latter equations characterises (16), so

Corollary 9.2. The geodesic equation V x X = 0 induces the split behaviour of
V on | described by (16) and forces V to be zero. ]

In this case, the skew-symmetry of V can be simply detected by considering
the relation 2g9(Ve; + Ve e, ex) = T(ei, e, ex) +T(ej, €5, 1), Vi, j, k.
That said, generating nearly integrable SU(3) structures on the 8-manifold (L X

K, §,T) is possible only starting with one candidate

Proposition 9.3. Up to isomorphisms, the unique symmetric pair giving rise
to NI products L x R3, L x SO(3) is (I =s0(3) ®R? b =s0(3)).

Proof. In the symmetric case Vx X = 0 reduces the structure equations of L
to

de' = bge®* + bye®

d€2 = —b6€14 + b19€35

d€3 = 65 N (bgel + b19€2 + b39€4)

de* = bge'? + bgge®

d65 = (bgel + b19€2 + 63964) A 63.

From the Jacobi identity either bg = 0 or by = b1g = b3g. Both structures are
isomorphic to s0(3) ® R? and crop up as II, IV in lemma 5.5. |
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Proposition 9.4.  Non-symmetric pairs with by; = 0 always induce a nearly
integrable SU(3) structure on the product L x K .

Proof.  All algebras of section 7. satisfy, by way of d?> = 0, the extra require-
ments b5 = byy = bag = 0, byg = —b3g, b13 = —bg, bay = —bg, bys = byg. u
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