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Analyticity of Riemannian Exponential Maps on Diff(T)
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Abstract. We study the exponential maps induced by Sobolev type right-
invariant (weak) Riemannian metrics of order k£ > 1 on the Lie group of smooth,
orientation preserving diffeomorphisms of the circle. We prove that each of them
defines an analytic Fréchet chart of the identity.
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1. Introduction

The aim of this paper is to contribute towards a development of Riemannian
geometry for infinite dimensional Lie groups which has attracted a lot of attention
since Arnold’s seminal paper [1] on hydrodynamics — see [2], [8], [11], [15], [16], [19].
As a case study we consider the Lie group D = Diff(T) of orientation preserving
C°-diffeomorphisms of the circle T = R/Z. According to Milnor [18, §9], the
group D, endowed with the C°°-Fréchet differential structure, is not analytic i.e.,
the mapping D x D — D, (p,9) — o~ is not analytic. Nevertheless, it
turns out that for a family of right-invariant weak Riemannian metrics on D,
the corresponding Riemannian exponential map defines an analytic chart of the
identity of D — see Theorem 1.3 below.

The Lie group D and its Lie algebra come up in hydrodynamics, playing the
role of a configuration space for Burgers equation and the Camassa-Holm equation
[16], [19] (see also [15]). The latter equation is a model for (one dimensional) wave
propagation in shallow water (cf. [12], and for a derivation based on physical
grounds [5]) that has several interesting features which have been intensively
studied in recent years.

For any given integer k& > 0, consider the scalar product (-,-); : C*°(T) x
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C¢>(T) — R,
:
(u,v)g := Z/@iu@ivdm.
j=0 7T

It induces a C% (i.e., Fréchet analytic) weak, right-invariant, Riemannian metric
(k) D-
v¥) on D:

v (&, m) = ((diaRy) "¢ (diaRy) '), Vo €D, and V¢ n € T,D

where R, : D — D denotes the right translation 1 +— 1) o ¢. The subscript F
in C% refers to the calculus in Fréchet spaces — see Appendix A where we collect
some definitions and notions of the calculus in Fréchet spaces. The metric v*)
being weak means that the topology induced by v*) on the tangent space T,D at
an arbitrary point ¢ in D, is weaker than the Fréchet topology on C'*(T).

Definition 1.1.  For any given 7' > 0, a C%-smooth curve ¢ : [0,T] — D, is
called a geodesic with respect to v, or v¥)-geodesic for short, if it is a critical
point of the action functional within the class of C%-smooth variations v of ¢
constrained to keep the end points fixed i.e., for any C%-smooth function

v:(—g,e) x[0,T] = D, (s,t) — (s,t)

such that v(0,t) = ¢(t) and, 7(s,0) = ¢(0) and v(s,T) = ¢(T) for any —e <
s < €, one has

d
| el =0 (1a)
where & denotes the action functional
T IR .
gk (7(57 )) = 5 0 VV(S’t)(’}/(S, t)7 7(57 t))dt7 (1b)

and (s, t) = 0v(s,t)/0t.
The Euler-Lagrange equations (1a) on D for critical points of the action functional
&L defined in (1b) are given by

2] 2

U= Fk(@? U)
where
Fi(p,v) := Ry, 0 A,;l o Bi(vo 90_1) (3a)
in which
k
A=) (-1)0% (3b)
j=0

and, for any smooth function u in C*°(T),

Bi(u) = —2u'Apu+ Ap(un’) — uAzu
= —2u'Apu+ Q(u) (3¢c)
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where Q) is a polynomial in 2k + 1 variables, and @ (u) is short for the function
Qr(u, Opu, ..., 0%u). In the sequel, we will refer to Qx(u) as the polynomial in
u, Optt, - - ,0?*u. Here ()" stands for d/dt and (-)" for 9/0,. Note that t +— o(t)
evolves in D whereas t — ¢(t) = v(t) is a vector field along ¢ i.e., a section of
@(-)*I'D. In particular, v(t) belongs to T,u»D for any 0 <t < T for some T > 0.
We want to study the following initial value problem

{ (90’ U) = (Ua Fk(% U))
(¢(0),0(0)) = (id, vo) -

It is easy to check that (4) is equivalent to

(4)

p=uop
L0 - )

and

Ayt + uApu + 20 Agu =0 6
u(0) = vy (6)

where t — u(t) = (diaRy) *¢(t) belongs to TigD. The initial value problems
(4) and (6) are, via (5), two alternative descriptions of the geodesic flow. The first
corresponds to the Lagrangian description i.e., tracking the moving point in D
along the section o(-)*T"D while the latter describes the events in TiqD from the
Eulerian point of view of a fixed observer.

The case k = 1 is particularly interesting since the geodesic flow (4) with
v =wuo is a re-expression of the Camassa-Holm equation (6) — see e.g. [15],[16],
and [20]. Indeed, the dynamical system (4) can be used to study the initial value
problem for (6) — see e.g. [9], [20].

Theorem 1.2.  Let the integer k > 1. Then, for any of the right-invariant
metrics V%) | there exists an open neighborhood V) of 0 in C>(T) such that, for
any vy in V) | there is a unique v™® -geodesic, (—2,2) — D, t — @(t;vy), issuing
from the identity in the direction vy. Moreover, the map

(—2,2) x vk D, (t,v) — p(t;v0)

1s Fréchet analytic.
Theorem 1.2 allows to define, for any given £ > 1, the Riemannian exponential
map

Expy |y : VP =D, vy = (L5 0).

Theorem 1.3.  For any integer k > 1, there exists an open neighborhood
VE CV® of 0 in C°(T) and an open neighborhood U*) of id in D so that

Exp, v U(k), vo — ¢(1;v0)

‘ O

is a Fréchet bianalytic diffeomorphism.
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Related work: Theorems 1.2 - 1.3 improve the results of Constantin and
Kolev in [7, 8] where it was shown that the exponential map is a CF-diffeomorphism.

Method: The approach used to establish Theorems 1.2 - 1.3 is new. It
consists in showing that the analyticity of the geodesic flow as described in Theo-
rem 4.3, Theorem 5.2, Proposition 6.1, and Proposition 6.2, can be obtained by an
interplay of the structure of the equations describing the geodesic flow from a La-
grangian perspective and the structure of the Euler equations. In [14], we applied
our method to define and study exponential maps on the Lie group of orientation
preserving diffeomorphisms on the two dimensional torus R?/Z?. Moreover, this
new approach improves on the results in [6] for the Virasoro group.

Organization of the paper: Sections 2., 3., and 4. are preliminary. In
particular, we show in detail that the vector fields in the equations defining the
geodesic flows are analytic in suitable spaces. Theorem 1.2 is proved in section 5..
To show Theorem 1.3, we use Theorem A9 which is a version of the inverse
function theorem in a set-up for analytic maps between Fréchet spaces discussed
in Appendix A. In section 6., we verify that the assumptions of Theorem A9 are
satisfied in our situation.

Case k = 0: Our new technique does not apply in the case k£ = 0; the
equation (2) with £ = 0, is no longer a dynamical system (hence, we can not rely
on the existence theorem of ODE’s to establish existence of geodesics in Sobolev
spaces). Indeed, the crucial difference with respect to the case & > 1, lies in the
fact that the inverse of the operator Ay defined in (3b) is the identity operator in
the case k = 0, hence it is not regularizing. More specifically, the expression on the
r.h.s. of the system (2) is the map D x H* — H' x H'™'| (p,v) > (v, —200' /)
which is not a vector field on D* x H’. Therefore the proof of Theorem 1.2
in the case k = 0 has to be dealt with differently. One way is to notice that
the geodesic flow (2) with & = 0 is equivalent to the inviscid Burgers equation
4+ 3uu’ = 0 (cf. (6)) which can be solved implicitly (locally in time) by the
method of characteristics. However, in the case k& = 0, Theorem 1.3 does not
hold. An explicit counter example is given in [8]. For this reason, in the rest of
the paper, we will only concentrate on the case k > 1.

Notation: The notation we use is standard. In particular, H* = H*(T) =
H*(T,R) denotes the space of real valued functions on T of Sobolev class H*, and
for s > 1, W** denotes the Banach space of continuous functions f: T — R for
which &2 f are in L>® = L*(T) for every 0 < j < s. Further, for s > 2, D% =
Ds(T) denotes the set of orientation preserving C'-diffeomorphisms ¢ : T — T of
class H?. It is a Hilbert manifold modeled on H*. The complexification of a real
vector space X will be denoted by X¢ ie., X¢:= X ®C.

Acknowledgement: It is a great pleasure for the first author to thank
P. Michor for valuable discussions.

2. The group of diffeomorphisms of T

For the convenience of the reader, we collect in this section the results about the
group of diffeomorphisms of T that we need. For a general discussion on this topic
see [11] and the references therein. Throughout this section, s > 2. Denote by D*
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the set of all orientation preserving C!-diffeomorphisms ¢ : T — T such that ¢
belongs to H*"! i.e.,

D¥:={p:T — T, C'— diffeomorphism| ¢ >0, and ¢ € H*'}.

D? is in a natural way a Hilbert manifold modeled by the Hilbert space H*. An
atlas of D® can be described in terms of the lifts of ¢ in D®. A lift of ¢ is of the
form

R—-R, z—z+ f(z)

where f isin H?®. The following two Hilbert charts form an atlas of D?

Ul ={p=id+ f| fe H and |f(0)]<1/2; f' > -1} (Ta)
and

5={p=1id+f| feH and 0<f(0)<1; f'>-1}. (7b)
(By a slight abuse of notation we denoted a lift of a diffeomorphism ¢ again by
)
Lemma 2.1.  Let s > 2. Then, for any ¢ in D*, the inverse ¢! of ¢ is again
in D?.
Proof. Clearly, for any ¢ in D*, ¢! is a C'-diffeomorphism. Using that

(™1 = (1/¢') o ¢! and the fact that H” is an algebra for any r > 1, one
sees that (p~1) isin H* !, and hence that ¢! belongs to D*. ]

Lemma 2.2.  Let s > 2. Then the following statements hold:

(i) For any u and ¢ in H® and D® respectively, uo ¢ is in H*.

(i1) For any ¢ in D*, the right-translation R, : H® — H® u +— wo ¢ is
uniformly continuous on subsets VW C D* satisfying

SUP(“SO_IHWLOO + ||ollgs) < +oo. (8)
peEW

(111) For any u in H*, the left-translation L, : D° — H?®, @ — uoyp is continuous.

Proof. (i) First let us prove that for u in L? and ¢ in D?, the composition u o ¢
is in L?. To see this, note that

o gl = [ lute@)Pde = [ )P @)de < (gt )l ©)

Moreover, as s > 2, by the Sobolev embedding theorem, ¢’ is bounded for any ¢
in D®. Hence, the argument above shows that, for any s > 2, given any u in H*
and any ¢ in D%, uop and (uop) = (u' o)y arein L?. For any 2 < n < s,
we get by the chain and product rules

M(uop)=(uop)d go—i—an] [(07u) o ] (10)
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where p, () is a polynomial in 9., ...,9" " 7p. Now, for s > 2, the fact that
v’ isin H¥~! C H' C C° implies that u' o ¢ is bounded so that (u’ o ¢)d%¢ is in
H*™ C L?. Similarly, for every 2 < j < n, (0Ju) o ¢ are seen to be in L?, and
Pnj() is bounded. But then, as 97 (uo¢) isin L? for every 2 < n < s, and since
uo @ and (uo ) were shown to be in L? too, we conclude that, for any s > 2,
w in H?® and ¢ in D°® imply that wo ¢ is in H® as asserted.

(17) Let (um)m>1 be a sequence in H® which converges to w in H*. By (9),

one has

1t — ) 0 @l < Nl 17 N1t — 2,
and

1((tm = 1) 0 @) 122 < Nellypt oo llttm — ull -

To estimate the derivatives of order 2 < n < s, we use formula (10). By the
Sobolev embedding theorem,

1T —w)" 0 @107l 2 < llum = ullwroellellan < Cllum — ullas || @l ae,

where C' > 0 denotes a constant, and for every 2 < j <n,

_ 1/2
w20 It —

1P (©)[0%(tm — 1) 0 @l 22 < [gn (o] He

where g, ; is a polynomial in one variable with positive coefficients. It then follows
from (10) and the above estimates that, for any 0 < j <'s,

102 [ R (i — ][22 = O([[ttrn, —

i)
for ¢ in sets W C D* satisfying (8). This establishes uniform continuity of the
right translation within the set W.

(73i) Let (¢m)m>1 € D° be convergent to ¢ in D°. First we will assume
that u belongs to H5%2. As s > 2, wu is Lipschitz continuous i.e., for any z in T,

o om(@) —uop(r)] < |lullwr<lpm(r) =@ (z)].
This implies
luo pm —wogllrz < [lullwcellm — ¢l 2.

Similarly, as (uvo,,) = (4 0 @y,)¢),, one can estimate ||(uwo vm) — (wo )12 by

(' © @©m) (2, — )22 + [|[(t' 0 @ — 1" 0 )| 2
<ullwroe | (em — @)’ ll22 + ll@llwre |Jullw2.ee|[@nm — @l 2
<Cmax(1, [|¢llwree) |ull gsllem — @l L2,

where in the last step we used the estimate ||ul|p1.0 < ||ul|wze < C|ul|gs, which
follows by the Sobolev embedding theorem.

Next, as in the proof of (i7), we use (10) to estimate the higher order
derivatives (2 < n < s). First,

10z (wo gm —uo @) < [[(u 0 )05 om — (u' 0 P)OFpllL2
+ 250 [1Pn,i (0m)[(931) © m] — pn,j(0)[(O5u) 0 ]| 2.
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Based on previous estimates, the norm ||(u' 0@,,)0% pm — (W 0p)d || 2 is bounded
by

lu" 0 om —u' 0 @l 07 mll 2 + Nullwroe 107 Pm — 07l 2,
while [|py,;(¢m)[(971) © o] — Pu,i(9)[(0fu) o ¢]|| 2 is bounded by

1(Pn,3(2m) = P (©))[(O2w) © Pm]llz2 + 1Pai () (D) © m — (B5u) 0 ¢]|| 2.

One then shows that ||0%(uo g, —uop)|/rz — 0 as m — +oo using the estimates
[0 0 m — w0 @l L= (|07 pml 2 < [[ullwzoe supys i {llomllmm Hiom = @llar,

| 0 @l Leo |07 om — gl < |ullwroe |om — @l mm,
and

s (em) = s (2)(04) 0 2 <
< ||a%uHL2HQOV_anW1,OO||pIL/J2'(90m) — Pnj(©)] Lo
< l[ullzrs supps 1 {llom 10 3 (lom — @llws—1e0)

where 7, ; is a polynomial in one variable with positive coefficients, and

1P, () [(B011) © P — (D) © P[22 < [[Pnj ()| oo |l wros || 0m — |2

< G ([[@llwrn-roe)ullwirroollom — @l L2

< Cnj(llellws=ro)[ull o2 lom — |12
where the last inequality results from the fact that, for every 2 < j < s,
109wl preo < |ullwitroo < |Jullpstroo < Cllullgs+2 by the Sobolev embedding theo-
rem, and where ¢, ; is a polynomial in one variable with positive coefficients. Alto-

gether, since u was assumed to be in H*"2, we have shown that (L, —L,, )op — 0
as m — 400 in H°.

The general case, where u is merely in H?, is now obtained by a limiting
argument. Indeed, as H**? is densely embedded in H*®, we may choose a sequence
(ui)i>1 € H*"? so that u; — w in H® as ¢ — +o00. Then

|wo om —uow|ms < ||uowm —u;00m||as + ||ts 0 Pm —ui 0@ s + ||us o0 —uo @ .

Note that sup,,>;([l¢y, lwie + [lon!la:) < +oo as ¢n — ¢ in D° for s > 2.
Hence, we have by (ii) that, for any given ¢ > 0, there exists iy = ig(¢) > 1 so
that, for any ¢ > ip, and any m > 1, the first and third factors on the r.h.s. of the
last display are no larger than €/3. Finally, by the argument above, there exists
mo(e) > 1 such that for every m > mg the middle term is smaller than £/3, and
we are done. [ |

Proposition 2.3.  For any s > 2 and any r in Zso, the composition H*™" x
D® — H?®, (u,p) — uoy is C"-smooth.

Proof. Consider first the case r = 0. It is to prove that, for any sequences
(Um)m>1 € H® and (¢m)m>1 € D such that u,, — v in H® and ¢,, — ¢ in D*
as m — +o00, the sequence (U, © @m)m>1 converges in H® to uo ¢. Indeed,

[t © pm —wo plls < |[(um =) © omllas + [luo om —uoplu.

As ¢, converges to ¢ in D* and s > 2, one has that sup,, ||¢,! |~ < +00.
Hence one can apply Lemma 2.2 (i) to conclude that |[(u, — u) o @n||lzs — 0.
By Lemma 2.2 (iii), ||[uo g, —uop|gs — 0 as m — +oo. The proof of the case
r > 1 is similar and is left to the reader. [ ]
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Proposition 2.4.  For every s > 2 and any r in Zso, the map D**" — D*,
o @1 is C"-smooth.

Proof. As above, we will give the proof of the case r = 0, and leave the case
r > 1 to the reader. Let (¢,)m>1 be a sequence in D* with ¢, — ¢ in D*. By
Lemma 2.1, ¢! and ¢! are in D*. It is to prove that o, ! — o~ ! in D*. To
this end, write

o — 7 = (id =7 o) o).
By Lemma 2.2 (iii), ¢ 1o ¢, — o lop =id in D* as m — +oo. As
sup,, (e ms + ||@mllwi~) < +oo, it then follows from Lemma 2.2 (i) that
(o tow, —id)op, ! — 0 as m — +oo. [

Remark 2.5. From Proposition 2.3 and Proposition 2.4 it follows that the
composition and the inverse maps, D x D — D respectively D — D, are CF-
smooth, hence D is a Lie group. Its Lie algebra Ti4D can be canonically identified
with C*(T,R), with bracket given by [u,v] = wv’ — u'v.

3. The vector field F;

In the present section, let the integer k£ > 1, and ¢ > ¢ := 2k + 2. For any (¢, v)
in DY x H*, consider

Fk(@?”) = (UaFk<907 U)), (11)

where Fj is defined in (3). It follows from Lemma 2.1 and Lemma 2.2 that, for
any (p,v) in D x HY, the r.h.s. of (11) is well-defined and belongs to the space
H® x H®. 1In particular, (11) defines a dynamical system (ODE) on D* x H*.
Introducing

A : D x HY — D' x H* | (p,v) = (p, Ry 0 Ay o Ry-10)

and
B : D' x H' — D' x H"*  (p,v) = (p, R, 0 By o Ry-10)

with Ay and By as in (3b), respectively (3c), we can write
F}, = Proj, o A, o By,

where Proj, is the projection onto the second component (¢,v) — v, and A,;l
is the inverse of A, described in the following proposition.

Proposition 3.1. Let k> 1, and ¢ > ¥, =2k + 2. Then
(i) the map
A D' x H' - D' x H™F (p,v) = (¢, Ry o Ag o Ry-1v) (12a)
1s a bianalytic diffeomorphism with inverse given by the map

AL DI x HT% — DY x HY, (p,v) = (o, R,0 A o R-v) . (12D)
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(ii) The map
By, : D' x H* — D' x H"?* (p,v) = (p, R, 0 By o R,-10) (13)
18 analytic.
As a consequence,
(11i) the vector field
Fi D' x H' — H x H', (p,v) — A o Bi(ip,v) (14)
is analytic on the Hilbert manifold D' x H*.

To prove Proposition 3.1 we need two auxiliary lemmas.

Lemma 3.2. Let k> 1, and { > {;, = 2k + 2. Then, for any ¢ in D' and v
in H*, and, for any 1 < n < 2k, the following statements hold:

(1) O.(p o =1/¢, and for n > 2, (O"p~1) o ¢ is a polynomial in 1/,
Ovp, ..., 00¢ with integer coefficients.

(i) D"(,v) := Ry, 00" 0 Ry-1v = (9(vo ') o p = > 1 Pnj(p)0dv where
Pnj() is a polynomial in 1/¢', Opp,. .., 00 I with integer coefficients.
In particular, p,.(e) =1/(@")".

Proof. The proof follows by a straightforward application of the chain rule (cf.
discussion following (10)). n

Recall that HE := H*(T,C) is the complexification of H*.

Lemma 3.3.  For s > 1, let W& denote the open subset W& = {f € H{
f(x) #0Vx € T}. Then, the map W¢& — HE, f— 1/f is analytic.

Proof. Let f in W§, and U.c(f) be the neighborhood

Uc(f)={f—9lgeH ; |9l

with € > 0 so small that [|g/f|z: < 1. Such a choice is possible since, Hg being
a Banach algebra for s > 1, |lg/fllgs < Cllgll:l|1/ f|zz so that it suffices to pick
0<e<1/(Cl1/fllaz). Then, 1/(f — g) can be written in terms of a series

1 1fg (g)
f_g_f<1+f+(f) +>

which converges uniformly in U.c(f) to an element in Hg. [

HE<€}

Corollary 3.4.  For any s > 2, the map D* — H*™', o 1/¢ is analytic.

Proof. The map D* — H®* ' ¢ — 1/¢' is the composition of the linear map
DS — H*' o+ ¢, and the analytic map H*™' — H*! o +— 1/¢. ]
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Proof of Proposition 3.1. (i) By direct computation, one sees that the map defined
in (12b) is indeed the inverse of (12a). In particular, this shows that Ay is bijective.
By Lemma 3.2, the definition (3b) of Ay, and that of D"(p,v) (cf. Lemma 3.2
(7)), we have that

k
R,0 Ao R,~1iv =v+ Z(—l)jDQj(go, v)

=1
2%

=0+ Y qu () (15)
=1

where goy ;() is a polynomial in 1/¢’, 0., ..., 0%+ with integer coefficients.

Note that in view of Lemma 3.2 (i), qorox(®) = (=1)%/(¢")?*.
By Corollary 3.4, the map

D' x H' — (H7MY* 2 (p,0) = (1/¢,0pp, ..., 0% @, v, 00, ..., 0%0)

is analytic and, since for ¢ > ¢, = 2k +2, H*?* is a Banach algebra, we conclude
that the r.h.s. of (15) is analytic and hence that Ay is analytic. Moreover, for any
(¢0,v0) in D x H*, the differential d(,, ) Ax : H* X H® — H* x H*™?* is of the
form

op 0
o0 Ar (30, 60) = ( AG$) Rypo Ao R, 100 ) (16)

where
A:H — H" and R, o0 Ao R H — H2*

are bounded linear maps. As the latter map is invertible, the open mapping
theorem implies that it is a linear isomorphism. Hence, d(y,.,)Ax is a linear
isomorphism and, by the inverse function theorem, the map defined in (12a) is a
local C¥-diffeomorphism and since we have seen that Ay is bijective, assertion (7)
follows. The proof of item (i) is similar to the proof of the analyticity of Ay in
part (7). [

4. The complex analytic extension of F

As in the previous section, let £ > 1, and ¢ > {;, = 2k + 2. Denote by ilf(c the
complexification of the Hilbert chart 4{ defined in (7a),

Ui ={p=id+f| f€HE; |f0) <1/2Re[(¥)* 7] >0}.  (17)

(The condition Re [(¢’)?*73] > 0 will be used in the proof of Proposition 6.1.) It
follows from Lemma 3.2 and Lemma 3.3 that, for any 1 < n < 2k, the map

U x H — H"" (p,v) — D"(p,v) := R, 00" 0 Ry-1v (18a)
can be extended to an analytic map

Uie x He — Hg™", (p,v) = Dg(p,v). (18b)
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As a consequence, the map (cf. (15))

k
U HY — H2F 0 (0,0) — Ay(p,v Z 1)7D% (p, v) (19a)
has an analytic extension
k
uﬁ,@ X Hé - Hé_Qka (907 ) = Ak(C w,v Z JDQ]
Note that the latter is of the form
Arc(p,v _U+ZQ2I€j (19D)
where oy ;(p) is a polynomial in 1/¢’, 0., ...,0%*" 1=y Further, we introduce
the analytic map (the complexification of (12a))
Ak,(c 511{,((: X Hé - ‘uﬁ,C X Hé_Qka (@7”) = (907 Ak’(c((,O,U)) . (20)

Analogously, Lemma 3.2 and Lemma 3.3 imply that the map (13) can be analyti-
cally extended to the map

Bic : U ¢ x He — Ui ¢ x HE. (21)

Lemma 4.1. For any k > 1 and ¢ > {}, there exists a complex neighborhood
Urrc of id in il?c such that (12b) can be extended to a bianalytic diffeomorphism

-1, 0—2k ¢
k,C UE,k;(C X H(C — Ug7k;(c X H(C (22)
with inverse Ak7<c‘U£ oxHE”
S5 C

Proof. By (Pfoposition 3.1, for any ¢ > /., there exists a complex neighborhood

k . . ¢ ¢ . . .
Urrc X Wye of (id,0) in o x He such that Ak@le,k;cxWéfE;) is a bianalytic
diffeomorphism onto its image In particular, cf. (20), for any given ¢ in Upg.c,
the map Agc(p,-): Wec — HE?F extends, by linearity, to a bounded map

Arc(p, ) He — He ™.

As Apc(p,-) is a bianalytic diffeomorphism near the origin, it is in fact bijective.
Hence, by the open mapping theorem, Ay c(y,-) is a linear isomorphism for any
¢ in Uppc and hence

. L -2k
Avcly, , s Utie X He = Uge X Hg (23)

is bijective. Moreover, from (20), one sees that, for any (g, vo) in Upp.c x HE, the
differential d,, ) Ak,c of the map in (23) is of the form (16), and hence, a linear
isomorphism. Altogether, it follows that (23) is a bianalytic diffcomorphism. =
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Lemma 4.2. For any k > 1 and any € > {;, the neighborhood Uyi.c in
Lemma 4.1 can be chosen to be of the form Ue(fc) = Up e N WU ¢
Proof. For any ¢ > ¢, formula (20) defines an analytic map from Uﬁ(ﬁc) x HE to

U e(lfc) X Hé*%. By Lemma 4.1, for ¢ = ¢}, this map is a bianalytic diffeomorphism.
Hence, it is injective for any ¢ > ;. The proof of Lemma 4.1 shows that it suffices
to prove that, for any ¢ in Ué)’g,

Arc(p, ) : HE — Hf:_%, v A c(e,v),

is onto. Indeed, for any ¢ in Ugg and any h in Hé’%, the equation for v,
Apc(p,v) = h, is by (19b) the ODE

ok
v+ Z Gon.i () = h.
j=1

Now, first observe that for ¢ in Uéy’g - Uﬁ(f,)(CJ the linear operator A c(y,-) maps

Hé’“ to Hf:’“_%, and since the latter is a linear isomorphism, it follows that (for
. . . . . O .

any ¢ and h as above) this equation has a unique solution v in H. Finally,

as qor; () is in He 271 and gopar(0) = (=1)%/(¢")?* does nowhere vanish by

(17), it then follows that v is in HE. n

From now on, we choose Uyj.c in Lemma 4.1 to be given by
k
UL = Ugpc N Y ¢

Recall that the maps Ay ¢ and By ¢ described in (20) respectively (21) are analytic
on Y{ ¢ x H¢. By Lemma 4.1, A,;(IC is analytic on Ue(,]g x HE?F (cf. Lemma 4.2).
Hence, the vector field

Fuc Ul x HE — HEx HE, (0,0) = (0, Fuclp,0)) = A Lo Biclp,v) . (24)

is analytic; in fact the analytic extension of the vector field defined in (14). We
will study the properties of the dynamical system corresponding to Fjc on Uz(,]?c)

ie.,
Q=
) 25
{U:Fk,C«OaU)' ( )

As, for any k£ > 1, (id,0) is a zero of Fi ¢ (and hence an equilibrium solution of
(25)), one gets from [10, Theorem 10.8.1] and [10, Theorem 10.8.2] the following
result.

Theorem 4.3. Let k > 1, and ¢ > ¢, = 2k + 2. Then there exists an open
neighborhood Vigc of 0 in HE so that, for any vy in Vigc, the initial value
problem for (25) with initial data (¢(0),v(0)) = (id,vy) has a unique analytic
solution

(=2,2) — USe x HE, t— (p(t;v), v(t; vo)). (26a)

Moreover, the flow map,
(=2,2) X Vige — Uy x HE, (t,00) = (9t v0), 0(t; v9)) (26D)

18 analytic.
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Remark 4.4.  Infact, [10, Theorem 10.8.1] and [10, Theorem 10.8.2] imply that
(26Db) is a C''-map over C, and thus that the map (26b) is analytic.

Remark 4.5.  Theorem 4.3 does not exclude that (1,5, Ver,e = {0}. This
possibility is ruled out by Theorem 5.2 given in the next section.

5. The exponential map and its analytic extension

As in the previous sections, let & > 1, and set ¢, := 2k + 2. By (26b) of
Theorem 4.3, the Riemannian exponential map

Expyy,  Viere N H® — D%, vy — ¢(1;vp)
admits an analytic extension
C (k)
Eka7€k : ‘/gk?k;(c — U&m(C, Vo — gp(l, 'U()) . (27)

Set
k
Vzi,?c = Vi kC -

Noting that doExpj ¢, = Id 0, 1t then follows from the inverse function theorem
’ C

that, by shrinking the neighborhoods Véik()c and U, E(f)(c if necessary, one can ensure
that the mapping (27) is a bianalytic diffeomorphism. This will be tacitly assumed
in the remaining of the paper. In this section, we study the restriction of Exp(,igk

to V"L N C=(T,C).

A priori relation: For a while let us study the equation (2) instead of its analytic
extension (25). Consider the curve u = v o ¢! where t — (p(t),v(t)) is an

arbitrary C-solution of (2) in (U, e(lfc) NU) x H on some nontrivial time interval
(=T,T). By Proposition 2.3 and Proposition 2.4,

(~T.T) = H' CH", tut) = v(t) o p7'(0),

is a C'-curve in H"!. Moreover, it satisfies (6). Our aim is to derive, for any
—T <t<T,aformula for (Agu(t)) o ¢(t) which will be used to study regularity
properties of the exponential map. By the chain rule,

[(Agu) 0 @] = (Agir) 0 o + [(Agu)’ 0 ©lep.
As v = ¢ = u o, the initial value problem (6) then leads to

{ [(Agu) o @] +2(u’ 0 @)[(Aru) 0 ] = 0
(Aru(0)) © (0) = Agvo.

By definitions (18a) and (19a), (Aju) o = Ax(p,v), and v’ o = D!(p,v). Hence,
the latter can be rewritten as

[Ak(ﬁpa U)] + 20! (907 U)[Ak<90> U)] =0
A ((0), v(0)) = Agvo.
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where, for —T <t < T, t +— A,(p(t),v(t)) is of class H** and t + D(¢(t),v(t))
evolves in H*'. Both of these curves are C''-smooth. Solving the latter equation
one gets

Ar(p(t), v(t)) = e 2o DM dr 40y (28)
On the other hand, differentiating of (5) with respect to z yields
(¢') =D'(p,v)¢.
Since ¢(0) = id, one obtains
¢ (t) = elo P ewm)dr (29)

Hence, (28) can be rewritten as

Ax(p(t),v(t)) = Apvo/(#'(1)*.

Let
(UK(,’(E) muﬁ) X HE - Hf*2k7 ((p?U) = [k(QO,'U) = Ak(@av)((p/)2

then, the above identity shows that the function

Ii(p(t), v(t)) = Auleo(t), v(1)) (#'(1))*

is independent of ¢, and is equal to Agvg. As a consequence, the derivative Lr, (1))
of Ij, in the direction Fj vanishes on the open set (UZ(’ITC) Nus) x HE.

Now, let us return to the analytic extension (25) of (2). First note that

U x HE — HE™ (p,0) = Luc(o,0) = Aelp, 0)(9)?, (30)

is an analytic extension of Ij,. Further, Fjc analytically extends Fj, and the
derivative Lz, .(Irc) of Irc in the direction Fjc, analytically extends Lz, (Iy)

to Ue(fc) X Hé so that

Efk’c (Ik’c)‘(UéfC)ﬂil‘f)xH@ = ‘ka ([k) .

As Lz (Ix) vanishes on (Ug(f;:) N ) x HY, it then follows that Lz,  (frc) = 0
everywhere in Uéfg x HE, — see e.g. [4, Proposition 6.6]. In other words, (30) is a
conserved quantity for the solutions of (25) on Ugfc) x HE.

Lemma 5.1.  For any (p,v) in Ug(fc) x HE, and any 1 < j < 2k, the following
relation holds

&v = DL (10, v)(¢')! + Dg(ip,v) o + . .. (31)

where Dh(p,v) is the analytic extension of (18&}) to Ugg x HE, and ... stand for
a polynomial in the variables 1/¢’, O,¢,..., 827 o and Ov,...,05 1.
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Proof. First let us consider (p,v) in (Uz(fc) N ) x HY. Then ¢ is in D and
u = vo ! is well-defined in H*, and thus we can write v = uo ¢. By

differentiation we get
/

vV = (u o). (32a)
As v o p =R, 00,0 R,1v, one has by definition (18a) that

/

v =D (p,v)¢". (32b)
By the analyticity of D, the identity (32b) continues to hold for (p,v) in U Z(lg x HE
ie.,

v/ =De(p,v)¢' .

For j > 2, we argue similarly i.e., given (¢, v) in (Ue(,lfc) NU) x HY, we differentiate
(32a) (j — 1) times to get

950 =D (p,0)(¢')) + D (p,v)Hp + ... (32¢)
where ... stand for a polynomial in 1/¢', 9,0,..., o and O,v,...,00 1v.
Finally, (32c) extends by analyticity to Uz(fc) x HE leading to (31). n

Now, let t — (p(t),v(t)) be a solution of (25) in C'((~2,2), U x HE).
Then, by Lemma 5.1, the curve ¢ — (A — 1)p(t) = 2;?:1(—1)3‘85%0@) satisfies
the inhomogeneous transport equation

(Ax — 1)p(0) = 0 (33)

{ (A = D) = D0, 0)(Ak = 1) = Aic(9,0)(©)* + g2 (i0,)
where gor_1(p,v) is a polynomial (with constant coefficients) in 1/¢’, 0,¢,...,
0%~y and v, 9,v,..., 0** 1. (For convenience, we consider (A, — 1) instead
of Arp so that the initial value problem (33) involves periodic functions only.)
Integrating (33) by the method of variation of parameters, and using (29) to write
the final expression in compact form, we get that, for any —2 <t < 2,

(A = 1)p(t) = go'(t)/o |:Ak,(C((p(7'),U(T))(QDI(T))%1 + g%_l(z/((?)’ v(7)) dr.

By (30) which when evaluated at the solution of (25) is equal to Agvy, we then
have that, for any —2 <t < 2,

(A= Dplt)— £ (0) ( / (<P'(T))2k3d7> A= 0 [ sl v(r)) dr 4)
where

Ue(,lzj) X H(é - H(é_2k+1 ) (907 U) = P2k—1(90’ U) = g?k—l(cpv U)/QOI (35)

is analytic by Lemma 3.3. As we will explain in detail later on, the a priori relation
(34) plays a fundamental role in the proofs of Theorem 5.2 and Theorem 1.3 below.
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Theorem 5.2. Let k > 1, and { > ¢, = 2k + 2. Then, for any vy in
Vé(]é) = VZST()CHH(%, there exists a unique solution of (25) in C*((—2,2), U(k) x HE)
with initial data (id,vo). Moreover, the flow map

(—2,2) x VE — UL x HE, (t,00) = (p(t;v), v(t; vo))

15 analytic.

Proof. We argue by induction with respect to ¢ > fk For ¢ =/} the statement
follows from Theorem 4.3 since, by definition, VK © = Vi kc. Assume that the
statement is true for any given ¢ > ¢, i.e., that given any vy in Vé?, there exists a
unique solution of (25) in C*((—2,2), Ugfc) x HE) with initial data (id,v) and, in
addition, that the flow map (—2,2) x ngfé) — Ugfc) x H{ is analytic. Then, by (35),
the r.h.s. of (34) is in Hé_%“. Now, let vy be in Ve(fi,(c and, for —2 <t < 2, let

ts C(1) = (p(t),v(t) € Uiy x HE

be the corresponding solution of (25) issuing from (id, vy). In particular, ¢t — ((¢)
satisfies the integral equation

C(t) = (id, vo) + / Frclp(r), v(r)) dr (36)

As vy belongs to Ve(fi,c and k > 1, Agvy and hence the second term on the
Lhs. of (34) are in H5 "', Altogether, it then follows from (34) that t
(Ap — 1)g(t) is a C'-curve evolving in HS 2™ for —2 < ¢ < 2. Hence, as v = ¢,
t— C(t) = ((t),v(t)) is a continuous curve in Ue(i)uc x HE™. By the analyticity
of the map (24), it then follows that the integrand in (36) is a continuous function
of 7 with values in Hé“ x Hg £F1. Finally, the integral equation (36) implies that

¢ is a solution of (25) in C((—2,2), Ut ¢ x HE™) with initial data (id, ve). The
second statement of the theorem follows by combining [10, Theorem 10.8.1] and
[10, Theorem 10.8.2] (cf. Remark 4.4). ]

Proof of Theorem 1.2. Theorem 1.2 is an immediate consequence of Theorem 5.2.
Indeed, for any k£ > 1,
v® = v 0 c=(T,R) (37)

satifies the properties stated in Theorem 1.2. [ |

Theorem 5.2 allows to define the exponential map. Recall that, for any
14 Z Elm
k k
Vid = Vile n He. (38a)
where Vé(:?c = Vi, rc. (Note that for £ > ¢, + 1, Vé@ might not coincide with the
neighborhood V¢ introduced in Theorem 4.3.) Introduce

VY = v nee(T,C) = (| Vie (38)
0>y,
U = U nC=(T,C) = [ UL .

>0
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By Theorem 5.2, for any ¢ > {j, the restriction Exp(,ie of Exp(,gek to Vg(’(? takes
values in Ue(,]fc)- Moreover, Expgé : Vé? — e(lfc) is analytic. Hence, the restriction
Exp}. of Expf,gk to Vék) takes values in Ue(,f,{c NC>(T,C) i.e.,

Expy : Vék) — U(ék) , o — p(1;v).

6. A Fréchet analytic chart of id in D(T)

Theorem 1.3 states that the exponential map Exp;, ‘ WOR V*) — D that is defined
using Theorem 1.2, can be used to define an analytic chart of the identity in D.

Proof of Theorem 1.3. By definitions (37) and (38b), V) = V(C(k) N C>(T,R),
and the map Exp(k:, defined at the end of the previous section, is the analytic
extension of Exp,. We want to apply to Expij the inverse function theorem in
Fréchet spaces, Theorem A9. Fix k£ > 1. To match the notation of this theorem,
we write, for any integer n > 0, ¢ :={; +n (¢, = 2k + 2), and define

Xn = Hé7 Yn = Hé, and Vn = ‘/EE(IE); Un = EXPE,Z(‘/EEE))

where Ve(,(’é) is defined in (38a), and Exp(,iﬁ is the exponential map introduced in

section 5.. Further, let f := Expf,gk : Vo — Up. It follows from our construction
that f is a C'-diffeomorphism and hence item (a) of Theorem A9 is verified.
Assumption (b) holds in view of Theorem 5.2, whereas items (¢) and (d) hold,
respectively, by Proposition 6.1, and Proposition 6.2 below. Hence, Theorem 1.3
follows from Theorem A9. [ |

It remains to show the two propositions used in the proof above.

Proposition 6.1. Let k > 1, and {,, = 2k + 2. Then, for any { = () + n,
n >0, and any vy in Vg(kk()c,

Exp‘,f’gk (vo) € Uz(,@ = 1 € Vé@.

Proof. Let (¢(+;v0),v(;v9)) denote the solution of (25) with initial data (id,vo)
with vy in Vg(kk()c, and suppose that (Ax — 1)¢(1;v9) belongs to Hé_%. We will
show that vy has to be in H&. For ¢ =/}, the result holds by construction. Now,
inductively, assume that vy is in VZS(IE) for any given ¢ > /. By Theorem 5.2, this
solution actually lies in C'((—2,2), Ue(fc) x HE). This implies that the r.h.s. of
(34), when evaluated at t =1, is in Hé_%ﬂ. Moreover, as Ue(fc) - ili(c, we have
by definition (17) that the factor (1) fol(gp’ (7))?*73dr does not vanish and is in

Hé‘l C Hé_%ﬂ since k > 1. Altogether, it follows from (34) that Ay, lies in
HE %1 and hence that vy is in HSM. n

By Theorem 5.2, (—2,2) X Vé? — Ue(fc) x HE, (t,v) — (p(t;v0), v(t;v0))
is analytic. Then, the variation dvy in HE of the initial data vy in Vé? induces
the variation of ¢ — (¢(t; vg), v(t; vo))

d

de le=0

t— (0p(t),0v(t)) : (p(t; vo + €dvg), v(t;v9 + €dvy))
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which is a continuous curve in H& x HE. Differentiating (34) in direction dvg in
HE at vy in Vé? yields

(A — D(Ee(t) - &1 ( [ dr) Au(6v) =
= P (). 0(0):80(1), 80(1) (30)

where Py,_1 : U¥) x HE x HE x HEL — HE 21 s analytic.

Proposition 6.2. Let k> 1, {, =2k+2, and { =l +n, n > 0. Assume
that vy s in \Qf@. Then

(dug Bxpyc ) (HE\H™) € Ho\Hg ™

Proof. Assume vy € WE?, and let (o(-;v0), v(+vp)) in CH((=2,2), UM x HL) be
the unique solution of (25) issuing from (id,vy) as guaranteed by Theorem 5.2.
As before, it follows from (17) that the factor in front of Adv, in formula (39),
evaluated at ¢ = 1, is a non-zero function in Hé’l C Hfé’%“ whereas the term
on the r.h.s. of this identity is in Hé_%“. Hence, just as in the proof of Proposi-
tion 6.1 which followed from analyzing (34), the statement of Proposition 6.2 can
be obtained from (39), evaluated at t = 1. n

A Analytic maps between Fréchet spaces

For the convenience of the reader we collect in this appendix some definitions and
notions from the calculus in Fréchet spaces and present an inverse function theorem
valid in a set-up for Fréchet spaces which is suitable for our purposes. For more
details on the theory of smooth functions in Fréchet spaces we refer the reader to
[13]. For the theory of analytic functions in Fréchet spaces, we follow the approach
developped in [3, 4] (cf. also [17]). In the sequel K denotes either the field C of
complex numbers or the field R of real numbers.

Fréchet spaces: Consider the pair (X, {]|-||»}n>0) where X is a vector space
over K and {|| - ||»}n>0 is a countable collection of seminorms. A topology on X
is defined in the usual way as follows: A basis of open neighborhoods of 0 in X is
given by the sets

Uekr,he =12 € X 1 ||2||p; <€ VI <)< s}

where s, kq,..., ks are nonnegative integers and € > 0. Then the topology on X
is defined as the collection of open sets generated by the sets x + Uy, ., , for
arbitrary = in X and arbitrary s,k;,...,ks in Z>o and € > 0. In this way, X
becomes a topological vector space. Note that a sequence (xy)g>o converges to x
in X iff, for any n >0, ||zx — z||, — 0 as k — +o0.

Moreover, the topological vector space X described above is Hausdorff iff,
for any x in X, ||z||, = 0 for every n in Zs( implies x = 0. A sequence (xy)gen
is called Cauchy iff it is a Cauchy sequence with respect to any of the seminorms.
By definition, X is complete iff every Cauchy sequence converges in X .



KAPPELER, LOUBET, AND TOPALOV 499

Definition Al. A pair (X, {]|-||n}n>0) consisting of a topological vector space
X and a countable system of seminorms {|| - ||, }n>0 is called a Fréchet space * iff
the topology of X is the one induced by {|| - || }nez-0, and X is Hausdorff and
complete. -

The space of continuous maps f : U — Y from an open subset U C X into the
Fréchet space Y is denoted by C°(U,Y).

Ch-differentiability: Let f:U C X — Y be a map from an open set U of
a Fréchet space X to a Fréchet space Y.

Definition A2. If the limit

1
li - —
im S(f(a+eh) = f(2)
in Y exists with respect to the Fréchet topology of Y, we say that f is differen-
tiable at x in the direction h. The limit is declared to be the directional derivative
of f at the point z in U in the direction h in X . Following [3, 4], we denote it

by 6, f(h).

Definition A3.  If the directional derivative d,f(h) exists for any x in U and
any h in X, and the map

(2, h) = 8, f(h), Ux X —Y

is continuous with respect to the Fréchet topology on U x X and Y, then f is
called continuously differentiable on U. The space of all such maps is denoted by
CH(U,Y).* Amap f:U — V from an open set U C X onto an open set V C Y
is called a CL-diffeomorphism if f is a homeomorphism and f as well as f~! are
C'L-smooth.

Lemma A4. Let U C X be an open subset. Then
(i) Cp(U.Y) C C°(U.Y)

(ii) Assume that a map f in CY(U,Y) is a Ck-diffeomorphism onto an open
subset V- CY . Then, forany x in U, d,f : X — Y is a linear isomorphism.

Proof. Statement (i) follows from [13, Theorem 3.2.2.] whereas statement (i7) is
a consequence of [13, Theorem 3.3.4.]. n

Analytic functions in Fréchet spaces: Let X and Y be Fréchet spaces over
K and let f: U C X — Y be a map from an open set U C X into Y. A map
fs + X =Y is called a homogeneous polynomial of degree s € Z> if there exists
a s-linear symmetric map f, : X* — Y such that f,(z) = £5(z,...,z) for any z
in X (cf. [3, Definition 2]).

3Unlike for the standard notion of a Fréchet space, here the countable system of seminorms
defining the topology of X is part of the structure of the space.

4Note that even in the case where X and Y are Banach spaces this definition of continuous
differentiability is weaker than the usual one (cf. [13]). In order to distinguish it from the classical
one we write C'} instead of C1. We refer to [13] for a discussion of the reasons to introduce the
notion of C}-differentiability.
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Definition A5.  Following [4, Definition 5.6, a continuous function f: U — Y
is called analytic if, for any x in U, there exist an open neighborhood V' of 0 in
X and a sequence of continuous homogeneous polynomials (fs)s>0, deg fs = s,
such that « +V C U and, for any h in V', f(z 4+ h) = > -, fs(h) converges in
Y?.

We will need the following lemma.

Lemma A6.  Assume that X and Y are Fréchet spaces over C, U C X is an
open subset of X, and f:U — Y isin CL(U,Y). Then f is analytic.

Remark A7. The converse of Lemma A6 is true as well. More precisely,
assume that X and Y are K-Fréchet spaces and f : U — Y is analytic. Then,
by the definition of an analytic map, f isin CR(U,Y) for any n > 0.

Proof of Lemma A6. According to [4, Theorem 6.2], it suffices to prove that f
is continuous and that it is analytic on affine lines. By Lemma A4 (i), f is
continuous. By Definition A3, it follows that, for any x in U, and any h in
X, the map f.n : 2 — f(x + zh) with values in Y, defined on the open set
{ze€C : 24 zh € U} C C is (complex) differentiable. In particular, by [4,
Theorem 3.1}, f,n(2) is analytic. Hence, h in X being arbitrary, f is analytic on
affine lines. [

Analytic functions in Fréchet spaces over R: Now, assume that X and Y
are Fréchet spaces over R. Denote by X¢ = X ® C the complexification of X.
The following theorem follows directly from [3, Theorem 3] and [4, Theorem 7.1].

Theorem A8.  Let U be an open subset of X. A function f : U — Y is
analytic iff there exists a complex neighborhood U 2 U in Xc and an analytic
function f:U — Y¢ such that fly = f.

In this paper we consider mainly the following spaces:
Fréchet space C*(T): The space C*°(T) = C*(T,R) denotes the real

vector space of real-valued C°°-smooth, 1-periodic functions v : R — R. The
topology on C*°(T) is induced by the countable system of Sobolev norms:

" Lo 1/2
fudl = Nl = (3 [ @it de) " 00
7=0

Fréchet manifold D: By definition, D denotes the group of C"*°-smooth
positively oriented diffeomorphisms of the torus T = R/Z. A Fréchet manifold
structure on D can be introduced as follows: Passing to the universal cover R — T,
any element ¢ of D gives rise to a smooth diffeomorphism of R in C*°(R,R), again
denoted by ¢, satisfying the normalization condition

—1/2<p(0)<1/2 or  0<(0)< 1.

°In case K = R, an analytic function f:U — Y is sometimes called real analytic.
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The function f := ¢ —id is 1-periodic and hence lies in C*°(T). Moreover
f'(x) > —1 for any = in R. The above normalizations give rise, respectively, to
two charts Uy, Uy of D with Uy Uy = D, defined by

Sj:’Uj—>5Jj, fl—>g0:1d+f
where 7 = 1,2, and

B, = {FeC®T)| —1/2< f(0) <1/2and f' > —1}
By, = {f€C®(T)|0< f(0)<1land f > —1}.

As 0,0, are both open subsets in the Fréchet space C*°(T), the construction
above gives an atlas of Fréchet charts of D. In this way, D is a Fréchet manifold
modeled on C*(T).

Hilbert manifold D*(T) (s > 2): D® = D*(T) denotes the group of posi-
tively oriented bijective transformations of T of class H®. By definition, a bijective
transformation ¢ of T is of class H® iff the lift ¢ : R — R of ¢, determined by
the normalization, 0 < $(0) < 1, and its inverse ¢! both lie in the Sobolev space
H; (R/R). As for D one can introduce an atlas for D® with two charts in H*,

loc

making D?® a Hilbert manifold modeled on H*®.

Hilbert approximations: Assume that for a given Fréchet space X over K
there is a sequence of K-Hilbert spaces (X, || - ||n)n>0 such that

XoD2X;2X,D---DX and X:ﬂXn

n=0
where {|| - ||n}n>0 is a sequence of norms inducing the topology on X so that
llzllo < |z]l1 < ||z]]s < ... for any x in X. Such a sequence of Hilbert spaces

(X, []]]n)n>0 is called a Hilbert approximation of the Fréchet space X . For Fréchet
spaces admitting Hilbert approximations one can prove the following version of the
inverse function theorem.

Theorem A9. Let X and Y be Fréchet spaces over K= C or R with Hilbert
approzimations (Xp, || - |ln)n>0, and respectively (Yn, | |n)n>0. Let f: Vo — Uy be
a map between the open subsets Vo C Xy and Uy C Yy of the Hilbert spaces X,
respectively Yy . Define, for any n >0,

Vi =Vo N Xy, U, =UyNY,.
Assume that, for any n > 0, the following properties are satisfied:

(@) f : Vo — Uy is a bijective C'-map, and, for any = in V := VyN X,
drf : Xo — Yo 1s a linear isomorphism;

(b) f(Vy.) CY,, and the restriction f | v V=Y, isa C'-map;
(c) f(Va) 2 Un;
(d) forany x in V, dpf(X,\Xns1) C Yo \Yoi1-
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Then for the open subsets V := VoNX C X and U :=UyNY C Y, one has
f(V) CU and the map foo = f | s V—=Uisa C-diffeomorphism.

Proof. By properties (a) and (b), f, := f ‘ v, Voo Upisa well-defined, injective
Cl'-map. By (c), f, is onto. Hence, f, := f ‘ v -V — U is bijective. In order
to prove that f, : V — U is a CL-diffeomorphism, consider, for any n > 0, and
any x in V', the differential d,f, : X, — Y,. As (d.f) ‘Xn = d,f, and, by (a),
d.f : Xg — Yy is bijective, one concludes that d,f, is one-to-one. We prove by
induction (with respect to n) that, for any z in V', d,f, : X,, — Y, is onto. For
n =0 (V C Vp), the statement is true by property (a). Next, assume that for
arbitrary positive integer n, and arbitrary x in V', d,f,_1 : X,,.1 — Y, _1 is onto.
Then, for any = in V| and n in Y,, C Y,,_1, there exists a (unique) ¢ in X, 4
verifying d, f,—1(£) = n. By property (d), it follows that & belongs to X,,. In other
words, for any given n > 0, and any x in V', we have that the map d, f, : X,, = Y,
is bijective, and thus, by Banach’s theorem, the inverse (d,f,)™ : Y, — X, is a
bounded linear operator. As, for any n > 0, f, is C'-smooth, the map

Vo x Xy = Yo, (2,8) v dy fu(€) (40)
is continuous and, by the inverse function theorem it follows that

U, x Yy — X, (y,m) = dy(f, ) () (41)

is continuous as well. Here V! (U] ) denotes the subset V' (U) with the topology
induced by |- |, (|| ||n). As for any = in V', and n >0,

one gets from (40) - (41) that
VXX =Y, (2,8) = 6af(§)

and
UxY — X, (z,1) — 6,/ (n)

are continuous. In particular, one concludes (cf. Definition A3) that

foo : V—=U

is a CL-diffeomorphism. [
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