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Abstract. We give a complete classification of spin holonomy algebras
on eight-dimensional Euclidean spaces w.r.t. a linear spin connection con-
structed from a self-dual 4-form T with constant coefficients. An important
role in this classification is played by the set of spinors fixed by T', which is
the algebraic model for the set of parallel spinors w.r.t. the spin connection.
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1. Introduction

Let (M8, g) be an eight-dimensional Riemannian spin manifold with spinor bundle
denoted by B(M). For any differential form 7" on M, not necessarily of pure
degree, one can form the linear connection V¥ on $(M) by setting

Vi = Vxyp + (X 2 T)p, (1)

whenever 1 is a spinor field on M and X is in TM. We are mainly interested
in parallel spinors w.r.t. the above spin connection. When T is a 3-form, the
connection VT on $(M) is induced from a metric connection with totally skew-
symmetric torsion on T'M , and moreover VT preserves the chirality decomposition

BM) =" (M) & (M).

Then V7 -parallel spinors in (M) are, in the case when T is a 3-form, in one to
one correspondence with unit length harmonic spinors in $*(M). Moreover, they
correspond to a certain class of Spin(7)-structures on M (see [10] and references
therein).

The next situation to look at is when 7' is a 4-form, when the associated
connection V7T is no longer induced from one on 7'M, nor is it metric for the
positive signature inner product on §(M). Also the chirality decomposition fails
to be preserved.
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830 BERNHARDT AND NAGY

As it is well known [3], if VT4 = 0 holds for a spinor field v, then at each
point x of M we have that v, is fixed by the holonomy algebra bo[f at = of the
spin connection V7. Conversely, an algebraic spinor at a given point = of M,
which is fixed by hol’ extends, at least when the manifold is simply connected, to
a V7 -parallel spinor field.

Therefore, one object of interest as far as V7 -parallel spinors are concerned
is the holonomy algebra hol” . Following [2] we will restrict to the special case of a
flat manifold, where moreover T is assumed to have constant coefficients. In this
situation, our goal in this paper is to obtain a full classification of the algebras
hol" where T is a self-dual 4-form in 8-dimensions. Let us make the following
definitions.

Definition 1.1.  Let (V,(-,-)) be an eight-dimensional Euclidean vector space
and let Clg be its Clifford algebra. Then:

(1) the fix algebra of T in Clg is the Lie-sub-algebra gh of Clg generated by
{X.T:X eV}.

(17) the holonomy algebra of some T in Clg is given as bk = [gh, g5

In this situation hol” and b2 coincide [1] due to the flatness of the metric
and of the constancy of T, whence the geometric significance of the algebraic
objects introduced in Definition 1.1. However, the holonomy algebra b is still a
rather non-trivial object, especially because its generators are fairly inaccessible.
Consequently we will deal with the fix algebra g} rather than with b itself. This
is less restrictive than it might appear, in view of general structure results of [2].
In particular let us mention that we are not aware of any example of a fix algebra,
which is neither perfect nor abelian and hence does not completely determine
the holonomy algebra. Here we recall that a fix algebra g} is called perfect if it
coincides with the holonomy algebra bh..

Another object of relevance for our study is the space Z; of spinors fixed
by g}, that is

Zyr ={v e grv =0}
where ' is some irreducible CI(V')-module and 7' is some form on V. This is the
algebraic model, in the flat case, for the space of spinors which are parallel w.r.t
the connection V7. By [2, Prop. 3.8] the set Zp is trivial in any dimension less
than eight, while the cases when T has degree less than four have been studied
([1] for the case of 3-forms) or produce trivial results. This provides some further,
algebraically inspired motivation, to treat the case of 4-forms in eight dimensions.

This is the precise working context in this paper which is structured as
follows. Section 2 contains a few preliminaries on Clifford algebras and spinor
modules and also a brief review of some results from [2] to be used later on. In
Section 3 we give a complete classification of holonomy algebras generated by
self-dual 4-forms in dimension 8. More precisely, we show:

Theorem 1.1.  Let V' be an oriented Fuclidean vector space of dimension 8
and let T # 0 be a self-dual four form on V. The fix algebra of the form T is
perfect and its holonomy algebra is isomorphic to the Lie algebra so(8,8—dimg Z7)
exception made of the cases when
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(i) T is proportional to a unipotent element, that is T* = X\(1 +v) in Clg, for
some A >0

or

when the holonomy algebras are isomorphic to s0(8,1) and s0(6,2) respectively.

The proof of Theorem 1.1, exception made of the case when dimg Z7 = 6,
uses the splitting of the space of two forms induced by a given self-dual four form.
This is combined with the observation that raising the generating element to any
odd Clifford power leaves the initial fix algebra unchanged. In Section 4 of the
paper, we treat directly the special case appearing in (ii) of Theorem 1.1 using the
one to one correspondence [8] between the existence of a such a form and that of
an SU(4)-structure on our vector space.

2. Preliminaries

Let (V& (-,-)) be an eight-dimensional Euclidean vector space which is moreover
assumed to be oriented by a volume form v in A®(V'). The Clifford algebra over
V' shall be denoted by Clg with multiplication given by (p1, @) +— @19 for all
1,2 in Clg. We shall also remind the reader of the expansion of the Clifford
product in the exterior algebra A*(V)

vp=vAp—vip, (Dfpv=vAp+uvigp, (2)

where v is in V and ¢ is in A¥(V) C Clg. Note that here and in what follows we
will systematically identify 1-forms and vectors by using the inner product on V.

Since in eight dimensions the volume element v is an involution of Clg, in
the sense that v? = 1, we have a splitting

Cls = CIf & Cly |

where vp = +¢ for ¢ € C’lgt. The Clifford algebra Clg is equipped with two
canonical involutions a : Clg — Clg and ()' : Clg — Clg, the latter being referred
to as the transpose, which are essentially described by

alp) = (g, ¢t =(=1)2¢ Dy, a(ph) = (~1):*+g, (3)

whenever ¢ belongs to A*(V) C Clg. The involution « is actually an automor-
phism of the Clifford algebra C'lg whereas the transpose is an anti-automorphism,
that is

(P192)" = o1,
for all 1,9 in Clg. In view of subsequent computations it is convenient to record
that
a(p)v = vy,

for all ¢ in Clg. Moreover, there is a second direct sum splitting

Clg = CI3 @ CI3,
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where the summands above are given by the +-eigenspaces of a and thus consist
in forms of even and odd degrees, respectively. For later use we also note that (2)
may be rewritten as

vip=—3(ve—alp)v), vAp=;ve+alp)o). (4)
for all v in V and ¢ in Clg respectively.
To end this section we recall two more facts. The inner product on V
induces an inner product (-,-) on Clg such that
(0102, 0) = (02, a(]) ) = (1, p () (5)

holds for any ¢1, @9, in Clg. Moreover the canonical decompositions of the
Clifford algebra presented above are orthogonal ones w.r.t. the inner product Clg
has been equipped with. The operator L : Clg — Clg defined by

8
Ly = Z €ipCi, (6)
i=1

for all ¢ in Clg and where {e;,1 < i < 8} is some orthonormal basis, recovers the
pure degree components of a form in A*(V) C Clg, for

L= (-1)"(2k — 8)1r
on AK(V) C Clg,0 <k <8.

2.1. Spinor products.
We consider now the real spinor representation

p: Clsg — Endg(f),

where the irreducible and finite dimensional Clifford left module § is called the
space of spinors. Most of the time we shall write pu,(1) = @y for ¢ € Clg and
Y € §. The splitting of Clg into self-dual and anti-self-dual components carries
over to the space of spinors

F=8"o8,

where 1) = 41p for ¢ € $¥. Note that this holds for any Clifford module,
regardless of irreducibility. Later on in this paper we shall use frequently the
following elementary observation, mainly when W = Clg or W = §.

Lemma 2.1.  Let W be any real Clifford module. The following stability con-
ditions hold:

W= W=, forall p € CIINCI3,
eW* = {0}, forall o€ CIINCIF or CliNCIE,
W= C WTF, forallp e CliNCIT.

N

Now, following [7, Thm. 13.17 & Table 13.19] there exists a Euclidean inner
product (-,-) on $ such that

(@1, 1h2) = (¢n, a(@t)%% (7)

whenever 11,15 belong to $ and ¢ is an element in Clg. Moreover, we have the
following trace Lemma, to be used extensively in what follows. For the proof we
refer the reader to [7, Thm. 9.65] or [2, Lemma 2.3].
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Lemma 2.2.  Let W be any real finite dimensional Clg-module. Then:
Trw(py,) = dimg W (g, 1),

whenever ¢ belongs to Clsg.

If the contrary is not specified, the Lemma above will be mostly used in
the case when W = . Of particular relevance in what follows is that the Clifford
multiplication p : Clsg — Endg($) is actually an isomorphism (see e.g. [7, Thm.
11.3]). In fact, using also the inner product on ,$ allows one to multiply spinors,
in the sense of the Definition below.

Definition 2.1.  Let x and y be in 5. Then the spinor product x @ y in Clg
1s defined by

(z®@y)v = (Y )y,

for all i in §. Accordingly the symmetric and skew-symmetric spinor products of
x and y are given by

rTOQY = TRQYU+YRx
TANYy = TzQU—yYRc.

For simplicity we have defined the symmetrised spinor product in Definition
2.1 without any combinatorial factor. The isomorphism § ® $ = A*(V) actually
yields [12, Prop. 10.17]

M@ = D AV S = P AW (8)

k=12 (mod 4) k=0,3 (mod 4)

Here A?($) is defined to be the linear span of {x Ay : z,y in $}, and a completely
similar interpretation is made regarding the second symmetric tensor power S?($).
For self-dual spinors, we state the following

Lemma 2.3.  Let (V& (-,-)) be an oriented Euclidean vector space. Then

A*($7) = (L +v)A* (V).

Proof.  From Definition 2.1 it follows that A%($T) = A?($) N Cld. But from
(8) we have that A*(§") = A*(V) & A%(V) and the claim follows now by using
that AS(V) = vA%(V). [

This is very peculiar to the case of dimension 8, which prevents the occur-
rence of higher degrees in A?($1), as it appears from (8).

2.2. Model algebras in dimension 8.
We first recall that the Hodge star operator x : A¥(V) — AS7*(V) 0 <k <
8 can be alternatively viewed in the Clifford algebra as

xp=a(e)v=v¢,
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for all ¢ in Clg. Therefore A*(V) is stable under the Hodge star operator and
moreover *> = id on A*(V), allowing one to split

AMV) =AML (V)@ AL (V)

into the +-eigenspaces of x. Four forms in A% (V) are called self-dual respectively
anti-self-dual, in analogy to the case of 2-forms in dimension 4.

Our aim in this paper is to obtain classification results for holonomy algebras
by generated by T in A% (V). To this extent we need to present a few preparatory
results. Let us define

A={peClg:¢'=—p} (9)

and recall [2, Lemma 3.1] that this is a Lie subalgebra of (Clg,[-,]), where the
commutator defined by

[p1, 2] = p1p2 — P21, (10)

for all @1,y in Clg, gives Clg the structure of a Lie algebra. A is preserved by
the involution « and therefore splits as

A=Aq Al

where a(p) = ¢ for p € A% and a(p) = —p for ¢ € A'. Moreover, it can be
easily seen that this splitting satisfies the relations

[A°, A% C A°, [A°, AY) C A' and [A',AY] C A°. (11)

This is actually saying that A is an orthogonal symmetric Lie algebra in the sense
of [9, page 377]. The following is specialising Lemma 3.3 in [2] to the case of
dimension 8.

Lemma 2.4. The following hold:
(i) A is isomorphic to 50(8,8);

(i1) the adjoint representation of A° on Al is irreducible.

-~

Here the Lie algebra so(8,8) arises as so($,3) where the split signature
scalar product B keeps $* orthogonal and equals #(-,-) on $%. An important
property of A° is to be stable under multiplication with the volume form v.
Therefore it can be split further as

A= A0 @ A0,
where A} = A° N CIF. It is easy to check that we have explicitly
Al = 1+ v)A*(V) (12)

and also that A' = A3(V) @ A"(V). It should be noted that (12) holds only in
8-dimensions. We also notice, for further use, that

{oeClNCIf o' =p}=A.(V)BR(1+v). (13)

Actually, A plays the role of a model algebra in the following sense.
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Proposition 2.1. /2, Prop. 3.1] For any T in A% (V), the following hold:
(1) @4 is a Lie sub-algebra of A, which is preserved by «;
(i1) we have a splitting gi = g3° ® gt where gi" = g N A¥ k=0,1.

Let us recall now that for any form 7" in A*(V') one defines the set of spinors
fixed by T by

Zr={yep: (X1T)yp =0,foral X € V}. (14)
For any T in Cl},i = 0,1 the set Zr splits along § = §* & §~ as
Zr=2}®Z;,
where the obvious notations applies. Using Lemma 3.5 of [2] we also recall that
Zy ={0} and Zr={¢ € $t: Ty =0}, (15)
for any non-zero T in A% (V).
We end this section by presenting an embedding of the fix algebra of some

self-dual form in dimension 8, taking into account the set of spinors it fixes. For
some fixed T in A% (V) we consider the splitting

$+:ZT@ZQJ"_7

w.r.t. the positive definite scalar product (-,-). Let us define B\T to be the

restriction of /ﬁ\ to $~ @ Z. From the definition of 3 it follows that BT has
signature (8,8 — dimg Z7) and moreover

Proposition 2.2.  For any T in AL (V) the Clifford multiplication
gy — so($” @ Z3, Br) = s0(8,8 — dimg Zr)

15 a monomorphism of Lie algebras.

Proof. It is enough to show that u(g}) C so($~ @ Z&,3r). But from the
definition of Zr we have that ghZ7 = {0} and moreover from (7) we know that
ty, With ¢ in g7, is skew-symmetric with respect to B\ therefore with respect
to Br. Now because p : Cls — Endg($) is a faithful representation of algebras
it follows by using (10) that g4 : A — A*($) is an injective morphism of Lie
algebras. Consequently, the restriction of p to g5 C A is an injective Lie algebra
morphism as well. [ |
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3. The classification

3.1. Self-dual 4-forms.

Let us pick T'# 0 in A% (V). Using (15) we have that Zr = Z} and let us
consider the symmetric and traceless operator pr : $ — $7. Again from (15) one
obtains that Zy = Ker(ur). Let or = {\;;1 < ¢ < p} be the non-zero part of
the spectrum of i where we assume the eigenvalues A\;, 1 < ¢ < p to be pairwise
distinct and where we denote their multiplicities by m,, 1 < ¢ < p. Therefore we
obtain a splitting

$t=Zropo... 8, (16)

where §, are the eigenspaces of pp corresponding to the eigenvalues A\, 1 < ¢ < p.
Our aim here is to examine the splitting of A?(V') induced by (16) and to relate
it directly to the form 7. We need now to recall the following simple fact, which
essentially exploits the squaring isomorphism in 8-dimensions as introduced in
Definition 2.1.

Lemma 3.1.  Let x,y belong to $*. The following hold:
(1) = Ay belongs to CI3N Ol and (z Ay)t = —x Ay.
(4i) If moreover Tx = Mz and Ty = Aoy, where T belongs to A% (V), then
TxANy)T =M xANy, and T(xAy)+ (@Ay)T =M+ )z Ay.
(i13) Under the assumptions in (i), if Ay = Ay then T(xAy) = (xAy)T = Mz Ay.
(i) If ',y is another pair of spinors in $*, then
[z Ay, 2" Ay =2,y Ny = (y,y)a’ Aa — (@2 ANy + @y A

(v) and also
8z Ny, &' Ay') = (y,y' )@, 2') — (2,5 Ny, ).

Proof. (i) is elementary. We prove (i7) and (iii) at the same time. For any 1
in § we have

=
s (T, x) = (¥, Tx) = M\ (¢, z) and similarly (T, y) = A2(¥,y). Moreover,
T(x Ay)y = (@, 2)Ty = (b, y)Tw = Ao, )y — M (¢, y).

All claims in (i) and (i4i) follow now easily. The proof of (iv) is a straightforward
direct computation involving only the definition of the exterior product of spinors.
(v) A direct computation based on the definition of the wedge product of spinors
shows that the trace of the Clifford multiplication with (z A y)(2’ Ay') in Clg is
given by

=2 (y, v )z, @) — (z,y) (y, )|

The claim follows now by using Lemma 2.2. [ |
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For any 1 <1,7,k < p let us now define the spaces
E, = {yeAN(V):THT =0, Ty++T=2(1+v)y}

Fy = {yeN(V):TyT =221 +v)y, Ty+T=221+0)y} (17)
. = {yeA}(V): 4T =Ty =0}

Obviously we have F;; = F};. Moreover, the spaces ., Ej and F;; with 1 <
1,7,k < p are easily seen to stand in direct sum directly from their definition. For
notational convenience, we set

E:éEk, F = @Eg
k=1

1<i<j<p

Another related object is

Definition 3.1.  The isotropy algebra vy of T in A*(V) is the subalgebra of
so(V) given by

{yeso(V):[y,T] =0}
Here the Lie bracket is considered within the Lie algebra Clg.

For any two vector sub-spaces Wi, Ws of $7 we denote by W @W, the
linear span of {w; A wy : wy € Wi,k = 1,2}. Note that WeW = AX(W)
whenever W C §*. We can now explicitly relate the spaces defined in (17) to the
spectral decomposition of py and show they induce a splitting of A%(V).

Proposition 3.1. The following hold :
(i) There is an orthogonal direct sum decomposition A*(V) =15 @& E® F .

(1) We have the following string of isomorphisms:

PN (Zr), Ep 2 Zr®fr, Fu 2N (8r), Fi; 2508, i # ]
(ZZZ) LT = L% ) @izl Fk’k .

Proof.  We prove (i) and (ii) together. Letting now i}, E, Fi; be the images
of A2(Z7), Zr@8, $:©8; under the inverse of the linear isomorphism

(1 A2(V) — A%($+
vy (1) = A5

proves our claims by making use of Lemma 3.1, (ii) and (iii).

(i17) Pick v in tp. Then Ty = AT hence T?y + yT? = 2T~T. Tt is easy to
see that the operator {T? -} — 2T - T equals 0 on LT7)\2 (1 +v)lg, on Ej and
M(1 +v)lg,; on Fj thus tp C 1) @ @BY_, Frx. The reverse inclusion and
therefore the equahty follows from the construction of the spaces Fip,1 < k <p
and Lemma 3.1, (iii). n
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In the Proposition above the fact that V' is 8-dimensional, which implies
that A% = (1 £ v)A*(V), see (12), has been used in a crucial way. The block
structure of the isotropy algebra of a form 7' in A% (V') has been already obtained
in [4] by a slightly different method and under the additional assumption that T’
is a calibration on V. In this case, the work in [4] gives a complete geometric
description of the resulting orbits. In order to understand the structure of the
holonomy algebra of T" we need to have a look at the Lie algebraic features of the
splitting above.

Corollary 3.1.  Let T in AL(V) be given. Then F is a Lie sub-algebra of
A2(V) isomorphic to so(Zz).

Proof.  From the construction of F the Clifford multiplication map gives an
isometry u : (14 v)F — A*(Z7) by Lemma 3.1, (v). Moreover, this is a Lie
algebra isomorphism by (iv) of the same Lemma. ]

Lemma 3.2.  Let T be in AL (V). We have:

(i) [Fij, Fil = Fyi, if 1,7,k are mutually distinct,

(i1) [Fyj, Fiy) = F;i @ Fj; when i # j.
Moreover, if Zp # {0} the following hold:
(iii) [Ei, E;] = Fy; for i #j and [E;, B = F;; @ 0.
Proof. (i) Let z; and 2} belong to $;, whereas y; € $; and z, € $. Then
from (iv) of Lemma 3.1 we get

[z AN yj, @) A 2] = (2, 25y A 2.

Given that Fj is spanned by all {y; Az, :y; € 85, 2z € 8}, 1 < j. k <p, (see

Proposition 3.1, (ii)) it follows that [F};, Fix] € Fj;. Equality follows easily from

the above expression after choosing x; = 2/ and |z;| = 1, because then

Yi Az = [T Ayj, @ A 2],
for all y; A 2z, € Fjy,.
(i1) That [F};, Fi;] € F;; @ Fj;,1 # j follows as in (i) by using Lemma 3.1, (iv) and
Proposition 3.1, (ii). To prove that equality holds, it is enough to observe that
Lemma 3.1, (iv) gives

[z A yj i Ays) =y Ay,
whenever x; belongs to §; with |z;| =1 and y;, % are in ;. Similarly,
[z N yj, ) Ny = x A,
whenever z;, 2 belong to §; and y; in §; satisfies |y;| = 1. [
Point (iii) in Lemma 3.2 is peculiar to the case when Zr # {0}, for when
Zr = {0} we have 1% = E = {0} by Proposition 3.1, (ii).

3.2. Structure of the commutators.
We shall give in this section a simplified expression, relying on the particular

dimension, for the generating space of the even part of the fix algebra g}, where
T belongs to AL (V).
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Lemma 3.3.  Let T belong to C’lg NCIlg satisfy T =T. We have
—4[X JT,Y 2T) = 2T7T + 1L(T*y + vT?) + 4T (1 — v)~,

for all X,Y in V, where v in A*>(V) is given as vy =X AY .

Proof. Let a: A*(V) — Clg be defined by setting

Zez (e; 1),

for some orthonormal frame {e;, 1 <i < 8}. From [2, Lemma 4.1] we get that
—AX 1TY 1T] =2TvT + a(y)
and we need only work out a simpler expression for the operator a. We compute
eiT%(e; 17) = Lei(T*y)e; — (e T%e;)y,

leading to a(y) = $L(T?y) — 3L(T?)v. Using (13) it is easily checked that [T, ~]
belongs to A% (V) @ R(1 + v) and moreover, since

([T%4),1+v) = (T*y—~T*1+v)
= (v, T*(1+v) - (1+v)T?) =0,

we actually get that [T2,4] is a 4-form. Since L vanishes on A*(V) it follows that
L(T?*y) = $L(T?y + +T?). Similarly, one finds that L(T?) = —8|T'|*(1 — v) and
the claim follows. [

3.3. Computation of g;” when Zp # {0}.

For a given T' in Ai(V), we shall compute now the even part gi}’o of its
holonomy algebra, which has been introduced in Proposition 2.1, (ii). The main
technical ingredient in this section is contained in the following observation.

Lemma 3.4.  Let T be in AL(V). Then g C g5 for all k in N.

Proof. Let {e;,1 < i < 8} be an orthonormal basis in V' and consider the
partial Casimir operator Cr : Clg — Clg given by

8

Cr=> leidT,[e; 1T, ]

=1

Obviously, Cr preserves the algebra gi., that is Cp(gh) C gh. A straightforward
computation actually shows that

Cro=Y [(e:1T) ¢+ @(e; 1T)* = 2(e; 1T)p(e; 1 T)),

i=1
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for all ¢ in Clg. We shall now compute Cp(X 1¢) where ¢ belongs to Cl3 N CIT
is such that ¢' = ¢ that is ¢ is in A} (V) @ R(1 + v) by (13). We compute using
Lemma 2.1

—8(e; 2 T) (X 2p)(e;2T) = (T —Te;)(Xp—X)(e;T —Te;)
= (—TeXp—eTeX)(e;T —Te;)
—e;ToXe, T +Te; XpTe;
eiTp(2(e;, X) + e, X)T + T(—2(e;, X) — Xe;)pTe;,

whenever X belongs to V. Hence after summation we get

4Y (e 1TNX 19)(e;1T) = —[X,TT) — LL(T)XT + LT X L(¢T).

i=1
Now

8 8
42(&' 4T = Z (e;T — Te;)?
=1 i=1
= L(T)T — L(T?) +8T* + TL(T) = 8T* + 8|T*(1 — v)

as L(T) =0 and L(T?) = —8|T|*(1 —v). A short computation using the stability
relations in Lemma 2.1 gives now

T*(X 1¢) + (X 29)T? = —3(-T?pX + XT?).
Hence in the end we obtain

407 (X ap) = —4(X@T? — T?*0X) + 2[X, TT)|
+L(Tp)XT — TXL(T) + 16|T1*(X 1),

for all X in V and where ¢ belongs to A% (V) @ R(1 4 v). In particular, for
@ =T* k in N this yields

X TF? = Cp(XJTF) = 8(TF, TYX 0T — 4|T*(X 1 T"),
for all X in V', where we have used that
L(T*) = —8(T*, T)(1 — v). (18)

By induction, given that Cr preserves g5 and that the latter contains {X 17 :
X € V} we arrive at {X JT*1: X € V} C gh, for all k£ in N and our claim
follows. u

The following Lemma provides a spectral characterisation of self-dual 4-
forms having 6 fixed spinors, which we shall need in our computations.
Lemma 3.5. Let \; where 1 <4 < p belong to or. If
8|T2k+1‘2 2k+1)

holds for all k in N then dimg Zr = 6 and o = {\;, —\;} with multiplicities
(1,1), provided that T # 0.
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Proof. By making use of Lemma 2.2 we have that
P
16T 2 =) " m A2, (19)
q=1

The equation we have to solve becomes

p
Z mq}\g(2k+1) _ 2)\22(2“1)’ (20)
q=1

for all £ in N. We now divide by AZCRFD - and take the limit when k — oo. It

follows that [A| < |A;| forall 1 < ¢ < p and also that 37, |\, mq = 2. It follows
easily that m; = 1, otherwise we would have m; = 2 and further o7 = {\;} by
making use of (20), which contradicts that pp is traceless. Therefore —\; belongs
to or, with multiplicity 1 and our claim follows again from (20). [

In the situation where the set of spinors fixed by some self-dual 4-form is
not reduced to zero we shall conclude, with one exception, that:

Proposition 3.2.  Let T belong to A%L(V) with dimg Z7 # 0,6. Then:
g’ =1+ v)Fa(1—v)AX (V).
Proof.  We shall prove first that one has
(1+v)Fa (1 -v)A*(V) C g3’ (21)
Indeed, making use of Lemma 3.3 we have that g*T’O contains the set
{2T7T + SL(T?*y +7T?) + 4|TP(1 = v)y : v € A*(V)} (22)

as this is just spanned by double commutators of elements in its generating set.
For further use, let us note that (22) remains valid when dimg Z7 = 0, 6.

From (22) we find that (1 — »).% is contained in gi. Actually, by using Lemma
3.4 we have that X J T%*! belongs to g% and therefore, after taking double
commutators of such elements and using again Lemma 3.3 we get that

2T2k+1’yT2k+1 + iL(TQ(Qk-f—l),y + ,yTZ(Qk-‘rl)) + 4|T2k‘+1| (1 o V)’Y (23)

belongs to gy’ for any v in A%(V). Now if v is in E;, for some 1 < i < p, we
have TyT' = 0 and an easy computation by induction shows

k
T2(2k+1),y + 7T2(2k+1) _ %)\?(2 +1)<1 + V),
for all £ in N. We are led eventually to having
(4|T2kz+1|2 _ l)\2(2k+1))(1 _ I/)E'
27 v

contained in g3 for all 1 <4 < p and all k in N.
Now since o7 has not the form in Lemma 3.5, in other words dimg Z7 # 6, for
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each 1 <17 < p the factor above will be non-vanishing for some k£ in N whence
(1 —v)E; C g’ whenever 1 < i < p. Now taking commutators and using (iii)
of Lemma 3.2 it follows that (1 — v)A%(V) C gi. But L(T2y +~vT?) belongs to
(1 —v)A%(V) for all v in A%*(V) hence we get from (22) that {T7T : v € A*(V)}
is contained in g?o. Making use of the splitting in Proposition 3.1 this actually
says that (14 v)F C g;o and we have showed that

(1+v)F@® (1 —v)A2(V) Cgi,
in other words (21) holds. Therefore it is enough to see that
g’ C(1+v)F @ (1 —v)A(V)

and this will be achieved by showing that g*T’O is orthogonal to (1 +v)(i} @& E),
since one knows that g’ C A% = (1 — v)A2(V) @ (1 + v)A%(V), see Proposition
2.1, (ii) and (12).

Indeed, by the definition of Z7 we have (X 1 T)Z7 =0 for all X in V', therefore
grZr = {0}. We now pick ¢ in gi}’o, x in Zy and y in 7. From the definition
of x Ay and px = 0 follows that

ol ANy)p = (z,9)py
Ay = —(pv,y)x = (¥, py),

for all ¢ in $*, where we used that ¢' = ¢ by Proposition 2.1, (i). Since
o(x Ay) + (x Ay)p is a symmetric element in CIY after taking the trace we
get
Tr(ppany)+@ne) = 2{py, z) = =2(y, pz) = 0.

Now using Lemma 2.2 it follows that (¢(z A y) + (z A y)p,1) = 0 and since
a(e') = —p we arrive at (p,z Ay) = 0. Because {x Ay : x € Zp,y € §} spans
(14v) (YD E) it follows that g5 is orthogonal to (1+)(:3@ E), hence contained
in (14 v)F and the claim follows. [

We leave out now the case when dimg Z7 = 6, to be treated further on,
and consider the situation when there are no non-zero fixed spinors.

3.4. The case when Z; = {0}.

We will first treat two particular cases in the following Lemma. We shall
show later on that it is possible to actually reduce the classification problem in the
present case of interest to these two cases only.

Lemma 3.6.  Let T in AL (V) with Zr = {0} be such that its spectrum is of
the form

(Z) or = {)\1, )\2, )\3} where )\2 = —>\1 and |)\1| 7é |/\3|
or
(ZZ) or = {)\1, )\2, )\3, )\4} where )\2 = —)\1, )\4 = —)\3 and ‘)\1‘ 7é ’)\3’ .

Then we must have g3° = A°.
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Proof.  Using Lemma 3.4 we have that [X 1 721 Y 4 T%**1] belongs to g5’
for all X,Y in V and any natural number k£. Now Lemma 3.3 implies that

2T2k+1’)/T2k+1 + iL(T2(2k+l)ﬁy + ’)/T2(2k+1)) + 4|T2k+1‘2(1 . I/)’}/

belongs to g3 for any v in A%(V) and any k in N. Let us pick now 7 in Fj; and
k in N. An easy computation by induction based on (17) gives

T2k+l'}/T2k+1 — %()\2)\])2]{2+1(1 + V)’Y
T2(2k+1)7+7T2(2k+1) _ %()\Z?(Qk—i—l) + )\?(%—&-1))(1 + ,/)7'
Hence Gz(f), defined by

Gz(;?) _ ()\i)\j)QkJrl(l FU)y 4‘T2k+1|2 . %()\?(QkJrl) X )\]2(2k+1)> (1—v)y, (24)
belongs to g5’ for all v in Fj; and all k in N.
We shall show that in both cases (i) and (ii) we have (1+v)F C g3°, from which
we conclude by Proposition 3.1 and the fact that Zp = {0} that (1£0)A?(V) C g5
and hence A° C g3, Consequently, by Proposition 2.1, we have that g’ = A°.
(i) In this case, by use of (19), we get for |T2*+1|2

3
4|T2k+1|2 _ i Z mq}\g(%ﬂ) _ Z M2 )\3(2%1) + %)\g(%ﬂ)'
q=1

Using this we compute Ggg) and get

1/mg+mg—2 ms — 2
Gl = (A (1 + vy + 5 (A TS (1 - )y,

(a) Let us assume that |[A;| < |\3], then

k
lim Gg‘?’) _ms =2

= 1- .
k—o0 )\§(2k+1) 4 ( V)’Y

That is, (1 —v)Fi3 and consequently, since A\;A3 # 0, (1 +v)Fy3 are contained in
g?o, unless ms = 2. If mz = 2 we have

G my +my — 2
= (L w4 TR (1
1
where we take the limit
G(k‘)
lim 13 =(1+v)y.

P )\%k+1 A3 |21

Hence (1 + v)Fi3 C g?o and so is (1 — v)Fi3, unless m; + my = 2. But this
impossible since we must have m; 4+ mqy +mg = 8. Consequently (14 v)Fi3 is, in
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all cases, contained in g5’
(b) Let us assume that |[A;| > |A3], then

Eoo )\?(Qk—i-l) - 4

(I—=v)v.

That is, (1 — v)Fy5 and, since MjAg # 0, (1 4+ v)Fy5 are contained in g5, unless
mq + me = 2. In the case of m; + my = 2 we have

Ggg) 2%k+1 m3 —2 opiq
)\gk_l,_]_ :)‘1 (1+V)7+TA3 (1_1/)77
where we take the limit
G(k)
lim 13 = (1+v)y,

P )\%k+1 A |25+

by which (1 + v)Fi5 C g5 and thus (1 — v)Fi3 C g3, unless also ms = 2. The
case of my + mg = mg = 2 cannot occur by the same argument as in (a).

Since A\; = —\g we can treat Gé’? in complete analogy, it yields that (1 4 v)Fy;
is contained in gi’. Now, by Lemma 3.2, (ii) we have

(1tv)[Fi3, Fi3] = (1xv)(Fy @ Fs3)
(1 + V)[F23, F23] = (1 + V)(FQQ © Fgg),

whereas by (i) of the same Lemma we have (1 £ v)[Fi3, Fo3] = (1 £ v)Fi5. Hence
(1+v)F C gy’
(i4) In this case, by use of (19), we have for |T%*1|2

4
ATH)? = }L qu)\g(zkﬂ) _ I mo )\?(ZkJrl) n ms Z My )\g(2k+1)‘
q=1

Let us again compute Gg?. We have

1 -2 -2
R O R e

> )\g(%ﬂ)) (1-v).

Let us assume that || < |As|, then

G(ll;) ms + my — 2
= 1— .
(e A2+ . d=vh

That is, (1 — v)Fi3 C gi}’o and, since A\A3 # 0, (1 + v)Fi3 C gi}’o, unless
mg +my = 2. If mz +my = 2, then we have

k

Ly

)\%k—&—l

my + mo — 2
T/\%k—i_l(l - V)%

=AM 1+ )y +
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and we take the limit

(k)
: 1
B e~

That is, (1 + v)Fi3 C gi}’o and (1 —v)Fy3 C g;’o, unless also m; + my = 2.
If mg+my = 2 and m; + my = 2, then we get again a contradiction with
my + mg + mg + my = 8. Consequently, in all cases, (1 +v)F3 C g?o.

The case of |A\;| > |\3] can be treated in complete analogy, yielding again that
(1+v)Fi3 C g}’o. Moreover it is evident that, since Ay = —\; and Ay = —\3, in
the same manner we get that (1 +v)Fiy, (1 £v)Fy; and (1 4+ v)Fy, are contained
in g3’

Now, by Lemma 3.2, (i) we get (1+v)[Fi3, Fos] = (1+v)Fie and (1+£v)[Fiy, Fi3) =
(1 v)Fsy, hence (14v)Fiy and (1+v)Fsy are in gy as well. By (ii) of the same
Lemma we get that (1 £ v)[Fi2, Fio] = (1 £ v)(F11 & Fy) and (1 £ v)[F3y, F3y] =
(14 v)(Fs3® Fyy), hence (1+£v)F C g3° and the proof is finished. n

As a consequence of the arguments in the proof above we obtain the fol-
lowing simple maximality criterion, based on the classification in Proposition 3.2,
completed in the previous section.

Corollary 3.2.  Let T belong to AL (V), such that Zy = {0}. Then:
(i) If (1 —v)AX(V) C g, we must have gi = A.

(#) If there exists a o in AL(V'), such that g}, C g7 and dimg Z, # 0,6 hold,
then gp = A.

Proof. (i) From (24) used for k = 0, and the assumption that (1—v)A*(V) C
a2 it follows that A\\;(1+ 1)y belongs to g, whenever ~ is in FZ-S, 1<14,5<p.
Given that Zp = {0} we get (1 +v)A%(V) C g hence A° C g by means of
(12). By Proposition 2.1, (ii), it follows that equality holds and since the adjoint
representation of A% on A! is irreducible, as asserted in Lemma 2.4, (ii), we obtain
that gi' = A', and the claim follows.

(#) From Proposition 3.2 it follows that (1 —v)A*(V) C g5’ C g where we have
used the first assumption for the second inclusion. We conclude using (i). [

Another useful observation for what follows is contained in:

Lemma 3.7.  Let T belong to AL(V). If A*(V) C g then g is mazimal,
that is g7 = A.

Proof.  Since [gi”, gi'] C @i, which follows easily from (11), it follows that
gt € A is an invariant subspace under the action of A*(V) = so(V). But the
only proper invariant subspaces of A! = A*(V) @ AT(V) are A*(V) and AT(V).
Since g’ contains 3-forms it follows that either gi' = A' or gi' = A%(V) so that
A3(V) C gi'. Tt follows that [A3(V), A3(V)] C g3°. Now, the Clifford product of
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the forms w; and wo of arbitrary degree is a linear combination of elements of the
form

> (erawi) A (er Jwa),

T
where e = e;, A... Ae;, and 0 < |I| < deg(w) +deg(ws), see e.g. [14, Thm. 9.2].
It is then straightforward to see that [A3(V),A3(V)] = A%(V) & AS(V), whence
A C g, In particular Zy = {0} since any spinor fixed by A?(V) must vanish
(one may use that e; Ae;,1 <i# j <8 are in the group of invertible elements of
Clg). Thus g3° = A° and therefore (i) in Corollary 3.2 yields gi' = A", and the
claim follows. [

We now need some additional information concerning our self-dual 4-form
T with Zp = {0}. We split pr : § — 3* as

p
Hr = Z )‘qu: (25)
qg=1

where II, is the orthogonal projection on the space $,,1 < ¢ < p. Using Definition
2.1 one obtains immediately that II; = ur, , where we define

Mq
Tq = E T; X Xy,
=1

for some orthonormal basis {z;,1 <7 < m,} in $,,1 < ¢ < p. By construction,
T, belongs to AL (V) @ R(1 + v), see also (13), and moreover the component on
R(1 + v) is determined from

16(T5, 1) = Trug, = Trll, = my, (26)

for all 1 < ¢ < p, by making use of Lemma 2.2. We also have
Z T,=i1+v) (27)

as a straightforward consequence of 22:1 I, = 1g+. Since Il oI, = 41y, for all
1 <k,q <p, where § is the Kronecker symbol, it follows by using the injectivity
of u: CIINCIT — End($) that

T.T,=0, k#p and T? =Ty, (28)

in Clg, forall 1 <k,q<p.
Using that I, = pr,,1 < ¢ < p,in (25) and since p : CIgNCIT — End(§T)
is injective we get that
p
T =Y AT,
q=1

and further
T2k+1 Z )\2k+1 (29)
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for all £ in N, after making use of (28).

We are now in position to prove our first structure result concerning holon-
omy algebras of self-dual 4-forms without fixed spinors. Our arguments mainly
consist in making use of Lemma 3.4 and working on various linear combinations
of the elements {7;,1 < ¢ < d} of Clg to see that either the hypothesis in the
maximality criterion in Corollary 3.2, (ii) are satisfied for the generating form T
in AZ(V), or its spectrum has the special form given in Lemma 3.6, (i) or (ii).
By recalling the isomorphism A = s0(8,8) from Lemma 2.4 we can now make the
following.

Theorem 3.1.  Let T belong to AL(V) such that Zr = {0}. Then either
(i) g = A=50(8,8), or
(i) o7 = s0(8,1),

where the latter case occurs when T is proportional to a unipotent element of CIg
in the sense that T? = X(1 4+ v) for some X > 0. In both cases the fiz algebra is
perfect, that is b = g

Proof.  The use of Lemma 3.4 combined with (29) leads to

p

D ONMIX T, € g7 (30)

qg=1
for all £ in N and all X in V.
Let now o5 = {\ € or : =\ € or} be the symmetric part of the spectrum of py.
We shall label the eigenvalues in 07 by A;,1 <i < 2d where A\j1q = —X\;,1 <7 <
d, and moreover |\;| # |A;| for 1 <4,j < d. The remaining part of the spectrum
will be denoted by o} = o7\o4.. From (31) it follows that

d p
SONFX (T, = Tpea) + Y NFX T, (31)
q=1

q=2d+1

belongs to g5, for all £ in N and all X in V. Let M in M, 4(R) be the matrix
given by

M = V(2,0 A2 22001, s A2) diag( M, ooy Ady Aaas1, s Ap),

where VI(A], .., A2, A3, .., A2

P
listed entries. Hence

det(M) = [J2 =23 T ™.
k

i<j

) is the Vandermonde-type matrix in the formerly

where 1, j, k take values from 1 to d and from 2d + 1 to p. It follows that M
is invertible as a consequence of the fact that A7, ..., A7, A3,,,, ..., A} are mutually
distinct by construction and 0 ¢ or.
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Taking £k =0,...,p—d—1 in (31) and formally multiplying the resulting g}.-valued
vector with M ~! we find easily that

97,1, S 91, 1<q=d,

32
o, C o 2d+1<q<p. (32)

We shall now split the proof into several cases. These essentially amount to
counting the maximal number of eigenvalues in 07 and o} which do not yield,
a priori, the maximality of g%. Each time when Corollary 3.2, (ii) is invoked we
keep in mind that (32) implies that the fix algebra of any linear combination of
the forms

Ty = Tyras T,

where 1 < ¢ < d and 2d+ 1 < s < p is contained in g7.
e The case when d > 2: In this case o contains at least two pairs of s/ymmetric
eigenvalues, say Ay = —Agy1 and Ay = —Agyo with |Aj| # |A2|. Then T', defined
by
T = (mg —may2)(Ty — Taya) — (M1 — ma1) (T2 — Taya),

belongs to A% (V) by (26). Several subcases enter now naturally the discussion.
(i) T # 0: From the definition of the forms 7;,1 < ¢ < p we have that Zz is given
by

(81 @ Brya) if mi = mitq

(B2 ® Baya)™ if my = Mmotq

(B1 @ B1ra ® B2 @ Bora), if (my — mipq)(mo —mara) # 0.

1. (m1 — miyq)(mg — moyq) # 0: Clearly Z= = {0} if and only if d = 2, in
other words the spectrum of 7" has the form in (i) of Lemma 3.6, which
can then be used together with Corollary 3.2, (i) to conclude that gf = A.
Otherwise Zz cannot be 6-dimensional because $1 @ $14q ® 2 @ oyq is at
least 4-dimensional. It follows that dimgr Z7 # 0,6 and given that 9~ Cor
by (32), we use Corollary 3.2, (ii) to conclude that g = A.

2. my = mq,q: Let us recall that here we must have mgy # ms,4 since T #0.
Since ur is tracefree we must have #or > 5. Suppose now that there exists
another pair of symmetric eigenvalues, say A3, A3rq = —A3. The form

T = (m3 —mayq)(To — Torq) — (Mo — mayq) (T3 — T344)

in A%(V) is actually non-vanishing and enables us to obtain the desired
conclusion, by making use of Case (1), unless ms = ms,4. If this is the case,
one constructs the form

T="T - Tiva+T3—T344q
in A% (V), which satisfies

Z;= (310 $14ea® B3 ® F3va)"

This cannot be 6-dimensional and if it vanishes the spectrum of T is of the
form given in (ii) of Lemma 3.6 leading to the maximality of g} by Corollary
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3.2, (i). If dimg Z5 # 0 we conclude again by Corollary 3.2, (ii) that g} is
maximal, when mg3 = ms.4.
Suppose now that op contains an eigenvalue, say As, in o7.. Then the self-
dual 4-form

T =mg(Ty — Torq) — (Mo — mayq)Ts

cannot vanish and has

Zp = (32 ® Brya ® Ps) "

It is easily seen that this cannot be of dimension 6. If Z7 = {0} the spectrum
of T' is of the form in (i) of Lemma 3.6 and the maximality of g} follows from
Corollary 3.2, (i). Otherwise the same conclusion is obtained from Corollary
3.2, (ii).

3. mg = mayq: This can be treated in complete analogy with case (2) above
and it is therefore left to the reader.

A~

(73) T = 0: Since {T;,1 < i < p} are linearly independent, as it follows from (28),
we must have that my — mgix =0, k =1,2. Then, again by (26), the forms

Ty =Ty — Thsa, k=1,2

belong to A% (V). Any linear combination kTi+Ts, |k| # 1 is easily seen to satisfy
dimg Z, 7 ,7 # 6 and moreover 9577, € 9T by (32), thus the maximality of the
fix algebra of T" follows from Corollary 3.2, (ii), provided that dimg Zigiag, 7 0.
On the other hand, if dimg Z;7 7 = 0, the spectrum of 7 .7 has again the
form given in (ii) of Lemma 3.6 and the maximality of the fix algebra of T" follows
as above.

e The case when d = 1:

(1) #ok > 1: To fix ideas, let us suppose that A3 belongs to ¢/ and consider the
form B

T = mg(Tl — Tg) — (m1 — mg)Tg

in Ai(V). As before this is not zero and from the definition of T;,1 < i < d we

have
T — { ($1 @$2@$3)J‘, if my 7ém2
’ (B @ 82)5,  ifmy=m,

1. my # my: A direct verification shows that dimr Z7 # 6. If Zz = {0}
we conclude by using Lemma 3.6 and Corollary 3.2, (i) for the spectrum
of T" must have the form given in case (i) of the above mentioned Lemma.
It remains to consider the situation when dimg Z7 # 0,6, where one uses
Corollary 3.2, (ii) to get the maximality of g..

2. m; = mo: Here we use that ur is tracefree to conclude that actually
#olh. > 2. To fix ideas let us suppose that A\, belongs to o7 and note
that 77 — T5 is in A% (V). This time we construct a 4-form in A% (V) by
setting

T =T, — Ty +myT5 —msTy.
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We have that
Zy = (1 ® P2 ® 3D $1)",

since mgmy # 0. Since op contains at least 4 eigenvalues Z7 is never 6-
dimensional. Hence if Z7 # 0 we use Corollary 3.2, (ii) to find that g} is
maximal.
If Z7 = {0}, in other words if §* = %, ® b2 ® b3 D F; we will use the self-dual
4-form

T = myTy — msTy,
having Z;7 = ($3®$4)*. This cannot be of dimension 6 for that would imply
mg = my = 1 hence A3 + Ay = 0 since pur is trace free, which contradicts
that A3 is not in of. Neither can Zj vanish, so again (ii) in Corollary 3.2
yields that gi = A.

(77) of = {0}: This corresponds to the case when 7' is proportional to a unipotent
element. The computation of g} has been done in [2, Thm. 4.1].
e The case when d = 0: In this case, from (32) we know that X 1 7; belong to
gy, forall X in V and all 1 <14 < 8. In particular

8

X1 Ti=X1i(1+v)=1iX1v

i=1
is an element of g5 for all X in V', after using (27). But

(X 1v,Y 1v)=-2X AY,

for all X,Y in V (see for instance the proof of Proposition 3.5 in [2]). Therefore
A?(V) is contained in g% and we conclude by Lemma 3.7.

We have finished to prove that g is either isomorphic to so(8,8) or to so(8,1),
which are semisimple, thus perfect (see [11, page 59]). Hence g is perfect as well
and the proof of the theorem is now complete. |

Theorem 1.1 in the introduction is now proved in the case of self-dual four
forms without fixed spinors.

3.5. The full holonomy algebra when Z; # {0}.

In order to have a complete description of holonomy algebras of self-dual
4-forms in 8-dimensions it remains to understand the odd part gi}l of g; for
some T in A% (V) when Zy # {0}. We recall that in this situation g: has been
computed in Proposition 3.2, provided that also dimg Z7 # 6. Let us now define

Q={pec A : T+ T =0}.

To study the space () we shall make use of the symmetric tensor product of spinors,
as defined in Definition 2.1.

Lemma 3.8.  Let T belong to A% (V). The following hold:
(i) Q={p €A : Ty =T =0}

(ii) the Clifford multiplication provides an isomorphism $~ & Zr — @ defined
by (z,y) >z Oy forall x in §~ and all y in Zp;

(iit) the Clifford multiplication provides an isomorphism $~ ® Z# — Q* defined
by (x,y) — x Oy for all z in $~ and all y in ZF.
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Proof. (i) If Ty + ¢T = 0 with ¢ in A, left multiplication with v gives
Ty — ¢T =0, hence our claim, while using that vT' =T and vy + v = 0.

(i7) It is easy to see from (i) that for any ¢ in @ the map p, is a symmetric
endomorphism of § such that p,8~ C Zp. An elementary observation is that
r®y € Cl} for all z in 7 and for all y in $~. Moreover it is easy to check that
a(z@y) =z ey for all z,y in § hence x ©y € A" whenever (z,y) € §+ x §~.
To see that p is surjective we first observe that directly from the definition of the
spinor product the following hold

T(ry®@xy) = Ty @ xo
(21 @x)T = 1 @Txs

for all x1, x5 in . After symmetrisation of the formulae above it is easy to conclude
that
Txoy)+ (xoy)T =0,

for all x in =~ and for all y in Zr, hence z ® y is in ). But by construction of
the spinor product {0, : 2 € 87,y € Zr} spans §~ @ Zr and the surjectivity
of u:Q — $~ ® Zr follows. Moreover the restriction of v to @ is injective since
p: Clg — § ® % is injective.

(i17) Since p: A' — §~ ® 7 is self-adjoint and the orthogonal complement of
B~ @ Zrin T @ % is = ® Z+ the claim follows from (ii). n

Proposition 3.3.  Let T belong to AL(V) with Zy # {0}. We have that
*,1 1
g7 =@

Proof. A direct computation shows that
[ =v)y, X T = (y AX)T +T(y A X) + [X 17, T],

for all 4 in A2(V) and all X in V. Given that (1—2)A%(V) C g’ it follows easily
that T + T belongs to gi}l for all ¢ in A3(V) and further that this actually
holds for all ¢ in A' = A3(V) @ AT(V). This is because TA"(V) + AT(V)T just
gives the generating set of gi since A"(V) = vAY(V).

Therefore g;l contains the image of the symmetric operator {T,-} : A» — Al
hence Q*. To show that gi}’l C Q% it is enough to see, by using Lemma 3.8, (ii)
that (p,z®y) =0 for all z in §~ and for all y in Zr. But an argument similar to
that in the last part of the proof of Proposition 3.2 gives (¢, 2 ©y) = $(py, ) =0
because pZr = 0, from the definition of the set of fixed spinors (14). The promised
inclusion and hence the claim follow now easily. ]

Therefore our main result on holonomy algebras of self-dual 4-forms with
fixed spinors from this section is

Theorem 3.2.  Let T be in AL(V) with dimg Zy # 0,6. Then the Clifford

multiplication realises a Lie algebra isomorphism
w: gy — 50(8,8 — dimg Zr).

In particular, we must have bk = g..
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Proof.  From Proposition 2.2 we know that the Clifford multiplication
K g;‘ _>50(‘$7 ® Z%?BT) = 50(878 - k)

is a Lie algebra monomorphism. Using this we shall prove the claim by counting
dimensions. Let us set k& = dimg Z7. From Proposition 3.2, (i) we get that the
dimension of g equals

(8 —K)(T—F)
2
after using the isomorphism between F' and so(Zz) in Corollary 3.1. Now since
by Proposition 3.3 we have gi' = Q* and the latter is isomorphic to §~ ® Z# by
Lemma 3.8, (iii), it follows that the dimension of gi' is 8(8 — k). Therefore the
dimension of g7 is
(8 —Kk)(7T—k) (16 — k)(15 — k)
2 2

It follows that p is surjective as well, therefore an isomorphism. The equality of
g and bk follows from the fact that the Lie algebras s0(8,8 — k),0 < k < 8 are
semisimple, thus perfect (see [11, page 59]). n

dimpg '+ 28 =

198,

+28+8(8—k)=

= dimg 50(8,8 — k).

The proof of the Theorem 1.1 in the introduction is now complete (see also
Theorem 3.1), except for the case when the space of fixed spinors is 6-dimensional.

4. The case when dimgr Z7 =6

In this section we shall continue to work on an 8-dimensional Euclidean vector
space (V& (-,+)) which is furthermore supposed to be oriented, with orientation
form given by v in A®(V)). We will assume that 7" in A% (V) satisfies dimg Z7 = 6,
and our primary aim will be to compute the algebra gi.. As we have seen
this situation cannot be covered only by the previous methods so we need more
information about the structure of such forms. Let therefore o = {\1, A2} be the
non-zero part of the spectrum of up : §7 — $7 with multiplicities (1,1) and let
us also recall that A; + Ay = 0. We equally recall that in this case the splitting of
A?(V) from Proposition 3.1 becomes

NV)=03 @ E ®E,® Fiy (33)

and in particular F' is reduced to the 1-dimensional component Fjs. In what
follows we shall use the normalisation A\; = 1 as it is clear that rescaling the
generating form leaves a holonomy algebra unchanged.

4.1. Spinor 2-planes. We start by recalling the following

Definition 4.1.  Let (V8 (-,-)) be a Euclidean vector space. An almost Hermi-
tian structure consists in a linear almost complex structure J which s orthogonal
w.r.t. the scalar product (-,-). If moreover V is oriented, with orientation given
by v in A3(V), J is positive if v = A\v for some X\ > 0 where w = (J-,-) is the
so-called Kdhler form of ({(-,-),J).

In what follows we shall keep all previous notations and also recall the
following well known fact, see [8] for instance.
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Proposition 4.1.  Let L C $t be any oriented 2-dimensional sub-space of
positive spinors. Then L determines a unique positive almost Hermitian structure,
say J, on V.

For later use, and by sending again the reader to [8, pagel19], we mention
that J is constructed such that (1 + v)w = x; A x9 for any oriented orthogonal
basis {x1, 22} in L with the convention that |z;|? = |x3|* = 2, where w = (J-, ).
Note that here one uses the isomorphism in Lemma 2.3. It is not difficult to see
that the converse of Proposition 4.1 also holds, in the sense that any compatible
almost Hermitian structure J defines a 2-dimensional sub-space L of $* which
is explicitly given as L = Ker(u? + 16). For any compatible almost Hermitian
structure J we denote by A\* the underlying real bundle of the canonical line bundle
of J. Explicitly, \* = {T" € A*(V) : T(J-,J-,-,-) = =T} and if moreover J is
positive A* is contained in AL (V) (see [13, page 112]). Note that if the contrary
is not specified all forms are real valued in this setting. We also recall that in
presence of an almost Hermitian structure A%(V) = A%(V) & Rw, an orthogonal
direct sum and that A! denotes the space of J-invariant 2-forms on V.

Lemma 4.1.  Let L C $T be two dimensional and oriented and let J be the
complex structure determined by L. Then T in A*(V) satisfies TL = 0 iff T
belongs to \y' (V).

Proof.  This is an easy exercise taking into account that from the construction
of J it follows

JY!L‘l = —Yl‘g, JY$2 = Y{I,'l, (34)
for all Y in V', where {z1, x5} is an oriented orthonormal basis in L. n

This essentially leads to having ). = A\y' fact to be used later on and
which encodes the well-known special isomorphism su(4) = s0(6) [12, Theorem
8.1]. Moving within the same circle of arguments we have:

Proposition 4.2. Given any 2-dimensional sub-space L C %, the map (x,y) —
r @y induces an isomorphism S3(L) — \*.

This is proved by considering an oriented, orthogonal basis {z1,x2} in L as before.
Then wzi = 49, wrs = —4x1 and the proof follows by a short computation on the
generators of S3(L), when taking into account that A* C A% (V) is characterised
as

{p e AL(V) : adlp = —16p}.

Here ad,, : Clg — Clg is given by ad,, = [w, -].

Proposition 4.3.  Any 4-form T in AL (V) with dimg Zy = 6 determines
uniquely an SU(4)-structure. That is, there exists a unique compatible and positive
almost Hermitian structure J on V such that T belongs to \*. The isotropy
algebra of T is isomorphic to su(4).
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Proof. Let L = Zi be the orthogonal complement of Zz in $*. Since this is
2-dimensional we get a positive almost Hermitian structure J on V. Now pug is
completely determined by its restriction to L which gives an element in S2(L) and
the fact that 7" belongs to A\* follows from Proposition 4.2. The claim concerning
the isotropy algebra follows from Proposition 3.1, (iii) by making use of the above
mentioned special isomorphism su(4) = s0(6). ]

This shows how to construct examples of self-dual 4-forms T such that
Zr is of dimension 6. Similarly, from the classification of self-dual 4-forms on
R® obtained in [4] one can easily give a geometric description of the cases when
Zr has smaller dimension, but for considerations of time and space we shall not
present those here.

4.2. The holonomy algebra.
As a convenient intermediary object, we shall make use of the Lie sub-
algebra g of g3’ C A° generated by the subset

{X1T,)Y1T]: X, Y €V}

of A°. We point out that the even part of h% is a priori not equal to gi}’2.

Lemma 4.2. We have
g7’ = B+ v)F @ (1-v)f.

Proof.  Follows by a straightforward computation based on the fact that 9?2
is generated by the set given in (22) and on the equations (17) defining the spaces
E and F'. [

For notational convenience let us set QF = {X 4T : X € V} and also
Q% = {X J(Ty32) : X € V}, where 7, is the generator of F}5 with the convention

that |y2] = 2. Given that Tyi5 + 7127 = 0 is easily seen that T2 belongs to
A% (V) and hence Q%, k = 1,2 are both contained in A*(V).

Lemma 4.3. The following hold:
(@) [(1—v)e, QF) = Qr,
(i) [(3+v)Fi, Q7] C QF © QF,
(iti) [QF, Q3 = a7

Proof. (i) If v belongs to /3 and X is in V, an easy computation using

essentially that Ty = ~T = 0 and the self-duality of T" yields
[(1 - V)’)/,XJ T] = _2[XJ ’77T]

(77) Recall that T2 + 1127 = 0 and again using the self-duality of T we obtain
after a short computation

[(3 -+ V)’)/lz, X | T] = 3[X, T’}/lg] — Q[XJ Y12, TL
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for all X in V.

(i4i) Because we also have Ty15T = —1(1+v)712 it follows that T2y1p = 71212 =
%(1 + v)y12. Therefore, by using mainly the stability relations in Lemma 2.1 and
that T is self-dual, we arrive after computing at some length at

—4[X _ T, Y o (T’712>] = (TXYT)’YH + ’712(TYXT) + %(1 — V) (X’ylzy + Y’ylzX),

whenever XY belong to V. Now using (33) it is easily seen that [T7T,v15] =0
for all y in A%(V) hence our commutator becomes

—AX JT)Y 1 (Tye)] = (X, Y) (1 +v)y2 + %(1 — V) (XY + Yy2X),

for all X,Y in V. On the other hand, given that 7,5 induces a compatible almost
complex structure J on V such that 12 = (J-,-) we actually have

X")/12Y + Y’}/12X = 2(X A\ (YJ ’}/12) +Y A (X _ ")/12)) — 2<X, Y>’)/12

where the subscript indicates orthogonal projection onto AZ(V). Hence, our
commutator reads finally

—AX JT,Y 1 (Tya)] = X Y)B+ 1)y + (1= v)(X AJY +Y A JX),,

for all X,Y in V. Obviously, (X A JY +Y A JX), belongs to A\y' = 13 hence
[QL, Q%] C g%’ and the equality follows at once when using the linear isomorphism
S2 =M\t S — SJ. C

Theorem 4.1.  Let T belong to AL(V) satisfy dimg Zp = 6. Then g is
isomorphic to s0(6,2) and moreover b = gh..

Proof. It now easy to infer from the above that g} = gi}’Q B QL ®Q%, therefore
the claim on g} follows. The proof is completed when recalling that the Lie algebra
50(6,2) has trivial center. ]

The proof of Theorem 1.1 is now complete, by putting together results in
Theorems 3.1, 3.2 and 4.1.

We end this section by pointing out that in the case above the Clifford
multiplication map pu : g5 — Hom(ZF,$) is no longer surjective.
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