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Abstract. The symmetric space duality between the complex hyperbolic
plane Hy(C) = SU(2,1)/U(2) and the complex projective plane P»(C) =
SU(3)/U(2) also becomes apparent in the theory of matrix valued spherical func-
tions associated to both spaces. This is stressed in this paper by proving a three
term recursion relation for a family of matrix valued functions built up from the
spherical functions associated to Hz(C).
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1. Introduction

The analogy between the spherical geometries and the hyperbolic geometries is a
special case of a general duality for symmetric spaces. This analogy reappears
in the function theory on these spaces, as the one between the trigonometric
functions and the hyperbolic functions, or between the Jacobi polynomials PT(La’ﬁ )
and the Jacobi functions Féa’ﬁ ). These analogies become apparent once we recall
the expressions of the trigonometric and hyperbolic functions in terms of the
exponential function, and the ones of the Jacobi polynomials and the Jacobi
functions in terms of Gauss’ hypergeometric function. In particular the last
analogy, for « = n and § = 1, is an instance of a more general one found while
studying the irreducible spherical functions of any type, associated to the complex
projective plane P»(C) or to the complex hyperbolic plane Hy(C) (see [4] and
[13]). These two are dual Hermitian symmetric spaces, and as such, the compact
one P»(C) contains the noncompact dual H3(C) as an open submanifold (see
Proposition 7.14, Ch.VII in [8]).

In [4] we obtain all irreducible spherical functions of any K-type associ-
ated to the complex projective plane P»(C) = SU(3)/S(U(2) x U(1)). In [16] and
[13] we carry out the same program for the complex hyperbolic plane Hy(C) =
SU(2,1)/S(U(2) x U(1)). These spherical functions are closely related with the
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matrix valued hypergeometric function, introduced in [20]. In [14], by tensoring
certain representations of SU(3) and decomposing them into irreducible repre-
sentations, we obtain a multiplication formula for spherical functions. From this
formula we derive a three term recursion relation for certain “packages” of spherical
functions. Restricting this to a one real variable (the variable that parameterizes a
section of the K -orbits in P,(C)), we obtain a three term recursion relation for a
sequence of matrix valued orthogonal polynomials, closely related with the spher-
ical functions. These results and the content of this paper, together with those on
matrix valued orthogonal polynomials of several authors (see for example [1], [2],
[6], [15], [12]), and the forthcoming paper [17] on the matrix spherical transform
and its inversion formula on a locally compact group, should be considered as part
of a large research project aimed at the analysis of matrix valued special functions.

In the present paper for G = SU(2,1) and K = S(U(2) x U(1)) we con-
struct, out of several spherical functions of (G, K) of a given K-type m,¢, n € Z
and ¢ € Ny, a family parameterized by v € C of (¢4 1) x (¢ + 1)-matrix valued
functions ﬁ(t; v), t > 1. One of the main purposes of this paper is to prove that,
as functions of the spectral parameter v the functions H (t;v) satisfy a three term
recursion relation of the form

tH(t;v) = AyH (t;v — 2) + ByH(t;0) + C,H (0 + 2), (1)

where A,, B,, C, are matrices independent of ¢. On the other hand the functions

H(t;v) satisfy a differential equation of the form

DH (t;v)' = H(t;v)" A, (2)

where D is a second order differential operator in the variable ¢ whose coefficients
depend on ¢ and not on v, see [13] and [16]. Here A is a diagonal matrix with
entries that depend on v but not on ¢ and the superscript denote transpose. Thus
the family H(¢;v) is an instance of a solution of a matrix valued bispectral problem
in the variables ¢, v. For a discussion of the bispectral problem see [3] and [9)].

For ¢ =0 the function H (t;v) is scalar valued and it is given by

H(t;v) = oF (79251 —1)

where w = —(n + v 4+ 2)/2. Then, by making the change of variables u = 1 — ¢,
(1) comes down to the following three term recursion relation, in the spectral
parameter w, for the Jacobi functions:

u2F1 (7w,ué+n+2 ;u) = Gy 2F1 (7w+1,2w+n+1 ;u)

+ Bw Na) (fw,ug+n+2 ;’LL) + Gy oF) (,w,1 ,2w+n+3 ;u) ’

where G, = —A,, by =1— By, ¢y = —C,.

Inspired on [14] we construct a family parameterized by v € af. of matrix
valued functions ®(g; ) on G of size (£+1)2 x (£+1) built up of £+ 1 spherical
functions of a given type (n,£). The three term recursion relation that constitutes
our main result, Theorem 5.1, is given by

o(9)v(g9)®(g;v) = A, @(g;v — p) + B, ®(g;v) + C,@(g; v + p) (3)
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and this gives a highly nontrivial extension of (1). Here A,=A,®I, B,=B,®I,
C, = C,®1, where I denotes the (41) x (£+1) identity matrix and A,, B,,C,
are the matrices appearing in (1) with v = v(H,).

It is important to stress that this relation is valid on G, and not just on
a one dimensional submanifold of G. On the other hand from Proposition 2.1 it
follows that B B B

[D2(-;v)I(g) = B(g; v)[DD(- 5 v)](e)
for any differential operator D on G left invariant under G and right invariant
under K. Thus the family ®(g;v) provides an extension to G' of a matrix valued
version of the bispectral problem ([3], [9]) and to the best of our knowledge gives
the first instance of a bispectral situation where one of the variables ranges over a
set that is not one dimensional. Moreover the recursion relation (1) follows easily
from (3) by restriction, see Proposition 6.2.

The first step in the proof of (3) consists in establishing a three term
multiplication formula of (Theorem 4.4) for spherical functions, which is obtained
from an explicit decomposition Y7*QW = Y;®Y,® Y3 into irreducible submodules
of the tensor product of the Harish-Chandra module Y 7" of the principal series
representation U and the standard module W = C3. Here we use Kostant’s
results on the tensor product of a finite dimensional and an infinite dimensional
representation (see [11]). Then the closures Y; of Y; in U @ W are linearly
independent SU(2, 1)-modules but Y; @Y, @ Y3 is not closed. Because of this the
proof of Theorem 4.4 is delicate. Concerning the equivalence of Y, with certain
principal series representations see Remark 3.19.

In this multiplication formula there appear spherical functions of types (n, ¢)
and (n — 1,¢). To take care of this problem it is necessary to combine the multi-
plication formula with its dual, obtaining a multiplication formula involving seven
spherical functions of type (n,¢). Then these spherical functions are appropriately
package into three (£ + 1)2 x (¢ + 1) matrix valued function ®(g;v), ®(g;v + p),
®(g; v — p), which yields (3).

In the last section, by restricting to the abelian Iwasawa subgroup A, we
derive the three term recursion relation (1) for the family of (¢+1) X (/4 1) matrix
valued functions H(¢;v) closely related to the function ®(g;v), v = v(Hy).

It is a pleasure to thank the referee for comments which led to the addition
of Subsection 6.3.

2. Preliminaries

2.1. Spherical functions.
In this subsection we recall some facts on spherical functions which are useful to
understand the rest of the paper.

Let G be a locally compact unimodular group and let K be a compact
subgroup of G. Let K denote the set of all equivalence classes of complex finite
dimensional irreducible representations of K'; for each § € K, let &s denote
the character of §, d(d) the dimension of any representation in the class §, and
Xs = d(0)&s. We shall choose the Haar measure dk on K normalized by fK dk =1.
We shall denote by V' a finite dimensional vector space over C and by End(V)
the space of all linear transformations of V' into V.
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A spherical function ® on G of type § € K is a continuous function on G
with values in End(V') such that ®(e) = I (I= identity transformation) and

D) d(y) = /K vs (k) (zky) dk,

for all =,y € G. See [19],[7].

If & : G — End(V) is a spherical function of type § then 7 : k — ®(k) is a

representation of K such that any irreducible subrepresentation belongs to §. The

number of times that § occurs in the representation 7 is called the height of ®.
Spherical functions of type 0 arise in a natural way upon considering rep-

resentations of G. If g — U(g) is a continuous representation of G, say on a

complete, locally convex, Hausdorff topological vector space F, then

P®) = [ ol U di

is a continuous projection of E onto P(0)E = E(J); E(J) consists of those vectors
in F/, the linear span of whose K -orbit is finite dimensional and splits into irre-
ducible K -subrepresentations of type 6. Whenever E(J) is finite dimensional, the
function ® : G — End(FE()) defined by ®(g9)a = P(§)U(g)a, g € G,a € E(J)
is a spherical function of type 0. If the representation g — U(g) is topologically
irreducible (i.e. E admits no non-trivial closed G-invariant subspace) then the
associated spherical function @ is also irreducible.

If a spherical function ® is associated to a Banach representation of G then
it is quasi-bounded, in the sense that there exists a semi-norm p on G and M € R
such that ||®(g)|| < Mp(g) for all ¢ € G. Conversely, if ® is an irreducible
quasi-bounded spherical function on G, then it is associated to a topologically
completely irreducible (TCI) Banach representation of G (Godement, see [19]).
Thus if G is compact any ir reducible spherical function on G is associated to a
Banach representation of GG, which is finite dimensional by Peter-Weyl theorem.

When G is a connected Lie group then it is not difficult to prove that any
spherical function ® : G — End(V) is differentiable (C*°), and moreover that
it is analytic. From the differential point of view a spherical function of type d
can be characterized in the following way. Let D(G) denote the algebra of all left
invariant differential operators on G' and let D(G)X denote the subalgebra of all
operators in D(G) which are invariant under all right translation by elements in
K. Let (V,7) be a finite dimensional representation of K such that any irreducible
subrepresentation belongs to the same class ¢ € K. Then we have

Proposition 2.1.  (/19],[7]) A function ® : G — End(V) is a spherical
function of type ¢ if and only if

i) ® is analytic.

i) ©(kighks) = w(k1)P®(g)m(ka), for all ky, ko € K, g € G, and ®(e) = I.

iii) [D®](g) = ®(g)[D®|(e), for all D € D(G)X, g€ G.

Proposition 2.2.  ([19]) Let ®,V : G — End(V) be two spherical functions
on a connected Lie group G such that O(k) = V(k) for all k € K. Then & =¥
if and only if [D®](e) = [D¥](e) for all D € D(G)¥.
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If G is a noncompact connected semisimple Lie group with finite center, and
K is a maximal compact subgroup of GG, then, from the Subquotient Theorem of
Harish-Chandra (see [21] Theorem 5.5.1.5) or from Casselman’s Subrepresentation
Theorem (see [10] p. 238), we know that any TCI Banach representation of G is
infinitesimally equivalent to a subquotient, respectively to a subrepresentation,
of a nonunitary principal series U%". Thus, if ® is a quasi-bounded irreducible
spherical function on G of type § € K, there exists (0,v) and a K-projection
Q(5), of U onto the J-isotypic component of an irreducible subrepresentation
of U such that ® is equivalent to Q(d)U*Q(d). This follows from Proposition
2.2. In particular when D(G)¥ is abelian ® is equivalent to ® = P(6)U"" P(9),
because in such a case the multiplicity of 6 in U?" is one. For our group
G = SU(2,1) we know that all irreducible spherical functions on G are quasi-
bounded since all appear associated to a principal series representation. (See [13]
and [16]).

The group G = SU(2,1) consists of all 3 x 3 complex matrices of determi-
nant one that preserve the Hermitian form ¢(z) = 2121 + 2022 — 23Z3. The group
G acts naturally in P,(C). The G-orbit of the point (0,0,1) is the set

B ={(z,y,1) € P(C) : [z|* + |y|* < 1},

and the corresponding isotropy subgroup is K = S(U(2) x U(1)). Thus Hy(C) =
G /K can be identified with B, the open ball of radius one centered at the origin
in C?.

The set K can be identified with the set Z x Zsqo. If k = (40), with
A€ U(2) and a = (det A)~!, then

m(k) = mn0(A) = (det A)" A (4)

where A’ denotes the (-symmetric power of A, defines an irreducible representa-
tion of K in the class (n,¢) € Z X Zxy.

The representation m,, of U(2) extends to a unique holomorphic repre-
sentation of GL(2,C) into End(V;), which we still denote by m,,. For any
g € SU(2,1), we denote by A(g) the left upper 2 x 2 block of g. It is easy
to see that det A(g) # 0.

For any 7 = 7, let ®; : G — End(V;) be defined by

Dr(g) = Pre(g) = mne(Alg)).

This function @, is always an irreducible spherical function on G of type 7. Since
D(G)¥ is commutative all irreducible spherical functions on G are of height one
(see [7], [19]). Thus such functions of type 7 are functions on G with values in
End(V;). To determine them we define a function H by

H(g) = ®(g) ®x(g9) ", (5)

where @ is supposed to be a spherical function of type w. Then H satisfies
i) H(e) =1.

ii) H(gk) = H(g), forall g€ Ak € K.

iii) H(kg) =n(k)H(g)m(k™'), forall g € Ak € K.
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Property ii) says that H may be considered as a function on B, and
moreover from iii) it follows that H is determined by the function H : r — H(r,0)
on the interval [0,1). Let M be the closed subgroup of K of all diagonal matrices
of the form A(e?,e=2% ¢?), § € R. Then M fixes all points (r,0) € B. Therefore
iii) also implies that H(r) = w(m)H (r)m(m™1) for all m € M. Since any V; as an
M -module is multiplicity free, it follows that there exists a basis of V. such that
H(r) is simultaneously represented by a diagonal matrix for all 0 < r < 1. Thus
we can identify H(r) € End(V,) with a vector H(r) = (ho(r), ..., hi(r)) € C*L.
In this case the algebra D(G)¥ is isomorphic to D(G)Y @ D(K)X. The algebras
D(G)¢ and D(K)%X are polynomial algebras (Harish-Chandra’s theorem) in two
algebraically independent generators. A particular choice of two algebraically
independent generators Ay and Az of D(G)Y is given in Proposition 3.1 of [4] and
rewritten in this paper in (6). The fact that a spherical function is a simultaneous
eigenfunction of Ay and Aj implies that the function H is an eigenfunction of
certain ordinary second order differential operators D and E given in [16] and in
[13]. For an explicit expression of the functions H in terms of the matrix valued
hypergeometric function introduced in [20] see Theorems 5.1 and 5.2 in [16].

2.2. The principal series of SU(2,1). The Lie algebra of G is g = {X €
gl(3,C) : JXJ = —X* tr X = 0}. Its complexification is gc = sl(3,C).

Let b be the compact Cartan subalgebra of g¢ of all diagonal matrices. We
denote by «, 3,7 the positive roots given by a(x1Ey; + x2Ee + x3F33) = 1 — 29,
B(x1E11 + x9FE9 + x3F33) = 29 — x3 and 7 = a+ 3. The corresponding root space
decomposition is given by

Xo = FEg, X_o = Eo1, Xg= FEy3, X 5= E3, Xy = F13,X_, = E3,

H, = FE1 — Eg, Hy = Eoy — B33, Hy = Ey — Ess.

We observe that Z = H, +2Hjz belongs to the center of £c. In [4] we have proved
the following proposition:

Proposition 2.3. D(G)Y as a polynomial algebra is generated by
Ao =—H2—17?—2H, — 27 —4X_ X, — 4X_3X5 — 4X_, X,
and

A3 =2H2 —2H}+ tH2Hy — $H H} + 2H2 + H Hg + 4H,, + 2Hp
+ X o XoHy 42X o XoHp + 6X_oXo +3X_5X5 + 3X_, X,
~ X pXpHy — X X, Hy +3X X, X _o +3X_, XsX,.

Let g = £+ p be the Cartan decomposition of g associated to the Cartan
involution #(X) = —X*. Then

ez{(’g 2>:k6u(2),y:—tr(k)} andpz{{(l-g 8):66(@2}.

Let Hy = F13+ FE3 and T = H, — Hg. Thus a = RHj is a maximal abelian
subspace of p, m = RiT} is the centralizer of a in € and h = m @ a is a split
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Cartan subalgebra of g. The root space decomposition of g¢ with respect to he
is given by

G(Hy) = 1,a(T) = 3, B(Hy) = 1,5(T) = =3, 7(Ho) = 2.5(T) = 0,
and the corresponding root vectors are
Xa=FEip+ B3, X_a = Eo1 + Ea3, X = Eo1 — Ea3, X_j5 = Erp — By,
Xy = E13— B3y — By + B33, X_5 = E31 — Ey3 — By + Ess.
In this new basis, the differential operators Ay and Ajz are given by
Ny =—Hi — 3T? +4Hy — 2X5X 5 —2X;X_; — X5X s,
40Ny = —3T° + T? + AT + 3H§ + TH — 4HoT — 12Hy — X5TX 4
— X5TX 5+ X5TX 5+ 3XaHoX 6 —3X3HoX 5
—3X;3XaX 5 —3X5X s X 5+ 12X5X 5+ 6X5X 5.

(6)

Let A € a* be the restricted root defined by A(Hy) = 1 and let n = gy + gon
be the sum of the corresponding restricted root subspaces of g. Then g =€t@Gadn
is an Iwasawa decomposition.

Let N be the analytic subgroup of G with Lie algebra n, and observe that
M is the centralizer of A in K. Then M AN is a minimal parabolic subgroup of

G, and
e? 0 0 cosht 0 sinht
M=<mpg=|[ o0 2 o ,A:{at:< 0 1 0)}.
0 0 & sinht 0 cosht

For r € Z and v € C we define ¢ € M and v € ai by

O and v(tH,) = vt. (7)

o(mg) = e
Then man +— e”1°8%g(m) is a one dimensional representation of M AN, and it
is this representation that we induce to G to construct its generalized principal
series representation. Thus we put U% = Ind§; 4y -
There are different “pictures” or realizations of these representations which
have different uses and advantages. We choose the compact picture. In this case
a dense subspace of the representation space of U™ is

{F: K — C continuous : F(km) = o(m) 'F(k);k € K,m € M},
with norm
1FIE = [ P
If g decomposes under G = KAN as g = k(g) exp(H(g))n, then the action is
U™ (g)F(k) = e “HHOTBF(k(g k).

The actual Hilbert space and representation are then obtain by completion. We
recall that p € a* is the half-sum of the positive restricted roots counted with
multiplicities. In this case it is given by p(Hp) = 2.

Let Y™ be the Harish-Chandra module of all K -finite vectors in U™".
Then U™ admits an infinitesimal character since any element in D(G)% reduces
to an scalar operator on Y™ (see Proposition 8.22 of [10]). Then using the induced
picture and the expressions (6) it is easy to prove the following proposition.
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Proposition 2.4. The infinitesimal character x,, of the principal series U™
s given by

Xrw(Dg) = —v?+4— %7“2
Xrw(A3) % (—%7‘3 +r2 4+ rv? + 3% — 12) )

We observe that U™ and U™~" have the same infinitesimal character. This is
an instance of the general invariance of the infinitesimal character of the principal
series representations under the restricted Weyl group.

Now we want to describe the structure of Y™ as a K-module. Since K is
a compact group, by the Peter-Weyl theorem we know that we have the following
unitary direct sum:

LQ(K) = @wef(vﬂ' ® V;?
where the identification of V; ® V* as a subspace of L?(K) is given by (v® \) —
(v@A)(k) = (k-A)(v). The restrictions to V, @ V* of the left and right regular
representations of K are, respectively, L|y, gv: =7 ® 1 and R|y,gv: = 1 ® 7"

If 7 = m,, there exists a basis {vj(.n’g)}ﬁzo of V., unique up to a multiplica-
tive constant, such that
w(Ha)oi™ = (€= 25)0™", #(Z)0i™) = (2n + O™,

. n,l . (nt . n,l . n,f
T(Xa)oi™) =G, (X = (0= ).

(8)

Let us consider a U(2) invariant inner product on V{, ¢ . In Lemma 3.1 of [14] we
proved that the basis {vj(.n’e) ?:o is an orthogonal basis such that

-1
n,Z g n7£
ot >||2=(j) ). (9)

Let {)\gn’z) §:O be the dual basis of {v](»"’z) ;ZO_

Proposition 2.5. The Harish-Chandra module Y™ as a K-module decom-
poses in the following way

U (—=r+£—34,0)
Yn' = EB @ (V(fr+€73j,€) ® CA; J ) .

¢
{=0 j=0
Proof. We first note that
Yy = {F e PV, ©V; : R(mg)F = ¢ " Fymy € M}.
WEIA(

From T = (3H, — Z)/2 it follows that 7(T)v; = ({ —n — 3j)v;, and 7(T)\; =
—(l—n—3j)\;.
Let us consider the representation of M in @, .z Vr ® V; defined by my —
e R(myg). Then

Y = (@Vﬂ@avg‘)M = @Vw@ (V;)M :
nek nek

If 7 = 7, we have that (V:)M =C)\; if r={¢—n—-3j and (V;‘)M = 0 otherwise.
This completes the proof of the proposition. [ |
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3. On the structure of Y"" @ W

As we shall see in the next section, a multiplication formula for the spherical
functions associated to our pair (G, K) arises from a direct sum decomposition
of Y™ @ W into D(G)-modules which admit infinitesimal characters. It is well
known that even if Y™ is irreducible Y @ W does not need to have such a direct
sum decomposition. Nevertheless it always has a finite composition series, but we
were not able to derive a multiplication formula in this general case.

We shall start considering the D(G)-module Y™ @ W, taking into account
Kostant’s contribution [11] on the tensor product of a finite and an infinite di-
mensional representation. To quote what it is needed we introduce the following
notation.

Let gc be a finite dimensional complex semisimple Lie algebra, U(gc) be its
universal enveloping algebra and Z(gc) be the center of U(gc). Let V' be a Harish-
Chandra module with infinitesimal character x¢ and let V) be an irreducible finite
dimensional representation with highest weight A. Let Ay = {u,...,ux} be the
set of all the distinct weights of V). Now consider the sequence of k characters

Xé+pis-- - Xe+p, and put
Yi={ye VeVy:uy= xern(u)y foral ue Z(ge)}

Then the following is the content of Corollary 5.5 of [11].

Theorem 3.1.  If the characters Xeqp,, @ = 1,...,k are distinct and Y; is not
zero, then Y; is the mazimal submodule of V @ V) which admits the infinitesimal

character Xeqp,, and
VoaW=Y1& &Y.

Now we consider the standard irreducible representation of gc on W = C?
and let {ej,es, e3} denote the cNanonical basis of C?. Then e; + e3, €2, €1 — €3 are
weight vectors with respect to he of weights iy, uo, 3, respectively, given by

pi(Ho) =1, pa(Ho) =0, pz(Ho) = —1
:ul(T) = 17 ,UJQ(T) = _27 /~L3(T) =L

We observe that A = py is the highest weight of W . In terms of the dual basis of
{H0>T} we have M1 = (17 1)7 M2 = (07 _2) and H3 = (_17 1)

Lemma 3.2. The infinitesimal character x¢ = Xro» of the Harish-Chandra
module Y™ is given by & = (—v —2,r).

Proof.  We first recall the definition of the character ¢ of Z(gc) for € € b%:. We
know that given u € Z(gc) there exists a unique f, € U(hc) such that v — f, €
U(ge)ge. Then xe(u) = fu(€). By using the isomorphism D(G)¢ ~ Z(gc),
obtained by restricting the canonical isomorphism between D(G) and U(gc), from
Proposition 2.4 we can compute x¢(Az) and x¢(As). But first we need to rewrite
these operators in such a way that the positive root vectors appear on the right.
To do this we use the transpose anti-automorphism of U(g) defined by: if X € g
then X' = — X, thus

(X1 X)) =(-1)X, - Xy, for any X; € g.
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Then A, = A,, since Ay is the Casimir operator of gc, and furthermore we have
that A} = —As — 6A,. Thus from (6), we get fa, = —(HZ + 57% + 4H,), and
fa, = —3T*+T?*+4T +3H +4HT +TH§ + 12H,. Now it is easy to check that

fA2(_U - 27T) = XT,’U(A2) and fA3(_U - 27 T) = XT‘7U(A3)’

This completes the proof of the proposition. [ |

Theorem 3.3. Letre€Z and v e C. If v(v+r)(v—7r)#0 then
YW =Y10Y:,®Ys,

where Y1,Ys,Ys are Harish-Chandra modules with infinitesimal characters
Xr+10-15 Xr—2w, Xr+lo+1, Tespectively. Moreover for i =1,2,3

Yi={yeY" W : Ay=cy}
where ¢ = Xr+1,v—1(A2); Cy = Xr—2,u(A2); C3 = XT+1,v+1(A2>-

Proof. By Theorem 3.1 we just need to understand when x¢i,, = Xeqp, for
i#jand £ = (—v—2,r) (Lemma 3.2).

We know that in general y, = x» (AN € 6(’5) if and only if there exists
and element 0 in the translated Weyl group W such that @(\) = X (see Section
2.1 of [11]). We recall that for w in the Weyl group W we have

W(A) =wA+p) —p.
If A= (A1, \), in terms of the dual basis of {Hy, T}, then
5&()\) == %()\1 - )\2, —3)\1 - )\2),
53()\) — %()\1 + )\2 - 2,3)\1 - )\2 + 6),
52(N) = (=A1 — 4, ).

If&=(—v—2,7) wehave {+ = (—v—1,7r+1), E+ pe = (—v—2,7r—2) and
&4 p3 = (—v—3,r+1). Then it is easy to see that

€+ m) =€+, ifandonlyif v=r,
5§+ p2) =&+ s, ifand only if v = —r,
(€4 ) =&+ ps, ifand only if v =0,

Wy

VR

and that no further identifications under W occur in {£ + picj =123}

From Lemma 3.2 it follows that Xeiu, = Xot1,0-1, Xetpo = Xr—2,05 Xetps =
Xr+10+1, Wwhich completes the proof of the first assertion.

Now let 5

Vi={yeY"W:Ayy=cy}.

Since Ay € D(G)C it follows that Y; is a D(G)-submodule of Y ® W such
that Y; C Y;. On the other hand it is easy to verify, under the hypothesis
v(v+71)(v —7) # 0, that all ¢1,co,cs are different. Therefore Y;, Yy, Y are
direct summands of Y™ @ W . Thus

YPoW=Ye,eY;CYaY,aY;,
which implies that ¥; = Y; for ¢ = 1,2, 3, completing the proof of the theorem. m
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Theorem 3.4. Letre€Z andve C. If v(v+r)(v—r1)#0 then
YT’U®W* = Zl EBZQ@Z?,,

where Zi,Zy, Z3 are Harish-Chandra modules with infinitesimal characters
Xr—1w—1s Xr42vs Xr—1w+1, Tespectively. Moreover for i =1,2,3

ZZ:{yGYTﬂ)@WAQy:dZy}?

where dy = Xr—1,v—1(A2)7 dy = Xr+2,’u(A2); d3 = XT—I,v+1(A2>-

Proof.  The theorem follows from Theorem 3.3 by duality. First of all we
recall that the dual G-module of U™ is isomorphic to U~""". In fact (f, h) =
[ f(k)h(k) dk defines a pairing between U™ and U~ which is G-invariant
because

(U™ (g) .U~ (g)h) = /K &2 £ (g™ k) h((g~'k)) I
_ /K FUR)h(k) dk = (f. ).

The second equality is a known integral identity (see [21] Section 5.5.1). Moreover
this pairing is nonsingular because an f is in the representation space of U™" if
and only if f is in the representation space of U™V,

On the other hand if a Harish-Chandra module Y has infinitesimal charac-
ter x then its K -finite dual Y* is a Harish-Chandra module Y with infinitesimal
character x* given by x*(D) = x(D’), D € D(G)%. Then using Proposition 2.4
it follows that x;, = X—ru-

Now from Theorem 3.3 we get Y™"7" @ W* = Y* @ Yy @ Y, Then by
taking 7, =Y, Zo =Y, Z3 =Y and changing signs the theorem follows. =

3.1. Explicit decomposition of the tensor product. The aim of this subsec-
tion is to obtain an explicit description of the D(G) modules Y;, Y3, Y3 appearing
in Theorem 3.3.

From now on we shall choose a particular basis {a?*: 0 < s < ¢} of weight
vectors of V(_,4_3;¢ such that (8) holds.

We realize the K-module V(_, ,_3;, as the {-symmetric power of C? (see
(4)) and take a* = e/~%e5. The weight of a/’ with respect to the diagonal Cartan
subalgebra hc of b is (—r+20 —3j — s)x1 + (—r+ £ —3j + 8)z2.

We shall identify a?‘ € V(_,;/_3; with a function on K: If {\*} denotes
the dual basis of {a/‘} then we put

V() = NY(ELalt). (10)

In this way Vi_rie-s50 = Vicriesin @ CA;’Z C Y™ and

Y™ = @ (ux, (11)

0<j<e
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in accordance with Proposition 2.5. Explicitly, if

a b 0 a —be? 0
k=1 —-be ™ qae ™ 0 |, El=1b a? 0 |,
0 0 et 0 0 o0
then A A o B |
vg,ﬁ(k) — 619(—7"-1-(—3]))\;,5 ((ael + beg)é_s(—bewel + 661062)5) . (12)

Then we know that {v?*}, is an orthogonal basis of V_, /-3¢ C Y™ such that

Hool' = (0= 250l Z}' = (=2r + 30— 6j)ul’,

jvz — Jl Jvf — — -]7[
Xyvlt =svl” ] X vt = (0 —s)vl,.

(13)

The following lemma is a consequence of the so called Pieri’s formula, see

22] §77.

Lemma 3.5. The following decomposition of K -modules holds

[e's) l
Y™ QW ~ @ @ Vicrie—3je+1) © Vicrie-sjr1,e-1) ® Vicrie—3i—1,0)-

£=0 j=0

Moreover for 0 < j < /{ let

j7£ J— j?e j?e
Uy = Uy e — Vo Qe € ‘/Y(fr+2+173j,€71)
j7£ JR— j’e
2y = vy ®ez € Viirqi-3j-10)
gl _ i
wy =vy Rer € ViLrqpr_3je41)-
0 j—14-1  j—14-2 : :
Then the elements wd”, 2}~ ,w}y~ """ are dominant vectors of weight

pt = (=r +20 = 35)xy + (—r + £ — 35 + 1)as.

Now we notice that the standard G-module W realizes in the principal
series UL in the following way: let A # 0 be a dominant weight vector in
W* with respect to the Cartan subalgebra he of ge, and for any w in W let
hy(k) = Mk™'w) for k € K.

Lemma 3.6. The map w +— hy, defines an injective homomorphism of G-
modules from W into UL73.

Proof. It is convenient to use the induced picture to realize U3, We extend
our function h,, to G by h,(g) = Mg~ 'w) for g € G. Then we only need to prove
that

hu(gmean) = e~ (mg) " hy (g),

for mg € M,a € A,n € N, where v(Hy) = —3, o(my) = e?.
If X € g then

Xhul() = (%), Agesptx) )

(), (et (g ™) = [XA](g™w)
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Since XA = 0 for any X € n it follows that h, is right invariant under
N. In terms of the dual basis {\;}?_; of the canonical basis {e;}3_; of W, X is
a nonzero multiple of A\ — A3. Then HoA = A and TA = —\. Thus Hyh, = h,
and iTh,, = —th,,. Therefore

ho(gexptHy) = e'hy(g) and  hy(gexp(0iT)) = e_iehw(g),

which are the required properties for A and M. The lemma is proved. |

If M is abelian we have a G-morphism from U%" @ U" into U7+ »+v'+p
defined by the multiplication of functions. In particular we consider the G-
morphism defined by

P:UY@W — Uth 1 f®wr— fhy.

Proposition 3.7. The G-morphism P : U™ @ W — U™V s surjective
and the Harish-Chandra module of ker(P) is given by

l
DD '+ (= Dud T (0= 5) ),

>0 j=0

where (u,v) denotes the K -module generated by {u,v}.

Proof. = We recall that h, (k) = A(k~'w) and we may assume that A\ = \; —\3 €
W, If
_Bei®
(b o)
0 0 e

he (k) = a, he,(k) = =be®, he, (k) = —e .
On the other hand, by (12) we have

then

Wk = (j)(ei0)7r+€f3ja£7jbj
U{’Z(k) _ (619)7r+673j+1a27jflbj71 (|a\2(§j) _ ’b‘z(e?)) _
Therefore
P(uf) (k) = v} (k)he, (k ) 05" (k)hey (K)
= () (o () - () + bR ()
(619) —rH0=3j+1  f—jpi— <|a|2(‘f*1) +|b|2<tgl)>

7j—1

(
)"

(f }) W0y —r+L=3j+1 4 l—jpi—1
J—

—1,0—-1

In particular we note that P(ug)’g) = UO € U™bo=l proving that P is

surjective. In a similar way we compute

P(Zé—l,e—l)(k) _ Ug_lj_l(k)he?)(k) — _(lﬁ*l) (ei0)7r+€73j+1a£*jbj*1

7—1
and ' .
Pwh ") (k) = v}V 2 (k) he, (k) = (C77) () T3t gt mipi =L,

7j—1
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To prove the statement about the kernel of P it is enough to find the K -dominant

vectors in ker(P). Now it is easy to see that u*+2z """ and (¢—1)w] ">+ (¢—

7)2 71 are in ker(P). Moreover if v € ker(P) is a K -dominant vector of weight

(7t it follows that it must be a linear combination of (£— Dwd Y24 (=)

£ j—10—1 e
and uy” + 2 . The proposition is proved. [ ]

Lemma 3.8.  The Iwasawa decomposition g = k(g)a(g)n(g) of an element
g = (gi;) € SU(2,1) is given by

coshs 0 sinhs a b 0
a(g) = 0 1 0 , k(g) = | —be ™ ae ® 0 |,
sinhs 0 coshs 0 0 e
with
a— 911 + 913 b _ (g21 + 923)(g31 + g33)
lgs1 + g33]’ |g31 + g33]?
S 7 +
e® = |gs1 + gs3, GGZM

lgs1 + g3s|

Proof.  Evaluating both sides of g = k(g)a(g)n(g) at e; + e3 we get

g11 + 913 1 a
go1 + 923 | = K(g)alg) | 0| = (coshs+sinhs) [ —be | |
931 + g33 1 e’

because e; + e is left fixed by N. Then, from the third row it follows that
e = |g31 + g33| and that € = (g3 + g33)/|g31 + gs3|. Now from the first and the
second rows we obtain the expressions for @ and b. ]

Proposition 3.9. For any 0 < s < { we have

. g0 =g+ (=r4+v4+20-2542)  jl+1 (l=s)(r—v+2j), j—14—1
i) Xgvdt = 50T 1) U T oo Us :
.. e GHD(r+v+2542) 541041 s(r+v—204235)  jL—1
i) X_pvl’ = 2(0+1) s RGN

Proof. = We start by computing Xz vo"e. Let X5 = %(Yg—iY};), where Y5, Y5 € g.
We point out that from (12) we get

w (k) = (§) T Datib,

where B
a b 0
k= be @ qe=® 0
0 0 et
Now

d

(Vauh ) k) = () (e w0 (e exp(—413)k) )
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We have
a b 0
exp(—tYs)k = | —be " cosht ae *cosht —e?sinht
be ®sinht —ae ®Psinht e cosht

From Lemma 3.8 we obtain

H (exp(—tYs)k) = log |A(t)| Ho

and
@ 3 0
klexp(—tYs)k) = | —fBe % ae ™ 0 |,
0 0 e'?
where
Yo @ 5 A(t)(be™ cosh t + e? sinh t)
A(t)’ A2 ’
A(t . .
e = ALt;V A(t) = be " sinh t + " cosh .
Then

0= (L) ).

. —_ — — a’
j dt t)' r+20—25+v+2

We observe that
(%) ((567’9 cosht + e sinh t)ﬂ) = jp (),
t=0
d —r+L-2j . i
(E>t 0 <‘A(1§|(f?r+2Z72jJiv+2> = (—7" + 7 — 2j)b€ O(—r+£—25—2)
—(—r+v+20—-2j+2) Re(l_)e%@)ew(*wfﬂj).

Therefore

}/5 'Ug)"é(k?) _ (j)(_r + /— 2j)619(fr+573j72)a€7jbj+1
- (f) (=1 4 v 4 20 — 25 4 2)e?TH=39) g7 b) Re(be??)
+ (f)j el0(—r+l=3j+2) =i pi—1

Similarly for Yz we obtain

Yool (k) = —i() (=1 + £ — 2j)et®r -2 g i+

+ (f) (=1 4+ v + 20 — 25 + 2)e? =30 g =i b Tm (be??)

+ Z(f)j et (=r+6=3j+2) (=i pi—1

Therefore

X5 U(J)',é _ %(Y}) _ i%)vg’g _ (f) ei0(=r+t=3j+2) ;=i pi—1 (_(—r+v+§€—2j+2) ]bP +j> '
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On the other hand, by (14), we have that

U871,€71<k) — (f:}-) eie(—T+£—3j+2)af—jbj—1’

U{',Z—l—l(k) _ 0= H=3+2) e—jpi—1 <<jfl)|a’|2 _ (f)|b|2>
— (= H=3j+2) L—jpi—1 (_ (Z—;l)’bP 4 (je )) '

-1

Then it is easy to verify that

G (=) (—r vt 20—2§42) A+l L (r—vt2f) =101
Xpvg = 20D vt e %

Now by using that X*_, and Xz commute and the fact that

X2 ot = —1). . (0 —s+ 12 X° ol =l —1)... (0 — )i,

(see (13)) we prove that

G D Croa20-2j19) G+ | (=s) (rot2)) o101
Xpvy® = 3(0+1) U T gy s

This completes the proof of i). In the same way ii) follows. |

Corollary 3.10. The following relations hold

_ D (r+v+2542) ) F+10+1 gl | (r+v+25-20)  Gl—1
X_gup' =~ 21 %o —% t ey W
j—10-1 j(r+v+2j) N4
X s ZO =TT 20 *0>
j—10-2 _  j(r+v+2j)  j—1

Proof.  These are straightforward consequences of the definitions given in Le-
mma 3.5 and the previous proposition. [ |

Corollary 3.11. We have

- 0 L—j4+1)(—r4+v+20—2 2 J0+1
Xp(X23 (u)) = (5t ><%(‘;J) X
20(0+1 ?
X/B(Xffl(zjfl,ffl)> =g+ 1) (—r+v+20—25+2) XZ ZJ I,Z) 1XZ ( —1,0— 1)
—« 0 - 202 a\~0 )
1, j-14-2 0= ) (—r4vt20—2 101
Xp(XEH wp™72) = 2GR XY (™,

Proof. First by induction on k& we establish the following relations for k =
1., 0—1
XE () = (€=1) ... (= k) (v,m@el 'oe).
XEAM) = (0 =1) (=) (o] @),
X i) = (= 2) (=R (= k= P e
j—1,0—2

+kv 7T ® 62).

Then the corollary is a direct consequence of Proposition 3.9. [ |
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We recall that (Theorem 3.3) Y™ @ W =Y; @ Ys & Ys where
Vi={feY"@W: Ay f=xrt1,-1(A2)f},
Yo={feY™"@W: Ay f=xr2,(A2)f},
Va={feY"@W: Ay f=xrt10+1(D2) [}

Proposition 3.12.  If v(r + v)(r — v) # 0, then the Harish-Chandra modules

Y1,Ys,Ys are cyclic D(G)-modules, in fact they are generated by the minimal K -
type dominant vectors given below

i) Y1 ={((r+v+2uy" + (r—v+2)20%,
“) Y, = <u871>7
iii) Vs = (uy' + 20°) .
Proof.  The elements u)', ul? and 22° are K-dominant vectors of minimal
0 0 0
type in U™’ ® C?, see Lemma 3.5. In fact uy"' and z° are of type (—r — 1,0)

and the type of ug’l is (=7 +2,0). Moreover, through a careful calculation, using
Propositions 2.3, 3.9 and the normalization (13) one can verify that,

Ag(ugh) = (=0 +4 = 3(r — 2)*)ug”,
Ag(uyt) = (—v? + 4 — %rz + %r + %)ué’l +2(r —v+2)27°,
Ag(20”) = (=07 +4 — Ir? — &r — 16200 — 2(r 4+ 0 4 2)uy.
From the last two identities we obtain the following eigenvectors of As:
Doug” +207) = (v + 1 +4 = 3(r + D)) (u” + 27,
As((r+v+2)uyt + (r — v +2)2")
=(—(v— 1)2 +4 — %(r + 1)2)((7’ + v+ 2)u(1)’1 +(r—v+ 2)28’0).
The first eigenvector ug" is of weight p%!, the second and the third, uy' + 2"
and (r+v+2)uy”’ + (r —v+2)20°, are of weight p"'. It is worth to observe that

the eigenvalues are respectively: X,—2,(A2), Xrt10-1(D2) and X,41.041(A2), see
Proposition 2.4. Therefore

(r+v+2uy' +(r—v+2)20" CYy, (ug") CYs, (uy'+20°) CYs.

The D(G)-module structure of Y ®W can be visualized in the following diagram
of all the highest weights of its K -submodules.

X X X

0,1 s 0,2 s 0,3 8
1% — K 2
X,ﬁl X,ﬁl X,Bl

X X X X

1,1 B 1,2 B 1,3 B 1,4 B
2 1% % 2
X,Bl X,ﬁl X,ﬁl X,Bl

X X X X

2,2 B 2,3 B 2,4 B 2,5 s
2 1% % 2
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Over each p/*, with 0 < j < ¢ we place the irreducible K -submodules of
that highest weight contained, respectively, in Y7, Y5 and Y3. In each place of the
first row there is only one K-module of highest weight % contained in Y5, and
on the first column there are two irreducible K-modules of highest weight u“¢,
one contained in Y; and the other in Y3.

Let fg’ﬁ € Y™ ® W be a K-dominant vector of weight p/* and let fg’é
be a corresponding lowest weight vector. Then X_g( fg’g) is a dominant vector of
weight /T and Xs(f7°) is a lowest weight vector in a K -module of highest
weight "1, This follows from [X s, X,] =0 and [X5, X_,] =0.

In particular, by induction on ¢ > 1 and on k£ > 1 it is not difficult to prove the
following:

X5 () = gy (55 o, X ),
XF () = (~1)F L () (% P+ v+ 2k) e

From the first equality and the hypothesis we see that ug’e €Y, forall ¢ > 1.

Now using the second one we get that the vector
D} = (r+v+2)) (0 — j)ud’ +20(0 — 5)z5 15)
—(r4v—20+2§)(f — Dwl M2

is a dominant weight vector in Y of highest weight 7. We observe that D%’Z #0
if and only if j # /.
In a similar way for £ > 1 and k£ > 0 one establishes that
1/, 1,1 | _00 1 (r4v —1,4-1
Xt 1(“ +200) = (-1 (%)g,l (ug” + 2 ),

k(xt-1 (=16-1\y _ __K! —rdvt2)  yltk—1 (g, LR
XA ug + 2 ) = (e)k(mﬂ( 2) X5 (Euo

(€+k)€1€+k1 (€+k_1)fle+k2>

k+1,k+1

From the first equality and the hypothesis we see that wu, + zg * e v; for all

k > 0. Now using the second one we get that the vector
DY = gt + 07 4 (0= Dw) (16)

is a dominant weight vector in Y3 of highest weight ;7*, moreover it is nonzero if
J#0.
Similarly for / > 1 and k > 1 one can prove that
— 1, 0,0 — r+uv
X5 ((r+v+2ug’ + (r—v+2)z") = (-1 (=522,
X ((7‘ +o+20uy’ + (r—v+ 26),25_1’(_1) :
X5 <Xf;1 <(r +o+20us + (r—v+ 26)2571’#1))
_1_ R —rto+2 k-1 00+k
= swron (T ) X4 (5(7“ + v+ 20)(—r + v + 2k)ug

+ L+ E)(r—v=+20)(—r 4 v+ 2k)z5 V!
(k= 1)(r — v+ 20)(r + v — 2kl M 2)
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From the first equality and the hypothesis we see that (r + v+ %)ug’Z +(r—v+
2£)z§‘1’f‘1 €Y for all £ > 0. Now using the second one we get that the vector

DI = j(r v+ 2)) (=1 + v+ 20 — 25)ud’
+U(r — v+ 25) (=1 v+ 20— 2) 27! (17)
j—1,0—2

—(l=1)(r—v+2j)(r+v— 20+ 2j)w)

is a dominant weight vector in Y; of highest weight . It is easy to prove that
DI £ 0if j#0 and v(r +v)(r —v) £ 0.

Finally, since Y™ @ W =Y, @ Y, @& Y3 and as a K-module is the direct
sum of all the K -modules generated by

(D1 Yo<jce U{D} Yocjcr U{D] Yocicr

the proposition follows. [ |

In the following theorem we generalize a bit the previous proposition and
we exhibit the K -module structure of Y7, Y5 and Y3.

Theorem 3.13.  Let v(v+7)(v—7) # 0 and let DI, D}* and D}" be defined
respectively by (17), (15) and (16). Then they are K - dominant vectors of highest
weight ' and

Yi= P (D), Yo= D (D), Ys= P (D )k

0<j<t 0<j<t 0<j<e

Moreover
YW =Y Y, dYs.

We used above <Df’Z>K to denote the K -module generated by Df’é.

Proof.  That D’ is K-dominant and of highest weight p#* follows from (17),
(15) and (16). Through a careful and long calculation, using Propositions 2.3, 3.9
and the normalization (13) one can verify that D € Y; for ¢« = 1,2,3. Finally,
since Y QW =Y, ® Y, @ Y; and as a K-module is the direct sum of all the
K-modules generated by

{D}Yo<j<e U LD Yocjce U { D5 Yocj<e,

the theorem follows. m

We consider in U™ @ W the Hilbert structure given by tensoring the inner
product of L?(K) with the standard inner product of C*. Then the closure Y; of
Y; (i=1,2,3) in U™ ® W is a G module, because G is connected. But it is worth
to observe that Y, Y, and Y5 are not orthogonal subspaces.

Remark 3.14.  If v(r+v)(r—v) # 0 then Y, Y5, Y3 are linearly independent
but Y1 ® Y, @Y is not closed in U™ @ W.

In fact, if Y, MY, were not zero then Y, and Y, would contain a common
K -irreducible submodule which would imply that Y; NYs # {0}, which is a
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contradiction. Similarly if (Y, @ YQ) NYs # {0} then (Y1 @ Y) NY3 # {0}
which is also a contradiction. Thus Y, Y, and Y3 are linearly independent.

For the second assertion in the remark we recall that one may have closed
linearly independent subspaces M; and M, in a Hilbert space such that M; & M,
is not closed. But the following is true (see [18], 4.8): If X is a Banach space
and M; and M, are closed linearly independent subspaces of X then M; & M,
is closed if and only if there exists d > 0 such that |z — 23]| > d whenever
1 € My, x9 € My and ||z41]| = ||| = 1.

In our case if we let

ye= D37 D" and =z = | D}~ DY,

one can verify, by using Lemma 3.22, that

”«W_ZeHQ:Z—Q( 8]’(5—;‘) .))1/2.

Ir+v|24+8j(¢ —j

If we fix 0 < j < £ then lim_, ||ys—2¢|| = 0. Therefore Yo®Y 3 and Yo@®Y, &Y,
are not closed in U™ ® W . Therefore

UPQW2DY,0Y 1 0Y3D0Y,8Y,3Y5,

which implies that Y, @ Y, @ Y3 is not closed, since Y; @ Y, @ Y; is dense in
UrreWw.

The following lemmas are consequences of Proposition 3.9.

Lemma 3.15. We have

X j,¢ L—j+1)(—r+v+20—25 X j,0+1 r—v+2j j—1,4—1
0 {—7)(—r+v+26—2542 j, 041 r—uv+25—2 j—1,6—1
X (D% >_ (=4)( D) J )X (D% ) ( 2J )D% ’
i, L—j4+1)(—r4+v+20—25+2 i 0+1 r—u+275+42 i—1,0—1
X (Dé ) _ (=g )(%@ 5 J )X' (Dé ) ( 2] )Dé )

Lemma 3.16. We have

X_p(XEHDY)

r4+uv+2 1,0+1 0—1)(r+v—204275 — j0—1
(%JEEL)J)XE 1(DJ+ + )+( )( +2 +J)X€a2<D{ )7

X_p(X5H DY)

D) (r+v+27) 41,641 0—1)(r4v—20+25 - j0—1
— U (D)) (D S X2 Dy,

X_p(X5H DY)

r4+u+2j+2 1,0+1 0—1)(r+v—204+25+2 - j0—1
_ (;rmtr{;r)Xe 1(Dg+ +)_|_( )(+2 +]+)Xfa2(D§ )

Proposition 3.17.  Ifv(v+7r)(v —7r) # 0 then

Y'l ~ YT+17U_1, Y'2 ~ Y'T—Z,v7 YE’) ~ Yr+1,v+1

s (gc, K)-modules.
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Proof.  From (11) and Theorem 3.13 we have
Yr—l—l,v—l _ @ <’U67£>K7 and le _ @ <D{7£>K,

0<j<e 0<j<¢

where v7* and D?* are K-dominant vectors of highest weights p/++! and
wt, respectively. Thus an isomorphism of K-modules n : Y"1 — V] is
characterized by

n(U(J)-Ve) = Cjy D{+1’€+17 Cje 7é 07 0 S .] S l.

Since gc is generated by €c and X, g, to say that 7 is a gc-morphism is equivalent
to require that n commutes with Xyg. This in turn is equivalent to

Xsn@d') =n(Xs(wd),  X_a(n(w)) = n(X_s(v}")),
for 0 < j </, because [X,, X_5] = [X_a, Xg =0.
From Lemma 3.15 we obtain

Xs(n(1g")) = ;e Xs(DI )

_ . (=D (=rtv420-27) j+1,0+2 C(r=v42542) il
= Cje 2(0+1)(¢+2) X_o(Dy )+ cioe—s D1

On the other hand from Proposition 3.9, changing » by r+1 and v by v—1, and
using (13) we get

G (=) (—rvt20-25) G041 | Llr—v2j+2) j—1,0—1
Xpvy™ = 200+1) vt Ty Yo
(=) (—rut20—2j) G+l | Lr—vt2j42)  j—1,6-1
= 2(0+1)° Xoalg™) + 50 v .
Then
0 0—j+1) (—r+v+20—2) 41,042 Ur—v+2j+2) il
N(Xp(0")) = csen R X o (D) e DY

Now Xs(n(v")) = n(Xz(vd")) if and only if
(l+1)cjo=(l+2)cj41 = Llcj_10-1, (18)
since X_o(DIT2) and D?* are linearly independent.
Similarly one gets that X_s(n(v")) = n(X_z(v}")) if and only if
(04 1D)cje = (04 2)cjr1001 = Lejo. (19)
From (18) and (19) we get
Cjos1 = Cisror1  and (L4 1)cie = (£ +2)cje.

Now it follows that ¢, = ¢oo/(¢ 4+ 1). This proves that

e Yr—l—lﬂ)—l N le’ nl(vg,f) _ H%D{—FLM_I, (20)

is the unique isomorphism of (gc, K)-module, up to a nonzero constant, from
Yyr+he=1 onto Y.

In a similar way we can prove that, up to a non zero constant,

B Y ) = DR @)
and . A
N3 Yr+1,v+1 _ YE)” ng(vé,ﬁ) _ H%Dé-l-l,ﬁ-&-l (22)

are, respectively the unique isomorphisms of (gc, K)-modules. |
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Remark 3.18. If v(r + v)(r —v) # 0 the (g¢, K) isomorphisms 7; and 7,
defined in (20) and (21) are not continuous while 73 defined in (22) is bicontinuous.
In fact, by using Lemmas 3.20, 3.22 below it follows that

gl (1!
=r—v+2j+2Pr—v—20+25
+|r — v+ 25 + 2 r + v — 20+ 25
+8Re(v) (|v]* = (r+2j +2)* +2( + 1)(r + 25 + 2)) ,

2ON2 g — i)
|71 (o)l . JH( J)! ||D{+1’€+1||2

and y
21> 51— ) j 041 . .
. = DY P =|r+0? +8j(0—j+1),
which implies that the left hand sides go to infinite when ¢ — oo. But nj is
bicontinuous since on one hand we have

s '75 s ',f '7 . .
73X NP X0 DI [lns(g)I® 4 (C = j)! DI Z o
= 3 =

152 w12 12 082 gtz (1)

Y

and on the other hand {X* v2‘} and {ns(X* v3")} are, respectively, orthogonal
basis of Y7*1v+1 and Y;. Therefore |3 = v/2.

Remark 3.19.  The pairs of G-modules U™1*~! and Y, and U™ 2" and Y,
are infinitesimally equivalent, but not equivalent, while U™"'*+! and Yy are
equivalent.

This is a consequence of the following facts proved in Proposition 3.17

dim Homgy k) (YTH’”_l, Y1) = dim Homgy, k) (YT_Q’”, Yy) = 1.

We close this section with the following lemmas that were used in the
previous remarks.

Lemma 3.20. If vi*, 0 < s < {, are the functions defined in (12) then we

have .
e = —— () (4).
® (+1\s J

Proof. If V is an irreducible unitary K-module, then the following orthogo-
nality relations are well known: [, (k-v,v")(k-w,w’) dk = (dim V)~ (v, w)(v', w’).
for all v,v',w,w" € V. From (10) we have

<k_1 ’ ag’a a§:7£>

v (k) = X (kT alt) =

s s 0
ey 1
. j £ —
Then, by using (9), we get [|v3¢]|? = L ~ ) 1(§). ]

(+D)fal)2

The following lemma is a direct consequence of the definitions given in
Lemma 3.5 and the lemma above.
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Lemma 3.21. We have

lag "I =3(), NP =700, N1 = & (0.

The next lemma follows from the definitions (17), (15) and (16) and Lemma 3.21.
Lemma 3.22. We have
1D = e (62)) <|r v+ 25 — v — 204 25> + [r — v+ 2j*|r + v — 20+ 25
+ 85 Re(v) (o] = (r +24)> + 260 +27)) ).

1D = (€= () (ir + ol +85( = )
D32 = 26(71).

4. Multiplication formulas

In this section we shall establish two three term multiplication formulas, one dual of

the other, for matrix valued irreducible spherical functions, obtained from Theorem
3.13.

Proposition 4.1.  Let v(r +v)(r —v) #0. Then

. _ 1 AN WAS I 2(j+1) RS WAS|
vy ®esz = 2(0+1)v(r—v) ‘D (L+1)(r4v)(r—v) D
+ (r+v+25+2)(r+v— 2€+23)Dj+1 E-H
2(4+1)v(r+v)

- 0 ‘. . : :

Proof.  Since v}’ ® e3 = 2} is a K-dominant vector of weight p/t5+1 it is a

: : EE AR QRGNS W) +1,0+1 L1 _jL

linear comblnatlon of DTV DIFY and DY The elements o)™t 20
o . . .. .

and wj are linear independent, hence it is stralghtforward to Verlfy, using

(15), (16) and (17) that the identity in the statement follows. [

We recall that (see (8)) given an irreducible K-module V' of type (n,/)
there exists a basis {v}i_, of V, unique up to a multiplicative constant, such
that

H,vp = (0= 2k) vy, Zvg = 2n+ ) vg

XOé Vi = kvk—l) X—a Vi = (E — k) 'Uk+1. <23)

Therefore the matrix of a linear map T : V — V associated to any basis of V
satisfying (23) is the same for all these bases.

Let V be a K-isotypic component of a representation of GG in a Hilbert
space U and let P : U — V be the orthogonal projection. Let {v;}{_, be a basis
of V satisfying (23), and let {\;}{_, be its dual basis. Then the matrix coefficients
of the spherical function ® associated to (U, V) in the basis {v;}_, are given by

D(g)ir = Ni(P(gur)). (24)

Lemma 4.2.  Let v(r +v)(r —v) # 0 and let {07}, be a basis of the K -
module V(_yy¢—3j00 C U™ such that (23) holds. Let

®63—w()+w2(2)+w )GYl@YQ@Yg

For p=1,2,3, if w ;é 0 then {w _o s a basis of the K irreducible module
of Y, of type (n,f) (—r+¢—-3j—1 Z) such that (23) holds.
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Proof.  We have that each wl) is a K dominant vector of weight w*1*1. On
the other hand, for 0 < i < ¢ we have

X () + X2 (0 + X (wf) = X (00 ® €5) = v © e
— s () ).
Therefore Xia(w(()p)) = (/T'z)' wz(p) for p = 1,2,3. This completes the proof of the

lemma.
]

Remark 4.3.  When v(r 4+ v)(r —v) # 0, from Proposition 4.1, and the defini-
tions (15), (16) and (17) it follows that

) _ 1,041
W' = s D1 # 0,
(2) _ ___—2(+1) j+1,0+1 .
“o _WD] £0, ifj#Y,

and if (r+v 425+ 2)(r +v —20+25) # 0, we have

(3) _ (rtot2j+42)(r+v—2042j) ryj+16+1
Wo 2(0+1)v(r+v) Dy 7 0.

Theorem 4.4.  Let v(r +v)(r —v) # 0 and let /4, be the irreducible
matriz valued spherical function associated to the G- module U™ and to the K -
submodule V(_,40-3j0). Let ¢ be the spherical function of type (—1,0) associated

to the G module W . Then

v _ r+1,0—1 r—2,v
¢(9)‘b(_r+5_3j,g) (9) =@ P emzi10) (9) + a2 q)(—r+£—3j—1,€) (9)

+ as (I)Z+::Zr13g 1,6) (9), (25)
where
ay = ay(r,v, j,0) = (7"*"*23'221))((:$v+2572j)
az = az(r,v,j,0) = (7"+U+2j-2|-7}2():::;1—24+2j)

Proof.  Let us consider the basis {v?*}_, of Vie 30 C U™ introduced in
(10) and let {\;}%, be its dual basis. Also let {,ul . be the dual basis of the
canonical basis {e;}3_; of C3.

Let D, = (DJ*" ”1> for p=1,2,3. From Lemma 4.2 we have

v @es =+ +w® € D@ Dy @ Dy,

where {wl(p ) }_o is a basis of D, satisfying (23). As it was pointed out in Remark

4.3, w(()p ) may be zero. In such a case D, = 0 and the corresponding coefficient
a, = 0, and everything is all right.
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Let {x'"}*_, be the dual basis of {w"’}’_,. We consider x\”’ € (D, ® Dy & Ds)*
by using the canonical isomorphism

(D1 ® Dy @ D3)* ~ D} & D3 @ Dj.

We also consider \; ® uz € (D7 @ Dy @ D3)* by setting A\; ® us equal to zero on
the orthogonal complement of V(_, /s_3; ® Ces in Dy & Dy @ D3. Now let

i ® s = VZ»(I) + Vi(2) + Vi(g) € DI @ D; @ D;. (27)

Since \;®pus is of weight —(£—217) with respect to H,, it follows that I/i( = a( )XE‘D)
where

ol = v (w?) = (\ @ ps) (w)  for p=1,2,3. (28)

Now we observe that a,fp does not depend on 7, that is
(A @ 1) (") = (o @ piz) u05”). (20)
Because {v/*}(_ satisfies (23) we have v?* = Zf)! Xt _(vl"), which implies that

Xt (N = ((Zﬂ.ﬁ'/\g. Also from Lemma 4.2 we get that w® = %Xia(wép)).
Then

(A ® ps)(w z(p)): gn).!()\z‘@),u:s)(Xi w(p))
= GO (X (A) @ pg) () = (Ao © pag) (wP).

Thus from (27) we obtain

N @ g = anxt” + asx? + agx Y (30)

where a, = (Ao ® pi3)(w).
From Proposition 4.1 we have v}’ ® e3 = w(()l) + w(2) + w(() , with
1 _ 1 DIt (2) _ _ 2G4 pitlé+l

Wo = 2@ v(r—v) ) Wo (€+1) (r4v) (r—v)

(3) _ (r+v+2j+2)(r+v—20+2j5) j+1, Z—f—l
Wy~ = 2(0+1) v(r+v) Dy

From (15), (16), (17) and recalhng that w}™ " = o] @ e — 0T @ ey,

N, y ST gl
A =vl @es, Wl =0T ®@ep, we get

= (Mo @ ) () = s (Mo ® ps) (DI

_ (r=v+2j+2)(—r+v+20—2j)
- 2v(r—v)
2 2(j+1 1,641
= (Ao ® pz)(w ()):_W(AO@DW’)(D? ) 31
_AG+D (=) (31)
(r+v)(r—v)
3 r+uv+2j r4+v—20+2j j+1,0
as = (o @ pi3)(ug”) = EEFEEEEESEA 0 @ jug) (D)
(r+v+25+2)(r+v— 2€+2])
2v(r+v)
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Let @ be the orthogonal projection of U™ onto V(_,4¢_3;0), the isotypic
component of type (—r+£¢—34,¢)), and let Q)3 be the orthogonal projection of W
onto Ces. Also let P be the orthogonal projection of U™ ®@ W onto D& Dy® Ds,
the K-isotypic component of type (—r+ ¢ —3j —1,¢).

We claim that
(A @ pz) o (Q @ Q3) = (A ® pg) o P. (32)

Since Im(Q ® Q3) = Vi_rts—350 ® Ces C Dy @ Dy ® D3 = Im(P) it follows that
ker(Q ® Q3) D ker P. Therefore to prove (32) it is enough to see that

(N @ p3) o (Q @ Q3)) |py@psans = (N @ 13)|Dy@Dy@Ds- (33)

We notice that Dy @ Dy @ Ds = (u) ™" @ (20 @ (wl "k (see (15), (16)
and (17)).
From Lemma 3.5 it is clear that

ker ((Q ® Q3) |D169D2€BD3) <u€)+1 Z+1>K D <w6€ 1>K = ker ((AZ & N3)|D1®D2@D3)‘

Moreover, since (z')x = Im(Q ® Qs) the identity (33) follows, hence (32) is
proved.

Now we are ready to prove the theorem. For g € G we apply the left hand
side of (32) to g(v)’ ® e3) and using (24) we obtain

(@) ((Q© Qg (0 @) = @ a) (Qovt) © Qalg )

=N(Q(gv ))M3(Q3(9 es))
= &(9) (P(9)) i »

where @ is the spherical function of type (—r + ¢ — 37,¢) associated to the G-
module U™".

Let P, be the orthogonal projection of Y; onto D;. Then P‘?l@?2@?3 =PoPhe
Ps. In fact Py(D;i- N Y;) = 0 because P is the projection of U™ ® W onto the
isotypic component Dy @ Dy @ D3 and D;* N'Y; does not contain such K-type.
Thus Ply, = F;.

Now we apply the right hand side of (32) to g(vi’g ®e3) and using Lemma 4.2 and
(30) we obtain

(A @ p3) P(g(v3* @ e3)) = (A @ pig) P(gwl) + gwl”

= (N ®u3 P1<gwk >+P2<gwk N+ Py(guw))

(
= axP(Pi(gw)) + asxP (Pa(g w®)) + asxP (Py(g wP))
—(11( ( ))l + a9 (‘1)2( ))ik+a3 <(b3( ))zk

+gw))

)
)

where @, is the spherical function of type (—r + ¢ — 35 — 1,/) associated to the
G-module Y.

Since Y and U™~ Y, and U""2?, Y5 and U1+ are infinitesimally equiv-
alent (see Proposition 3.17) and taking into account the remark below Proposition
2.2 the theorem follows. [
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If & : G — End(V;) is an irreducible spherical function of type § € K
then the function ®* : G — End(V*) defined by ®*(g) = ®(¢~')" is a spherical
function of type 0%, where ¢* denotes the equivalence class of the contragradient
representation 7* (see [4]). If 7 is of type (n,{) then it is easy to verify that 7*
is of type (—n —{,0).

We recall that (U™)* ~ U~""", see the proof of Theorem 3.4. Therefore if

O ) denotes the irreducible spherical function associated to the G-module

(—r+£—35,¢
U™ of type (—r + € — 3j,¢), then
(qy(nfr-i-ﬁ—iﬁj,ﬁ)) = s (34)
Theorem 4.5.  Let v(r +v)(r —v) # 0 and let %, .., be the irreducible

matrix valued spherical function associated to the G-module U™ and to the K -
submodule V(_, 1350 . Let 1) be the spherical function of type (1,0) associated to
the G module W*. Then

0 o r—1,0+1 r+2,
V)P, o s50(9) = b1 R a0 0(9) + b2 500 ) (9)

r—1,0—1 (35)
+ 03P si10(9),
where
. 45(6—j+1
b2:b2(rvva]a€) = _% (36)
. r+v+25)(r+v—20+25—
b3 = bg(’l", U,j,f) = o +2])2(v(t+v)2 ==
Proof.  We start from the following identity established in Theorem 4.4
T, _ r+1,v—1 r—2v
Qb(g)q)(—vr—i-f—iij,é) (9) = a CI)(—T-:E—?)j—l,E) (9) + as (I)(—r+£—3j—1,e) (9) (37)

r+1,0+1
+ as q)(—r+£—3j—1,€) (9),

If we take * on both sides of (37), and we use (34) we obtain

* 7 —T,—V _ —r—1,—v+1 —r+42,—v
?(9) (I)(r+€—3(€—j),€) (9) = ®(r+e—3(é—j)+1,e) (9) + a2 q)(r+€—3(€—j)+1,€) (9)

—r—1,—v—1
+ a3 Py 5 iy11.0(9)-
We note that 1(g) = ¢*(g), because both spherical functions are associated to the

same G module and are of the same K- type. Now if we change r by —r, v by
—v, and j by £ — 7, then we obtain that

v r—1,0+1 r42,v
VP, osi0(9) = br @y 0 (9) + b2 R i (9)
r—1,0—1
+ b3 (I)(—r+e—3j+1,z) (9),
with
b; = bi(r,v,j,0) = ai(—r,—v,l — j,{). (38)

Now the explicit expressions for b;(r,v,7,¢) follow from Theorem 4.4 and this
completes the proof of the theorem.
[
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5. Three term recursion relation

Let (v+44)(r+v+2i)(r—v+2i) #0 for i = —1,0,1. If we apply successively
Theorems 4.4 and 4.5 and we set n = —r + ¢ — 37 we get

BP9 ) (9) = U(g) (@@, 0) + @@,y (9) + a3 B0 9))
_ (bl(r +1,0 = 1,500, (9) +ba(r + 1,0 —1,5,0) 15" (g)
F bt Lo~ 15,090 0)
+ag (bl(r — 2,0, + 1O D3 (g) 4 bolr — 2,0,5+ 1,0 @[, (9)  (39)
T bs(r—2,0,5 + 1,095 (g))
+ as <b1(r +1,041,5,0) B0 (g) + ba(r + 1,0+ 1,5,0) 945 (g)

+by(r+1,0+1,5,0) @(;jje)(g)> .

Now we want to package these spherical functions in larger matrices to obtain in
such a way a three term recursion relation for these matrices.

We fix the type (n,f) and we take r = ¢ —n and v € C. We define the
(0 4+1)% x (£ 4+ 1) matrix valued function ®(g;v) of £ + 1 spherical functions of
type (n,¢) as follows

X X v r—3j,0+7j r—30,0+¢ t
B(g:0) = B (:0) = (VL (9),- - O H " g), - " (g))

If we write (39) replacing r by r—3j =¢—n—3j and v by v —j with 0 < j </
we obtain

r—3j,0—j 30— 34301
P()e(9), " (9) = By ®(, 0" (9) + Ajin 0 (g)
r—3jv—j—2 r—3j—3,0—j+1
+ A5 00" 9) + Cipn @ )

D Y (40)
+ Brjsr Oy (9) + Oy @ ()
+ B 1 ® T g),
where
Aj,jfl = CLl(r - 3j,'U _j>j>€)b2( - 3] + 17U _j - 1>j7€)7
Ajvj = al(r - 3j,U _j7]7€)b3( - Sj + ]"U _J - 17j’£)’
Bjj—1 = as(r —3j,v—j,j,0by(r —3j + 1,0 —j +1,5,0),
Bj,j = 0,1(7’ - 3j,U _jujae)bl( - 3j + 17U _j - 1>j7€)a
+a2(T—3j,U—j7j, bQ(T_Sj_27U_j7j+17€>7 (41)

0)
+as(r —3j,v—7,7,0)b3(r —3j+1,v—j5+1,5,4),
Bjjt1 = as(r —3j,v — 4,5, 0)bs(r —3j —2,v— 74,5 + 1. 4),
Cj;=as(r—3j,v—7,5,0b(r—3j+1Lv—7+1,40),
Cjjs1 = ao(r —3j,v—74,5,0)b1(r —3j —2,v—74,j+1,0).
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Taking into account the expressions of the coefficients a; and b; given in (26) and
(36) we get
B 2 —j+D(r—v+2)(r—v—20)

P o=t o =4 v =2))(r —v—2j+2)’
AH__(r+v—2j)(r+v—2£—2j—2)(r—v+2)(r—v—2€)

s Av—=j)v =3 =10 +v—4j)(r—v—2j) ’
B 2=+ D) (r+o =2+ 2)(r + v — 20— 2j)

T =)+ v —45)(r +v—4j +2)(r — v —2j)’

(r—ov+2)2(r—uv—20)>

A

B ; dv=)v—g—=1(r—v=2j)(r—v—2j+2)
n 16(j +1)°(¢ — j)?
(r+v—4j)(r+v—45-2)(r —v—2j)(r —v —2j —2)
n (r+v—2j +2)%(r + v — 20 — 2j)?
dv—Hv—g+D)r+v—4))(r+v—45+2)’

B 20 HDU= o =2))(r+v—2-2j—2)

J.d+1 (v=g)r+v—4j)(r+v—45—-2)(r—v—25)’

o =) tv—2j+2)(r+v—2—2j)(r—v—-2—2)

" - N —j+ D +o—d)r—v-2j)

s = — 20+ D= —0)r v =2 = 2)

4v—7)r+v—47)r—v—25)r—v—25-2)
Now we consider the following (¢4 1) x (¢ + 1) matrices

¢ ¢
A, = Z A 1Bk -1 + Z Ar kB,

=1 =0
¢ ¢ -1

B, = Z Bip—1E k-1 + Z By Ey i, + Z Bi g1 Bk kr15 (42)
=1 }—0 =0

/-1

¢
Cy, = Z CrexErx + Z Crget1 Bk g1
k=0 k=0

We recall that given two square matrices M and P the tensor product
matrix M ® P is the matrix obtained by blowing up each entry M;; of M to the
matrix M;;P. Let

A,=A,®I, B,=B,®I, C,=C,®I,

where I denotes the (¢ +1) x (¢4 1) identity matrix.
Theorem 5.1.  For each K -type (n,?) if (v —Fk)({ —n —v —2k) # 0 for
—1<k</l+1and l—n+v—2k#0 for 0 <k <2(+1, then the matriz valued
function

~ ) ~ . v r—37,0—j r—30v—~{ ¢

B(g; v) = D (g:v) = (q>(nyﬁ)(g), LR ) L e (g)> ,
with r = { — n, satisfies the following three term recursion relation

9(9)(9)®(g:v) = A,8(giv = 2) + BB(giv) + Cud(giv +2),  (43)

forall g € G.



820 PACHARONI AND TIRAO

Remark 5.2.  If instead of the parameter v € C we use v € a, see (7), then
(43) can be written as

6(9)0(9)P(g;v) = A, ®(g;v — p) + B,®(g;v) + C,®(g; v + p).

Proof. An (/+1)%>x ({+1) matrix V will be seen as an (£ + 1)-column vector
V=Wo,...,Vo)" of ((+1)x (¢+1) matrices Vj.
If Misan ({4 1) x ({+ 1) matrix and M = M ® I, then

(W d(ge0 k_sz@;n;sw (9).

Thus

(Au®(g:v = 2))k = Ars1 @0 7 g) + Al 5 ),

(Bu®(g;0)k = Brar®], o ™ (g)+ Bir®], 5" (g)
+Bkk+1q)T Shmdumhe 1(9)7

Wﬂw%ﬁwJM@?”MU+@H@MwUM@-

Therefore, from the identities (40) with j = k and 0 < k < ¢, we obtain

d(9)0(9)P(g;0) = (A, (g0 — 2)) + (Bu®(g:v))i + (Co®(g; v + 2))i,

which proves the theorem. [ ]

6. Reduction to one variable

It is of interest to see how we can write the above theorem when we restrict the
spherical functions to the abelian subgroup A of G of all matrices of the form

cosh s 0 sinh s
ag = 0O 1 0 ,
sinh s 0 coshs

for any s € R. Recall that the centralizer of A in K is the subgroup M of all

20 0 0
elements of the form my = (eo e 2if QG) , for any 0 € R.
0 0 ¢

If ® is a spherical function on G of type ™ = 7, € K then O (ay)
commutes with m(m) for all m € M. On the other hand we observed that in
a basis {07}, satisfying (8) we have myv\™? = e@=2k=n)y }— 0 . (.
Therefore we have that ®(as) diagonalizes in such a basis for each s € R. We
denote by ®,(as) the k-th diagonal entry of the matrix ®(ay).

In the open subset {a; € A : s > 0} of A we introduce the coordinate
t = cosh?(s) and define the vector valued function

F(t) = (Po(as), ..., Pay))

associated to the spherical function ®. If ®(g) = @, (g) then we shall also

denote F'(t) = F(;",(t), t > 1. In a similar way, corresponding to the function
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®(g;v) we consider the (£ + 1) x (£ + 1) matrix valued function F(t:v) whose
j-th row is given by the vector F(:gj’”_] (t), with r =¢ —n, for 0 < j < ¢. More
explicitly

Ftv) = (Fp(tiv)  with  Fu(tio) = (007577 (a,)) .

Proposition 6.1.  For each K -type (n,?) if both (v —k)({ —n —v —2k) #0
Jor =1 <k </{+1 and C—n+v—2k#0 for 0 <k <2041, then the matriz
valued function F(t;v) satisfies the following three term recursion relation

tF(t;v) = A F(t;0 — 2) + B,F(t;0) + C,F(t;0 +2), (44)
forallt>1.

Proof. = We recall that ¢(g) is the spherical function of type (—1,0) associated
to the G-module W = C3 and that 1(g) is the spherical function of type (1,0)
associated to W*. Then a direct computation gives

d(a(s)) = coshs =2 and  (a(s)) = ¢*(a(s)) = t1/2.
Therefore from the identity (40), for g = a5, we obtain the following vector identity
LE, () = Ajya B TN A+ A TR
+ B By VN ) + By FL T (1) 4 By TN
n ijjF;;;Sj,vfj+2<t) n Cj}j+1FT:23jf3,vfj+1(t).
This is nothing else that the equality of the j-th rows of the identity (44). [ |

In Section 2 we consider the function H(g) = ®(g)®.(9)~! (see (5)),
associated to a spherical function ®(g) of type m = m,, € K , and its restriction
H(t) = H(a(s)) where t = cosh®(s). We view the diagonal matrix H(t) as a
column vector. Then it is easy to verify that the functions H and F' are related
by the identity

P(t) = "2 H(®) (" 9)"

where the exponent ¢ denotes the ¢-th symmetric power of the matrix. Explicitly
(v ?)Z is a diagonal matrix whose j-th entry is t“=9/2 with 0 < j < /.

If iii(g) = @f;z)*?’j’v(g) we denote H(t) = H(t;v,j). Corresponding to the
function F'(t;v), we also consider the (¢ + 1) x (£ + 1) matrix valued function

H(t;v) whose j-th row is the vector H(t;v — j,7), for 0 < j < ¢. Then
F(t;0) = t"2H(t;0) (172 9)"
Then from (44) we obtain

Proposition 6.2.  For each K -type (n,?) if both (v —k)({ —n —v—2k) #0
Jor =1 <k <{+1 and C—n+v—2k#0 for 0 < k<2041, then the matriz
valued function H(t;v) satisfies the following three term recursion relation

tH(t;0) = A H (t;0 — 2) + B,H(t;v) + CoH(t; v + 2), (45)
where the matrices Ay, B, and C, are defined in (42).
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Remark 6.3. If we fix (n,{) € K, then the map (v,j) — @(J}Z;Z_?’j’v is a
surjective map from {(v,j),v € C,0 < j < ¢} onto the set of all equivalence
classes of matrix valued spherical functions of type (n,¢). In order to relate (45)
with the three term recursion relation established at the end of Section 5 in [14],
we introduce a new parameter w = w(v, j) by

- 244
W — (v+n—|2—€+ +5)

9

and we define the function h(t;w,j) = H(t;v,75). The matrix function H(t:v)
whose j-th row is H(t;v — j,j) corresponds to the function h(t;w) whose j-th
row is h(t;w(v —j,7),7). Observe that w(v — j,j) = w(v,0).

—(v+n+6+2)

5 , then the function H(t;v) associated

Given v € C we set w =
to the matrix function

CT) . o q)r,v q)r—Sj,v—j (I)r—?)é,v—é t
(97 U) - (n,g)(g)v cety (mg) (9)7 cety (n7g) (g) 9
corresponds, for the parameter w, to the matrix function

h(t;w) = (h(t;w,0),... ht;w, ), ... h(t;w,0))".

Then we have that the function h(t; w) satisfies the following three term recursion
relation

th(t;w) = A h(t;w — 1) + B, h(t;w) + C h(t;w + 1), (46)

with
A =C, B,=B, and C,=A,

because the functions H(t;v —2) and H(t;v+2) correspond with h(t,w+ 1) and
h(t,w — 1), respectively.

With this choice of the parameter w we get exactly the same three term
recursion relation that the one obtained in [14], when w is an integer such that
w >0 and w+ n > 0. This can be explained in the following way: the functions
h(t;w) associated to the spherical functions of (SU(3),U(2)), are polynomial
eigenfunctions of D and E and h(1;w) = (1,...,1)". Therefore H(t;v) = h(t; w)
is the function associated to a spherical function of (SU(2,1),U(2)).

6.1. The case ¢/ = 0. In this subsection we shall display the results obtained
in Proposition 6.2 when ¢ = 0 and n arbitrary. In these cases the spherical
functions are complex valued, and for n = 0 they are the zonal or classical spherical
functions.

As we mentioned in the introduction of this paper, the irreducible spherical
function (ID(_an(’;)) of type (n,0) corresponds precisely to the complex valued functions
h(t) = h(t;v) which are: eigenfunctions of D, analytic in the interval [1,00) and
h(1) = 1. In this case the differential operator E is a scalar multiple of D. Then
h(t) satisfies

tL—=t)h"(t)+ (n+1— (n+3)t)R'(t) — Ah(t) =0,

with A = $(n+ 2+ v)(n + 2 — v). This is a hypergeometric equation with

n+24v b — n+2—v

== 5—, c=n+1

a =
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Therefore the analytic solution on [1,00) with h(1) =1 is

1
h(t) _ t—(n+2+v)/2 2F1 (%(n—k?—l—v) , %(;n—&-?—‘rv) : 1 — ;) ) (47)

The matrices A,, B, and C, in this case are the following numbers

_ (v+n—2)(v—n—2) _ n24902-9 _ (v+n+2)(v—n+2)
v = o(u—1) by = 2v—D(orD) G = FPICES) R

—(v4+n+2)
2

In the parameter w = introduced before, we have

1
h(t) = h(t, U)) = tY9F] (—w,—Qw—n 11— —) t>1,

t
and
a = w(w+n) = (w+2) (w+n+2)
w T (2w+n+2)(2w+n+1) ? w T (2w+n+2)(2w+n+3)’
- (w+1)(w+2) + (w+n) (w+n+1) _ 2w(w+n+2)+(n+1)?
w T (2w+n+2)(2w+n+3) (Qw+n+2)(2w+n+1) — (2w+n+1)2w+n+3) "

By using the Pfaff’s identity we have that
1
h(t) = thFl (—w,—2w—n ) 1-— g) = 2F1 <7w,w2+n+2 ; 1-— t) .

We observe that h(t) is a polynomial precisely when w is an integer and w > 0
or w < —n — 2. Then Proposition 6.2 for £ =0 gives

Eofy (TR T 1) = dl Ry TV 1 )

+ b;} 2F1 (7w,11;+n+2 ;1 _ t) + Ciu 2F1 (7w71,2w+n+3 ;1 _ t) )

By making the change of variables u = 1 — ¢ we obtain the three term recursion
relation, in the spectral parameter w, for the Jacobi functions

U 2F1 ( fw,u;rnJrQ : U) _ dw 2F1 (*’LU+1 ,2w+n+1 : U)

+ Bw 2F1 (fw,u;+n+2 ;u) + Cu 2F1 (,w,1 ,2w+n+3 ;U) ’

_ / ~ /
y by=1-10,, ¢, =—c

where a,, = —a! '

w

6.2. The case ¢ = 1. Any irreducible spherical function of type (n,1) is
equivalent to @z;?)_sj’v for some v € C and j = 0,1. The corresponding functions

H(t;v,j) = (Hg(i; v, ), Hi(t;v, 7)) are eigenfunctions of D and E with respective
eigenvalues \;(v) and p;(v). In [13] we prove that

Nw)=3n+3—j+v)(n+3—j—v)+j2—7)
pi(v) = Aj(n+3j —1) =3j(2 = j)(n+j+1),

and that
(n+34v) (—n+14v) 2(n—wv) 1
HO(t7 v, O) = t*(n+3+v)/2 3F2 2 7 ?1—1—171 el ; 1 - 7 )
R t
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n+3+v)

(—n+34v)

H,(t;v,0) = VAR AR O} <( 2

’ 2
3

?

n—+4+v n v
H()(t;’l}, 1) — t*(n+4+v)/2 o) ( ( +2+ ) 73( +24v)

(n+24wv)

1
11— =
t

Hi(tv, 1) =t 2002 ( 2

’ 2
3

)

n+2+v

n—+v

)

(—n+24v) 2(ntv+1)
n+v

1)
i 1—=1.
t

The first row of the matrix function H(t;v) is H(t;v,0) and the second one is

[7(s. . Fll F12
H(t,’U) - (F21 Fgg) )

H(t;v—1,1). Then

with

Fll — t 7’l+3+’U

le — t (n+34v) /2

Fry—t= (n+3+v)/ ( (n+3+v

F22 — (n+14wv)/2 3F2 ( 2

The matrices A,, B, and C, are

1=
1
t Y

1=

)

(n+3+v n+1+v) 2(n—v)
> n+l-v
n—1—v
> o n+l-v
n+3+v)
1— =
(n+3+v n+1+v) 1
) 1 - z )
(n+14v) (—n+14+v) 2(n+v)
’ 2 ' n—14v
3 n+l+v
o n—14wv
0

4u(v—1)(v+n—1
(2(vl(nj_3) )

(v+n—3)(v+n—1)(v—n—>5)

(v+n+1)(v+n—3)(v—n—3)
A B (

(v—1)(v+n—1)(v—n—3)

2(v—n—1)

4(v—1)(v—2)(v—n—3)

2(v—n—3)
v(v+n—1)(v—n—1)
4493 +8v+3+6n2—n*—8n

)

vt —n*—4n3+16n—6v2421
Bv _ ( (v+1)(v—1)(v+n—1)(v—n—1)

(v—1)(v+n+1)(v—n—1)

2v(v—2)(v+n—1)(v—n—1)

2(v+n+3)

4v(v+1)(v—n+1)

(v+n+3)(v—n—3)(v—n—3)
C, =
0

v(v+n+1)(v—n—
(v—l—n(—fg(’:ti-%g—fi)(v—n—l)

1)

4v(v—1)(v+n+1)

) |

1
t )

)

6.3. The general case. If we use infinite matrices the three term recursion

relation (46) can be written, for any w € C —

>
g .
L

w—+1

0 Ay leu 1 Gl

0

t| hy |=| - 0O A, B,
h

0 Aup Bun

0

!
w+1

0

iy - : :
5Z, in the following way:

> >
5“’8 .
I

w—+1
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Also it is of interest to point out that if w = max{0, —n} then (46) implies
that

Ry (B, 0 T he
flw+1 Agu+1 Bqluﬂ Oz/u+1 0 ol flw+1
/ / !
B e I el B LS ()

This is precisely the three term recursion relation obtained in the case of the
complex projective plane, see [14].

The coefficient matrices appearing in (48) and (49) have the following
interesting property: the sum of all the matrix elements in any row is equal to
one. See the next proposition. Moreover all the entries of the coefficient matrix in
(49) are nonnegative real numbers. This may have important applications in the
modeling of some stochastic phenomena.

Proposition 6.4. If2w=-v—-—n—0—2 and (v—k)({ —n—v—2k)#0 for
—1<k<l4+1andl—n+v—2k#0 for 0 <k <2(+1, then

Z(Aﬁu)i,j + Z(B{u)m' + Z(CL)M =1 (50)

Proof. = We refer the reader to (46). Then (50) is equivalent to,

D (Av)ig + Z(Bv)i,j + Z(Cv)m =1 (51)

j
Taking into account the definitions of A,, B, and C, given in (42) the above
equation becomes

(Av)jj—1 4 (Av)jj + (Bo)jj—1+ (Bo)jg + (Bo)jjr1 + (Co)jy + (Co)jyen = 1. (52)
Using (41) and writing a1 = a1(r — 3j,v — 7,4,£), as = as(r — 3j5,v — j, j,¢) and
az = az(r — 3j,v — 7,4,¢) we have to check that

ar(ba(r—3j+1Lv—j—1,4,0)+bs(r—3j+1,0—j—1,51)
+bi(r—3j+1Lv—j—1,51)
+as(ba(r —3j — 2,0 — 4, j+ 1,0) + bs(r —3j — 2,0 — j,j + 1,0)
+bi(r—3j —2,0—j,j+1,0))
+ag(bo(r—3j+1L,v—j+1,5,0) +bs(r =35+ 1L,v—j+1,5,0)
+b1(r—3j+1,v—j+1,j,€)) =1,

(53)

where r = ¢ — n. The proof will be completed once we established the following
lemma. [ |
Lemma 6.5. Ifv e C and v(r —v)(r +v) #0 then

Z) a’l(r7v7j7g>+a/2(7a7/07j7£)+a/3(717v7j7€):17

ZZ) bl(ra Uaj7£) + bQ(T7U7ja g) + 63(T7U7j7€) =1.
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Proof. i) From (26) we get

(r—v+2j+2)(—r+v+2£—2j) o — 4G+ (=) _ (r+v+25+42) (r+v—20+25)
2v(r—v) » 42 (ro)(r—uv) > 3 — 2v(r+v) :

a; =
Now it is a simple matter to check (i).
ii) It is a straightforward consequence of (i) since

bi(r,v,j,0) = a;(—r. —vl —j, ), i=123,

see (38). This completes the proof of the lemma. [

In [16] an explicit expression of the irreducible spherical functions asso-
ciated to the complex hyperbolic plane is given in terms of the matrix valued
hypergeometric functions introduced in [20].

For the reader’s benefit we recall the main facts. If ® is an irreducible
spherical function of type (n,f) then Ayd = AP and A;® = 4P and moreover,
up to equivalence, ® is determined by the pair (5\,,&). Then for a particular
irreducible spherical function ®, of type (n,¢), which is nonsingular everywhere,
the function H(g) = ®(g)®,(g)~"! is introduced. Now H(a,) is a diagonal matrix
identified with the vector (Hy(as), ..., He(as))! € C**1. If we make the change of
variables u = 1 — cosh®(s) then H(u) = H(as) is analytic in the interval (—oo, 0]
and it is an eigenfunction of the following differential operators given in (3.1) and
(3.2) of [16]

DH =u(l —u)H" + (2 —uA,)H +

1
(BO — Bl + U,Bl)H,

u

54)
- ] o I
FH = U(l - U)MHH + (Cl - CQ - UCl)H/ + E(DO + D1 - ’lLDl)H,
for u € (—00,0). The corresponding eigenvalues are, respectively,
A=A+ 3@ +nl+n®) + 0+, (55)
f=f+3X— (0 —n)20 +50n+ 2n*) — ({4 2)(20 + n).

Then the matrix valued polynomial function v of degree ¢ defined by ¥(u) =
XT(u), where X is the Pascal matrix given by X;; = (;) and T'(u) is the
diagonal matrix such that T'(u);; = u', has the interesting property that the
function F(u) = (u) 1 H(u) satisfies

w(l—uw)F" + (C—uU)F —(A+V)F =0, (56)
(1 —u)(Qo+u@Q)F"+ (Py+uP)F — (u— R)F =0, (57)

where the coeflicient matrices are given in Lemmas 3.4 and 4.1 of [16].
Since the eigenvalues of C' are not 0,—1,—2,... and F is a solution of (56)

analytic at u = 0 it follows that
F(u) = 2Hi(U; V + A; C5u) F(0), (58)

where 9H; is the matrix hypergeometric function introduced in [20]. Moreover F
satisfies (57) if and only if F'(0) is the unique p-eigenvector of the matrix M(\),
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introduced in (4.1) of [16], normalized by F(0) = (1,x1,...,2)".

Any irreducible spherical function of type (n,f) is equivalent to (IDf;Z)_ 3 for
some v € C, and j € Z, 0 < j < . The corresponding function H(u;v,7) is an
eigenfunction of D and E with eigenvalues, respectively,

Nw)=2l+n+2—j+v)l+n+2—j—v)+jl+1—7),

13 (0) = A0+ 35— ) — Bi(6+ 1 — f)(n+j + 1), (59)

2

as can be deduced from (55) replacing r = ¢ —n — 3j, A= —024+4— %r and

= }L (—%r:)’ + 72+ rv? + 3% — 12) , see Proposition 2.4. Thus
H(u) = ¢(u) Hi(U; V + X;(v); G u) Fy (v),

where Fj(v) is the unique pu;(v)-eigenvector of the matrix M (\;(v)) normalized
by Fy(v) = (1,21, ., 20)".
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