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Almost Horospherical Subalgebras of Semisimple Lie Algebras
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Abstract. It is well known that the maximal subalgebras of a semisimple
Lie algebra g are certain semisimple subalgebras and the maximal parabolic
subalgebras. This paper provides a classification of subalgebras  C g such that
every subalgebra strictly containing b is horospherical, i.e., contains a maximal
unipotent subalgebra of g.
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Let g be a complex semisimple Lie algebra. In his doctoral thesis [5] V.V. Morozov
showed that any maximal subalgebra of g is either semisimple or a maximal
parabolic subalgebra (Morozov’s proof can also be found in [4]). Later in his
paper [2] E.B. Dynkin classified all semisimple maximal subalgebras.

Let us call an algebraic subalgebra bh of g horospherical if it contains
a maximal unipotent subalgebra of g. These subalgebras can be described as
follows: there is a parabolic subalgebra p of g such that [[,{] & p, C h C p, where
p=1& p, is a Levi decomposition of p.

The inclusion relation on the horospherical subalgebras is very simple.
It looks natural to classify all non-horospherical algebraic subalgebras that are
maximal in this class. This is the main result of this paper.

Definition 0.1. A maximal non-horospherical subalgebra h of g is said to
be almost horospherical. The pair (g,h) in this case is also said to be almost
horospherical.

Let us recall the concept of parabolic induction of subalgebras introduced
in [8].

Let g be a reductive algebraic Lie algebra, p be a parabolic subalgebra of
g, and ¢ be a homomorphism from p onto some reductive algebraic Lie algebra
g. Let h be a subalgebra of §. Set h = ¢_1(6). The pair (g,bh) is said to be
obtained from the pair (g, 6) by parabolic induction via the parabolic subalgebra
p. We will denote this by (g,5)7 (g, ).

We will call a pair (g,h) cuspidal if it cannot be obtained by a parabolic
induction with g # g.
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Let p be a parabolic subalgebra of g and ¢ be a homomorphism from p
onto some reductive algebraic Lie algebra g. Then the subalgebra p will be called
admissible for g. We will call a parabolic subalgebra p; D p of g, an admissible
enlargement of p for g if there exists a homomorphism ¢; from p; onto g such
that ¢1(a) = ¢(a) for all a € p. If p has no admissible enlargements then it will
be called maximal admissible for g. In this case the Levi subalgebra [ of p is
maximal among reductive subalgebras of g containing g as an ideal.

Theorem 0.2.  Almost horospherical pairs are exactly the pairs obtained from
the cuspidal almost horospherical pairs by parabolic induction via maximal admis-
sible parabolic subalgebras.

Therefore, the question is reduced to classifying cuspidal almost horospher-
ical pairs. Let us introduce some notions and notation necessary to formulate the
classification.

Let t be a Cartan subalgebra of g, b be a Borel subalgebra of g containing
t, A be the system of roots of g with respect to t, A™ C A be the set of positive
roots with respect to b, II = {ay,...,a,} be the system of simple roots, e, € g
be a root vector corresponding to the root @ € A, h, be the element of t such
that h, is orthogonal to Kera (with respect to the Cartan scalar product) and
alhy) = 2.

Now we can give a description of admissible and maximal admissible para-
bolic subalgebras in terms of roots. Let p C g be a parabolic subalgebra containing
b and [ be its Levi subalgebra containing t. If there is a homomorphism ¢ : p — g
for an algebraic reductive g then we may assume g to be an ideal of [. If g is
semisimple then it is defined by the set II' of simple roots « such that e, € g
(or e_, € g). Similarly, p is defined by the set II” of simple roots « such that
e_o € p. The subdiagram corresponding to II" is a connected component of the
subdiagram corresponding to II”. And in case when p is maximal admissible for
g, II” consists of II" and all simple roots orthogonal to all elements of II’.

For each set II; C II let us define a grading of g in the following way. Let
a be a root and o = > nja; be its decomposition into a linear combination of
simple roots. Let us define the II;-height of a as the sum of coefficients n; such
that «; € Iy, and denote it by ht, (). Set

gi= Y Cea i#0,

a | htyy (a)=i

do = t+ Z (Cea.

a | htr, (a)=0

It is clear that [g;,9;] C gi+;. Below we will prove that [g;,g;] = gi+1 for i > 1
(Lemma 1.2). Set g>; = >_,5,8; and g<; = >_,,8;. Then p = p(Il}) := g>¢
is a parabolic subalgebra. We will say that it is defined by the set II;. Set
depth(Il;) = max{i|g; # {0}}. This number is the nilpotent degree of the
unipotent radical p, = g>1 of p.

Theorem 0.3.  Let b be an algebraic subalgebra of a semisimple Lie algebra g.
The pair (g,b) is cuspidal almost horospherical exactly in the following cases:
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. g is a simple Lie algebra, b is a semisimple maximal subalgebra (as it was

said above, the list of such pairs can be found in [2]);

g is a direct sum of two copies of a simple Lie algebra, b is the diagonal
subalgebra;

g is a simple Lie algebra, § s a Levi subalgebra of a maximal parabolic

subalgebra p({a}) C g such that depth({a}) = 1;

g 1s a simple Lie algebra,

h:Ch0+{anea\an=0}+Gzz cg

a€ll a€ell

where hg € t is the element such that a(hg) = 1 for all a € I and the
grading is defined by the set of all simple roots;

g is a simple Lie algebra of type Dy,
h = Cha, + C(ha, + hay + hay) + Ceq, + Ce_q, + Clea, — €ay)+
Clea; — €ay) + Cleartas — €astaz) + Cleartas — €astas) + 82
where the grading is defined by the set {aq, as, ay}.
g 1s an exceptional simple Lie algebra and
h=go+ 9>,

where the grading is defined by the set {a} for a simple root o such that
depth({a}) > 3.

I would like to express my deepest gratitude to E.B. Vinberg and D.I. Tima-

shev for permanent support in my work.

Notation:
g a semisimple Lie algebra;
t a Cartan subalgebra of g;
b a Borel subalgebra of g containing t;
A the system of roots of g with respect to t;
AT C A the system of positive roots of g with respect to b;
II={o,...,an} C AT the system of simple roots of g (see [6]);

{7'('1,...

Pu

T ) the set of fundamental weights of g;

the unipotent radical of a parabolic subalgebra p of g;
We will also use the notation ¢; for weights as accepted in [6].
If o € t(R)*, then h, is an element of t such that h, is orthogonal to Ker a

(with respect to the Cartan scalar product) and a(h,) = 2.

fined

If a € A, then e, will denote the root vector, corresponding to « (de-
up to a scalar factor). We will assume that [e,,e_o] = h, (thus, the set

{ha,€a,e_a} will be a sly-triple).

The sign @ will be used for semidirect sums of Lie algebras.
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1. Proofs of the theorems

Let us formulate Theorem 1.3 from [8] that will be used in the proof:

Theorem 1.1.  Let (§,h)5(g,h) and by D b. The pair (g,h,) can be obtained
from the pair (g,b) in the following way:

e first of all, the subalgebra b is is enlarged to a subalgebra § Db of §, so we

replace the (g,h) with (g,b'), where (g,b')%(g,h’)

e we pass to a deeper parabolic induction: if (g,r}') 1s not cuspidal by itself,
then (@,6)?(@,6’) for some cuspidal pair (§,0), therefore (ﬁ,ﬁ)?(g,h’),
where p' = p @ € for any € such that p =g @ € (b is not changed by this
operation);

e and finally we enlarge p’ to a mazximal admissible enlargement py for g (as
a T'GS’Lth (ﬁa b)?(ga bl))

Proof.  (of Theorem 0.2)

Let h C g and (g, ) be obtained from (g, ) via p.

First of all, if the pair (g, h) is not almost horospherical then b C by, where
(g, 61)?(9,61) and 61 S b is a non-horospherical subalgebra of h. Also, if p is
not maximal admissible for § then b C by, where (§,5)5(g,b1) and Puay D P
is a maximal admissible for g parabolic subalgebra.

In both cases it easy to verify that (g,b;) is not horospherical. Conse-
quently, each almost horospherical reducible pair is obtained from a cuspidal al-
most horospherical pair by parabolic induction via a maximal admissible parabolic
subalgebra.

Now let h C § be cuspidal and almost horospherical and (g, ) be obtained
from (g, 6) via a maximal admissible for g parabolic subalgebra p. Suppose that
b1 D b is not horospherical.

Let us apply Theorem 1.3 of [8] and study what happens during the appli-
cation of these three operations. If b #+ b then by is horospherical, therefore b
is horospherical as well, and we come to a contradiction. Therefore, 6 = 61, SO
we cannot pass to a deeper parabolic induction since (g, 6) is cuspidal. Hence we
cannot enlarge the parabolic subalgebra for p is maximal admissible, so h = b;.

[

Lemma 1.2.  Let g = &;g; be the grading of g defined by a subset 11; C Il of
the system of simple roots. Then [g1,g:] = giv1 for i > 0.

Proof. It is enough to prove that for any root v of a positive II;-height that
there is a root « of IIj-height 1 such that [e_,,e,] # 0. We will prove it by
induction on the II-height of .

The induction base is obvious. Let now htyy =4 4+ 1. There exists a root
d € II such that [e_s,e,] # 0. If 6 € II; then we can set a = ¢ and we are done.
Otherwise v — 9 is a root of II-height ¢ and we can use the induction assumption
and find such § that hty, 8 =1 and [e_g, [e—s, €,]] # 0. According to the Jacobi
identity, either 6 + (3 is a root and we can set o =0 + (3, or [e_g,¢e,] # 0 and we
can set a = (3. [
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Corollary 1.3. If h C g>1 is a subalgebra such that § + g>2 = g>1 then
h=g>1-

Proof. We have
Vbeglﬂaegzzzb%—aeb. (1)

Using this statement as the base of induction and Lemma 1.2 as the induction
step, we prove
Vb e g da € g>it1 :b+aehfori>0. (2)

Let j = depth(Il;). The formula (2) applied to i = j gives us the inclusion g; C b.
Then, using the last inclusion and the formula (2) for ¢ = j — 1, we prove that
gj—1 C b and so on. Finally we show that g>; C b, and we are done. ]

Now we can turn to the proof of Theorem 0.3. From here on we will suppose
the pair (g,h) to be cuspidal and almost horospherical.

Let h = m @ bh, be the Levi decomposition of h. As it is well known,
there is a parabolic subalgebra p such that h can be properly included in p, i.e.
m C [ and b, C p, where p = [ @ p, is a Levi decomposition of p. Suppose
that b cannot be properly included in any proper parabolic subalgebra p. Then
b is reductive and maximal; consequently, according to the results of Dynkin, it is
semisimple. Thus, we come to the cases 1 or 2 of the theorem.

JFrom now on we will suppose that p # g.

Lemma 1.4. mDI[1].

Proof.  Consider the subalgebra h’ = b + p,. Since the pair (g,h) is almost
horospherical, either § D p,, or b’ is horospherical. The first case is impossible
since the pair (g,h) is cuspidal. Thus b’ is horospherical, therefore m D [[[]. =

Now let us replace the algebras by conjugate ones, in order to have p D b
and [ D t. Set Il = {a € Hle_, € p}, II; = I\l and consider the grading
defined by II;. Then p = p(Il;) and [ = go. The algebra a = {a € tja(a) =
0,Va € Tlp} is the direct complement of [[,[] in [, i.e. it is the center of [.

Lemma 1.5. hDgsa.

Proof.  Suppose the contrary. The set b, + g>2 is a subalgebra. Since b is
almost horospherical, we have b, + g>o = g>1, but then according to Corollary
1.3, b, = g>1, and we come to a contradiction. [ ]

Let us study the m-invariant intersection b N g; now. To do that, let us
consider the m-equivariant decomposition g = ®aerr, g1(), where

g1(a) == @ Ceg

BeAn(a+(IIg))

is m-irreducible (see [9]).

Lemma 1.6. The m-representations gi(«) are isomorphic to each other, b
does not contain any of the vector spaces gi(a), and g is simple.



96 SMIRNOV

Proof. Let V be an isotypical component of g; not contained in § and g; =
V @ V’. The vector subspace h N g; is m-invariant, therefore hNg; = (hNV) @
(hNV’). Hence h+ V' is a non-horospherical subalgebra of g containing f. Since
b is almost horospherical, we have h D V’.

Now let II" C II; be the subset of simple roots « such that h O gi(a),
= p(I"). Then b contains the unipotent radical of p’. Now it is enough to note
hat (g,b) is cuspidal. [

Lemma 1.7. 1. hNna = Chy, where hy is the element such that a(hg) =
for a € Iy and a(hy) =0 for a € Tly;

2. if one fizes isomorphisms gi(a) = gi1(a/) for all o,/ € Tly, then the
intersection b N g1 can be given by an equation Y coxo = 0, where z, €
g1(a), and c, is a set of non-zero coefficients;

3. replacing b by a conjugate subalgebra, one may assume c, =1 for all o;

Proof. It follows from Lemma 1.6 that any element of h N a must act by the
same character on the root vectors e, for a € II;. Hence h Na C Chy. On the
other hand, h + Chg is not horospherical, therefore h N a = Chy, and we have
proved the first statement of the lemma.

Observe now that for any m-invariant subspace V' of g; the set m +
Chy +V + g>92 is an algebra. The algebra b is almost horospherical, therefore
dim(g;) — dim(h Ng;) = dim(gy(«)) for a € II;. It proves the second statement
of the lemma, and the third one is obvious. [ |

Now we can complete the proof of Theorem 0.3.

Proof.  The m-representation spaces g1(c;) and g;(az) are isomorphic to each
other for aq, ay € Ily, therefore the tNm-weights of a; and as coincide. In other
words, the points corresponding to the roots a; and as on the Dynkin diagram are
located “in the same position” with respect to the subdiagram corresponding to
ITy. Suppose first that those weights are equal to zero. Then the Dynkin diagram
splits into two diagrams, corresponding to IIy and II;. According to Lemma 1.6,
one of those diagrams must be empty, hence Il = II;. Now Lemma 1.7 leads us
directly to the fourth possibility of Theorem 0.3.

Now let us turn to the case when Iy # @.

To start with, let #II; = 1. According to Lemma 1.7, h N g; = {0} and
t C h. The algebra h can be described in the following way: there is a maximal
parabolic subalgebra g>o in g, and b = go + g>2. If depth(Il;) = 1, then h = go,
so we come to the third possibility of Theorem 0.3. If depth(Il;) = 2, then we
come to a contradiction, since in this case h can be included in a semisimple
subalgebra go + g2 + g_2. However, the case depth(II;) > 3 can occur only for an
exceptional g, so we come to the sixth possibility of Theorem 0.3.

Now let #II; = 2. Then there are two points on the Dynkin diagram
located “in the same position” with respect to all the other points; thus g = D,
L] = A,_5, and II; = {sn 1+ €nyEn_1 — €n}. Then, according to Lemma 1.7,
b =050 +Cheyy e, T[LI+20 Clee,1e, + esz,en) but this algebra is
not almost horospherical since h C Bn 1 C D,,. Thus, #II; # 2.
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A Dynkin diagram cannot have vertices of degree more than three, thus
#II; < 3. We have one possibility left: #II; = 3, so g = Dy4. It follows that
[ =t+Ce,, +Ce_,,, 81 = Ceqy, +Cey, +Cey, +Ceuyta, + Cengta, +Cenyta, and
g>2 = Ceaytagtastas T Clartastast2as T Ceastastar + Clartastar + Céagrastas -

According to Lemma 1.7, 2h,, + 3ha, + 2ha, + 2ha, = ho € b and cie,, +
C3€0s + C1€a, € H S Cl1€0 40y T C3€astay T Ca€aytar €EH & 1 +c3+ ¢4 =0. So we
come to the fifth possibility of Theorem 0.3.

So now we know that all cuspidal almost horospherical pairs are listed in
Theorem 0.3.

It remains to prove the inverse statement: that all pairs listed in Theorem
0.3 are almost horospherical and cuspidal.

Let us first prove that they are almost horospherical. It is clear for the first
two possibilities for they are maximal.

Assume the contrary. Let ' 2 b be a non-horospherical subalgebra.

Let g=g_1+g0+g1, and let h = gy be the third case. The representations
go : g+1 are irreducible, therefore f contains either g; or g_;, and we come to a
contradiction.

Consider the fourth case. It is easy to see that h’ Np = h. Choose an
element e := ZaEH Cato € b with all ¢, not equal to zero and include it in an
sly-triple (e, h, f). Then it follows from the theory of sly representations that
h = 2hy and the operator a — e, a] is injective on the negative components. The
algebra b’ is an (e, h)-invariant subspace of g, therefore [e,h’ N g_1] = Chy, and
so Y Ng_y = Cf. The operator a — [f,a] preserves b’ and is injective on the
positive components, so [f, g2] = Ce, but this is impossible since e is a highest
vector for sls.

Consider the fifth case. Similarly, we have h’ Np =bh and h’ Ng_; # {0}.
Let © = c1€_q, + €360y +C16—0, +Cl€—ay—ar + Ch€—as—ar + C€—a,—a, DE a nON-ZETO
element of this intersection. We have [h N gy, x] C m, thus [e,, — €qs, 2] € m. But
the last element is equal to ci1hq, + c3ha, + te_,, for some number ¢. Therefore
c1ha, +c3ha, € m, so ¢ = c3 = 0. Analogously we prove that the other coefficients
are also equal to zero, so x = 0 and we come to a contradiction.

Consider the sixth case. Suppose first that b’ can be properly included into
a parabolic subalgebra p’ # g. We have p’ D go, therefore either p’ = g<o or
p’ = g>0. The first case is obviously impossible, and in follows from the second
one that ' C g>¢. Hence h'Ngy # 0, but the representation g : g1 is irreducible,
and we come to a contradiction. Therefore there is no such subalgebra p’, so §’ is
reductive. Then h’ D g_», and it is enough to note that [g_o, gs] # {0}.

Let us now prove that the pairs listed in Theorem 0.3 are cuspidal. Suppose
the contrary. Then h contains the unipotent radical of a parabolic subalgebra
p. Obviously it is impossible for the first three cases of the theorem, for those
subalgebras are reductive. In the sixth case we have p D g, therefore either
P = g<o O P = g0, but both those possibilities are impossible for p, Z b.

Let us consider the two remaining cases. First of all, let us prove that
p D t. If we consider the fourth case, then hg € p. It is a semisimple element that
can be included in a Cartan subalgebra of p. But the centralizer of hy coincides
with t, hence p D t. In the fifth case an analogous proof works for a general
linear combination of hy and h,,. Now we know that p D t and p D b, therefore
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p D [t,h] D b. Consequently there must be a simple root a such that e, € p,, and
e o €P,s0 e, €hand e_, € h. A contradiction.
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