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Abstract. We give a Lévy-Kinchin formula for continuous negative
definite functions defined on the space of Hilbert-Schmidt and hermitian
matrices which are invariant under the action by conjugation of the infinite
dimensional unitary group.
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1. Introduction

A complex valued function v defined on a real vector space V is said to be
negative definite if ¥(0) > 0, ¥(=¢§) = ¥(&), and for all &,...,&, € V,

n
€1y 0 € C with > ¢; =0,
i=1

Z cicjy(& — &) <0.

t,j=1

Observe that, if ¢ is a positive definite function, then (&) = ¢(0) — () is
negative definite. The next theorem, due to Schoenberg, is basic for the study of
negative definite functions.

Theorem 1.1.  Let ¥ be a function. The function v is negative definite if
and only if 1(0) >0, and for all t > 0, e~ is positive definite.
See [2].

The set of negative definite functions is a convex cone. If the vector

space V is finite dimensional, it is known that the continuous negative definite
functions admit an integral representation. It is the Lévy-Khinchin formula.
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In the case of V' = R(°) | the space of infinite real sequences with finitely
many non zero terms, Schoenberg gave an integral representation of O(oo)-
invariant negative definite continuous functions. See [16].

We will give an analogous result in the case of the space of Hilbert-
Schmidt infinite Hermitian matrices, with the action by conjugation of the infinite
dimensional unitary group. This is the main result of this paper. Its proof is
inspired from the one of Proposition 5.13 in the book [1].

Let V be the space of infinite Hermitian matrices with entriesin F = R,
C, or H (the quaternion field), V' (oo) the subspace of Hermitian matrices with
finitely many non zero entries:

V(oo) = U Vi, Vi, =Herm(n,F),
n=1

equipped with the inductive limit topology, and V2 the space of Hilbert-Schmidt
infinite Hermitian matrices, with the topology defined by the Hilbert-Schmidt
norm

2

el = > el

2,7=1

We define K as the group of infinite unitary matrices [u;;]55_; with
a finite number of entries such that w;; # d;;. It is the inductive limit of the
unitary groups:

Keo=|J Kn, K,=U(n,F).
n=1

The group K., acts on V(c0), Vi, and V2 by conjugation.

We denote by M the set of probability measures on V., which are
invariant under K., and by P the set of continuous K, -invariant, positive
definite functions ¢ on V(c0), with ¢(0) = 1. By the Bochner theorem, the
Fourier transform is one-to-one from the set M onto the set P. The extreme
points of the convex set M are the ergodic measures. See [15], Proposition 10.4.

The extreme points of the convex set P are multiplicative functions, it
means functions of the form

p(£) = det @(E).

where @ is a continuous function on R, with ®(0) = 1. See [12] Theorem 23.8
or [8] Theorem V.2.1. Furthermore the Fourier transform maps extreme points
of M to extreme points of P.

In the case of F = C, Olshanski and Vershik determined the extreme
points of the convex set P. See Theorem 2.1 and Theorem 2.9 in [13]. In the
general case (F =R, C or H) this is done in the thesis of M. Bouali.
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Theorem 1.2.  The extreme points of the convex set ‘P are the functions
Yo = det 11,

where 11, is the Pdlya function

T GEEICE o s
II,(A\) =ePle H
k=1

and w = (a, 3,7), a = (a1,0a2,...) €LA(N), a; ER , BER and v > 0.
Then we obtain a parametrization of the set ext(P):

Q2 — ext(P), w detll,,

with -
Q={w=(a,7,0) | ER, v>0, a), € R, Zai<oo}.
k=1

By a result of Olshanski and Borodin (see [4], theorem 9.1) there is an integral
representation of the K, -invariant positive definite continuous functions on the
space V' (oo). This is the invariant Bochner theorem which is stated below.

We denote by ¢, the generalized Pdlya function defined on V' (c0) by

> —tatr
0o (€) = det TL, (€) = eP1r(&) = 7x(E") 1 e : (€) 5
k=1 det(l — Zzak£)§

Theorem 1.3.  Let ¢ be a K -invariant positive definite continuous function
on the space V(00), with ¢(0) = 1. Then there exists a unique probability
measure (1 on € such that, for all £ € V(0),

(€)= /Q o)),

For establishing our result we will use this theorem and some other
preliminary results. To the parameters o = (aj,as,...) and v we associate
the positive bounded measure ¢ on R given by

o=y + Z 304, -
k=1

Then the set ©Q becomes a subset of My(R) x R, where M(R) is the set of
positive bounded measure on R. We consider on the set {2 the topology which
is induced by the one of My(R) x R, where My (R) is equipped with the weak
topology. We denote by €2y the following closed subset of 2:

Qoz{w€9|ﬁ:0}
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2. K. -invariant positive definite functions on V2

Proposition 2.1.  The function ¢, , which is defined on V(c0), extends as a
continuous function on the Hilbert space V2, if and only if w € Q.

It is easy to prove the only if part of this proposition by using Proposition 6.3.2
of [11].
By using the invariant Bochner theorem and Proposition 1.1 we obtain:

Proposition 2.2. Let ¢ be a K. -invariant positive definite continuous
function on V(c0). Then ¢ extends as a continuous function on V2 if and only
if the measure associated to the function ¢ by the invariant Bochner theorem is
concentrated on €.

Proof. a) Assume that the measure p is concentrated on €)y. Then, by
Proposition 2.1, for w in the support of wu, the function ¢, is continuous on
V2 . By the dominated convergence theorem it follows that ¢ is continuous on
V2.

b) Assume now that the function ¢ is continuous on V2. We can consider the
parameters o and (3 as functions of w and write § = f(w), 0 = 0,,:

For t € R consider the following sequence of diagonal matrices in V(00):

n . t t
5(() ) = diag(—,...,—,0,...).
n n
———

n—times

Then
2

n t
(&)%) = .
and
tr(eM) =t.

The sequence 5(()”) has limit 0 in the Hilbert-Schmidt norm.

Furthermore
e(65") = /Q e o (6" ().
and
(1) lim ¢, ( én)) = ¢,,(0) = 1, because ¢, is continuous on V2 (see

Proposition 2.1)
(2) [P0, (&™) < 1..
(3) p is a probability measure.
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By the dominated convergence theorem we obtain

lim [ eB@ip, ( én)),u(dw) = / ePt L (dw).

The function ¢ is continuous on V2 ; therefore

lim p(E5") = (0) =1,

n—oo

and for all ¢t € R
/ Pt (dw) = 1.
Q

This proves that
Blw)=0  pu=pp,

which means that the measure p is concentrated on 2. [ ]

3. K, -invariant negative definite continuous functions on V2

3.1. Lévy-Khinchin integral representation
Here is our main result:
Theorem 3.1.  Let ¢ be a K -invariant and continuous function on V2 .

Then 1 s negative definite if and only if it admits the following integral repre-
sentation

B(E) = Ao + Artr(€2) + /Q oy (el )

where Ao, A1 are positive constants and p is a positive measure on Qy\ {0} such
that
[lw]*
7 pldw) < oo,
/QO\{O} 1+ [jw|[?

where
o0
ol =7+ a2
k=1

The constants Ay, A1 and the measure p are unique.
Let us establish first a preliminary result.
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Lemma 3.2. Put
pul€) = 1= —llwlPer(€?) + R(w,©).
1) For every £ € V(c0),
lim M

w=0 - |lw]|?

=0

2) For every p > 0, there exists C > 0, € > 0, such that, if ||w|| < e
and [|[€]]| < p, then
11— @, ()] < CJlwl]?.

Proof. 1) If £ =0, it clearly holds. We assume that £ # 0. For w € Qp in a
neighborhood of zero

Y 2 S : d .2
v, (&) = exp (—Etr(ﬁ ) — ; [zaktr(f) + §tr log (1 — zaaké)]) .

In fact, for small z € C,
det(1 4 z€) = exp(trlog(1l + z£)).

We use the power expansion of the logarithm: for |z| < 1,

log(1—2) = iz

m=1

m

Then for £ € V(oc0) and w in a neighborhood of zero,

d, [ (=)™
pu(8) = exp <——tr Z [zozk;tr + 5t (Z oy )D . (3.1)

m=1

Observe that, for m > 2,

(@) < Y lan|™ < [lw]|™, (3.2)
kf

where p,, (« Zak .

Recall that ||cu||2 =~ + pa(a). Then if w is small enough and ||w|| <

3L (2e) " g < 1 5 (el

m>3k>1 m>3

_ 1(2llwll |I|£|II)3(1 — 2{|w [T T11€11D
3 d d ‘

_d
2[[[€]11
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We can permute summations in (3.1):

0 _iz m
pu(€) = exp (—éuwu%r(g?)—gz( d pm<a>tr<§7ﬂ>>. (3.3

>
Put

F€) = ey - 4 3 C0” (@geem),
and o

In the sequel we will write f(w,§) instead of f(vy,a;§). By using the power
expansion of the exponential, (3.3) becomes

Pul€) = 1= Lol Ptr(€?) + (€ +Z e (3.4)

By (3.2) we have

l\.')l&.

< (2)m
Z £l !HEHHIwH)

(We have used the inequality 1t (&™) < [|I€]]]™)-

Then, if ||w]| < we obtain

2|||§|||

B is
I e T T (35)

From the expression of f and (3.5) we deduce

1 2 |lIENP[wl] ) 2
<= 2 .

o i > |l
w

B(w,&) = —|lIEN* + = :

a0 S T2 e

Then we have,

- > |w 2n w |2n—3
PR Z DA g Z "
n=2
1 [lwf] < nf (2|||da|\|’1> then, for, n > 2, ||w[[**~* <1 and
o (f(w, )"
S LN exp(Bw, ). 6)
n=2
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By making use of (3.4), for w small enough we obtain

(0.@)

R(w,€) = 9(,) +Z Ul 7

and, by (3.5) and (3.6), if ||w|| < inf (2||f2|||, ) and w is small enough, we obtain

2 3
R < (exp(Blo.0) + o tsienn ) ol @)
d
This implies that
TELCIL) )
w=0 w2

d
2) Let p>0 and ¢ < inf(2—,1). If |lw|]| < e and |||¢]|| < p, then
p

1 2 JIENPwl 1,,2 ¢
B(w, &) = —lIENP + = < (507 + o ) =Cy.
d 3d1—ZlllElllllw]| ~ d”  3d1 - Zep
From (3.7) we deduce
[R(w, &) < Callwl?,
where C5 = e(exp(Cy) + C1 — 2p?) and,
1
1= wu(©)] < SlENPNwl? + [R(w, )] < Cllwl],
where C' = épQ +Cs .
This completes the proof of the lemma. u

Proof. Proof of the main theorem

a) By Lemma (3.2) the integral is well defined and by the dominated convergence
theorem and Proposition (2.1), a function 1 of this form is continuous, K-
invariant and negative definite.

b) Existence of the representation. Let 1) be a continuous, K, -invariant
negative definite continuous function on V2. We known that the function
¥(&) —1(0) is continuous, K -invariant and negative definite. Then we may
assume that ¢(0) = 0. For ¢ > 0, the function e~*¥ is K, -invariant, positive
definite, and continuous on V2. By the invariant Bochner theorem (Theorem
1.3), and Proposition (2.2), there exists a unique probability measure m; on g
such that

et (&) :/Q Y (&)my(dw).

Taking real and imaginary parts we obtain
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e~ ) cos(t3(€)) = ; R, (§)mi(dw), (3.8)

e~ sin (199 (€)) = — /Q S0 (€)me (). (3.9)

First, as t goes to 0 in (3.8), we will get an integral representation for the
function R. Second by using (3.9), we will obtain the integral representation
for the function .

a) We can write (3.8) as follows:

1 — e~ RV cos (1S9 (€))
t

= [ (1= Reu(@) 5 aw).
Qo

It is easy to see that

f L O costUE) _ ey

t—0 t

— e~ tRY(E) 8
lim l1—e cos(t3(§))
t——+oo t

=0.

Furthermore, for ¢ fixed, this expression is continuous in ¢ on ]0, +00], goes to
0 as t goes to infinity. Hence there exists a constant C'(£) > 0 such that

1 — et R¥(O) cos (139 (€))
t

0< < (),

or

| 1= Roue) T @) < ).
Qo

If we take & = diag(1,0,0,...), then

[ =Rt aw) < Ol = C. (3.10)
T etk
Recall that @w(fo) = Hw(l) =€ g m

We define the bounded positive measure k; on £y by

my

rie = (1= Repw (&) =~
For t > 0, k() < C. Hence the set {s; |t >0} is compact in the weak
topology o(M;(20),C%(Q0)) where My(€p) is the set of positive bounded mea-
sure on Qg and C%(£y) is the space of continuous functions on € vanishing at
infinity. Therefore there exists a sequence ¢; in ]0, +oo[ going to 0, such that
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the measure ry; converges weakly to a positive bounded measure . This means

that, for all f € C%(y),

lim [ f(w) kit (dw) = . f(w) K(dw),

Jj—o00 Qo

1 tRY(E) cos(tY(§))
t; n

Using the measure xy; , we can write (3.8) as follows:

L‘Pw(s) 1l k y 1 — e~ tR(&o) cos(t ¢(€O))
/Qo [1 — Repw (o) 1:| K (dw) + t; (3.11)

For £ # 0, the function f defined on €y by

1-Rpy, (§) _ 3
f(w) =< 1-Reu (o) I ifw#0,
tr(€%) — 1 if w=0,

belongs to C°(Qg). We can see that R, (&) = 1 if and only if w = 0. This
implies that the function is well defined on Q\{0} and by Proposition VI of [§]
it is a continuous function on 2\{0}. The continuity at 0 follows from Lemma
(3.2) because:

: 1- éRQOw (5) 2
hm ————— —{r .
w=0 1 — Ry, (o) ()
By the inequality,
0 < |Rpo(€)] < e~ 3 H det (1 + 026 (3.12)

k=1

we see that
lim R, (&) =0,

w—40o0

hence

lim f(w)=

w—00

As j goes to infinity in (3.11), then, for £ # 0,

Rp(€) = | fw)r(dw) +Rp(&o)

Qo

~ (u(€?) ~ Dl 0}) + | . <—11__;§;0:((§)))—1)H(dw)+%¢(§o)-

By the dominated convergence theorem, as £ goes to 0, we obtain k({)y) =

R(&o). Finally

1- %(Pw (5)

Ro(E) = (et 0]) + [ e

K(dw)
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or

Rup(€) = Aytr(€?) + /Q L (R

where A; = k({0}) and p is the measure defined on 2y by

1
=K .
T R )
We will show that o2
w
————u(dw) < 0.
/Qo\{o} 1+ [[w|[?

[lw]?

(1 = R, (§0)) (1 +[|w][?)
limit d at 0 by Lemma (3.2), and limit 1 at infinity. So it is a bounded function

and

The function w — is continuous on Qp\{0}, has as

/ %M(dw) :/ Il 5 h(dw) < oo.
Qo 1+ [|wl] , (1= Repwy(£0)) (1 + [|w|[?)
¢) In the same way we prove that the function g defined on Qg by
Spw(§) 3
g(w) = ¢ T=Re. () if w 0,
0 if w=0,
belongs to C%(£2y). Now if j goes to infinity in the relation

(o) SN SY(@) Spw(§)
’ tj /Qo 1 Reu(é) ().

we obtain

R = — _Swule) k(dw) = — R w
0= [ ey == [ Seuen)

because S, (0) = 0.

Finally we have

B(E) = Avtr(€) + / L (@)

d) Uniqueness of the representation. Consider the Pélya function II,.
It is of class C?, positive definite on R, II,(0) = 1. Therefore it is the Fourier
transform of a probability measure v on R,

1 —RIL,(s) = /R(l — cos(su))v(du) < %sz / uw?v(du) = —s*117(0),

R
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and
1

pulso) = Tu(s); TIL(0) = [l

Then, for s € R,

1= Rpulsto) {éuwu‘z si || < 1
52 — 12 sif|w|| > 1.

Let us write

1 — R,
—7’11(8250) = A —I—/ —SO2 (Sgo)u(dw),
S Qo\{0} §
and use the dominated convergence theorem. Then
lim ¢(850) = Ay,
s——+00 S

This proves that the constant A; is uniquely determined.
Now we will show that the measure p is unique: if p; and ps are two
positive measures on §2p\{0} such that

[|w!]? .
————;(dw) < o0, (1=1,2), (3.13)
/QO\{O} 1+ [jw]|?
and, for all £ € V(0),

/ (1~ pu(€)) pa (de) = / (- o) pa(dw),  (3.14)
Qo\{0} Qo\{0}

then we will show that p; = po. This will follow from the following lemma:

Lemma 3.3. Let uy and po be two measures on Qo\{0} which satisfy (3.13)
and (3.14). Then, for &,n € V(o0),

/ o (n)(1 = Repu (€)) pi1 (dw) = / o () (L — R (€)) pra(dw).
Qo\{0} Qo\{0}

Proof. The function ¢, is a spherical function for the spherical pair
(Koo X V(00), K). It means that, for £&,n € V(c0),

lim (& +knk™) dk = o, (&) pw(n)- (3.15)

n—oo K.

where dk is the normalized Haar measure on the compact group K, .

First we will show that

i [ [ Q) @) k= [ (1@ m (o).
K, JQo\{0}

nee Q20\{0}
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For that we will find a bound for the function

1 — @, (€ + knk*)
|lw||? ’

(w, k) = (1+[Jw]]*)

and then use the Fubini theorem. Let R > 0 such that |||¢]|| + |||n]|| < R, and

0 < e <inf(4%,1) (for the choice of ¢, see the proof of Lemma 3.2)

(a) If ||w]| < /&, by the inequality [|[€ + knk*||[ < [[[S[] + [IInl]] < R,
and Lemma 3.7, we obtain

11— pu, (£ + knk”)|

(14 llwll?)
[|wl[?

<(1+¢)C,

where C' is a constant which depends on R and «¢.

(b) If [lw|| = /€, then

1 = @u (€ + knk™)| 1
(1 + [wl?) <201+ -).
[lwlf? €
[lw]l? .
From the boundedness of the measures dk and w p1(dw) it follows that
w

the function | ( |
1 — o, (£ + knk”

(@,8) = (1+ [l ) S

[l

o

is integrable with respect to the product measure (dw) x dk. By the

T+ [P
Fubini theorem,

/ / (1 — o, (€ + knk*)) p1(dw) dk
K, JQo\{0}

= / / (1 = (& + knk™)) dkp (dw).
Qo\{0} J K,

Using inequalities (a) and (b) and the fact that the measure dk is probability, it
follows that the function

1— o, knk*
wH/ (14 (| p) LB lE LRk
K, ]l
2
is bounded independently of n and w. Furthermore the measure % 1 (dw)
w

is positive and bounded. Then, by the dominated convergence theorem and
(3.15),

lim/ / (1—g0w(§+k:nk:*))dk;u1(dw)=/ (1= 0w (&) pw(n)) 1 (dw),
2\ {0} /K,

nee Q20\{0}
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and,

i [ [ Q) @) k= [ (1O i (o).
"= JK, JQ0\{0} Q0\{0} (3.16)

Therefore we can write (3.14) as

/ (1~ () pu(n)) p(dw) = / (1= () pu(n) pa(dw).  (3.17)
Qo\{0} Q0\{0}

Changing ¢ in —¢ in (3.17), and observing that ¢, (—&) = ¢, (£), we obtain

/ (1= o ()R (€)) ur (de) = / (1= oo ()R (€)) ia(dw).
Qo\{0} Qo\{0}

By subtracting the real part of (3.14) from (3.16) the statement of the lemma
follows. [ |

Consider now the K -invariant function ¢ defined on V(oc0) by

Gn) = / (1) (1 — Repu (€)) pa ().
Qo\{0}

Since 1 — Ry, (§) > 0 and ¢, (n) is positive definite, the function ¢ is positive
definite. The function @ is continuous because ¢, (7) is continuous and bounded
by a p1-integrable function on Q0\{0}

[ (Y) (1 = Rew (§))] < 1= R, (€)-

For n € V(o0),

/ () e () = / () e (deo).
Qo

Qo
where ;¢ (dw) = (1 — Rpw, (§))xae\(0} (W) p1(dw) (7 = 1,2) and xq,\ o} is the

characteristic function of the set Q\{0}. By the uniqueness of the integral
representation in the invariant Bochner theorem (Theorem 1.3), we obtain

[1e = [2¢, on ().

Therefore the measures p; et pe are equal on Qu\{0}. n
Corollary 3.4. The extremal rays of the cone of K -itnvariant positive
definite continuous functions on V2 , vanishing at 0, are generated by:

(i) 1—u(&), where w € Qp\{0},
(ii) tr(&?).
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