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Abstract.  Leibniz algebras appear as a generalization of Lie algebras. The
classification of naturally graded p-filiform Lie algebras is known. Several au-
thors have studied the naturally graded p-filiform Leibniz algebras for any p
with p > 0.

Gomez, Jiménez-Merchan and Reyes have investigated families of nilpotent Lie
algebras with other types of non-natural gradation, a gradation with a large
number of subspaces. The algebras with maximum number of subspaces in the
gradation will be called maximum length algebras.

In this work we deal with the classification of filiform and 2-filiform Leibniz
algebras of maximum length.
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1. Introduction

In the course of her work on the cohomology on nilpotent Lie algebras [16], M.
Verge classified naturally graded filiform Lie algebras.

In [11] the authors introduce the notion of the “length” of a Lie algebra,
and study families of nilpotent Lie algebras with a gradation with a large number
of subspaces. This condition facilitates the study of some cohomological properties
for such algebras (see [4, 11, 14]). For such a length of the gradation, the main
interest are those algebras whose length is as large as possible.

The natural gradation of nilpotent Leibniz algebras, the subspaces of gra-
dation, and the existence of an appropriate homogeneous basis (needed to obtain
the classification) are derived from the central descending sequence.

In a way, the gradations with n subspaces are the finite connected gradations
with the greatest possible number of non-zero subspaces; they will be called
maximum length gradations. The algebras with maximum length gradations will
be called maximum length algebras.

*Partially supported by NUPV07/04 “Graduaciones de dlgebras de Leibniz”
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An algebra L over a field F' is called Leibniz algebra if it verifies the Leibniz

identity:
[z, [y, 2]] = [[z, ], 2] = [[z, 2], 9]
for any elements z,y,z € £ and where [.,.] is a multiplication in L.

When in £ the identitiy [z, x] = 0 holds, then the Leibniz identity coincides
with the Jacobi identity, thus we can say that Leibniz algebras are a generalization
of Lie algebras.

For a given algebra we define the sequence

=L, . =gk LY, with k> 1

An n-dimensional Leibniz algebra L is called zero-filiform if dim(L) =
n+l—i, 1<i<n4+l1.

An n-dimensional Leibniz algebra £ is called filiform if dim(L%) =n — 1,
with 2 <17 < n.

The natural gradation is defined as follows. For a Leibniz algebra £ we
consider £; = L1/L!. Then we put gr(L) =~ L1 D ® Ly. If L ~ gr(L), we say
that £ is a naturally graded Leibniz algebra.

Let x be a nilpotent element of set £\ £2. For the nilpotent operator of
right multiplication R, we define a decreasing sequence C(z) = (n,...,nx) of the
dimensions of Jordan blocks of the operator R,. In the former set of sequences
we consider lexicographic order.

The sequence C'(L) = max{ C(x)zcr\c2} is called the characteristic se-
quence of the algebra L.

A Leibniz algebra L is called p-filiform if C(L) = (n —p,1,...,1), where

———

p>0. If p=2, L is called quasi-filiform. If p =1, L is filiform a%d if p=20,
zero-filiform.

The set R(L) = {x € L : [y,xz] = 0, Vy € L} is said to be the right
annihilator of L.

Let £ be a Z-graded Leibniz algebra, that is, £ = €,., Vi, where [V;, V)] C
Vigj for any ¢, 7 € Z with a finite number of nonnull spaces V;.

We will say that a nilpotent Leibniz algebra £ admits the connected gra-
dation L=V, & -+ B Vg,, if Vi, #0 for any i, (k; <i < k).

The number len( L) = k;, — k1 + 1 is called the length of gradation. A
gradation is called of mazimum length, if len(p L) = dimZL.

We define the length of £ by len(£) = max{len(pL) = k — k1 +
1 such that
L=V, ®V, D - DV, is a connected gradation}.

A Leibniz algebra £ is called of maximum length if len(£) = dimZ.

Example Let ZF, be the 0-filiform Leibniz algebra with dimension n [3]. This
algebra ZF,, is an algebra of maximum length. In fact, taking V; = (¢;), (1 <i <
n), we obtain L=V, & Vo & ---V,,, where [V;,V;] C Viy,.

Note that ZF,, is the unique Leibniz algebra for which the naturally gra-
dation coincides with the maximum gradation.
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The cases of 0-filiform and 1-filiform have already been studied [3]. Quasifil-
iform Lie algebras have the characteristic sequence (n—2,1,1). In Leibniz algebras
there are two possibilities, (n —2,1,1) (case 2-filiform) and (n — 2,2). The idea
of length of an algebra is well known for Lie algebras and can be generalized to
Leibniz algebras. In the case of Lie algebras some authors [8, 12] have consid-
ered on graded Lie algebras not only one natural gradation but a gradation with
a large number of subspaces. Such a gradation facilitates the study of certain
cohomological properties of these algebras.

The present work is devoted to the study of filiform and 2-filiform Leibniz
algebras which admit a gradation by a maximum number of nonnull homogeneous
spaces.

The following theorem is true.

Theorem 1.1.  [12] Let g be a complex n-dimensional non split filiform Lie
algebra of maximum length. Then, it is isomorphic to one of the following pairwise
non tsomorphic algebras

Ln{ [X(),Xl] :Xi+17 1 <Z<H—2

R (X0, Xi] = Xip1, 1<i<n—2
[Xl,Xj] :X2+j, 2 <] gn—3

K,(n>8):
[Xo, Xi] = Xiy1, 1<i<n—2
{XwXﬂ(n 2)/2]-1-i] = (—1) - qun 2)/2] 1<K L”T*‘*J
Xi, Xon-9y2)—i] = (1)1 ([(n = 2)/2] =) Xojn-2)j2)41, 1 <0< |57
[XZaXn 2— z]:%( )Z( )(’I’L— —'L)OzXn 1, 2<1< n 3

where a =0, if n is even and o =1 if n is odd.

Woln>17):
[Xo, Xi] = Xiy1, 1<i<n—2
6(1—1)(7 -1 —1 ) _ )
(X, Xj] = ( )(5]+j),) U )Xi+j+1a 1< < nT?’J, 1< Js<n—2—1
Qn(n>7):

[Xo, Xi] = Xiy1, 1< <
[Xi, Xposi] = (=1)71X, 4, 1<i<

where n 1s odd.

Theorem 1.2.  [3] An arbitrary n-dimensional naturally graded filiform com-
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plex non Lie Leibniz algebra is isomorphic to the following not isomorphic algebras

NGF1: [61,61] = €3, [61',61] = €11, 2<Z<Tl—1

NGF2: [ey,e1] =es, e e1] =€, 3<i<n—1

NGF3 - le;, 1] = —[er, €] = €41, | 2§2:§n—1
e, ens1—i] = —[eny1-i, €] = a(—1)"Te, 2<i<n-—1.

(the rest of the products are zero).

From [6] we know that an arbitrary 2-filiform naturally graded non Lie
Leibniz algebra is either split (i.e. £ = ZF, o ®C? or L = NGF1, 1 ® C or
L=NGF2, 1®C or L= NGF3,_; ® C) or isomorphic to one of the following
algebras (n > 6):

IT:
e, e1] = €ina 1<i<n—3 [ei, 1] = eita, 1<i<n-—3
{ [617 € 1] = 67 [617677,—1] =eg+ ey,
s En— n- [6i7€n—1] = €it1 2 < i < n—3.

2. Filiform Leibniz algebras of maximum length

Let £ be an n-dimensional filiform Leibniz algebra of maximum length.

ﬁzml@w2@...@vkn

where [Vi,, Vi,] C Vi gk, and Vi, = ().
The results from [3] and [13] allow us to obtain the decomposition of all
complex filiform Leibniz algebras into three disjoint classes.

Proposition 2.1.  Let £ be an n-dimensional (n > 3) complez filiform Leibniz
algebra and let {e1, e, ..., e,} be an adapted basis. Then, L is isomorphic to one
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of the following algebras:

( [61761] = €3,
Jo e, e1] = eiq, 2<1<n-1
t le1, 2] = aueq + ases + -+ - + ap_1€n-1 + ey,
L [6j, 2] = quejio +asejiz + o+ appajen,  3<i<n
[617 61] = €3,
le;, 1] = €1, 3<i1<n-—1
Fy: S ler, ea] = Baeq + Bses + -+ + Buen,
[627 62] = ’yena
[ [ej,e2] = Baejyo + Bsejrs + - 4 Prgo—jen, 3<i<n—1
( [eis e1] = e, 2<i1<n-1
le1, €] = —eiq1, 3<i<n-—1
[617 61] - elena
[617 62] = —e3+ 6)2677,7
F3 :
[627 62] - 03677,7
[62‘, ej] = —[Gj, ei] S lin<€i+j+1, Citj4+2y .- ,€n>, 2<i1<n— 2,
2<j<n—i
L €, ent1-i] = —[€nt1-i, €] = Oé(—l)”len 2<:1<n-1.

where omitted products are equal to zero, o € {0,1} for even n and o =0 for odd
n.

Theorem 1.1 can be extended to the Leibniz algebras case, namely, the
following theorem holds.

Theorem 2.2.  Let L be a n-dimensional non split filiform non Lie Leibniz
algebra L of mazimum length, then there exists a basis {y1,y2,...,yn} of L such
that its multiplication has the following form

[Yis 1] = Yir1, 2<i<n—1

(the rest of the products are equal to zero).
Proof. Let £ be an n-dimensional filiform Leibniz algebra of maximum length.

L=V Vi, ®--- DV,

where [sz, ij] Q Vki—&—kj and Vkl = <JI1>
Let £ be isomorphic to one algebra of the family F7.

n
Let {x1,2o,...,x,} be a basis where z; = Zaiek = Js#£t: af £0#
= of =ab =1. Thus, -
n
x5:€1+20626k
k=2 .

t
Ty = Oé’iel + e9 + E QL€
k=3
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If we make the computation [xg, x|, we obtain

s,z = (L4 ad)es + Y Ase;

i>4
[z, 2] = ol (1+ al)es + Y Bie;
i>4
It is possible to consider two cases:
1. 14035 #0.
Then, we denote
Y1 =T, Yo = [T6, 7], ooy Y1 = [ [T T3] e =

with y; #0, 1 <i:<n—1.
Using the table of multiplication from the family I, we obtain that y, € Vj_,
Y2 € Vorys ooy Yn—1 € Vin—1)k, -
Thus, £ =V, © Vi, © Vo, © - - - Viu—1)k,- According to the definition of the
gradation, we have the following embedding:

[%ks? ‘/ift] g ‘/pks‘i‘kt g leks7

Ve Vo) € Vakotke € Vinoks

Ve, Vil € Vo, € Vi, -

From [Vi,, Vi, € Viysr, = ke = 0ks with 6 € {—(n —2),—(n—3),..., -1,

0, 1,...,n—2}. We compute [Vi,, Vi,], [Vokes Viuls [Vieos Vi) -

1.1. If 6 € {1,....n =2} = V, = Vg, = dim(Vy,) = 2. That is
contradiction, this case is not possible.

1.2. Ifde{—n+2,—n+3,...,1,0}, we have that

Vokes Viel = WVaes Vi = [W)s (Un)] € Viprorke = (Upts)

and y, € LP\LPHL y, € L\L? ypis € LPPNLPTL Thus, [y,, yn)
LPHN\LPT2 as p+1 > p+§ we can conclude that [Vi,, Vi,] = [Voks, Vi
Vi, Vo] = 0. Then the Leibniz algebra of maximum length is split.

I m

s __
Then,
Ts=e€1 — ey +azes+ -+ e,
= ole; + e+ akes + - + ale,.
xg, 1 € L\L2

Computing the following multiplication, we have that

s,z =) Ases

(e, 2] = b (14 al)es + > Bie;

i>4
(e, 2] =) Cies

i>4

[z, 2] = (14 o)es + Z D;e;

>4
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It is necessary to make out two cases:

2.1. of #0.
Note that of # —1, if o = —1 then x, is not a generator of L.
Analogously to case 1 for x;, a split Leibniz algebra is obtained.
2.2. ot =0.
We have
Tg =€ — ey + aze3+ -+ ayep,
T = ey +akes+ -+ ale,.
PUttlng Y = Tsy, Y2 = T, Y3 = [l‘tyxs]a Yg = [[xt7xs]7m8]7"'7 Yn =
[...[[ze, xs), s, - - ., 2] (multiplying by x5 n—2 times) and y; # 0, 1 <

i < n, Y,y € L\L? y; € L7N\L with 3 <4 < n. We have the
following multiplication:

(i Y1) = Yit1, 2<:1<n-1

Thus, y1 € Vi,, ks # 0, y2 € Vi, ke # ks ..., Yn € Viyr(n—2)k,, SO
L=V, ® Vi, ® Viysk, ® Viror, © -+ D Vi (n—2)k,-

Following a similar reasoning, [Vi,, Vi,] € Vion, = ki = ks with
Se{-(n—4),—(n—5),....,—1,0,2,...,n — 3}.

221 6e{2,...,n—3}.

Vie = Voo = [ [View, Vil Vil -, Vi ] (6 times )
and that contradicts Vi, € £\L?.
222 §e{d—mn,... —1}.
[th-i-pks’ th] = [‘/;Ct+pks7 V;Sk’é] - ‘/ktJr(erths)

and we have that Vi, € LPPN\LPT2 Vi € LN\L?, Vit gpropn, €
LPT+2 but p+2 > p+ § + 2, that is not possible.

223 6=0, Vi, =Vo = Viar. = (y3) = Vi, = (y1) = dim(Vy,) = 2.
That is not possible.

Thus, we conclude that
Vs Vi = Vi, Vi) = [Vaeps Vi = 0

obtaining the algebra of the theorem.

Let £ be isomorphic to one algebra of the family F3.

We consider a decomposition of the basis {x1,%s,...,z,} into the basis
n
{e1,...,e,}. That is, z,, = Zalmei. It is evident that there exists s € N such

=1
that af # 0. We can suppose that without loss of generality af = 1. Then
T, =e +ajes+ - +ase, and z, € L\L2,
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Consider the product: [z, xs] = ez + Z e;. Furthermore, thinking as in
i>4
case F, we obtain a split Leibniz algebra.

Let £ be isomorphic to one algebra of the family Fj3.

We choose generators from the homogeneous basis x, = e;+ases+- - -+aze,
and x; = bieq + eg + bzes + - - + bue,.
Consider the following products

[1)5, xs] = (‘91 + a202 + a§93)€na
[l’t, xt] = (bf@l + b192 + 93)€n,

[z, ], ) = (1 —agby)ejpa + (¥)eipg + -+ (¥)ep, 1 <i<n—2
—_——
i—times
where 1 — asb; # 0.
We can choose y; = T, Yo = Ty, Y = [ .. [T, ), ... 2], 3< 0 < n.
—_——

(i—2)—times
Therefore, (y1) C Vi, (¥2) € Vi, W) € Viyrgi—2k, 3 < @ < n and
Wi, 1] = Yir1, 2<i<n—1
__ O14a2024a36;

If we compute [yh yl] - T—asb; Yn = Qyn

L. [y1,41] # 0. We have that [y1, y1] € Vi, (n-2)k,. Moreover, [Vi,, Vi, ] = Vo, =
Vit (n—2)k, = 2ks = ki + (n — 2)ks = k. = (4 — n)k,. However, this is not
possible because Vi, (n—sk, = Vi, = dim(V},) = 2, that is a contradiction.

2. [y1,91] = 0. We have that [y, y2] = 0'yn € Vi, 4 (n—2)k,-

2.1 [y2,y2] # 0. y2 € Vi, = [y2, 2] € Vo, and y, € Viertn—2ks = Vi, =
(n—2)ks. Thus, we have the homogeneous spaces Vi, Vin—2)k,» Vin—1)k, »

Vakss + -+ Vign—a)k, - Since that is a conneted gradation, n = 3 and for
n = 3 the family F3 does not exist.
2.2. [y2,12] = 0, since [y1,92] = —ys + Ooyn = [y1, 2] € Viyr, but —ys +

05yn € Visiy, + Vit (n—2k, = 05 = 0 Using the Leibniz identity , the
table of multiplication is:

[yiayl]:yi+1 2<i1<n-1
[yhyi] = —Yi+1 2<1<n-1

and we obtain a Lie algebra. U

3. 2-filiform Leibniz algebras of maximum lenght

The notions 2-filiform and quasi-filiform for Lie algebras coincide. The classifica-
tion of quasifiliform Lie algebras of maximum length is described in [12]. From
now on we will only consider non Lie Leibniz algebras.

Let £ be an n-dimensional 2-filiform non Lie Leibniz algebra of maximum
length, then

L= Vb ® Vi, @+ & Vg, where [V}gl, V}C]] - V}gi_i_k]. and Vi, = <Xz>
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Proposition 3.1.  [3, 6] Let L be a 2-filiform non Lie Leibniz algebra, then
from the classification of 2-filiform naturally graded Leibniz algebras we have that
L belongs to one of the following families

KF1 .

4 .
62761]_6i+17 1<Z<TL—3
€iy€n_1] = Qiit2€ito + QG it3€i43+ ...+ Q260 1<i<n—4
€, en| = Biiy26ira + Biitseirs + ... + Bin—2en o2, 1<i<n—-4

€n, €n—1] = V3€3 + Ya€4 + ... + Yn_2€n_2,
€n, €n] = O3e3 + Ose4 + . + On—26n_2,
L en 1, en] Azes + ey —|- R AV Y

[
|
len—1,€n—1] = Bses + fBaes+ ... + Bn_sen_s,
[
[
[

where gr(L) = ZF, o ®C% ZF, o= {(e1,€2,...,6n2), C*={e, 1,€,)

KF2 :
( _
61761] = €3,
ei,e1] = eir1, 2<i<n—2
e1, €] = ey + ases + ...+ o€y _o + fe,_q,
€, €2] = Qi + 5143 + ...+ Qpi1-ipo1, 2<i1<n—3

e1,en) = Praes + Prses + ...+ Pin—1€n_1,

€i,en] = Biiy2€iya + Biits€irs + ...+ Bin—1€n_1, 2<i<n—3
€n, en] = 0464 -+ 9565 + ...+ Qn_len_l,

€n,€2] = Ases + Ases + ...+ Ap_1€n1,

Cny €1] = fla€q + fi5€5 + ...+ fln_16n_1

\

where gr(L) = NGF1,_1 ®C, NGF1,_1 = (e1,€a,...,e5_1), C= (e,).

KFgZ
61761] = €3,
ei,e1] = eir1, 3<i<n—-2

e1, €] = aues + ases + ...+ 1€,

€2, 62] = V€n-1

€is €a] = QuCita + Q543 + ..+ Qui1_iCno1, 3<i<n—3
e1,6n] = Praes + Bises + ...+ Brn_1€n-1,

€i»en) = Biitoiva + Biiyseips + ...+ Bin—1€n1, 2<i<n—3
€ns €n) = 044+ Ose5 4+ ... + 0161,

€n, €] = Ases + Ases + ...+ Ap_ien1,

Cny €1] = [l4€q + [i5€5 + ...+ fln_1€n_1

\

where gr(L) = NGF2,_1®C, NGF2, 1 = (e1,€9,...,e5_1), C=(e,).

[
le1, en— 1} =ep tages+ ...+ ap_26,_ 2,

[en—1,en—1] = Be3 +54€4 + ..+ Br_gen_2,

[6 €n— 1] Bz i+26€i+2 + 6@ i+3€i+3 + ...+ 61',717267172’ 2 < Z < n — 4
[ens en1] = Ya€s + Y55 + ...+ Vn_2en_2
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KF5 .
( [ei, e1] = €iy1, 1<i<n—-3
le1,en1] = ea + e, + azes + ages + ..+ e, o,

S € en—1] =€ip1+Biir2eitotBiivsCivst o FBin—2en—2, 2<i<n—4
[en—1,en—1] = Bses + Baesa + ...+ Bn_sen_a,

[ [en,en_1] = Y44 + Y565 + ...+ Yn2€n 2

KF@ :

( ei, e1] = eiya, 2<i<n—2
le1, €] = —eiqa, 3<i<n—2
[61761] = 01ep_1,
le1, e0] = —e3 + baep1,

[62,62] = O3¢5,
[BZ’, €j] = — [6]', 61'] € {€i+j+1> Citj42y - ,en,l}, 2 < 7 <n-— 4,

2<j<n—2—1
le1,en] = Braea + Bises + ...+ Bin—1€n_1,
[eis en] = Biitative + Biiyseizs + ...+ Bim—16n1, 2<i<n—3
len, e1] = Braes + Bises + ... + Pin—16n-1,
len, €] = Biiv2€iro + Biivs€its + ..+ Pin—1n-1, 2<i<n—3
len,en] = 0seq +Ose5+ ...+ 0,16, 1

where gr(L) = NGF3,_1 ®C, NGF3,_1 = (e1,€2,...,€n_1),
C = (en), i.e., NGF3,_1 is obtained from naturally graded filiform Lie algebras.

Theorem 3.2.  Let L be a 2-filiform non-Lie Leibniz algebra of mazimum
length. Then L is isomorphic to the following algebra

M{ [Yi, 1] = Yiy1, 1<i<n—3
' [ybynfl] = Un

Proof. Let £ be a 2-filiform Leibniz algebra. From Proposition 3.1 we have that
L is isomorphic to KFy, KF,, KF3, KF,, KF5, or KFg.

First, we consider the case where £ belongs to the family KF;.

In this case L is a three generated algebra. Let z,, x4, x, be the generators
of L. Since £ has also basis {ej, es,...,e,}, then we have

Ts=a1€1 + ases + ...+ ap_1€n_1 + anen,
Tt :b1€1 + b262 + ...+ bn_len_l + bnen
T,p=C1€1 + Co€y + ...+ Cp_1€6p_1 + Cpen

a1 Ap—1 Qap

where | by b,_1 b, | # 0. Without loss of generality we can assume that a; =
C1 Cp—1 Cp

bn—l = Cp = 1.



CABEzAS, CAMACHO, AND RODRIGUEZ 345

Consider the products

[, x| =[€e1 + ageat ... +an_164_1 + anepn, €1 + ages+ ... +an_16n_1 + ane,]=
=ex+ (x)es + ...+ (¥)en—o,
[[zs, 2], 5] = [e2 + (x)es + ...+ (x)en_o,e1 + azes + ... + ap_16,1 + aney) =
=e3+ (¥)eg+ ...+ (%)ep_o,

[L' Jws,xs], oo ] = en_s
'
n—2—times

where the asterisks (*) denote the correspondent coefficient in the product. If we
denote

Y1 = Ts, Y2 = [$s>$s]a vy Yn—2 = [ .- [xsast cee 7xs]7ynfl = Tty Yn = Ty
then we have that

Vi, = <y1>7 Vo, = <y2>7 R V(n—Q)k’s = <yn—2>7 Vi, = <yn—1>7 Vi, = <yn>
1. [th, Vks] = V)\ks or [Vkr, Vks] = V,ukS? with 1 g )\,,u g n — 2.

We can suppose that [V, Vi.] € Vik,. However, it is evident that this is
only possible in the case where A = 1 and k; = 0. Then, from decomposition
of gradation and nilpotency of £, we obtain that [y, 1, L] = [£,y,_1] = 0,
ie., L is split.

2. Vi, Vil # Vo, and (Vi , Vil # Vi, 1< A p<n — 2.

Then, the condition [V4,, Vi,] € Vi,4x, implies that

ki = (n — 1)ks, k. = nkg and
L=Vi&Vo® - -dV,_1®V,such that V; = (y;), 1 <i < n.

Thus, the product has the following form

[Yis 1] = yir1, 1 <i<n—3,
[yn—lyﬁ] = [Cayn—l] = [yn,ﬁ] = [£7yn] =0

That is, in this case L is split.

In case £ belongs to KF, we have three generators x,, x;, =, again and

we can express them with respect to the basis {ej, es,...,e,} of £. Analogously,
ap Gz an
by by b, | #0.

C1 C2 Cp
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Now, without loss of generality we can assume that a; = by = ¢, = 1. So,
the products are

(s, 5] = [e1 + agea + ... + ap_1€n-1 + Apep, €1 + agea + ... + ap_16,1 + apey) =
= (1+ag)es + (¥)eg+ ...+ (%)en_1,
[[zs, 23], z5) =[(14az)es+(x)es+ . .. +(*)en_1, e1Fazea+t . .. +ayp_16,_1+ane,]=
= (1 + CL2)64 + (*)65 + ...+ (*)€n_1,

[ lrs s w] = (1 az)en

—
n—2—times

[Ts, 2] = [e1 + ageat ... +an-165-1 + anen, bier + €2t ... +byp_1€5-1 + bpen]|=
= bl(l -+ 02)63 + (*)64 + ..+ (*)671,1.
1. [25) 7£ -1
We denote
Y1 = Ts, Yo = |[Ts, Ts)y ooy Yn2 = [+ [Ts, Ts]y o oo, Ts)y Yno1 = T4y Y = T
It is easy to see that {y1, y2,..., yn} is a basis and we put

‘/ks - <y1>7 Vor, = <y2>7 R V(n—Q)ks - <yn—2>7
V:"Ct = <yn—1>a Vkr = <yn>

Using similar arguments to the case where £ is in KFj, we obtain that £
is split.

2. a9 = —1.
Consider the products
[:L‘ty xt] = [blel +er+ ...+ bn—len—l + bnena biey +ex+...+ bn—len—l + bnen] =
=b1(1+0by)es+ (x)eg + ...+ (%)en_1.

[[.Tt, [IZ’t], [IZ’t] :[b1(1+bl)63+(*)64+ e —|—(*)6n,1, b1€1+€2+ e +bn716n71+bn6n]
=01+ b)es+ (¥)es + ...+ (x)en_1.

[l m] = by (1 + by )en

J

TV
n—2—times

Note that we can suppose that rank< Zl 22 ) =2.
1 02

In the case a; = by =1 and ay = —1 = b # —1.

2.1. by # 0. Then, taking into account case 1 for z; and x,, we obtain a
contradiction if £ is non split.

2.2. by = 0. Then, we write
Ts=€] — €y + ...+ ap_16p_1 + anéy,

Ty=eg + ...+ bnflenfl + bnen
Tr.=C1€1 + Ceg + ...+ Cp_1€n_1 + Cpén
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Let us consider the products

[T, 5] = [ea + ...+ 1€y +bpen,e1 — €+ Ap1€p1 F Apey] =
= €3 + ( )64 + (*)en 1,
([z4, 5], 2] = [€3+( Jeat ... +(*¥)en1,€1 — eat .. Fan_1€n1 + aney]
= eq4+ (x)es + (%)en—1,
[z, g, o w5 = ena
In this case we denote y; = x5, Yo = Ty, Ys = [T4, Ts|ye vy Yno1 =
[...[xe, 24, ..., 25, yn = x,, and so we put

Vks:<y1>7 V;Ct:<y2>> ‘/’€t+ks:<y3> V;ﬁs+n 3)ks <yn 1> Vkr:<yn>

with [y, 1] = yis1, 2<i<n—2.

2.2.1. [VkT,VkS] 7& 0 or [‘/]%,Vkr] 7é 0.
Then Vi, 4k, = Vipear.,0 < A < n — 3 and so we have k, =
(A — 1)k + k:. That is a contradiction because x; is a generator.

2.2.2. [Vi,Vi] = [Vio, Vi,] = 0.

In this case we have [y1,yn] = [yn, 1] = 0 and using the multipli-
cation in the family K Fy, we obtain [L,y,] = [yn, L] =0, ie., L
is split.

Let £ be isomorphic to one algebra of the family K Fj.

We have that z,, z;, x, are the generators of £. Without loss of generality
we suppose that a; = by =¢, = 1.
Now we denote

Y1 = Ts, Yo = [$S7$S]7 ey Yp—2 = [ .. [x87x8]7 LI 7$s]7yn—1 =Tty Yn = Ty
Evidently vy1, vo,...,y, form a basis and we have that

Vie = 1), Var, = (¥2), - s Vin-2pke = (Wn—2)s Vie = Wn-1), Vi, = (Yn)

L Vi, Vi] # 0 or [Vi,, Vi,] # 0.

We can suppose that [Vi,, Vi.] # 0. Then Vi, 1, = Vig, 1 < A<n—2. So
k. = (A= 1)ks + k; or k, + ks = k;. But that is a contradiction because x,

and z; are generators.

2. Vi, Vil = [V, Vi, ] = 0.

That is, [y1,Yn] = [Yn, 11] = 0, it is easy to see that [L,y,] = [yn, L] =0, i.e.
L is split.
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Let £ be isomorphic to one algebra of the family K Fj.

Note that £ is a two generated algebra whose generators are z,, ;.
Without loss of generality we can assume that a; = b, 1 = 1 with a;b, 1 # 1.
Let us reconsider the products [z, ], ... [...[zs, x4, ..., zs] and

[Ts, 2] = brea + e, + (¥)es + ...+ (x¥)eq o

By denoting y1 = x5, y2 = [JZ57JZS], ceey Yn—2 = [ - [xs’xs]a o 7‘/1“8]7 Yn—1 = Ty,
Un = [Ts, ¢, we can write Vi, = (y1), Var, = (2), -, Vo, = (Un—2),
Vi, = Un-1)y Vietts = (Yn). Since [Vi.ikes Vil € Vog.1k,, then we can consider
the cases below:

Lo [Vieske Vil = Vak, -
Then [Vi, ik, Vil = Vakotk, = Vak, where 1 < A < n — 2 and we obtain that
ki = (A — 2)ks, but it is contradiction for A # 1. Therefore we have the
decomposition:
L=VaidoVWWeVie - -dV,
where Vo1 = (yn-1), Vo = (n), Vi=(¥s), 1 <i<n—2.

Checking all the bracket products with the restriction bja, 1 # 1 and
applying the restriction from the nilpotency, we obtain the algebra M .

2. WViotke, Vil # Vag,, 1< A<n—2.

Then from condition [V, Vi,] € Vi,qk,, we have that k, = (n — 1)k so,
L=VidVo®d - - DV,_1DV, where V; = (y;), 1 <i < n. It is not difficult
to see that we obtain the algebra M.

If £ belongs to the family K F5, we use similar arguments to the above

cases.
Consider the products:
[z, @], ) = (14 an1)" 2ens
[z, ], ) = b (1 +01)" Ben o
(s, 2] = (1 4+b1)ea + e, + (x)es + ...+ (%)en_a,
[z, 2] = b1(1 + ap_1)es + bray_16, + (¥)es + ... + (%)en_o.
1. Ap—1 7é —1

Then we put y;3 = s, Yo = [T, Ts|, o) Yno= [ .. [Ts, 2], .., 23], Yn_1 =
Tty Yn = [ZUS,ZL't]

It is evident that y;, ys, ..., y, are linearly independent. Therefore we can
take it as a basis of £ and we obtain

Vie = (W1) Vare = (2)s s Vin-2yke = Un—2)s Var = Wn-1)s Vet = (Un)

Checking all the products we get again the algebra M .
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2. Ap—1 = -1
Since 1 — a,_1b; # 0, then b; # —1
2.1. b #£0.
Making the change = = §*, x; = —z; we have case 1.

2.2. b; =0 In a similar way we can denote

Y1 = Tty Yo = Ts, Y3z = [I’57.Tt]7...,
Yno1 = [ [Ts, i)y ooy x], Yn =[5, 4]

In this case we do not obtain any new algebra with maximum length.

Let £ be isomorphic to one algebra of the family K Fg.
Then x4, z;, z, are generators of L. In a similar way we study the different

possibilities for the gradation, and we obtain a Lie algebra. 0
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