Journal of Lie Theory
Volume 18 (2008) 193-203
(© 2008 Heldermann Verlag

The Role of Real Characters in the Pontryagin Duality
of Topological Abelian Groups

Sergio Ardanza-Trevijano, Maria Jestis Chasco and Xabier Dominguez*

Communicated by K. H. Hofmann

Abstract.  We study the role that real characters play in the context of Pon-
tryagin duality of topological abelian groups. Among other problems, we show
how the existence of enough real characters to separate points is related with the
density of the arc-component of the dual group. This is exploited to study the
arc—component of groups of continuous maps into T.
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1. Introduction and preliminaries.

A real character of a topological abelian group G is a continuous homomorphism of
G into the additive group R of real numbers. It is said that a topological abelian
group has enough real characters, if any nonzero element of the group is sent to a
real number different from zero by some real character. Groups with enough real
characters have been studied, during the last fifty years, under different points of
view.

In the class of locally compact abelian (LCA) groups, groups with enough
real characters are well known. They were first characterized in 1948 by Mackey
([12]), as the groups of the form R™ & D, where n is a nonnegative integer and D
is a discrete torsion-free group. From the viewpoint of duality we recognize them
as those locally compact abelian groups whose Pontryagin dual is connected (see
[7, 24.35]).

The main result in this paper (Theorem 2.14) gives further insight into
the relationship between connectedness properties of the Pontryagin dual of a
topological abelian group G and the existence of real characters on G. Namely,
we prove that whenever a maximally almost periodic abelian group G is a k—space,
it has enough real characters if and only if the arc-component of the identity in
its Pontryagin dual is pointwise dense.

*  The authors acknowledge the financial aid received from BFM2006-03036 and FEDER
Funds
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There is a natural correspondence between real characters and maximal
subsemigroups of the group which has been observed and exploited with different
aims, both for abelian and nonabelian groups (see [5] [6], [8, Ch. 5], [9], [11],
[15], [16]). For each real character f on G, the set {x € G : f(x) > 0} is a
maximal subsemigroup of G which determines f up to a positive multiple (see [6]).
Conversely, Tsitristskii obtained in [15] that a closed maximal proper subsemigroup
S of a group G can be written as {z € G : f(x) > 0} for some real character
f on G if and only if G = S U —S (this result had already been established for
discrete G by Hoffman and Singer in [9]). In [15], weakly convex subsets of G are
defined as those which can be obtained as an intersection of a family of translates
of such semigroups, and it is proved that a topological abelian group GG has enough
real characters whenever it has a basis of neighborhoods of zero formed by sets
with weakly convex closure. This result comes as a natural generalization of the
known fact that locally convex spaces have enough continuous linear functionals
to separate their points (a subset of a topological vector space is weakly convex in
this sense if and only if it is closed and convex).

Any topological abelian group which admits an injective real character has
trivially enough real characters. In general, a group has enough real characters
if and only if the intersection of the kernels of all its real characters is trivial.
Diem and Wright [5] gave an intrinsic description of the subgroups of a topological
abelian group G that can be obtained as such kernels. They called these subgroups
planar, by analogy with hyperplanes of topological vector spaces. They also found
out that the intersection of all planar subgroups of a group G coincides with the
radical of G (which we shall define below among the preliminaries). The radical
had been defined by Wright himself in [16] as a tool for establishing structure
results for LCA groups in an intrinsic way.

From a categorical point of view, a characterization of groups with enough
real characters can be obtained from the adjoint functor theorem. The forgetful
functor from the category of locally convex topological vector spaces to that of
topological abelian groups has a left adjoint. Hence, for each topological abelian
group G there exists a locally convex vector space Eg and a continuous morphism
iq : G — FEg such that for any locally convex vector space V' and continuous
homomorphism f : G — V there exists a continuous linear map f' : Fg — V
such that f = f’oig. If we consider the particular case of V = R, we can deduce
that G has enough real characters if and only if i is injective (see 7.34 in [10]).

In particular, a topological abelian group with enough real characters can
be continuously embedded into a locally convex space, and this fact lets these
groups enjoy some of the most important properties of real locally convex vector
spaces. For instance, one can easily generalize the classical Schauder-Tychonoff
fixed point theorem in the following sense: if (G is a topological abelian group with
enough real characters and K is a compact subset of G with K + K = 2K, then
any continuous map f : K — K has a fixed point.

PRELIMINARIES.
The following version of the Hahn-Banach Theorem for abelian groups was proved
by Hayes:

Proposition 1.1.  (Hahn-Banach [6]) Let G' be an abelian group, p a subaddi-
tive functional on G and fy an additive functional on a subgroup H of G, such
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that fo(x) < p(x) for every x € H. Then fo can be extended to an additive
functional f on G with f(x) < p(x) for all x € G.

We recall the notion of radical of a group following Wright (see [16]). A
semigroup B of G is called 0—proper if 0 ¢ B, and residual if there exists a
maximal 0-—proper open semigroup M of G such that B is the complement in
G of M U —M . The intersection of all residual subgroups is called radical of the
group and denoted rad(G). When G does not have any maximal O—proper open
semigroup we say that rad(G) = G and call G a radical group. If rad(G) = {eg}
we say that G is radical-free. 1t is interesting to note that the radical of an LCA
group coincides with the union of all its compact subgroups. In particular, the
radical of a discrete subgroup is its torsion subgroup.

Proposition 1.2.  (Diem and Wright [5]) The radical of any topological abelian
group G is the set of elements annihilated by every real character of the group.

It is commonly understood that a character (as opposed to a real character)
on an abelian topological group G is a continuous homomorphism from G into
the unit circle T of the complex plane, endowed with the Euclidean topology.
Under multiplication, the continuous characters on G constitute the dual group
Hom(G, T). This group can be endowed with the compact open topology 7., and
then it becomes a Hausdorff topological group, usually denoted by G.

The duality theorem of Pontryagin-van Kampen states that a k)cally com-

pact abelian group G is topologically isomorphic to its bidual group G by means
of the natural evaluation mapping. One important point in the proof of this the-
orem is a classical result by Peter and Weyl saying that a locally compact abelian
group G has enough characters (to separate t}le points of G), that is, the natural

o~

evaluation mapping from the group G into G is injective. Hausdorff topologi-
cal abelian groups with enough characters are named maximally almost periodic
groups or MAP groups. It is clear that if a topological group has enough real
characters, then it is a MAP group, but every compact abelian group is a MAP
group without nonconstant real characters.

Definition 1.3.  Let p: R — T be defined by p(t) = ¢*™ and G a topological
abelian group. Let p' := Hom(G, p) : Hom(G, R) — Hom(@, T) = G be defined by
P (f) =po f. We say that a character ¢: G — T can be lifted to a real character,
if ¢ is in the image of p’. We denote by aliﬂ; the subgroup of G formed by the
characters that can be lifted to a real character.

Convention. All topological groups considered in this paper are assumed to be
Hausdorff.

2. Real characters and dual group properties.

In the following statement we characterize in three different ways the elements of
a topological abelian group which can be separated from zero by a continuous real
character.

Lemma 2.1.  Let G be a topological abelian group and e # x € G. The
following assertions are equivalent:
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a) There exists a real character f such that f(x) # 0, that is, x ¢ rad(G).
b) There exists a character ¢ € @hft such that p(x) # 1.

c) There exists a nonnegative subadditive symmetric and continuous functional
p on G with inf,cy pnz) -

n

Proof. a)= b): Suppose that for every ¢ € G{y we have p(x) = 1. For
each x € G consider the map ev,: Hom(G,R) — R, ev,(f) = f(z). We claim
that ev,(Hom(G,R)) C Z; indeed, for each f € Hom(G,R), po f € Gfy. So
(po f)(x) = 1, and this implies that f(z) € Z, establishing the claim. The
fact that ev, is linear gives us that ev, = 0 and hence for all f € Hom(G,R),
f(x) = eva(f) =0.

b)=- a): Fix x # ex. Given a character ¢ € Gfy, with p(x) # 1 take f such that
po f=v. Then (po f)(z) = p(x) # 1, and hence f(x) # 0.

a)= c¢): Fix a continuous real character f with f(x) # 0. The functional p
defined by p(y) = |f(y)| has the desired properties.

c)= a): Let p be as in ¢), and ¢ = inf,,cy @. Consider the subgroup H = (z),
and the continuous group homomorphism fy : H — R given by fo(nz) = ne,
for every n € Z (note that (c) implies in particular that H is free over x). By
Proposition 1.1, there exists an additive functional f : G — R such that |f| < p
on G and f(y) = fo(y) for every y € H. In particular f(x) = ¢ # 0. The
functional f is continuous and hence is a real character. ]

For an abelian topological group G the annihilator of a subset A C G is
AP ={p e G:p(A) ={1}} = ealv € G : ¢(a) = 1}. Then A" is a subgroup
that is closed in Hom(G,T) in the topology of pointwise convergence and thus
in G , that is, with respect to the finer compact open topology. The inverse
annihilator of a subset B C Hom(G,T) is BY={x € G: (Vp € B) p(x) =1} =
ﬂweB ker ¢. Then B< is a closed subgroup of G.

We can rewrite the equivalence a) < b) in Lemma 2.1 in terms of the
radical as follows.

Proposition 2.2.  (Gyx)< = rad(G).

The characterization of those groups G for which éh& — G isnot an easy question,
even for discrete groups. It is clear that if GG is a discrete free group, Gy = G
however, the statement that a discrete group satisfying this equality is necessarily
free is undecidable in ZFC. (Shelah’s Independence Theorem, see [10, A1.70]).

Given two topological spaces X and Y, let C(X,Y’) denote the space of
continuous functions endowed with the compact-open topology.

Lemma 2.3.  ([4, 10 §3, n® 4, Cor. 2]) Let X, Y and Z be topological spaces
such that Y is locally compact. Then there is a natural homeomorphism

axy,z : O(X X Y, Z) — O(X, O(Y, Z))
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In the following Cy(X,Y") will stand for the set of continuous pointed maps between
the topological spaces X and Y, with fixed base points. We endow this space with
the compact open topology. In the case of topological groups A, B we also consider
the topological group Cy(A, B) with the compact open topology.

In order to accommodate a concept that will be used prominently we
formulate a definition:

Definition 2.4. A topological group G will be called productive if the image

of the mapping feir : Co(I, Co(G,T)) — TG>T Bair(f)(g,r) = f(r)(g), is
contained in Co(G x I, T).

By Lemma 2.3, every locally compact group is productive. This remains true for
topological groups whose underlying space is a k-space.

Proposition 2.5.  For a productive topological abelian group G, the arc—com-
ponent G, of G coincides with Gy :

Ga = Glift-

Proof.  Let us denote by G’ the vector space Hom(G,R) of all real characters
of G endowed with the compact-open topology. As a continuous image of the
topological vector space CAJ’ , the group Gy is arc—connected. Now, in order to
prove that Gjg contains G, it is enough to show that the mapping

Co(Lp): Co(LG') — Co(L.G),  Co(Lp)(f)(t) = p/(f(t))

is surjective, since for a character ¢ in the arc-component of G we can take an
arc ¢; in G from the identity to ¢; this arc can be lifted to an arc p, in G’ whose
final point lifts ¢.

Consider the following commutative diagram, where the mappings are de-
fined in the natural way:

Hom(G, Co(LR)) S22, Cy(I, &)
Hom(G,Co(]Lp))J( JCo(H,p’)
Hom(G, Co(I, T)) —— Co(L, G)

0G,1,T

Now since I is simply connected, Co(L, p) : Co(I,R) — Co(I, T) is an isomorphism
of topological abelian groups, which implies that Hom(G, Cy(L, p)) is an isomor-
phism. Let us see that dg 7 is also bijective. Since G is productive we have in
particular that Gg11(Co(L, G)) is a subspace L of Cy(G x I,T).

Since I is locally compact, we can consider the natural homeomorphism
agrr from Lemma 2.3. We observe that agir(L) = Hom(G,Cy(I,T)). The
mapping d¢ 1 is the inverse of a0 fBair I its range Hom(G, Cy(I, T));
hence it is bijective. [ |
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Corollary 2.6.  Let G be a productive topological abelian group and @a the
arc—component of the neutral element of G. Then the following conclusions hold:

a) (G,)< =rad(G).
b) G has enough real characters if and only if {ec} = (Ga)<.
c) G/(@a)< is radical-free.

Proof. Parta): By 2.5, @a = @lift, and the statement follows from Proposition
2.2. Subsequently, parts b) and c¢) are direct consequences of a). [ |

Remark 2.7.  We observe some properties of the radical in the case of a locally
compact abelian group G.

a) It is known that G is radical-free (i.e., has enough real characters) if and
only if its dual is connected.

b) If G is a radical group, G is totally disconnected. For a proof note (G,)< =
rad(G) = G. Also, the arc-component is dense in the connected component

of G (Theorem 7.71 in [10]), and so the latter connected component is trivial.

Remark 2.8.  One recent result about the arc-component of a compact group
is that the dual of the arc-component of a compact group is discrete ([3]).

For a topological group G the evaluation map ag : G — G is defined by
ag(z)(p) = p(x) for © € G and p € G". Given a topological group G, we
can define the Lie algebra of G as £(G) = Hom(R, G). The exponential function
of G, expg : £(G) — G of G is defined by exp X = X (1). So the elements of
im exp,; are those lying on one-parameter subgroups.

For the ease of formulation we propose a definition:

Definition 2.9.  An abelian topological groups will be called hemireflexive iff

ag: G — G is continuous.

If the underlying space of a topological abelian group is a k-space, then it is

hemireflexive.

Lemma 2.10. If G is hemireflexive, then @hft = im expg.

Proof. If A and B are topological groups with continuous a4 and a g, then the

existence of an adjoint of the Pontryagin dual functor yields a group isomorphism
Yap: Hom(A, B) — Hom(B, A)

(See [10], Proposition 7.11(iii)). Now we conclude from the following commutative
diagram

Hom(G,R) —— Hom(G,R) %, Hom(R,G) —— £(G)
p’l\ l l ) LeXPé
G —— Hom(G,T) - Hom(Z,G) —— G
G,Z =

that the set of characters that can be lifted (the image of p’) coincides with the
image of expgn. [ |
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Proposition 2.11.  If G s henureflexive and productive, then @a = im expg.

Proof. This is a consequence of Proposition 2.5 and Lemma 2.10. ]

Remark 2.12.  The hypotheses of the previous proposition are satisfied for
groups which are k—spaces, and even kr—spaces. Nickolas proved in [13] that if a
group G is a k—space, then imexpg coincides with @a.

Given a topological abelian group G, we denote by 7, the topology of
pointwise convergence on Hom(G, T). The dual group with this topology will be
denoted by (G, 7,). Recall that a subbasic neighborhood of the identity in (@, ),
for a given element x € G and a given identity neighborhood W of T can be
written as V. = {¢ € Hom(G,T) : ¢(z) € W}.

Proposition 2.13.  For any abelian topological group and any subgroup L of
G, its closure L™ in (G,7,) coincides with (L9)™.

Proof. a) (L9 D L™: Trivially, L C (L9)>. As we noted following Lemma
2.1, every annihilator in G is 7,-closed. Hence L™ C (L)%,

b) (L9)> C L™: For a proof we will take a x that is not in L™ and show that
there exists an x € LY with x(x) # 1.

The closure L7 is the intersection of all subsets LV where V ranges
through the identity neighborhoods and then L™ is indeed the intersection of
all LV, over all y € G, W ranging through the identity neighborhoods of T.
Accordingly, there is a y € G and a W such that x ¢ LV, w. The set L(y) =
{o(y) : ¢ € L} C T is a subgroup of T. We claim that L(y) N x(y)W ™! = @;
suppose that this is not the case. Then there is a ¢ € L and a w € W such
that ¢©(y) = x(y)w™!. This means that (p~'x)(y) = w € W, and thus that
¢ 'x € Vyw and so x € ¢V, w C LV, w contradicting the choice of y and W
and proving our claim. Therefore L(y) is a closed proper subgroup of T and thus
is cyclic, of order n, say. Define p,(s) = s" on T. Let + = n-y in G. Then
L(z) = pn(L(y)) = {1}, whence = € LY. Moreover, x(z) = x(y)" # 1 since,
firstly, x(y) ¢ L(y) and secondly, L(y) = ker y, is the unique subgroup in T of
all elements whose exponent divides n. The proof is complete. [ ]

Theorem 2.14.  Let G be a productive abelian topological group and consider
the following conditions:

a) G has enough real characters.
b) G, is dense in (@,Tp).
Then a)=b). If G is an MAP group, then both conditions are equivalent.

Proof. a) = b): Since G has enough real characters, by Corollary 2.6b)
we have (G,)< = {eg}. By Proposition 2.13, the pointwise closure of G, is

{ec}” =G.

b) = a): Again by Proposition 2.13, G = ((G,)9)”. Let z # e¢. Since
G is an MAP group, there exists y € G with x(x) # 1, thus « ¢ (G,)<. Hence
(G,)? ={eg} and by Corollary 2.6b), G has enough real characters. n
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Contrary to what happens in the locally compact case, for a group G which is
merely a k—space, it is not possible to replace the topology of pointwise convergence
with the compact-open topology in the preceding theorem. We will see an example
in the next section which illustrates this difference.

Corollary 2.15.  Let G be a group which is also a k-space and has enough real
characters, then G, is dense in (G,T,).

3. The arc-component of C(X,T) and Cy(X,T).

Let X be a completely regular space, with a base point zy. In this section we
describe the arc-component of C(X,T) and Cy(X,T), under mild conditions on
X . We then apply Theorem 2.14 to prove that these components are pointwise
dense in the respective spaces.

Proposition 3.1. a) If the mapping Bx it : Co(L, Co(X,T)) — TX*I is such
that im Bx 11 C Co(X x I, T), then Co(X,T), = {e*/; f € Co(X,R)}.

b) If the mapping Bxir : C(I,C(X,T)) — TX*! is such that imBxir C
C(X xL,T), then C(X,T), = {e*/; f € C(X,R)}.

Proof.  Part a) can be proved in the same way as Proposition 2.5, with pointed
continuous mappings playing the role of continuous homomorphisms.

Part b) is proved in [14] for X a k-space. Alternatively, it can be obtained
as a consequence of the Homotopy Lifting Theorem. We include the proof for the
sake of completeness.

The set {e?™/; f € C(X,R)} is arc—connected, as a continuous image of
the topological vector space C'(X,R). Let us see that

C(X,T), C {7 f € C(X,R)}.

Take g € C(X,T), and o : I — C(X,T) continuous and such that «(0) = ec(xm)
and a(l) = g. Since a € C(I,C(X,T)), F := Bxir(a) € C(X x I, T). We have

the following commutative diagram:
x —=R

i| E

XxI —— T
F

By the Homotopy Lifting Theorem we obtain a continuous mapping F’ : X x I —
R such that p(F'(x,t)) = F(x,t) for every x € X and t € 1. In particular
p(F'(x,1)) = F(z,1) = a(1)(x) = g(z) for every x € X. Therefore f : X — R
defined by f(z) = F'(x,1) is a lifting of g. [

We will denote by Ag(X) the Graev free topological abelian group over the pointed
space X (with base point x identified with the neutral element of Ag(X)) and
Apn(X) the Markov free topological abelian group over the space X . Then A,/ (X)
is isomorphic to Ag(XU{xo}), where XU{xy} is X with an isolated point adjoined
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which is to be considered the base point of X U {z}. In the following, whenever
it is not needed to distinguish between them, we will use the notation A(X) to
refer to both Ay (X) and Ag(X). Algebraically Hom(Ay (X),T) = C(X,T) and
Hom(Ag(X), T) = Co(X,T).

We have Ay (X) = Ag(X) @ Z topologically and algebraically. It is known
that Ap(X), and then also Ag(X), is a k—space provided that the space X
satisfies one of the following additional conditions:

i) X is a k,—space.

ii) X is metrizable, locally compact and the set of non isolated points of X is
separable or compact (see [1]).

With this fact in mind we state the following property for the groups
C(X,T) and Cy(X,T) endowed with the compact open topology.

Proposition 3.2.  If X is a pointed k., —space, or a pointed a metrizable locally
compact space and the set of non isolated points of X 1is separable or compact, then
the arc—components of C(X,T), respectively, of Co(X,T) are dense subgroups with
respect to the topology of pointwise convergence.

Proof. = We start by proving that A/ (X) (and then Ag(X)) has enough real
characters. Let © = kyx1+koxo+- - -+ k,x, be the reduced expression of a nonzero
element of A/ (X) (thus, k; is a nonzero integer for every ¢ € {1,...,n} and the
points z; are pairwise different). Since X is completely regular, there exists a
continuous f: X — R with

f<171):1,f(172):f(l'3>::f(l‘n):()

We can extend f to a continuous real character ® by the universal property of

Since A(X) is a k-space, by Theorem 2.14, we get that (fT(Y))a is dense
in (A(X), 7).
Since X is paracompact, it follows that the restriction 7: Ay (X) —

C(X,T) is a topological isomorphism (see 15.1 in [2]). Similarly i: m) —
Co(X,T) is a topological isomorphism. Let o, denote the topology of pointwise
convergence on C(X,T). Then i: (Ay(X),7) — (C(X,T),0,) is continuous
since y +— i(x)(x) = x(z) is continuous for each x € X . Therefore

o = () 2 (), ) =1 (A) =

We thus have that C'(X,T), is dense in (C'(X,T),0,). n

Corollary 3.3. Under the hypothesis of Proposition 3.2, every function in
C(X,T), respectively, Co(X,T), can be pointwise approximated by functions with
a continuous logarithm.
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Proof. This is a consequence of Proposition 3.2 and Proposition 3.1. ]

For compact spaces X, where the groups C(X,R) and Cy(X,T) have
the topology of uniform convergence, we encounter a rather clear situation. The
following relevant information has been taken from [10], Proposition 8.50ff. We
denote by H'(X,Z) the first Cech cohomology group of X over the integers.

Proposition 3.4.  For a compact pointed space X , we have the following con-
clusions:

(i) There is an exact sequence

0 — Co(X,Z) — Co(X,R) ™Y (X, T) — HY(X,Z) — 0

where im Cy(X, p) = Co(X, T), is the arc component of 0 in Co(X,T).
(ii) If X is connected, then Cy(X,Z) =0 and

Co(X,T) = C(X,R)® H' (X, Z),

with a discrete torsion free abelian group H'(X,7Z).

(iii) The arc component Cy(X,T), is dense in Co(X,T) if and only if
HY(X,Z) =0.

(iv) For any torsion free abelian group A there is a compact space X such
that H'(X,R) = A, for instance, the space X wunderlying the character group A
satisfies this condition. [ |

The isomorphism m ) = Co(X, T) yields the following corollary.

Corollary 3.5.  For a compact connected pointed space X , the topological abel-
ian group A = Ag(X) is a k-space and A=A, ®»H(X, Z) On the one hand,
the arc _component Aa is dense in A if and only if HY(X,Z) = 0. On the other

hand, A, is always dense in (A, ). ]

Example 3.6.  Let X be the 1-sphere, i.e., the space underlying T. Then
Hl(X Z) =2 Z. The group A = Ag( ) is deﬁned on a k-space. The subgroup A,

of A is closed and proper while A, is dense in (A, Tp)-

Acknowledgment: The authors are especially indebted to Prof. K. H. Hofmann.
His thorough reading and suggestions have deeply improved some of the results
and the overall quality of this article, exceeding by far his obligations as an editor.
In particular he has guided us through the earlier work on real characters that we
used in the Introduction, suggested the present exposition of the results preceding
our main theorem and provided the examples on C'(X,T) for a compact X which
close the paper.



ARDANZA-TREVIJANO, CHASCO, AND DOMINGUEZ 203

References

1] Arhangel’skii, A. V., O. G. Okunev, and V. G. Pestov, Free topological
groups over metrizable spaces, Top. Appl. 33 (1989), 63-76.

2] Auflenhofer, L., “Contributions to the Duality Theory of Abelian Topolog-
ical Groups and to the Theory of Nuclear Groups,” Dissertationes Math-
ematicae, 384 (1999).

3] —, On the Arc Component of a Locally Compact Abelian Group, Math. Z.
257 (2007), 239-250.

[4] Bourbaki, N., “Topologie génerale,” Hermann, 1960.

5] Diem, J. E., and F. B. Wright, Real Characters and the Radical of an
Abelian Group, Trans. Amer. Math. Soc. 129 (1967), 517-529.

6] Hayes, A., Additive functionals on groups, Proc. Cambridge Philos. Soc.
58 (1962), 196-205.

[7] Hewitt, E., and K. A. Ross, “Abstract Harmonic Analysis 1,” Springer-
Verlag, 1979.

8] Hilgert, J., K. H. Hofmann, and J. D. Lawson, “Lie Groups, Convex Cones
and Semigroups,” Clarendon Press, 1989.

[9] Hoffman, K., and I. M. Singer, Mazimal subalgebras of C(I'), Amer. J.
Math. 79 (1957), 295-305.

[10] Hofmann, K. H., and S. A. Morris, “The Structure of Compact Groups,”
De Gruyter Studies in Mathematics, 25 (1998).

[11] Lawson, J. D., Mazximal subsemigroups of Lie groups that are total, Proc.
Edinb. Math. Soc. 30 (1987), 479-501.

[12] Mackey, G. W., The Laplace transform for locally compact abelian groups,
Proc. Natl. Acad. Sci. 34 (1948), 156-162.

[13] Nickolas, P., Reflexivity of topological groups, Proc. Amer. Math. Soc. 65
(1977), 137-141.

[14] Rédenas, A., “Grupos de funciones continuas,” Doctoral Dissertation,
Universitat Jaume I, Castellon, 2006.

[15] Tsitritskii, O. E., Real characters and convez sets in topological groups,
Ukranian Math. Z. 27 (1975), 338-342.

[16] Wright, F. B., Topological abelian groups, Amer. J. Math. 79 (1957), 477
496.

Sergio Ardanza-Trevijano Maria Jesis Chasco

Dep. Fisica y Matematica Apl. Dep. Fisica y Matematica Apl.

Universidad de Navarra Universidad de Navarra

C/ Irunlarrea, S.N. C/ Irunlarrea, S.N.

E-31080 Pamplona, Spain E-31080 Pamplona, Spain

sardanza@unav.es mjchasco@unav.es

Xabier Dominguez

Dep. Métodos Matemaéticos )

y de Representacién Received July 2, 2007

Universidad de A Coruiia and in final form December 21, 2007
Campus de Elvina

E-15071 A Coruna, Spain

xdominguez@udc.es



