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1. Introduction

We begin by setting some notations which will be used throughout the paper. Let
G = R"” xR be the connected, simply connected, type I Lie group with Lie algebra
g. Put g =n® a, where n = R" is a n dimensional abelian ideal and a =R is a
one dimensional subalgebra of g. Let g* be the linear dual of g. We denote the
complexification of g by s.

In [2], one equips the complexification of the Lie algebra of any exponential
Lie group G with an “adaptable basis” (71, ..., Z,). In order to describe explicitly
the structure of the coadjoint action for such an exponential Lie group G, it is
algorithmically built in [2], starting from the adaptable basis,

(1) an (ultrafine) layering £ = {Q}; each ultrafine layer Q in £ is G-
invariant and all the orbits O in 2 are isomorphic,

(2) a family of cross-sections for each ultrafine layer 2 with an analytic
cross-section mapping, and

(3) a family of analytical functions, p;, ¢;, defined on an open neighborhood
of 2 and whose restrictions to any orbit O in €2 gives canonical coordinates for
O. These functions are called adaptable coordinates.

In this paper we will be concerned with a type I group G = R™ x R not
necessarily exponential, that is the set of purely imaginary roots for g can be not
empty.

In [1], coadjoint orbits of this kind of groups are classified and in this
paper we will focus on the construction of layering, cross-sections and canonical
coordinates. To do with, we choose a “suitable basis” (Z,...,Z,, Z,41 = H) for
s, then “suitable layers” ()¢ ¢ are defined for which we explicit the description of
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the cross-section and the construction of canonical coordinates. We finally prove
these coordinates are quantizable.

The paper is organized as follows. In Section 2 we recall some results of
linear algebra and matrix reduction and we construct a “suitable basis” in s. Then
we examine the stratification and the “fine” stratification used in [5] and [8]. In
Section 3 we describe explicitly the parametrization of a single coadjoint orbit.
In Section 4 we complete the stratification procedure of g* and we describe the
cross-section and the cross-section mapping. Finally in Section 4, we construct the
canonical coordinates and we prove that they are quantizable.

2. Stratification of g*

2.1. Preliminaries.

Let us begin this section by some results of linear algebra and matrix reduction.
One chooses H to be an element in g\ n and consider the restriction of the adjoint
action of H on ng. Put A = ady |n., then we have the following.

(i) If « is an eigenvalue of A, then @ is also an eigenvalue with the same
multiplicity m(«) in the characteristic polynomial C(X) = det(A — X1,,).

(i) Let o be an eigenvalue of A and set (Zi,...,Zn)) be a basis for
the characteristic subspace F(a) = Ker(A — al,)™®), then F(@) = F(a) and
(Z1,..., Zp(a)) is a basis in F(a).

An eigenvalue o of A will thus be denoted a« =0 or @« =\ or @ = \ +iw
or a = +iw where A is in R* =R\ {0} and w > 0. The collection of eigenvalues
is the spectrum Sp(A) of A.

Remark 2.1.  The group G is exponential if and only if Sp(A4) NiR* = @.
Let {%iwy,...,+iw,} be the set of purely imaginary eigenvalues of A (w; > 0),
since G is of type I, then there exists ¢ € R* such that:

Vj=1,...,s, wj =ca;, with a; rational.

Denote Z* the set of strictly positive integral numbers. Thus there is ¢ € ZT and

pr € Z such that

Vi=1,...,s, wj:c&,
q

and then, changing H by ZH, we can suppose that we have
{wi,...,ws} CZT.

Now decompose n¢ into the direct sum of the characteristic subspaces F'(«) for A.

ne = P Flaw),
k=1

where Sp(A) = {a1,...,a;}. Recall that the matrix J of A in this decomposition
has the form
J(Otl) 0 0
J = 0 . 0
0 0 J(o)
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where each block J(ay) is the matrix of the endomorphism A|p(,,) and for each
k =1,...,r, there is a Jordan-Hélder basis for F'(ay), on this basis, the matrix
J(ay) has the form

JP o0 0
(k)
JE 00
J(on) = A
0 ... 0 J®
with
(033 1 0
J® — AR e M w(C).
! 0 a1 mgk)( )
0o ... (072

With these notations, the multiplicity of a4 as a root of the characteristic poly-
nomial Cy is m(ay) = >7%, mg»k), the multiplicity of «ay as a root of the minimal
polynomial M, of A is m/(«y) = max{mgk), j=1,...,m} and 7y is the dimen-
sionality of the eigenspace F(«y) associated to the eigenvalue ay. Let us denote
the Jordan-Hélder basis for F'(ay) by

Blag) = (W, ..., w o w o wh ).

) k T 7
mg )1 k my” T

Then

adH(Wl(’k)) :Osz(k) j = 1,...,’/"k

J 1.5

and, if m§k) > 1,

adg (W) = WS + W . with i>1,5=1,...,m

Consider now the dual basis

(W (W8 ), (WY () ),

k
mg ),1 My Tk

then the matrix of ad};

nx on this basis is — tA, we have the following relations:
(k)

if mgk) >1,and ¢ <m;"”,

adyy (W) = —apy (W) — (Wi ),

and
* k * k *
adjy (W5, )7) = —ax(W5, )"

j o

Remark 2.2. Recall that since ad H is a real endomorphism then we can
construct a real basis in n as follows. If o € R we can choose the Jordan
Holder basis (Z1, ..., Zm(ay)) for Alp@, in n, if F(ay) = wp > 0, then

(Zl7 ER) Zm(tm)aZa ER) Zm(ock))

is a Jordan-Holder basis for A|p(ax)er@r) -
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Put Z1 = Uy + V1, ..., Zi(ar) = Unm(aw) + WVin(a,) Where U;, V; € g. Now we
replace this basis by the real basis
(U, Vi, o Ungar)s Vingaw))

and we finally get a basis for n on which the matrix of A has the following form

S(al) 0 0
g _ 0 S(Oég) | 0
0 oo S(ay)

where S(ax) = J(ag), if oy is real, while if (ay) = wy >0,

s® oo 0

0 S™ o o

S(Oék) = . .2 . :

0 0 S
where
A Iy 0
S('k) _ .. and Ak _ (?R(Oék) Wi ) .
I A L —wy, RN(ay)

0o ... Ag

Note that each S(ay) is a (2m(ax)) X (2m(ax)) real matrix and S](-k) is a

(2m§k)) X (2m§k)) real matrix. This reduction is known as the Schur reduction.
2.2. Suitable basis.
In this step, we shall define and construct a suitable basis for s = g¢.

Fix H in g\ n with spectrum:

Sp(ady) = Sp' (ady) U Sp*(ady) U Sp°(adp), (1)
where
Spl(ady) = {ao =0, A1, ..., 00 = Ao},
Sp2(adH> = {aa+1 = /\a—l—l + iwa+17m7 sy Qp1 = >\a+s + Z.wa—&—sv oy = m},
Sp*(ady) = {41 = iWps1, —iWht1, - - -, Whit, O = —iWpie}

with \; € R*,w; e R (1< j<s)and w; € Z" (s <j). Then nc =n' ®&n*Pn?,

where
n! = F(0)® @ F(A),
1<k<a
= P (Fw+iws) ® F(\ — iwy))
k=a+2j+1<b

W= @ (Fliws) @ F(—iw)).

k=b+2j+1<r
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A suitable basis contains an union of basis for these subspaces.

For F(\;) C n! and eventually F'(0), we choose a real basis (Z1, . .., Zm,))
for which the matrix of adpy,,, , has a normal Jordan form J()y). The suitable
basis for n' is the concatenation of these basis (for instance, we can order the
eigenvalues Ay # 0 following the natural ordering in R).

For F(\; + iwy) @ F(M\, — iwp) C n?, we choose first a complex basis
(Z1s o ZinOgtinn)) for F(A 4 iwy), for which the matrix of adH‘F(Akﬂ.wk) has
a normal Jordan form J(\; + iwy), then we get the basis:

(Z17 Z; RN Zm(Ak—l—iwk)a Zm(Ak—i-iwk))‘

The suitable basis for n? is the concatenation of these basis.

For F(iwg)®F(—iwy) C n?, we choose first a complex basis (Z1, . . ., Zm(iwy))
for F(+iw), for which the matrix of ady,,,, , has a normal Jordan form J(iwy),
then we get the basis:

(Z17 Z; RN Zm(Ak—l—iwk)a Zm(Ak—i-iwk))‘

But now, the suitable basis for n® is not a simple concatenation: after performing

the union of these basis, we change the ordering by putting at the end the last

vector of each Jordan block, recall these vectors were denoted W(k()k) . For sim-
ms

plicity, with the definition of a, b and ¢ in 1, put ¢ = n — Z;Zl Tp+;. Thus the
end of our suitable basis is

b+1)  1r(0+1) b+t o)
Zevrovo ) = (WO WO s WD,

1 ’ 1 ’ Tott bt To+t Tht
Definition 2.3.  We call suitable basis any basis (Z1,...,Z,, Z,11) for s such
that the purely imaginary roots of s take integral values on 7,1 = H € g\ n
and (Z1,...,7Z,) is a basis for n¢ obtained through the preceding procedure, by
putting the matrix of ady in a normal Jordan form and choosing a good ordering
on vectors.

Remark 2.4. Let us remark that if the set of purely imaginary roots of g is
empty, then a suitable basis is a good basis (see [6]) and even an adaptable basis
in the sense of [2] for s.

From now on we fix once and for all a suitable basis (73, -, Z,41) for s.

2.3. Primary stratification.
Staring with our suitable basis (71, ..., Z,.1 = H) for s, we apply the stratifica-
tion procedure of [6] to g*. Consider the flag of ideals in s:

s; =span{Zy,...,Z;}, and sy = {0}.

We identify an element ¢ belonging to the complex dual §* with the (n + 1)—
tuple (€1, 0z, ..., ly1) where {; = ((Z;), and we set ZF = (0,0,...,0,1,0,...,0)
(where 1 is in the j-th position). We embed g* in s* in the natural way so
that g* = {{ € s*, {(Z) = {(Z)}. Let pp : G — C* = C\ {0} be defined by
9Z; = ux(9)Z;  mod sit, and let oy : g — C be the differential of .
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To each ¢ € g* there is associated a set e(f) C {1,2,...,n+ 1} of “jump
indices” defined by

e(l)={1<j<n+1, s, ¢s;_1+s{)}
It is easily seen that

e(l)={j, s;#s; }={j, Z; &s;1+5}.

One can see that if e(¢) # O then e(¢) = {k,n + 1} with ¥k <n+ 1. In fact the
index k is given by the following equation

k=min{l <j<n+1, s ¢s}

Put:
h(¢) = s}, =nc.
The subalgebra h(¢) is the Vergne polarization associated with the sequence {s;}:
0) = Zsj(f), and n + 1 is the unique index j such that s; ¢ h(¢).

j

For a subset e of {1,...,n+ 1}, the set Qe = {¢ € g*, e({) = e} is G-
invariant, and the collection of non-empty (). is a stratification of g*, which we
shall call the “coarse stratification” of g*. The (), are determined by polynomials
as follows:

Lemma 2.5.  [5/,/8] If e = {k,n+ 1}, we have
Qe={leyg", ((,][H Zy]) #0 and forall j <k, (¢ [H Z]) =0}

Each . is a G-invariant algebraic set, the collection {€e} constitutes a
partition of g*, and for each e = {k,n+1} and € = {k’,n+1}, the set U Qo
e, k'>k
is a Zariski-open subset of g* (see [5], [8]). The collection of non-empty {Q} is
refereed to herein as the “primary stratification” of g* (“coarse stratification” in
[5] and [6]). As the name suggests, this partition is too coarse for some purposes,
and we will see in the sequel the refinement of this stratification.

3. Parametrizing an orbit
Set §2 = (e a layer in which the dimensional orbits is 2 with e = {k,n + 1} and
let ¢ € 2. We denote by O, the orbit of ¢. Set

U={les", ((,[H Z]) # 0}

Note that Z; may be in s\ g and in this situation write Z, = Y; +iY;. For
e=1,2 put
U ={ted, ((,[HY]) # 0},

and
Q= QnNnuU-.

Put Q¢ : R? x U¢ — s* be defined by
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Q(t,0) = expti H exp 2 YL,

then if k¥ < ¢, the map t — Q°(t,¢) is a diffeomorphism between R? and O,, for
each ¢ € Q. If k£ > ¢, this mapping is only surjective. Then we have functions
Q5 R2 x U¢ — s* whose restriction to R? x Q¢ generates each orbit:

O, ={Q(t,0), t = (t1,t5) € R?}.

More precisely, write Q°(t,¢) = Z?;l Q5(t,0)Z;, then the functions Q5 are as
follows.

Proposition 3.1.  Let { € Q. with e = {k,n+ 1}. Then we have:
fm—i—l(t? 6) = en-‘rl + t2<£7 [H> Y;D - Q:H—l(tQa ﬁ)

and
Case 1: 1<k <c

(i) Vji=1,....k =1, Q5(t,0) =¢;.
(11) If ay =0, then we have

QZ(t, g) = gk - tlgkfl.

(i1i) If oy # 0, then we have

e her L
QZ(t7£) = gk + —<€, [H, Zk]> =€ 1ak£k

677
(iv) Finally for j such that k < j <n+1, then
Q;(tvf) = e (Ej + Pj(thgk—l’ ce 7€j—1)) )

where P; is linear on ly_y,...,0;—1 and a polynomial in t, with degree less then
j — k with Pj(O,Ek_l, ce 7£j—1) =0.
Case 2: ¢c+1<k<n

In this case t — Q°(t, ) is no more a diffeomorphism between R? and Oy,
for each { € Q.. But nevertheless we have

O, ={Q(t,0), t = (t1,t2) € R*}.
The functions Q5(t,{) are given as follows:

and ‘
Q5(t,0) = ety Vi, k<j<n.

In any case, we shall write:
QE@? 6) = Q;+1 (t27 £>ZZ+1 + Q<t17 6)7

where Q is an analytic (real) function defined on R x U, with values in n*.
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Proof.  The value of (5, is usual and easy to compute. For the other coordi-
nates, we get:

Case 1l: 1<k<e

In this case we have the two following subcases.

Case 1-1: a4 ¢ iR* (k<)

The map Q¢ is a diffcomorphism between R? and O, and the expression of Q5
are as in [6], [9] and [8].

Case 1-2: a4 € iR* (b< k <c¢)

In this case we have the same expressions for ()5 as in the preceding case and the
map Q¢ is still a diffecomorphism between R?* and O,, this is consequence of the
fact that Z; is not an eigenvector of ady;. In this case ady Z; = —iwpZ; — Z;,
where h =k + 2 or h > c. In any case, we have

QZ(ta é) = e_itlwkgk and QZ(ta f) = 6—it1wk (gh - tlgk’)

Since ¢;, # 0, this formula proves that Q¢ is still a global diffeomorphism from R?
to Og .
Case 2: c+1<k<n
In this case Z} is an eigenvector of ady;. The map Q¢ is not a diffeomorphism be-
tween R? and O, (Q° is not one to one). In this case the orbit O, is diffeomorphic
to R x St where

S'={z€C, |z| =1},

since the non constant coordinates in n* correspond to ¢ < j < n, and they have
the form Q5(t, () = e~"1il;. n

It is clear from the preceding that for each j, Q5 is analytic (real) on
C? x U..
Given an ¢ € Q. with e = {k,n + 1} such that ¢ < k and looking for the
coordinates (Q;(t,¢))r<;j<n, We see that if we need to construct a family of dif-
feomorphisms between some collection of O, and the two dimensional manifold
R x S then we must refine our primary stratification.

4. Suitable layering and cross-section

4.1. Suitable layering.
As usual, we are concerned with G = R"™ x R not exponential that is the set of
purely imaginary roots of g is non empty set. More precisely, keeping our preceding
notations, we are interested in refining a primary layer €2, with e = {k,n + 1}
with k > ¢ as a disjoint union of sublayers.

Recall that our suitable basis (Z1, ..., Z,, Z,11) in s verifies Z,,y; = H and
the eigenvectors of ady; corresponding to purely imaginary eigenvalues are ordered

at the end of the dual basis: they are (Z%,,...,Z;). Recall that we have also

Zc+2 = Zc+17 SRR Zn = Zn_1.

Put
J={c+1,¢+3,...,n—1}.
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Let e = {k,n+ 1}, with ¢ < k <n+ 1. For each ¢ € Q,, we associate
V()={j€J, k<j and ¢{; #0}.

For any other layer, if £ € Q,, e = @ or e = {k,n+ 1} with k£ < ¢, we put
V() =0.

Then we have the following

Lemma 4.1.  For any ¢ € Q, and for any s € G, we have
U(sl) = W(l).

Proof. Let ¢ € Q.. Let us remark that in fact W(¢) = W¥({|n.), then if
s € exp(n), it is easily seen that

U(l) = U(sl).

Now, since ¢ € Qe, then (¢,[H, Z|) = 0 holds for any &’ < k and, for ¢t € R and
jed, .
(Ad*(exptH)l, Z;) = e~ "™il;.

and thus the conclusion holds. n

We now complete the definition of the suitable layering P. For any set e C
{1,...,n+ 1} and any set ¥ C J, set

Qew ={(, { €Qe suchthat ¥({)=V}.
Then e ¢ is an algebraic subset of €. Let
P={Quv#0D, ec{l,....n+1} and ¥ C J};

each €} € P is an invariant subset of g*. The layering P will be called suitable
layering of g* defined from the suitable basis (Z1,...,Z,11). P has a partial
ordering given as follows:

Qew < Qe v
if and only if
(le] > |e']
or
e={kn+1}, € ={K n+1} and k<c, k<Fk,
or
le={kn+1}, &={F n+1}, {kK}C{c+1,...,n} and V' C .

4.2. Cross-section.
Now let us consider Qe ¢ with e = {k,n+ 1} and k > ¢. Then ¥ # 0, we call
wy the greatest common divisor (GCD) of {w;, j € U}, and
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2
We call the number — the period of each £ € e .
Wy

Since wy = GCD(wj) then there exist a; € Z (j € ¥) such that
Wy = Z a;Ww;.
jew
Fix these numbers a; and define the function
ug(0) =[] ¢.
jew

Lemma 4.2. The rational function wy is regular and semi-invariant on ey
with
uy (Ad* (exp tHY)) = e Vg (0).

Proof. Note that
uy () = uy (£,

and thus we can easily see that for any s € exp(n) = R" we have
ug(sl) = ug(l).

Now, for t € R, we have

uy (Ad* (exptH{) = H e it = e N jew itiouy () = e vy (0).
JET
We can now describe a cross-section for the G action on any layer in P
with the following

Theorem 4.3.  Let G be the type I semi-direct product R™ x R and g its Lie
algebra. Choose a suitable basis for the complexification s of g as in Section 2.
Let Qe v be a layer belonging to the resulting suitable stratification of g*.

If e = O, then the cross-section YXew for Qew 15 Lew = Qo w -

If e ={k,n+1}, and ay = 0, then the cross-section Yoy for Qew is the
set

Ee,‘I’ = {é € Qe,\I/7 Ek = gn-i—l = O} .

If e={k,n+1}, and oy ¢ iR, then the cross-section Yoy for Qew is the
set
Ze’lp = {g I~ Qe’\p, ‘gk’ = 1, CLTLCZ £n+1 = O} .

If e={k,n+1}, ap € iR*, and k < ¢ then the cross-section ey for Qe
is the set -
Ze,\p = {E S Qe7\p, %(fkgh) =0, and En—&-l = 0} ,
where h is defined by ady (Z})) = —apZ; — Z5 .
If e={k,n+1}, and k > c then the cross-section ey for Qew is the set

Ze’\p = {E € Qe’\y, u\p(ﬁ) > 0, and gn—i-l = 0} .
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Proof. Let /€ Qey. If e=0 or e ={k,n+ 1} with a; ¢ iR*, then ¥ =0
since each orbit in ey is isomorphic to its projection on (ny & RH)*, we can
conclude from [6] for the cross-section, in fact Qe y = €. There remain two cases.
Case 1: e={k,n+ 1} with k > ¢, or ¥ # 0.
Let O C Qe w a coadjoint orbit in Qe w. Suppose ¢ and ¢ € O N X w. First,
since k is the first jump index, we have ¢; = £} for j < k. Moreover, by definition
of 'y, the stabilizer of ¢ (and ¢') contains exp 'y H .

If t € I'y, for all j € W, there is ¢; € Z such that tw; = 2¢;m thus
(exp(tH){); = e ™5l = L;. b <j<nand j ¢V, {; =0 and (exp(tH){); =
e""™il; = 0. Finally, (exp(tH){), ,; = lpn41 = 0:

exp(tH) € G({), Vt € I'y.
Now put
0" = Ad*(exp(sX))Ad*(exp(tH)){ with ¢, s€e R and X €n.

Then, we get ‘
uy((') = e ™ruy(f) >0, and wuy(f) > 0.

Thus twy € 27Z, t belongs to I'y, and ¢/ = Ad*(exp(sX))¢. Thus ¢; = {; for all
Jj <n. Now using lp41 =0, =0 we get £ =1".

Case 2: o4 € iR* and k < c.

Let O C Qew be a coadjoint orbit in e g. Suppose ¢ and ¢ € O N Xe g . Put

V' = Ad*(exp(sX))Ad*(exp(tH))¢ with ¢, s€R and X €n.

Then
af = <€/, Zk> = <€, eitadHZ]J = eiitwkgk
and
al = <£, €_tadHZh> = e_itwk(—tgk + gh)
Thus o o
RO = —t10]* + R(Lelr),
but since

R(lply) =0, and R((L) =0,

then ¢t = 0 and ¢ = Ad*(expsX/¢). Now using ¢,,41 = {,,,; = 0, then with the
same arguments of the first case we get £ = /'. ]

4.3. Cross-section mapping.
We use the notations of Section 3 First, if e = {k,n+1}, U = {¢, ({,[H, Zy]) # 0}.
The step here is to define a function ¢ defined on an open neighborhood Ue ¢ of
Qe w, 0: Uy — s which satisfy the following

(i) o is analytic on Ue v .

(11) O'(Qe7\y) = Ee’\p .

If e=0), we juste use Uy = g* and o = idy .

Suppose now e # (). In our very simple situation, we can summarize the
methods of construction of o used in [6] (when «y ¢ ‘R*) in an easy way. In
fact, we do not need to perform a complete substitution, that is to find #(¢) =
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(t1(€),t2(¢)) such that Q<(t(¢),£) is in the cross-section. Indeed, we saw, that if
e # O, the points ¢* in the cross-section satisfy ¢ , = 0. Therefore, for our
mapping o,

o) = Z o;(0)Z;

holds. So we just look to the real number ¢;(¢) such that Q(¢;(¢),¢) belongs to
the cross-section. Let us put Q(t,€) = >0, Q;(t1,0)Z;.
Define now the substitution function ¢;(¢) on ey, so that o is given as follows:

o(l) =9(t1(£),0) = z”: Q;(t1(0),0)Z5 € Yo w.

In order to compute this substitution function ¢;(¢), we examine Q. We have
the following cases

Case 1: a1 =0

Here we have 0,y = —((,[H, Zy]) # 0 and

OQk(t1,0) =l — t10)_1.
U,

The substitution function is such that Qg (t1(¢),¢) = 0 then we get t1({) = o
k-1

Case 2: a; € C\iR (0 <k <D)
In this case we have ¢}, = e"*** (¢ [H, Z;]) # 0 and
Qk(tl,f) = G_tlakfk.
The t1(¢) substitution function is such that |Q(t1(¢),¢)] = 1. Then we get

Finally, in any case, we can write
o) = Qi(t:(0),0)Z;.
j=1

It is clear that the substitution function is analytic on Uew = U and then the
mapping o is analytic at each point ¢ in U.

We are now in a position to construct the mapping ¢ in the case when
ar € iR*. Like in the preceding cases we make the substitution function t;(¢).
We have the following cases.

Case 3: ap €iR* and k¢ U (b<k <c)
In this case, as above, ¢} # 0 and the equation for ¢;(¢) is

R (Qk(tl(é),ﬁ)gh(tl(é),ﬁ)) — 11 |0]? + R(64T) = 0.

So we get the following substitution
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The substitution function ¢;(¢) and the cross-section function o(¢) = Q(t1(¢),{)
are analytic real on Ue v = U.

In each of the preceding case, the orbit of ¢ € Qe ¢ is diffeormorphic with
R2. In fact, we got a global system of coordinates on the coadjoint orbit O in
Qe v with the functions ¢; and ¢, .
Case 4: ap € iR* and k€ U (c < k)
In this case, we have to restrict ourselves to the open neighborhood Ue y of 26w
defined by:

L[e’\p = {E eg’, Ej 7& 0, Vj € \If}

On Uy, we get uy(f) # 0 and the following equation to define ¢;(¢):
wy (Q(t(£),£) = e~ 11y (0) > 0.

This equation can be written as

e—iw\ptl(é) — ’qu(g)‘ )
wy ()

Put b; = :—; € 7. The generalized substitution function ((¢) = e=“v":() and the
cross-section function:

o(0) = Q(ta(0),0) = > e MO0z =N " ((0)1,Z3

jew jew
are analytic real on Ue y. Moreover the 1-form dt; is well defined on Ue g by:

ar, — L

This defines ¢;(¢) on Uew, only modulo j—’;Z. If we want to have a local an-
alytic function, for any ¢y, we choose a branch of the logarithm on C that is
analytic on Arg(z) €|Arg(uy(ly)) — m, Arg(uy({y)) + 7| then we obtain a local
analytic expression for t;(¢) defined for ¢ € Uy such that Arg(ug(¢)) belongs to
|Arg(uy (b)) — 7, Arg(ug (o)) + 7.

Since the orbit is diffeomorphic to a cylinder, we can see any smooth
function on O as a smooth function f in the two variables (¢1,¢,+1) and periodic
in the first variable:

27
/ <t1 + _7£n+1) = f(t1, lnt1), Vi1, b1 € R

Wy

0
This allows us to define the differential operator ETN as the well-defined projection
1
of the corresponding operator on R2.

5. Construction of canonical coordinates

5.1. Canonical coordinates.

In this section, we are looking for the structure of symplectic manifold for coadjoint
orbits in the dual g* of g. Let us recall how is this structure, defined by the
Kirillov-Kostant-Souriau 2-form w.
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Fix ¢ € g*. We identify the tangent space Ty(g*) with g* in the canonical
way. Complexifications are naturally identified: Tj(g*)c is identified with s*, and
the complex dual space of Tj(g*)c is identified with s. For X € g, let & denote
the tangent vector at ¢ defined by ¢[X, - |; we also have

d
== flep=tx)0)

where f is any smooth function defined in a neighborhood of ¢. Let O be the
coadjoint orbit through ¢ and note that T,(0) = ¢ = {([X,- ], X € g}. Of
course X — &~ extends to the complexification s and the image of s under & is
the complexification Ty(O)c of T,(O). The real Kirillov-Kostant-Souriau 2-form
w is thus:

we(fﬁéz/):% [XvYD VX,Y €g.

For each X € s, denote the resulting vector field on g* by &¥; recall that X ~ &
is a Lie algebra homomorphism.

For any open set U of g* let £(U) be the space of all smooth complex
valued functions on U and V(U) the space of all smooth vector fields on . For
¢ € EU) and £ € U, let X be the element of s identified with d¢(f). Each
function ¢ € E(U) gives rise to the Hamiltonian vector field £¢ defined on U by

P -
£ = ffé . Recall that if X denotes the coordinate function £+ (£, X) on g* for
X € s, then ¥ = ¢X.

The Poisson bracket on £(U) is defined by

{6, 0} = (0, [X7, X)']) = wi(&],€)),

and one has £12%} = [¢2 €] and thus {X,Y} = [X,Y] for any X, Y in s.

In the context of this paper, the non trivial orbits O are

(1) either diffeomorphic to a 2 dimensional plane and we shall say that 2
functions p and ¢, defined on O are canonical coordinates if they have values in
R, if the mapping ¢ — (q(¢),p(£)) is a global diffeomorphism between O and R?
and if, through this diffeomorphism, the 2 form w is simply dq A dp.

(2) or diffeomorphic to a 2 dimensional cylinder, in this case, we shall say

that 2 functions ¢ and p, defined on O are canonical coordinates if ¢ has values
in R/I", where I' is a discret subgroup of R (then, as above, dq is a well-defined
I-form on O) and p in R, if the mapping ¢ — (q(¢),p(¢)) is a global diffeomor-
phism between O and R/I" x R and if, through this diffeomorphism, the 2-form
w is simply dg A dp.
Now fix a layer (e ¢ whose dimensional orbits are 2. We want in this section build
couple of functions (g, p), defined and analytic on an open neighborhood of Qe
and such that the restrictions of ¢ and p to any orbit O in )¢y are canonical
coordinates for O.

Recall we defined on the open neighborhood Ue v of (e ¢ the functions o,
t; and ¢,,.; and we have:

a(0) = Q(t1(0), 0) = exp(t1(¢) Zejz;, Ze “ — exp(—t1(0)H)o(0).
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Thus, for j from 1 to n,we can see the function Zj on {ley as a function f; of
t1 € R and 0" € ¥e g, smooth in #;:

Zi(0) = f;(ti(0),0(0)),  with  f;(t1,0%) = Z(exp(—t1 H)o™)

m ecase c < K, €se Iunctions are ——-periodic). course, € laSt coordinate
in th k, these functi 2= -periodic). Of the last coordinat

is the function Znﬂ =lpy1-

Put now ¢(¢) = t;(¢) and p(¢) = ¢,,41. Consider the 2-form 3 = dgAdp on
any orbit O in ey, 3 is a symplectic form and the Poisson bracket associated
to [ is just:
00y 0 Iy

{0, 0} = o0 0¢ 9 0p°

For the linear functions Zj, we get then
{Z,Z;}s =0, Vi, j<n,

and

Zun 2300 = () ({0016, Wi <

But for the Poisson bracket coming from the Kirillov-Kostant-Souriau form w, we
saw that:

—_—

{2, 2;3(0) = [2:, Z;](£) =0 Vi, j <n,

and
3 3 — - d 3
{Znir, Zi}(O) = [H, Z)](0) = &' Z; = —-|s=0Z;(exp —sHY).
But, with our notations, Z;(¢) = Z;(exp —t,(¢)Ho({)) = f;(t1, o (¢)), thus

{Zi1, Z;3(0) = d%|s02j(exp —sHexp—t,Ho(l)) = (%{i) (t1(£),0(0)).

These relations prove that, for any couple of linear functions on O, {¢,¢}s =

{¢,v}. Since Poisson bracket are biderivations, the same holds for any smooth
functions in the variables ¢;, 1 < ¢ < n + 1. Since, for symplectic manifolds,

Poisson bracket characterizes the 2-form, the forms w and § do coincide and we
have:

Theorem 5.1. Fiz a layer Qe w whose dimensional orbits are 2. Let e =
{k,n+1}. Let ¢ : Qew — R or q: Qegy — R/f}—gZ be the unique function for
which

expq({)Hl € Xe

holds for each € in Qew. Then (q(€),p({) = lyni1) are common canonical coordi-
nates for all the orbits in Qe w. More precisely,

(i) If cy. = 0, then

q() = -~ and p(0) = Lo,
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(i) If k <b and ay # 0, then

0= R

and p(ﬁ) =Lyt

(1)) If b< k < ¢ (k¢ V), then q({) € R,

5.2. Quantizable canonical coordinates.
We fix, as we have throughout, a suitable basis {Z;, Zs, ..., Z,41} for s and a
corresponding suitable layering Qe ¢ in g* with e = {k,n + 1}. Recall that we
have defined an open neighborhood Ue v for Qe .

Denote by £(Qe w) the space of complex-valued functions on Qe ¢ that are
restrictions of functions in €(Ue w). Similarly we define V(Qe v ).

Recall that we have the complex Vergne polarizations h(¢) = ng¢, (£ € Qe v )
naturally associated with the layer Q. In particular, the mapping ¢ — h(¢) is
constant in a sense that is evident. For each ¢ € Q¢ v, put

F)={&, Y € h(0)} C To(g")c-

Since sh(€) = h(sf) holds for all £ € Qe v, s € G, it follows that for each coadjoint
orbit O in Qew, Flo is a G-invariant complex (geometric) polarization of the
symplectic manifold (O,w).

Set

VO(Qe,\p> = {f € V(Qe,\p), fg € f(g) holds for all ¢ € Qeﬂ/}

and
E'Qew) = {0 € E(Qew) | €2 €V (Qew)}-

For any orbit O in Qey, we define V°(O) as in [7] and it is clear that for any
¢ € E(Qew), we have ¢ € E%(Qey) if and only if ¢ € £°(O) holds for all orbits O

in (2 w. It is easily seen that
E'New) = {6 € E(New), £(¢) =0 holds for all ¢ € V' (Qew)}-

We shall call a function in £%(Qe,¢) a polarized function.

Similarly, we define £'(Qey) as the space of function ¢ € £(Qey) such
that {¢,%} is a polarized function, or which is equivalent, the space of function
¥ € E(Qe.w) such that £(1) is in E%(Qew), for all £ € V' (Qey).

We shall call a function in £*(Qe ¢) a quantizable function.
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Theorem 5.2.  Let G be a type I semi-direct product R™ xR and fix a suitable
basis (Z1,..., 2y, Zny1 = H) for the complexification s of the Lie algebra g of
G. Let P be the suitable layering corresponding to this basis. Let Qe w be a layer
with € = {k,n+1} and Xy be the corresponding cross-section. Then our explicit
construction for a system of coordinates (p,q) for any orbit O in Qe satisfies
the following:

(i) p and q can be extended on analytic functions on the open subset Uey con-
taining Qe w .

(ii) the coordinate q is polarized on Qe v: q € E°(Qey)-

(iii) the coordinate p is quantizable on Qe : p € EN(Qey).

(iv) the coordinates (q,p) are canonical, that is

dg Ndp(&°,€) = (0, [X,Y])
forall XY €5, L € Q.

Proof. = We proved that (p,q) is a canonical system of coordinates for any orbit
O in (e y. Suppose the orbit is running through o* € ¢ ¢. Then, for any X in
h(£) = n, we saw that the restriction of X to Qey is a function f(g,¢*) of the
variables ¢ and ¢* only. Then, for any smooth function on €y,

Xyt v 9 9

The function ¢ is thus polarized, since £Xq = 0 for any X in n implies &g = 0 for
any ¢ in V°(Qeg). Thus any function ¢(q,o*) is polarized also.
of

Similarly, the function p is quantizable, since éXp = _8_q(q’ 0*) € % Qo)

for any X in n implies &p is polarized for any € in V°(Qe ). n

Finally we have the following.

Proposition 5.3.  Let G be a type I Lie group of the form R" xR and g its Lie
algebra. Choose a suitable basis (Z1, ..., Zny1) for s = gc. Let Qe w be a layer in
the corresponding layering with e = {k,n+1}, set (p,q) the canonical coordinates
built in Theorem 5.1 and o the cross-section mapping built in Section 4. Put
M=Rifk¢V and M =R/Ty if k € U, then the following occurs
(i) The map

PIQ&\I; —>EQ7QXRXM

l — (o(0), p(0), q(0))
is a bijection and a global parametrization of Qe w in the sense of ([4] Théoréme
1.6).

(i) The Vergne geometrical polarization is given by
F(O)=C -span{(8,); }.

n+1
iii) For each orbit O in Qey and for each X € g, X = Zkak, the
k=1
function X has the form

X(é) = <£7X> = l’n+1p(f) + szfz(qw)a O-(E))v le Qe,\If
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where for each i the function f;(q,0*) is real analytic in the variable q.

6. Examples

6.1. Example 1.
Let g = spang{ X, Y1, Xo,Ys, H} where

Choose the suitable basis (Z1, Zs, Z3, Zy, H) of s with
Zy =X +1Y, Zy=X, 1Yy, Zs=Xyo+1iYs, Zy=Xy—1iYs.

The basis coordinates for ¢ € g* are ¢ = (21,20 = 71, 23, 24 = 23, h).

1. e={1,5} and U ={1,3}, Q= Qe w ={l € g*, 2123 # 0}.

In this case, wy = 2, 'y = 7Z and we can choose uy(f) = 21, then applying the
g-function formula of Theorem 5.1, we obtain:

V4
el = @ p(t) = h
and thus
()= 22t modr,  p(f)=h
q 2 , D

We can write coordinates for ¢ € Q:

2% —2 0 4i —i6 —4i
0= (r1e”? rie 9 roe”e™ roe” e p),

with
ry >0, >0 and 0 € R/27Z.

The cross-section is:
S={0e Q| l=(r,r,re? re” 0)} >0, +oo[x(R*\ {0}).

2.e={l,b}and ¥V ={1}, Q=Qco ={f€g",21 #0 and z3 =0}.

In this case, we have also, wg = 2, ug(f) = z; and I'y = 7Z. Applying the
g-function formula of Theorem 5.1, we obtain the same definition for ¢ and p as
in the preceding case, however the coordinates for ¢ € ) are:

(= (re* re”%4.0,0,p), with r>0.
The cross-section is:

Y={eQ|l=(rr000) with r>0} ~]0,+o0l.

3.e={3,5and U ={3}, Q=Qcg ={l€g*,21=0 and 23 #0}.
In this case, wy = 4, ug(f) = 23 and 'y = gZ. Then applying the ¢-function

formula of Theorem 5.1 we obtain:

. Zr
etial) — @, p(¢) = h.
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and so )
z3 ™
/)= —In—- d — /) = h.
o) = pin mod 5 p(0)

The canonical coordinates for ¢ € ) are:
0= 1(0,0,re* re~* p),  with r > 0.
The cross-section is:

Y={eQ|l=(0,0,r,7,0) with r >0} ~|0,+oc0].

6.2. Example 2.
Let g = spang{ X1, Y1, Xo,Ys, H} where
[H, (X1 +1iY7)] =i(X1 +14Y1) and [H,(Xs+iYs)] =i(Xo +iYs) + Xy +4Y7.
Choose the suitable basis (71, Zs, Z3, Zy, H) of s with
Zi= X, +iYs, Zo=Xi—iVs, Zs=Xo+iYs, Zi=Xy—iYs

Again we use the basis coordinates ¢ = (z1, zo = Z1, 23, 24 = 23, h). Here there are:
1. Q= with e ={1,5}. Applying the g-function formula of Theorem 5.1, we
obtain

%(zlz_g)

|21[?

q(€) = ; p(l) = h.

Thus the coordinates for ¢ € ) can be written as:

with
r>0, 0 €R/27Z and a € R.

The cross-section is

S={0ecQ |t =(re’ re7 iare” —iare™,0), with re” #0,a € R}
~ (R?\ {0}) x R,

2. e={3,5}, then Q =Qc 9 ={l € g*, 21 =0, 23 # 0} where ¥ = {3}. In this
case wy = 1 and 'y = 27Z. Again applying the g-function formula of Theorem
5.1, we get:

i zZ
(& a(0) = |z—§|7 p(ﬁ) = h,

and then

q(l) = —iln;—z‘ mod 27, p(f) = h,

so that ¢ is just 4 ‘
(= (O, 0,re", re’“],p) with 7 > 0.

The cross-section is:

Y={eQ|(=(0,0,r,7,0) with r >0} ~|0,+oc0].
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6.3. Example 3.
Let g = spang{ X1, Y1, Xo,Ys, H} where

[H, (X1 +1iY7)] = 2i(X; +14Y7) and [H, (X +Ys)] = 3i(Xy + 1Y3).
Choose the suitable basis (71, Zs, Z3, Zy, H) of s with

Zy =X +1iYy, Zy=X, Yy, Zs=Xyo+iYs, Zy=Xy—1iYs.
The basis coordinates for ¢ € g* are ¢ = (21,20 = 71, 23, 24 = 23, h).

l.e= {1’5} and \I] = {173}7 Q = Qe,‘I’ - {é € 9*72123 7£ O}
2
In this case, wy = 1, I'y = 27Z and we can choose ug({) = Z—l, then applying
<3

the g-function formula of Theorem 5.1, we obtain:

#
%]
so that
2z
q(l) = —zln(m) mod 27, p(l) = h.

We can write coordinates for ¢ € Q:

_ i(0+2 —i(6+2 i(20+3 —i(20+3
0= (ry P20 gy g7 OF2D g f20F30) 1y oi2050) )

with
r1 >0, ro>0 and 0 € R/27Z.

The cross-section is:
Y={{eQ|l= (rleio, rie " rye?? rye=2, 0)} ~ (]R2 \ {0})x]0, +o0l.

2. e = {1,5} and ¥ = {1}’ 0= Qe,\Il = {f c 9*721 7£ 0 and 23 = O}
In this case, wy = 2, ug(¢) = z; and I'y = 7Z. Applying the g-function formula
of Theorem 5.1, we obtain

z
e?a(®) @; p(0) = h,
and thus
(ﬁ)—ilmi mod 7 (6)="nh
= BB

However the coordinates for ¢ € () are:
0= (re* re”4.0,0,p), with r>0.
The cross-section is:
Y={eQ|l=(rr000) with r>0} ~]0,+o0].

3.e={3,btand Q=Qeg={l€g*,21=0 and 2z3# 0} with U = {3}.
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2
In this case, wy =3, I'y = ?WZ and uy(¢) = z3. Applying the g-function formula

of Theorem 5.1, we obtain:

and thus

z
1) — é p(f) = h,
1 23 2
() = —In— d {)=nh
) = I mod L p(0)

We can write coordinates for ¢ € Q:

0 =1(0,0,7e* re~* p), with r > 0.

The cross-section is:

Y={eQ|(=(0,0,r,7,0) with r >0} ~|0,+oc0].
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