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Abstract. It is well known that the universal enveloping algebra U(os,) of
the orthogonal Lie algebra 09, of size even has a central element given explicitly
in terms of Pfaffian of a certain matrix which is alternating along the anti-
diagonal (we call such a matrix anti-alternating for short) whose entries are in
U(o2p). In this paper, we establish a minor summation formula of Pfaffian of
the noncommutative anti-alternating matrix, as well as of commutative anti-
alternating matrix. As an application, we show that the eigenvalues of the
Pfaffian-type central element on the highest weight representations of 02, can
be easily computed.
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0. Introduction

Let us denote by o0s, the complex orthogonal Lie algebra defined by
09n = {X € Maty,(C); "X Jo, + Jon X = O},

where Js, is the nondegenerate symmetric matrix with 1’s on the anti-diagonal
and 0’s elsewhere. Then a matrix X is in o0, if and only if it is alternating
along the anti-diagonal, which we call anti-alternating for short in this paper.
We remark that the subspaces of 04, consisting of all diagonal matrices, and of
all upper triangular matrices form Cartan subalgebra, and nilpotent subalgebra
spanned by positive root vectors, respectively, which we denote by § and n.

It is known that the center ZU(0s,) of the universal enveloping algebra
U(o0y,) of the Lie algebra o0y, is generated by elements that are given in terms of
column (minor) determinants and Pfaffian of certain matrices ® = (®; ;)i j=1,..2n
whose diagonal and upper triangular entries are in U(h) and n C U(n), respec-
tively (see below for the Pfaffian type; one must shift diagonal entries for the
determinant type). Here, for a matrix ® = (®,,);; with ®;; in a noncommuta-
tive associative algebra in general, the column determinant of ®, which we denote
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by det(®), is defined to be

det(@) = Z sgn (0‘)@0(1)71®J(2)72 cee @J(Qn)gn. (01)

O'EGQn

Column minor determinants are defined similarly.

If, moreover, ® is anti-alternating, i.e. ®.J,, is alternating as above,
Pfaffian of ®.J,,,, which we simply denote by Pf (®), is defined to be

1 - - -
] Z sgn (0) Po1),02) Po(3).0(4) ** Po(en—1),00n), (0.2)

c€BGan

Pt (®) =

where &D” denotes the (7, j)th entry of ®.J,.

It is easy to compute the eigenvalues of the central elements given by column
determinants on the highest weight representations of 0,5, with highest weight \;
if we apply det(®) to the highest vector, the only term that survives in the sum
(0.1) is the one that corresponds to o = 1 since ®; ; isin n if ¢ < j as we remarked
above (cf. [4]).

The same principle does not work for the Pfaffian-type element.

Let us first consider the commutative case. Write an anti-alternating matrix

X € 09, as
a b
X= {c —Jn 1taJJ ’ (0:3)

with a, b, ¢ all of size n X n that are parametrized as follows:

bin e bio 0
ag e A 0 by
a= , b= ,
Qp1 - App bnfl’n 0
L 0 _bnfl,n e _bl,n_
] _ (0.4)
Cin Cn—1,n 0
0 _cnfl,n
CcC =
C1,2 0
L 0 —C1,2 —Cin |

Then we find that the Pfaffian of X.J,,, which we denote by Pf (X) as above, is
expanded as follows (see (1.11)):

[n/2] .
Pf(X)=>_ Y sgn(l,I)sgn(J,J)det(a}) Pt (by) Pt (cy). (0.5)
k=0 I,JC[n]
[]=]J]=2k

Here the second sum is over all index sets I and J, both of cardinality 2k and
contained in [n| := {1,2,...,n}, with [ and J denoting the complements of I
and J in [n] respectively, a’ submatrix of a whose row and column indices are in
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I and J respectively, and by, c; submatrices of b, ¢ whose row and column indices
are both in I (see Section 1 for details).

Furthermore, the minor summation formula of Pfaffian (0.5) holds true for a
rectangular submatrix a. More precisely, for positive integers p, g with p+q = 2n,
the formula holds true if we write an anti-alternating matrix X € o0s, as (0.3), but
with a, b, ¢ being of size p X q, p X p, g x ¢, respectively, and (2, 2)-block replaced by
—J,'aJ, (Theorem 1.1). It is immediate to see that the minor summation formula
given in [6, Theorem 3.5] corresponds to ours with p and ¢ both even.

Returning to the noncommutative case, let X;; == E;; — E_; _; € 09, C
U(0gy,), where E; ; is the matrix unit with 1 in the (4, j)th entry and 0 elsewhere,
and —¢ stands for 2n + 1 —¢. Define an anti-alternating 2n x 2n matrix X with
entries in U(0g,) by

a b
X = L . taJJ : (0.6a)
where
ai,j = Xi,ja b’i,j = Xi,*j’ CiJ’ = X,jﬂ' (06]3)

for i,7 € [n]. One of the main purpose of this paper is to show that the following
expansion formula of the noncommutative Pfaffian Pf (X) holds:

Theorem A.  Let X be the anti-alternating matriz defined by (0.6). Then the
noncommutative Pfaffian Pf (X)) is expanded as follows:

In/2) -
Pf(X) = Z Z sgn (1,1)sgn (J,J) det <a§— +1% p(|j|)> Pt (¢;) Pt (br),
k=0 1,JC[n)

11217 /=2k
(0.7)
where p(j) denotes the diagonal matriz diag(j — 1,7 —2,...,1,0).
Using the formula, one can easily compute the eigenvalues of Pf(X) on
the highest weight representations of 0,5, as in the case of the determinant-type
elements.

Example. If n =2, then a matrix X € 0g, written as (0.3) looks like

ayr1 a2 bl,z 0
X = a1 Q22 0 —b12 ’ (0.8)
C1,2 0 —Q292 —A12
0 —C12 —A21 —011
and the Pfaffian Pf (X)) is given by
Pf(X) = a11022 — a21a12 + €1.2b1 0, (0.9)

of which the sum of the first and the second terms corresponds to I = J = &, and
the last to I = J = {1,2} in the right-hand side of (0.5), respectively.

Passing to the noncommutative case, let us write the matrix X as (0.8).
Since, by definition, symmetrization of the right-hand side of (0.9) provides
Pf (X)), we obtain

1
Pf(X) = 5 (@1,1CL2,2 — 1012 + C12b12 + azpa1 1 — aj 2001 + 51,201,2>
= (a11 + 1) ass —asya12 + ¢1201 2,
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where we used the commutation relations (2.6) below.

The paper is organized as follows: Section 1 is devoted to the proof of the
commutative minor summation formula of Pfaffian for X € 05, parametrized as in
(0.3) with a rectangular submatrix of size px ¢ (p+¢q = 2n). We give the proof by
induction on p + ¢, the size of X, which reveals that iteration of the row/column
expansion formula of Pfaffian yields our formula, though in the Appendix, we
will give another proof of the commutative minor summation formulae using the
exterior calculus. In Section 2, using the exterior calculus with noncommutative
coefficient, we prove our main theorem, i.e., the noncommutative minor summation
formula of the Pfaffian Pf (X) for the matrix X . As an application, we show that
the eigenvalues of the central element Pf (X)) on the highest weight modules can
be easily computed.

Convention. For a positive integer n, let us denote by [n] the set {1,2,...,n},
by [-n] the set {—n,...,—2,—1}, and by [+n] the union [n] U[—n]. For a pair
of index sets I C J, its complement I is always taken in J unless otherwise
mentioned. The symbol U denotes the disjoint union. For index sets I = {i; <
<, =41 <--<Js} and K ={ky < -+ < kpys} such that K =11 J,

let us denote by sgn [KJ the signature of the permutation
kv .. ke keyr oo keas
i e 1 s )

When dealing with Pfaffian of an anti-alternating matrix of size 2n x 2n, it is
convenient to use the signed index. Namely, for any index i € [2n], we shall agree
that —i stands for 2n + 1 — i. Finally, for a real number =, |z| denotes the
greatest integer not exceeding x.

1. Commutative Minor Summation Formula

In this section, we prove minor summation formulae of Pfaffian of anti-alternating
matrices whose entries are in a commutative algebra, by iterating the row/column
expansion formula of Pfaffian.

For a positive integer N, let us denote by Jy the N x N matrix with 1’s
on the anti-diagonal and 0’s elsewhere:

JIN =

Recall that a matrix X is in 0y, if and only if it is anti-alternating, i.e. alternating
along the anti-diagonal, so that we can define the Pfaffian of X.J,,, which we
denote by Pf (X) simply, as in the previous section.

For positive integers p,q with p 4+ ¢ = 2n, we write a matrix X € o0g, as

a b
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where a, b, c are of size p X q,p X p,q X q, respectively, that are parametrized as

bip e bia O
a/l,l P an O _612
a= , b= ,
b,_ 0
Qp,1 Ap.q p—L,p
L 0 —Yp—1p 7 _bl,p_
) ) (1.2)
Ciq Cqg—14 0
0 —Cq 1,9
CcC =
C1,2 0
| 0 —ap o —Cig

Define their submatrices by

a§ = (ai,j)iel,jEJa br == (bi,j)i,jeh Cj = (Ci,j)i,jeJ

for I C [p|,J C [q]. Note that b; and c; are still anti-alternating.

Theorem 1.1.  Let r = min(p,q) and € the parity of p, i.e., is equal to 0 or

a b
—J,'aJ,

a,b, c parametrized as (1.2), then the Pfaffian Pf (X) is expanded as follows:

1 according as p is even or odd. If X = 1S a matriz in 0g, with

[r/2] _
=> > sen(LI)sgn(J, J)det(al) Pf (b)) PE(cs),  (L3)

k=0 Iclp],JClq]
\T|=|J|=2k+e

where sgn (I I) = sgn (1] }D) and sgn (J J) = sgn <1J 3)

Proof.  First let us recall the co-Pfaffian expansion (see e.g. [2]). For an alter-
nating matrix A = (a; ;) jcn and for a subset of indices I C [2n], denote by A;
the alternating submatrix («; ;)i jer, whose row and column indices are both in 1.
Then the (7, j)th cofactor Pfaffian v, ;(A) is defined to be

(~1)VPE (A 55.00) 0 <,
(1P (A 550g) P>,

for i,5 € [2n], where i means omitting 7. As in the case of determinant, the
following expansion formula holds:

51',]' Pt (A) = Z Q5 rYj,k(A)‘ (14)
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We will give the proof of the theorem by induction on p + ¢, since it
reveals that iteration of the co-Pfaffian expansion (1.4) of Pfaffian yields our minor
summation formula. It suffices to prove when p < ¢. The case where p = ¢ =1
is trivial. Now expanding Pf (X) of the matrix X given by (1.1) and (1.2) with
respect to the first row, we obtain

q P
X) = Z @1,571,—j + Z b17j717j7 (15)
Jj=1 j=2

where we put 7, ; = 7, ;(X Ja,) for brevity. Note that ; ; is given, up to the sign,
by Pfaffian of the submatrix obtained by deleting the ¢th and jth rows, and —:th
and —jth columns from X, which is anti-alternating.

By inductive hypothesis, one obtains that

- mz S s (QI f) sen (1 JAJ >det(aJ) PF (by) Pt (c)),

=0 IC[2..p]
_Jct. J..q]
|I|=|J|=2k+e€1

(1.6)

~

; 2..7.p
o= (=) E sgn sgn det(a) PI (b7) PI (¢ 1.
’YZJ () > g([’])g(JJ) (J) (I) (J) (7)
k=0 Ic[2.j..p]
_JC|q]
\I|=|J|=2k+e

where €; is the parity of p — 1, 1i.e., ¢, =1 —e€.
In the right-hand side of (1.5), we denote the term of degree 2k + € in the
variables a; ; by T}, (k=0,1,...,7). Then it follows from (1.6) and (1.7) that

q o~
; 2. 1..7.. i
T, = Z(_)HJ Z sgn <[ f) sgn < Jqu> ay ; det(a%) Pf (br) Pf (cy)
j=1 IC[2...p] ’

JC[1.7..q]
|T|=|J|=2k—e,

~

+ i(—)j > sen (2}*’7 }p) sgn CJJQ) det(ak) by ; PE (by) PE (c)) .

IC[2..]..p]
~JCld]
|T|=|J|=2k+e
(1.8)

Let us rewrite the first sum in the right-hand side of (1.8) as

Z} sgn (2 )Pf (by) (Z > (Psem <1£]ﬂ)a17j det(al) Pt (cj)>.

IC2..p 7=l Jc[1.j..q]
[I|=2k—e€1 |J|=2k—e1

In the round brackets of the equation above, fixing an index set J; C [q] of length
qg—1—(2k —€1) = ¢ — 2k — € and denoting its complement by .J;, one sees that
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the coefficient of Pf (cy,) equals

-~

j+1 L. I
Z(_)J Sgi (Jl . {]} Ji ai,j det(aj1\{j})

jen
=sgn L det( )
=sen (77,
by the expansion formula of the determinant, where I; := {1} U I. Hence, one

obtains that the first sum of T} equals

> > sen (I, L)sgn (i, i) det(al) ) PE(by,) P (cy,) - (1.9)

I¢nLClp]  1Clq)
|11|=2k+e€ |J1]|=2k+e€

Now let us turn to the second sum of 7},. It can be written as

3 sen (1 )Pf cs) (Z > - Sgn( IA[ )det(aj)blef (b,))

JClq] J=2 1C[2..j..p)
|J|=2k+e |T|=2k+e

In the round brackets of the equation above, similarly to the case of the first sum,
fixing an index set I; C [2...p] of length p—2—2k—e¢, and denoting its complement
n [p] by I, one sees that the coefficient of det(a’}) equals

1
sgn (11, h) Pf (b1,),

whence, one obtains that the second sum of T}, equals

Z Z sgn (11, 1) sgn (J, J) det(a{;—l)Pf (br,) Pf (cy) (1.10)
JClgl 1lehClp]
| J|=2k-+e | T [=2k-+e

by the expansion formula of Pfaffian.
It follows from (1.9) and (1.10) that T}, equals

( Z Z-l— Z Z >sgn Il,Il)sgn(Jl,Jl)det( )Pf(bh)Pf(ch)

1¢nhClp] JiClgl  JSiClg  1€hicClp]
‘11|=2k+€ |J1‘:2k+e |J1‘:2k+e ‘11|=2k+€

Z Z sgn (11, 1) sgn (J1, J1) det(a § ) Pf (br,) P (cy,) .
Liclp]  JiClq]
|11|:2k+6 ‘J1|=2k+6

This completes the proof. [ ]

In particular, if we take p = ¢ = n in Theorem 1.1, we obtain the following
formula:

[n/2] B
Z Z sgn (I,1) sgn (J, J) det(a}) Pf (by) Pf (cs) . (1.11)
=0 I,JC[n]
1= |T|=2k

In the next section, we will consider a noncommutative version of (1.11), i.e., the
version for a matrix whose entries are elements in the universal enveloping algebra

U(Ogn).
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Remark 1.2.  The co-Pfaffian matrix of A is, by definition, an alternating
matrix whose (i, j)th entries are given by ;;(A) for ¢, j € [2n], which we denote
by A. Then one can verify that

Pf (A)
P (A)

— sgn (I, 1) Pf ((E/Pf (A)) f> (1.12)

if A is invertible. Note that (1.12) makes sense only if |I| is even. Using the
relation (1.12), it is immediate to see that the minor summation formula given in
[6, Theorem 3.5] coincides with our (1.3) with p and ¢ both even.

2. Noncommutative Minor Summation Formula

Now we turn to the noncommutative case.
Let us consider the following 2n X 2n-matrix whose entries are in the
universal enveloping algebra U(02,):

X = (Xi,j)i,je[:tn] with Xi,j = Ei,j - E*jv*i € 09, C U(Ogn). (21)
The commutation relations among X; ;’s are given by
(X, Xig] = 050 Xiq 4+ 0y X_j g — 05,1 X g — 0i 1 X_jy (2.2)

for 7,7, k,1 € [£n].

Since X is anti-alternating by definition, one can define Pfaffian of X Js,,
which we denote by Pf (X)) simply. Then it is well known that Pf (X) belongs to
the center ZU(02,) of U(0ay,).

Given the matrix X in (2.1), we introduce a 2-form with coefficient in
U(oa,): ,

N= Y ee;jXi;€ [\ C"@U(oz). (2.3)

INISE=0]]
Lemma 2.1.  The relation between the Pfaffian Pf(X) and 2 is given by

M =e1-epe_p--e_12"n!PI(X). (2.4)

Proof. If we set X = X Jo,, its (7,7)th entry )Z'Z] is given by X;_; for
i,j € [2n]. Hence we obtain

n — . . .« s . . . . . .« o o . .
2" = § €1 €5, €in€jnXir,—jr X —in

81,01 eens injne[in]

= > €ir €y €in €3, Xiy g Xin i
il 7j1 ----- injn S [271]

= €1€2 " €2p_1€2n Z sgn (U)Xa(l),a(Q) to jza(2n—1),a(2n)

0'66277,
= €169 €nlnyil - o169, 2" n! Pf (X)

=ejeg--epe_p---e_ge_1 2"n! Pf(X)

by (0.2), where —j stands for 2n + 1 — j for j € [2n] by our convention. [
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As in (0.6) in the introduction, we write the matrix X as

a b
X = [c —J, taJn} ’

with
aij = Xij, bij =X, cij=X_j; (2.5)
for 4,5 € [n]. By (2.2), the commutation relations among a; ;,b; j, ¢; ; are given by
[aij, ara] = 0jpaiy — Oujan,;,
[aij, bia] = 0jbiy — 05ubi
(@i g, cra] = Gincry — diiCrj (2.6)
[bijs Cral = 050050 + 0ikajy — dipaj, — 05 raiy,
[0, bisa] = [cij, cra] = 0

for 4,7, k,1 € [n].
Corresponding to the parametrization of the matrix X, we set

—_ E : / § :
= = E €i€_j Qg 4, 6 = €i€j bi,jv e = €_;€_;Cij.

i,j€[n] i,j€[n] i,j€[n]

Obviously, we see that
N=060+2=+06.

Lemma 2.2. The following commutation relations hold:
0,0 =472, [0,Z]=270, [0 Z]=-276

where T =3, €i€—i-

Proof. It is straightforward to show that these relations follow from (2.6). For
example, one sees that

[=,0] = Z eie—jexer]a; j, by

i7j7k7l
= Z eie_jere(0jkbis — 651bi )
Z'7j7k7l
= Z eie—jejelbi,l — Z eie—jekejbi,k
i,9,0 .5,k
= — Z efjejeielbi,l — Z e,jejeiekbw
i7j7l i7j7k:
= —276.
The other relations follow similarly. [ |
For a parameter u € C and for a nonnegative integer r =0,1,2, ..., set
SEw):=54ur and FW):=ZwEu—-1)---Z(u—r+1). (2.7)

The following propositions are due to [5, Lemma 4.5 and Proposition 2.6].
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Proposition 2.3.  For m =0,1,...,n, we have

m! _
om = g p|q'r|2’":(”(q—p+r— 1)erel.
=, plr!

B

Proof. By Lemma 2.2, our 2-forms =,60,60" satisfy the same commutation
relations as those given in [5, Lemma 4.1]. Therefore, exactly the same argument
therein implies the proposition (see [5, Lemma 4.5] for details). [

For j € [n] and u € C, set

ni(w) =Y eiaij(u) (2.8)

i€[n]

with a;;(u) = a;; + ud; ;. Then they are anti-commutative when the parameter
shift taken into account, i.e., they satisfy

ni(uw 4 1)n;(u) 4+ nj(u + 1)ni(u) = 0 (2.9)

for i,j € [n] (cf. [5, Lemma 2.1]). Note then that

E(u) =) ni(u)e;. (2.10)

j€n]
Given I,J C [n], define submatrices of a,b,c by
a{, = (ai,j)iel,jEJu br := (bi,j)i,jeh Cy = (Ci,j)z‘,jeJ

as in the commutative case. Furthermore, we will use the following notations for
economy:
er =€, €, and e_ji=e_je_j ,---e_j

i T={i) <ip<- - <i}and J={j; <jo<-js}.

Proposition 2.4.  Forr=20,1,...,n and u € C, we have

EO0(u+r—1)=r! Z ere_ydet (a + 1) diag(u+r—Lu+r—2,...,u)),
1,JC[n]

H|=|J[=r

where det denotes the column determinant and 1 the identity matriz of size nxn.

Proof.  First, note that the column determinant in the sum is explicitly written

as
ai1,j1<u+?n_ 1) ai1,j2(u+7a_2) aih]'r(u)
W (W+ T —=1) app(u+r—=2) - a,(u)
det
G +r=1) a,putr—=2) - a;(u)
= Z Sgi (U)aiau)m (u+r— 1)a/io'(2)1j2 (utr—2)-- Qig(ryodr (u) (2.11)

O’EGT
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fI={i1<ip<---<i}and J={j1 <jo<---<Jr}.
On the other hand, it follows from (2.7), (2.8), (2.9) and (2.10) that

0w +r—1)

= (_)r(r_l)/Q Z Ny (W4T = D)oy (w41 = 2) -+ 0o, (u)e—a,6ay - €,

— (_)r(r—l)/2 Z Z ,r]j(y(l) (u +r— 1>77j(y(2) (u +r— 2) e lea(r) (u)

J1<j2<+<jr 0EG,
X 6_jo'(l) e e_jo'(r)

=rl 3 (= Dt = 2)- g (e, e,

J1<g2 <+ <Jr

=ty D emesepe e,

J1<g2<<Jr B1,82,.--,6r
X ABy 5y (u +r— 1)&527]'2 (’LL +r— 2) ©ag g, (u)

=r! E : § €i1Ciy * " €3 Cj, " Cjy

J1<je < <jr i1<ia< <l
x sgn (o) ai, i (w+ 71— )a, o 5 (w+r—2) a5 (u)

This completes the proof. [ ]

Lemma 2.5. For p,q=0,1,..., we have
@p = 2pp| Z er Pt (b]),
IC[n],[11=2p

O'1 = 21¢ Z e_jPf(cy).

JCln],|J|=2q

Proof. It is a direct calculation to show these formulae, as in the proof of
Lemma 2.1. In fact,

oF = Z €01 661€a2€py """ €, €y ba1,ﬁ1 ba2ﬂ2 T bap,ﬂp

0517/617"'7OCP7BP

= g €i1€iy " "+ Ciyy, E Sgi (0> bia‘(l)zia(Q) U bio’(Qp—l)vio'(Qp)

11 <tg<-<igp 0e6yp
= 2pp| Z €r Pt (b[)
ICnl,|1|=2p
The other formula can be shown in a similar way. [ |

Now we are ready to prove our main theorem.

Proof.  (Proof of Theorem A in the introduction). By Propositions 2.3, 2.4 and
Lemma 2.5, one obtains that

Q2" =2"n! Z Z Z ereré_je_yJg

p,q,r20  I,J1C[n] I,JC[n]
Pratr=n |L|=|Ji|=r |I|=2p,|J|=2q

x det (a{fl —1—1?1 diag(u+r —1Lu+7r—2,...,u)) Pf(c;) Pt (b))
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with u = ¢ — p. Since 2" is of top degree, the terms corresponding to Iy, 1, J;,J
in the sum vanish unless /; U1 = J; U J = [n], in particular, unless p = ¢. Thus

/2] -
2" = 2™n| Z Z erere_jye_jdet <a§— +1% p(n — 2k)> Pf (c;) Pf (by) .
k=0 I,JC[n]

11 =17]=2k
Now the theorem follows if one compares this with the right-hand side of (2.4). =

Using the theorem one can easily compute the eigenvalues of the Pfaffian
Pf (X)) on any highest weight representations of 0y, .

Corollary 2.6.  The eigenvalue of the central element Pf(X) € ZU(0s,) on
the highest weight representation with highest weight A = Y"1 Nie; is given by
H?:l()‘i +n— Z) .

Proof.  Use the notation (2.5). Take b := P, Cai; as Cartan subalgebra of
02,. Denote the linear functional on h sending diag(hy,...,h,, —hp,...,—hy) to
hi by €;. Then, the positive root vectors are a;; for 1 <17 < j < n, and b, ; for
1 <i,7 < n with root ¢ —¢;, and ¢; + ¢;, respectively (see [1, 7]).

Applying Pf (X)) to the highest weight vector, say vy, one sees that the
only term that survives in the sum of (0.7) is the one corresponding to [ = J = @&
since b; ; is a positive root vector. Thus, by (2.11), one obtains that

Pf (X) vy = det(a + p(n))uvs
- Z sgn (g)aa(l),l(n - 1>aa(2)72(n - 2) e aa(n),n(())U)\

UEGn

= ()\1—|—n— 1)()\2+n—2)~~)\nv,\,
since a; ; is also a positive root vector if 7 < j. [
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A. Proof of Commutative Minor Summation Formula via Exterior
Calculus

In this appendix, we give another proof of commutative minor summation formulae
(1.3) in Theorem 1.1, using the exterior calculus.

Let X = (x;;)i; € 02, be an anti-alternating matrix with commutative
entries:

$171 x172 “ . xl,q x17_p ) 0
Tp1  Tp2 ° Ipg 0 o Ip—a
X=|Tyqgr Tg2 - 0 | &g—yp " ZTog-1 |,
x_271 0 e x_27q I—Q,—p o e x_27_1
L 0 T12 " To1q|T-1,—p - T-1-1 |
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where x_; _; = —x; ; for all 4, j. Define 2-forms {2 by
2= Z 6167]'1’1',3‘
i,—j € [plU[—q]
for X. By the same argument as in the proof of Lemma 2.1 one can show that

Q" =ep--epe_g---e_12"n!Pf(X).

Note that by our convention —q stands for 2n +1 — ¢ = p + 1 and so on.
Parametrizing X asin (1.1) and (1.2), we define 2-forms =,0,60’ by

= €i€_j Q4 4, e = €i€; bi,j7 e = €_;€;Ci .

i€lpl.j€lq) i,j€[p] i,j€[q]

N

It is clear that
N=60"+25+06.

Furthermore, the trinomial expansion formula in Proposition 2.3 holds without
parameter-shift in the commutative case:

mo__ m‘ h —h st
o=y 2 2100 (A1)
h,s,t2=0
h+s+t=m
for m = 0,1,.... The same calculation as in Proposition 2.4 and Lemma 2.5 yields
=h = hl Z ere_ydet(al),
IC[pl,JCld]
[|=[J|=h
©" =25l Y erPr(by),
IC[p),|I|=2s
@/t = 2tt| Z €_J Pt (CJ)
JClgl,|J|=2t
for h,s,t =0,1,.... Substituting these into (A.1) with m = n, we see that
=2l Y Y enere_pe_ydet(all)PE(b)PE(c)).  (A2)

h,s,t20 I1,IC[p],J1,JC[q]
h4s+t=n |I1|=|J1|=h
|T|=2s,|J|=2t

Since (2™ is of top degree, the terms that survive in the sum (A.2) are those
corresponding to Iy, 1, Jy, J satisfying I; U T = [p] and J; UJ = [g]. In particular,
h+2s=p and h+ 2t = q, where |I;| = |Ji| = h, |I| = 2s,|J| = 2t. Now setting
h = 2k + e with € the parity of p (=the parity of ¢), we obtain the formula.
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