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Abstract.  We construct a local characteristic map to a symplectic manifold
M via certain cohomology groups of Hamiltonian vector fields. For each p € M |
the Leibniz cohomology of the Hamiltonian vector fields on R?" maps to the
Leibniz cohomology of all Hamiltonian vector fields on M. For a particular
extension g, of the symplectic Lie algebra, the Leibniz cohomology of g, is
shown to be an exterior algebra on the canonical symplectic two-form. The
Leibniz cohomology of this extension is then a direct summand of the Leibniz
cohomology of all Hamiltonian vector fields on R?".
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1. Introduction

We construct a local characteristic map to a symplectic manifold M via certain
cohomology groups of Hamiltonian vector fields. Recall that the group of affine
symplectomorphisms, i.e., the affine symplectic group ASp,, is given by all trans-
formations 1 : R?® — R?" of the form

U(z) =20 + Az,

where A is a 2nx2n symplectic matrix and 2y a fixed element of R*" [7, p. 55]. Let
gn denote the Lie algebra of ASp,, referred to as the affine symplectic Lie algebra.
Then g, is the largest finite dimensional Lie subalgebra of the Hamiltonian vector
fields on R?", and serves as our point of departure for calculations. Particular
attention is devoted to the Leibniz homology of g,,, i.e., HL.(g,; R), and proven
is that

where w, = Y., 8‘22. A ;;. and A* denotes the exterior algebra. Dually, for
cohomology,
HL(gn; R) ~ A" (wy),

ISSN 0949-5932 / $2.50 (©) Heldermann Verlag



898 LODDER

where wi =37 dz' Ady'.
For p € M, the local characteristic map factors through
Fop,: HL*(Xg(R*™); R) — HL*(Xy(M); C*(M)),

where Xy denotes the Lie algebra of Hamiltonian vector fields, and C*°(M) is the
ring of C'*° real-valued functions on M. The maps ¢* and p, are defined in §5.
Using previous work of the author [6], there is a natural map

Hip(M; R) — HL*(X(M); C*(M)),
where Hj, denotes deRham cohomology. Composing with
HLX(X(M); C=(M)) — HL(Xu(M); C(M)),

we have
Hjp(M; R) — HL*(Xyg(M); C*(M)).

The local characteristic map acquires the form

A*(w;) = HL"(gn; R)

lﬂp
Hip(M; R) —— HL*(Xp(M); C*(M))
for each p € M.
The calculational tools for HL.(g,) include the Hochschild-Serre spectral
sequence for Lie-algebra (co)homology, the Pirashvili spectral sequence for Leibniz

homology, and the identification of certain symplectic invariants of g, which
appear in the appendix.

2. The Affine Symplectic Lie Algebra

As a point of departure, consider a C*° Hamiltonian function H : R*® — R with
the associated Hamiltonian vector field

" 0H 0 " 0H 0
X0 =2 on oy T & oo

i=1

where R?" is given coordinates

(*Tlv T2y «vvy Tny Y1, Y2, -+, yn)7
)
Oxt ayi
The vector field Xy is then tangent to the level curves (or hyper-surfaces) of H.
Restricting H to a quadratic function (with no linear terms) in

and are the unit vector fields parallel to the x; and y; axes respectively.

{371, T2y, vy Tpy Y1, Y2, -0y yn}7

yields a family of vector fields isomorphic to the real symplectic Lie algebra sp,,.
An R-vector space basis, By, for sp,, is given by the families:
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Q

yka;gka kzla 27 37 ceey T
0

(1)
(2)
(3) wigh +a, 1<i<j<n,
(4)
(5)

Jé) Jé) : ;
yja—yi_xiw7 ZZl? 2a 37 ceey T, ]:17 27 37 sy T

It follows that dimg(sp,) = 2n? + n.

Let I, denote the abelian Lie algebra of Hamiltonian vector fields arising
from the linear (affine) functions H : R** — R. Then [, has an R-vector space
basis given by

B, — {i 9 9 9 9 i}
2T ozt 022 T dan Ayl 9y T oyn S
The affine symplectic Lie algebra, g, , has an R-vector space basis B;UB;y . There
is a short exact sequence of Lie algebras

7 ™

0 ]n 9n sp, —— 07

where ¢ is the inclusion map and 7 is the projection

gn — (9n/In) ~ 5P,

In fact, I, is an abelian ideal of g, with I, acting on g, via the bracket of vector
fields.
Let $,, denote the Lie algebra of formal Hamiltonian vector fields

—~9H 0 < ~O0H 0
M= 2 oy 2 o0

where H € R = Rl[z1, 22, ..., Tpn, Y1, Yo, ---, Yn)]. As usual, endow $),
with the M-adic topology, where M is the maximal ideal of R generated by
{z1, ..., Tp, Y1, -, Yn}. Let Hf (9H,; R) and HL*($,; R) denote continuous

Lie-algebra and continuous Leibniz cohomology respectively, computed using con-
tinuous cochains. For any H € C*°(R?"), the Taylor series expansion of H about
the origin induces a morphism of Lie algebras

T: Xg(R*™) — $n,
as well as maps on cohomology
T*: Hi;o(90; R) = Hipo(Xn(R*); R),
T*: HL*(9.; R) — HL*(Xy(R*); R),

where Xy (R?") is given the strong C*-topology. See [1] and [6] for further
properties of T*. Also, let H7°Y denote the Lie algebra of polynomial Hamiltonian
vector fields on R?". For continuous cohomology, we have

Hf;o($n; R) = Hom(H(9,°%; R), R),
HL*($,; R) ~ Hom(HL.(H"°Y; R), R).

Also, there are natural inclusions of Lie algebras g, — 53501y — 9.
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3. The Lie Algebra Homology of g,

For any Lie algebra g over a ring k, the Lie algebra homology of g, written
HEe(g; k), is the homology of the chain complex A*(g), namely

A(n—1) d An

g e

k 0 (] N2

g g g

where

dGiANg N ... Ngp) =
Z (=1 (1 A oo Ngica Agis Gl A Gt A - G5 - A ).

1<i<j<n

For actual calculations in this paper, £ = R. Additionally, Lie algebra homology
with coefficients in the adjoint representation, written H(g; g), is the homology
of the chain complex g ® A*(g), i.e.,

ge—gRg—gR g — ...%g@g/\(”fl)ig(@g/\"& .

°

where
n+1
dgr @9 Ngs - Agns1) = > (=)' (l91, 6] ® G2 A - Gi - A gni1)
=2
+ Z (=17 (1 ® g2 A oo Agimi NGis GiI AN Gisa A o2 G5 oo A Gnsr).
2<i<j<n+1

The canonical projection g ® A*(g) — A**(g) given by g ® g"* — g’V is a
map of chain complexes and induces a k-linear map on homology

H,' (g5 9) — Hy4y (g5 k).
Given a (right) g-module M, the module of invariants M9 is defined as
M®={me M |[m, g]=0 Vg€ g}.

Note that sp, acts on I, and on the affine symplectic Lie algebra g, via the
bracket of vector fields. The action is extended to I* by

k
[n Aag Ao A, X] =D anAag Ao Aog, XTA L Ay
=1

for a; € I,,, X € sp,,, and similarly for the sp, action on g, ® I’*. The main
result of this section is the following.

Lemma 3.1. There are natural vector space isomorphisms

H(gn; R) = H(sp,; R) ® [A*(L,,)]*
HE(g,; g0) ~ H(sp,; R) @ [g, @ A*(1,)]*P.
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Proof.  The lemma follows essentially from the Hochschild-Serre spectral se-
quence [3], the application of which we briefly outline to aid in the identification of
representative homology cycles, and to reconcile the lemma with its cohomological
version in [3]. Consider the filtration F,,, m > —1, of the complex A*(g,) given
by the R-vector spaces:

Foa= {0}7
Fo=AN(L,), F5=1I"

n

k=012 3, ...,
FE = Span of {g1 A ... A germ € g2%T™ | at most m-many g;’s ¢ I,,}.

Then each F,, is a chain complex, and F,, is a subcomplex of F,,,1. For m >0,
we have
B = Fu/ Faly = 1 @ (go/ 1)

m—1 —

Since [, is abelian and the action of I, on g, /1, is trivial, it follows that

Ep = 1" @ (80/ 1)

m,k —
Using the isomorphism g,,/I,, ~ sp,,, we have

E? .~ H,(sp,; I)").

m,k — n
Now, sp,, is a simple Lie algebra and as an sp,,-module
[/\k ~ (I/\k)spn o M,

where M ~ M, & My & ... & M, is a direct sum of simple modules on which sp,,
acts non-trivially. Hence

H*(‘spn? -[Ak) = H*(ﬁpn) (I/\k)ﬁpn) @ H*(‘spn? M)

n n

Clearly,
H.(sp,; (I)*)*) ~ H.(sp,; R) @ (I)")*"

n
t

H.,(sp,; M)~ H,(sp,; M;) ~0,
i=1

where the latter isomorphism holds since each M; is simple with non-trivial sp,,
action. See [2, Prop. VIL.5.6] for more details.

Let 6 be a cycle in A™(sp,,) representing an element of H,,(sp,; R), and
let z € (I’*)%. Then z A6 € go™™ represents an absolute cycle in A*(g,),
since, if # is a sum of elements of the form s; A sy A ... A sy, then [z, s;] =0 for
each s; € sp,. Thus, E2 , ~ E%,, and

m m, k>
H.(gn; R) ~ H.(sp,; R) @ [A"(1,)]*.

By an application of the Hochschild-Serre spectral sequence to the subalgebra sp,,
of g,, we have

Ho(9n; 8n) =~ Hu(sp,; R) @ [gn @ A" (1,,)]*Pr. u
Let w, = Y1, 55 A a%i € I, One checks that w, € (I’?)* against the

basis for sp, given in §2. It follows that

ot € (L.

Letting A*(w,) denote the exterior algebra generated by w,, we prove in the
appendix that



902 LODDER

Lemma 3.2. There are isomorphisms
(A (L)) o A (wn) == A¥(wy)
k>0
00 ® A (L)) o () 1= 3 A (),
k>1

where the first is an isomorphism of algebras, and the second is an isomorphism
of vector spaces.

Combining this with Lemma (3.1), we have

Lemma 3.3. There are vector space isomorphisms

H(g,; R) = H.(sp,; R) ® A*(wy,)
HE(g,; 9,) ~ Hi(sp,; R) @ A (wy).

It is known that for cohomology,
Hio(sp,; R) = A" (ug, ur, unn, - .-y Uan-1),
where u; is a class in dimension 7. Also,
H(sp,: R) = Higo(sp,; R).

See the reference [10, p. 343] for the homology of the symplectic Lie group.

4. The Leibniz Homology of g,

Recall that for a Lie algebra g over a ring k, and more generally for a Leibniz
algebra g [4], the Leibniz homology of g, written HL.(g; k), is the homology of
the chain complex T'(g):

0 [7] n—
k g g2 o e—— g®0D)

where

d(917 92, -, gn) =

Z (_1)j (gla g2, .-, gi—1, [glv gj]a Git1y - gj R gn)7
1<i<j<n

and (g1, go, - .., gn) denotes the element g1 ® g ® ... ® g, € g©".
The canonical projection m : g®"* — g, n > 0, is a map of chain
complexes, T'(g) — A*(g), and induces a k-linear map on homology

HL.(g; k) — H(g; k).

Letting
(ker 1), [2] = ker [g®(”+2) — g/\("+2)], n >0,

Pirashvili [9] defines the relative theory H'™!(g) as the homology of the complex
Crl(g) = (kerm),[2],
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and studies the resulting long exact sequence relating Lie and Leibniz homology:

0 re
—— H4(g) —

2 Hr‘il2(9) — HL,(g

N O

() (a)

- —— Hy'(g) —— HL(g) (a)

0 —— HL(g) — H{*(g) — 0
() (6) — 0.

0 —— HLy(g) —— HM(g

An additional exact sequence is required for calculations of HL,. Consider

the projection

mig®gt — gt >0,

and the resulting chain map
™ g @ A*(g) — A (g).
Let HR,(g) denote the homology of the complex
CR,(g) = (kermy),[1] = ker [g @ g""tD) — g""+2)] 5 > 0.
There is a resulting long exact sequence

0 ie ie
- —“— HR,_1(9) —— HY°(g; 9) —— HY(g) —

)

%] ie ie
- —— HRy(g) —— H{"(g;9) — Hy(g) —
(

0  —— Hy“(g;9) —— Hi*(g) — 0.

The projection m : g®™*t) — g+ can be written as the composition of
projections

®(n+1) n+1)

— g® g — g,

9
which leads to a natural map between exact sequences

7]

H(g) —— HLna(g) — H?Efl(g) ——  H;,(g)
I | | |

HR, 1(g) —— HYe(g; g) —— HE® (g) —2— HR, »(g)

and an articulation of their respective boundary maps 0.

Lemma 4.1.  For the affine symplectic Lie algebra g, , there is a natural iso-
morphism
Hy(sp,; R) — HRy 3(g.; R), k>3,

that factors as the composition
Hi/“(sp,; R) % HRy,3(sp,; R) — HRy 3(g; R),

and the latter isomorphism is induced by the inclusion sp,, — @, .
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Proof.  Since sp,, is a simple Lie algebra, from [2, Prop. VIL.5.6] we have
Hi(sp,; sp,) =0, k> 0.
JFrom the long exact sequence
- — HRy_1(sp,; R) — H[(sp,,; sp,) — Hy%(sp,; R) o,

it follows that 0 : Hi'®(sp,; R) — HRy_3(sp,; R) is an isomorphism for & > 3.
The inclusion of Lie algebras sp, — g,, induces a map of exact sequences

B HRk—1<5pn; R) — H]%ie(spn; 5pn) - H]I;—lfl(spn7 R) L)
—— HRy1(8:; R) —— HY(gn; g0) —— HE(g; R) ——
¢From Lemma (3.3)

H(gn; R) >~ H.(sp,; R) ® A*(w,,)
HI(gn; gn) =~ H.(sp,; R) ® A*(wy,).

The map HX°(g,; g,) — H(g,; R) is an inclusion on homology with cokernel
He (sp,; R). The result now follows from the map between exact sequences and
a knowledge of the generators of HX(g,; R) gleaned from Lemma (3.1). ]

Theorem 4.2. There is an isomorphism of vector spaces
HL.(g,; R) ~ A" (wy,)

and an algebra isomorphism
HL*(gn; R) = A*(w}),  w) =) da' Ady,
i=1

where HL* is afforded the shuffle algebra.

Proof.  Consider the Pirashvili filtration [9] of the complex
Cil(g) = ker(g®"™*? — g""*2), 0 >0,
given by
Fi(g) = g% @ ker(g®"? — " ") m >0, k> 0.

Then F, is a subcomplex of F; ; and the resulting spectral sequence converges
to H*!(g). ;From [9] we have
E?  ~HL,(g) ® HR,,(g), m >0, k> 0.

m,k —

. From the proof of Lemma (4.1), there is an isomorphism

0 : H¥(g,; R) — HRy(g.; R) ~R.
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JFrom the long exact sequence relating Lie and Leibniz homology, it follows that
HLs(g,; R) — HY®(g,; R) is an isomorphism. Since

N 1 — 0 0 0 0
“n = 5; <8$i ® oyi Oy @ 8$i>

is a cycle in the Leibniz complex that maps to w, in the Lie algebra complex, it
follows that @, generates HLs(gn; R).

We claim that all elements in H Ly(g,) ® HR.(g,) are absolute cycles. The
inclusion sp, — g, induces a map between exact sequences

HLy(sp,) —— HE(sp,) —2— H[,(sp,) —— HLy 1(sp,)
HILy(g,) —— HE(g,) —— H%y(9,) —— HLi 1(gn)

Since sp,, is a simple Lie algebra, HLy(sp,; R) = 0, k£ > 1 [8]. Thus, 0 :
HEe(sp,) — H',(sp,) is an isomorphism for k > 3. The inclusion F* (sp,) —
F (gn) induces a map of spectral sequences, and hence a map

HLo(sp,) © HR.(sp,) — HLo(g,) © HR.(gn).

Since HR.(sp,)) ~ H™(sp,), all classes in HLy(sp,) ® HR.(sp,) are absolute
cycles. Now, HR,(sp,) maps isomorphically to HR.(g,), and by naturality, all
classes in HLy(g,) ® HR.(g,) are absolute cycles. Moreover,

0 H/*(gn) — Hi%3(gn)
maps the classes in HY¢(sp,,) injectively to H,(g,) in the diagram

- o
0 —— H/(sp,) —— H%(sp,) — 0

| l

where the vertical arrows are inclusions.
We claim that all elements in HLy(g,) ® HR.(g,) are absolute cycles as
well. Let [0] € HR,,(g,) be represented by the sum

0=> X1,;®Xo; AXs A . A Xpprj s
j=1
where each X, ; € sp,, and df = 0. By invariance,
[@Wn, X ;] =0 foreach X ;.

It follows that d(w, ® 0) = d(&,) ® 0 + &, ® df = 0, and @, ® 6 represents an
absolute cycle in H**'(g,). To compute

d: Hfie(gn) - Hie—ls(gn)
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on classes of the form [w,] ® HM¢(sp,,), let [0'] € HMe(sp,) with 9(0') = 0. By
lifting w, A6 to ©, ® 0" in T(g,) and using invariance, we have

Nwp, NO) =0, 0(8') = @, ® 6.

At this point H}(g,) is completely determined for k¥ < 2. By an examination of

Hi*(gn),
wh? ckerd, 0:HM™(g,) — H%Gg,).

Thus, (©,)"? generates a non-zero class in HL4(g,) mapping to the class w/? €
H}°(g,). As before, all classes in HL,(g,) ® HR.(g,) are absolute cycles and in
Im &. Thus, H}(g,) is completely determined for k& < 4. By induction on k,
(WJ,)"* is a non-zero class in H Lo (g,), and

H(gn) = A (wn) ® HR.(gn) = A™(wn) @ H25(sp,)

HL(g,) ~ A" ()

For the cohomology isomorphism

HL*(gn; R) ~ A" (w)), wi —Zdz A dy',

where dx® is the dual of 5 i and dy’ the dual of 5 i with respect to the basis of
gn given by By U B;y in §2 Since

HL(g,; R) ~ Hom(HL.(g.; R), R),

the result follows by using the full shuffle product on cochains. ]

Recall that HL*(g,; R) carries the structure of a dual Leibniz algebra
(Zinbiel algebra) induced on cochains by semi-shuffles [5]. Given o € Hom(g%?, R)

and € Hom(g®, R), the semi-shuffle o - 5 € Hom(gs, B+a) R) is given by

Z (sgno) (g, Go=1(2)s Go=1(3)s -+ s ga_l(p))ﬁ(ga_l(p+l)7 S ga_l(p—i-q))a

oeShy_1,4
where the summation is over all (p — 1, ¢) shuffles of
(2,3, 4, ....,p,p+1, ..., p+q).
The full shuffle product, denoted by A, satisfies
aNf=a- -0+ (=P a.
Note that in HL*(g,; R) the Zinbiel product w} -w? is completely determined by

* * 3
w, N\ w, , since

n n n n

1
* * * * * * * *
wy ANwy, = 2w, -w, and wn~wn—§wn/\wn.

The skew-symmetry of w’ -w? can be verified by direct calculation with (co)chains
as well. For example, if f € Hom(g®% R) generates HL?*(g,; R), then the
cohomology class of f is determined by

(Zﬁﬂ ay> Zf(axz ay>

=1
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Since d((yia%i — xi%) ® % ® 8%1.) = % ® 8%1. + aiyi ® %, it follows that f must
be skew-symmetric. Now,

(f : f)(gl, 92, 93, 94) =
f(g1, 92)f (93, 91) — f(g1, 93)f (g2, ga) + f(g1, 94) f (91, g3)-

Restricting {g1, 92, g3, g4} to { 8‘;, (fyi, %, 8%3-}, the reader may check skew-

symmetry of f - f by hand.
We now prove that HL*(g,; R) is a direct summand of HL*(9,; R). We
begin with the Lie algebra homology groups HM¢(HFV: R).

Lemma 4.3.  The vector space HE*(HF°W; R) contains A*(w,) as a direct sum-
mand.

Proof.  Apply the Hochschild-Serre spectral sequence to the subalgebra sp, of
§PolY . Then

En = HY(sp,; R) @ Hi((9,°7 /5p,)%; R).
As before, A*(w,) C (H5Y/sp, ). Since d(w,) = d(X 1, 2% A 8%1.) = 0,
wp, and A*(w,) are infinite cycles. Since the elements A*(w,) occur along the
horizontal axis (k = 0) in a first-quadrant spectral sequence, these elements are
not boundaries. Thus, A*(w,) is a subvector space of HM¢(§F°Y; R) induced by

the morphism of Lie algebras g,, — $F°V. m

Lemma 4.4.  The vector space HL,($HF°% R) contains A*(w,) as a direct
summand.

Proof.  The elements A*(w,) are cycles in the Leibniz complex that map to
A*(w,) under the canonical morphism

HL.($9,°7; R) — H“(9,°"; R). u
Thus, the map on homology
HL.(g;R) — HL*(ﬁEOIy; R)

induced by g, — $HF°Y is injective.

Lemma 4.5.  The vector space HL*($,; R) contains A*(w}) as a direct sum-
mand.

Proof.  The proof follows from the isomorphism
HL*($,; R) ~ Hom(HL.(9;°"; R), R),

using continuous cohomology. [ |
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5. A Characteristic Map

Let M be a symplectic manifold, X' (M) the Lie algebra of C'* vector fields on
M, and Xy(M) the Lie algebra of Hamiltonian vector fields [7, p. 85], both
considered in the strong C°°-topology. The functor HL* denotes continuous
Leibniz cohomology when applied to a topological Lie algebra. From [6], there
is a natural map
Hip(M; R) — HL*(X(M); C%(M)),

where Hj,(M) denotes deRham cohomology, and C'*°(M) is also given the strong
C*-topology. The inclusion of Lie algebras Xy (M) — X (M) induces a (con-
travariant) map

HLY(X(M); CF(M)) — HL*(Xy(M); C(M))

on cohomology, while the inclusion of coefficients ¢+ : R — C*(M) induces a
(covariant) map

o HL (Xg(M); R) — HL (X (M); C°°(M)).

Let p € M and let U be an open neighborhood of p homeomorphic to R?" in
the atlas of charts for M. There is a natural morphism of Lie algebras Xy (M) —
Xy (U) given by the restriction of vector fields from M to U, and resulting linear
maps

HL*(Xg(U); R) — HL* (X (M);R) 5 HL* (X (M); C=(M)).
Now, Xy (U) ~ Xz(R?) as Lie algebras, and thus there are local maps
oy HL* (X (R™); R) — HL*(Xu(M); R)
for each p € M. Note:
HL(gn; R) = A"(w;) € HL (90; R),
HL (9, R) & HL* (X (R™); R) % HL*(X(M); C()),

where 7™ is induced by the Taylor series expansion. Let pu, be the composition
from HL*(g,; R) to HL*(Xg(M); C>*(M)), p € M. The local characteristic
map is expressed as:

A*(w;) >~ HL"(gn; R)
lﬂp
Hip(M; R) —— HL*(Xg(M); C(M)),
where p € M. The image of 11, appears to depend on p.

6. Appendix

The goal of the appendix is to establish Lemma (3.2), namely the vector space
isomorphisms

A" (L)) 2 A (wn) =) A (wa) (1)

k>0

(90 © A (L) = A (wn) = ) A (wn), (2)

k>1
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where the former is also an algebra isomorphism. First, note that as an sp,,-
module, g, ~ I,, & sp,,, and

9 @ A*(L,)]*Pn =~ [I, @ A*(1,)]" @ [sp,, @ A*(1,,)]"".
Thus, line (2) would follow from the vector space isomorphisms

10 ® A" (1) = A" (wn)
[sp,, © A" (L)) = {0}

We first demonstrate isomorphism (1) in the following lemma.

Lemma 6.1.
[A"(L)]™ = A (wn).

Proof. = We proceed by induction on n. For n =1,

I—<8 8>
P\ G2l gyt
5P1=< 0 yla Y1 —x1 >
01’ oxl’ 81
i
Ayl

By direct calculation, (I;)**r = {0}, and (I]?)* = <ai
By the inductive hypothesis, suppose

[A*(Lp1)]Pt = A (W)

Consider then two cases for I"*, k odd, and k even. For k odd, let z € I"* and
consider
0 0 0

0
— A — A — A=A —
y4 21+ 29 Oz + z3 ayn + 24 O ay”’

where z; € I2F| | 2z, 23 € Iﬁkl_l), and z4 € Iﬁkl_z). Note that

[z, 0 —xi]——z /\i—i-zi
Inyn ~ o) T TR e T P gy
For z € (IM)sn | |2, yn% — Z,52] =0, and
z + 24 A 0
=2z P — .
LA g " g
For any X € sp,,_; C sp,,, we have
0 0

O:[Z, X]:[Zl, X]+[Z4, X]/\%/\a—yn

If non-zero, the terms [z, X] and [z4, X] A 22 A 22

507 /\ 5.= are linearly independent
Y
and would not sum to zero. Thus,

2 € (IE)Per =0}, z € (U)o = {0},
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It follows that (I2%)%» = {0} for k odd.
For k even, let k = 2¢q, z € (I2?7)* and repeat the above argument to
the point

21 € ([,29)% 1 = ()

2 € (IAE(lq_l))sp"’l — <w/\(q—1)>

n n—1

A(ql)/\a/\a

oz N aymo €1y C2 € R. Bracketing with X =

Thus, z = c;w)?, + cw),

le + :Cnaiyl yields

0 0

0=z X — e )wh TN A

[z, X] = (c2 — ger)w, Byt Dyn

Hence, z is a real multiple of
N
/\(q 1 0 0 0 0 Aq
VAN VAN = n— = w,". [ |
S e A G S N G <‘” o Mo ) T

Lemma 6.2. B
I, ® A*(In)]ﬁpn ~ N (wy)-

Proof.  The proof proceeds by induction on n. For n =1, a direct verification
yields

s 5 0 0
(1) ={0}, (L1 ® L)% = <@ A 8_3,1>’

where 2 A 8%1 = = — il ® gor. Also, (I; ® I{?)*m = {0} by direct
calculation. The inductlve hypothe51s states

[In,1 &® A*(Infl)]gp"_l ~ A*(wn,1>.

Let vel,®IN

n I

v = Uy + Uy, where
uy € I, 1 ® I{z\kla U € ([n ® I{z\k)/(ln—l ® I{z\fl)'
A vector space basis of (I, ® I"*)/(I,,_1®@I*,) is given by the families of elements:

1) 3= @ g Ngom N g A g Ao A gt
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A ANA
- ANEEWA

CD
To g

where, for each family, the 2*’s are elements of
{x17 x27 ctt xnil’ y17 y27 Tt ynil}'
Let v € (I, ® IM*)%n and X = ynay xnaxn‘ Then
0=[v, X]=[ug +us, X|=][ug, X|.

To compute the sp, -invariants, consider uy € ker(ady ), where adx(w) = [w, X].
The families (4), (5) and (7) above fall into ker(ad, ). Now consider X = mn%.
Family (7) along with

0 0 0 0 0 0 0 0

— A —A... A — AN—N...N ——
oz © oy " 91 01 oyn © o " 9 Dk

are elements of ker(ad,), X = xna —. Then v = u; + s1 + $9,

I A B
e B\ Gan T ayn oL 9k

sa= Y ¢ 99 0 N2 420\ h
2T » 2\ 021 T fan Ay 922 T 9k

Note that
u, X] €, ® 17?517 51, X| ¢ 1,1 ® mfp [s9, X| ¢ [h1® Iﬁl-

If non-zero, the summands of [s;, X| and [s2, X] would be linearly independent.
Thus, [s;, X] = 0, [s2, X] = 0, and u; € ([,_1 ® I’))*¥-1. For k even,
(L1 ® [r/z\fl)sp"71 = {0}, w1 =0,

0 0 0 0 0
[s2, X] = Z 02,*[@@)@/\ N S X]Aaana_gﬂ’

-----

0 0 0 _
Z 02’*ﬁ®_/\/\7 € (In_1®-[7/l\£kl 2))5Pn_1 - {O}

Thus, v = s;. From
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for 1 <i<n-—1, it follows that s; = 0.
For k odd, let k =2¢q — 1. Then

w € (Lo @ IpF) ™t = (w)?y)

n—1
= ) sz o *@al ® % Ao A % € (I @ I P)nt = (wh Y
=M, 0= N A ER.
Note that
w4 w4 A ain A a(Zn’ Yi ain + Yoz ]
= (g\1 — Ap)w/ (@~ 1>A%Aain.
From
0= [Mwh?, + Awlh 4 A 8?:” /\%Jﬁsl, X]

for X:xna?/i +xi%, X:yia%—i—yn%, 1 <i<n-—1,it follows that s; =0,

and (g\; — Ay) = 0. Letting A\; = 1, we have Ay = ¢, and
0 0

v=whd 4 qwit, A %/\a—w:wﬁq. n
Lemma 6.3.
[sp, @ A (1)} = {0}.
Proof. @ We apply induction on n. For n = 1, write a general element of

sp; @ A*(11) as a linear combination of the basis elements given in B; and By of §2
(n=1). Then apply adx for X = (yla r — z1507). The result [sp; @ A* ()] =
{0} follows from linear algebra.

Suppose that [sp,_; ® A*(1,_1)]**»-1 = {0}. Since sp, is a simple Lie
algebra, we have (sp,, ) = {0}. Let B; be the vector space basis for sp,_; given
in §2, and let

S - {$17 I27 A Y y ) 27 AR yn}
S = {2, 332,... L VLR VR T 8

A vector space basis of (sp, ® I)*)/(sp,_1 ® I/*,) is given by the families of
elements:

(1) e@ 55 Agim Ngar Agm Ao A g, e€ By, 2/ e s
(2) eQ3m AT A A A52s, e€By, 2el
B) e@gmNga Ao A Aghr, e€By, 2es

4) (Tnprm) @ gz Agm Ao A, 2 €S
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5) (Tagm + Tiz) @ gr Az A Az, i<n, Z€S
Oy dy
(6> (ynaxi")@%/\%/\.../\%’ S e 9

(7) (Yiges + Unie) @ 2 Aga Ao Asde, i<n, €S8

(8) (Yngow — Tnger) @ pr Agm Aw o Ao, 2° €S

9) Wiz —Tg) @ A A A, i<n, P €S

(10) (ynazi_mia%n)®%/\%/\---/\%7 1 <n, e S

Given w € (sp,, ® I")%n let w = u + v, where
w€ (sp,_y @ I%), ve (sp, @ 1F)/(sp,_y @ %)

For all X € sp,, 0 = adx(w) = adx(u) + adx(v). Restricting to X € sp,,_,
notice that if non-zero, the elements adx(u) and adx(v) are linearly independent.
Thus, adx(u) =0, and

u € (sp,y @ I;R))™t = {0},

Now, v can be written as a linear combination of the elements in families (1)-(10).
We prove that v = 0 by applying the condition adx(v) = 0 for successive choices
of X € sp,,. First apply X = (yna%n — xn%), then X € sp,,_; together with the

inductive hypothesis. Third, apply X = mn%, fourth X = (yia%i — xi%), fifth

X:xiaiyi,andﬁnallyX:(a:na%i—l—xi%),where1§i§n—1. [ |
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