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Abstract. In this article we give a simpler proof of the main theorem of
M. Cowling and U. Haagerup, Completely bounded multipliers of the Fourier
algebra of a simple Lie group of real rank one, Invent. Math. 96 (1989), 507—
549, which reads as follows. Let G be a connected real Lie group of real rank
1 with finite centre. If G is locally isomorphic to SOg(1,n) or SU(1,n), then
Ag = 1. If G is locally isomorphic to Sp(1,n), then Ag = 2n — 1, while if G is
the exceptional rank one group Fy(_sg), then Ag = 21.
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Introduction

Let G be a locally compact group, with a left-invariant Haar measure. The space
of compactly supported continuous functions is written C.(G), and the Lebesgue
spaces LP(G) are defined as usual (where 1 < p < 00). We recall some basic
results about the Fourier algebra of G.

For any continuous representation (7, H,) of G and any & and 7 in H,,
the continuous function (7(-)¢,n) on G is called a matriz coefficient of 7. The
Fourier—Stieltjes algebra B((G) is defined to be the space of all matrix coefficients of
all continuous unitary representations of G. Equipped with pointwise operations,
and the norm

[ull gy = min{[[€][ Inll - w = (w ()€, m)},

where the minimum is taken over all such representations of u, the space B(G)
is a Banach algebra. The von Neumann algebra associated to the left regular
representation of G is denoted by VN(G). The predual of VN(G) is identified
with the closed ideal of B(G) consisting of the matrix coefficients of the left regular
representation of G. It is known as the Fourier algebra and is denoted by A(G).

A function ¢: G — C is called a multiplier of A(G) if ¢ - A(G) C A(G).
If ¢ is a multiplier of A(G), then the linear operator my : u — ¢ - u is bounded.
The space of all multipliers of A(G) is denoted by MA(G). Equipped with the
operator norm, MA(G) is a Banach algebra. A completely bounded multiplier is an
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628 MURUGANANDAM

element ¢ of MA(G) such that M,, the transpose of my, is completely bounded
on VN(G). We define [|¢|[,/ 4 to be the completely bounded operator norm
of My; then the space of all completely bounded multipliers with this norm is a
Banach algebra, denoted by MyA(G).

We say that A(G) has an L-completely bounded approzimate identity (for
some positive real L, necessarily at least 1) if there exists a net {u;};e; in A(G)
such that [[u[|ps, @) < L for all ¢ in I and {w;} tends to 1 locally uniformly.
Denote by Ag the infimum of all L for which there exists an L-completely bounded
approximate identity {u;} in A(G), with the convention that Ag = oo if G does
not admit a L-completely bounded approximate identity for any finite L. The
group G is said to be weakly amenable if Ag < co. We refer to Eymard [7], De
Canniere and Haagerup [6] and Cowling and Haagerup [5] for more details.

Cowling and Haagerup [5] proved that any connected noncompact simple
Lie group of real rank one with finite center is weakly amenable and calculated the
constant Ag, as described in the abstract. We give a simpler proof of this theorem
by using the multiplier theory of the Fourier algebra of a double coset hypergroup
developed in Muruganandam [14, 15] and spherical Fourier analysis.

1. Notation and Preliminaries

Denote by N the set {0,1,2,...}. For a locally compact group G' with a compact
subgroup K, denote by G//K the space of all double cosets of K in GG. For any
function space F on G, denote by F? the set of all K-biinvariant functions in
F. Whenever possible, we identify F* with the corresponding function space on
G//K . For example C.(G)* is identified with C.(G//K).

The rest of this section is devoted to preliminaries on connected noncompact
semisimple Lie groups. We adhere to the notation and conventions of Cowling and
Haagerup [5] as far as possible.

Throughout this article, unless specified otherwise, G denotes a connected
noncompact simple Lie group of real rank 1 with finite center, not locally isomor-
phic to SOy(1,n). Let K be a maximal compact subgroup of G and 6 be the
corresponding Cartan involution of G'; extend 6 to the Lie algebra in the usual
way. Let KAN and KA,K be the Iwasawa and Cartan decompositions of G.
Denote by S the maximal solvable subgroup AN of G, by M the centralizer of
Ain K, and by N the subgroup §(N).

Write g, a and n for the Lie algebras of G, A and N, and n for 6(n).
Fix an order on a, and denote by « the indivisible positive root and by 2p and
q the dimensions of g, and go,. Write r for p 4+ ¢q. Fix H, in a such that
a(H,) = 1. Then r = (1/2)tr(ad Hy|s). For ¢ in [0,00), denote by a; the
element exp(log(t)H,/2) of A. Then

asexp(X 4+ Y)a;! = exp(s/2X + sY), (1)

for all s in RT, X in g, and Y in go,. We normalize the Haar measure on K so
that the total mass of K is 1; then there is a function § on A such that

/G f(g)dg = /K /A ) /K Fkak') 8(t) dk dt di’,
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where dk and dg are elements of Haar measure on K and G. We may and shall
assume that the Haar measure on G is normalized so that lim; ., e 2"6(t) = 1.
The Killing form on g is written B; we recall that

B(H,, H,) = tr(ad Hy)* = 2(2p + 4q).
We equip g with the inner product

_ =B(X,0(Y)) _ —B(X,0(Y))
(XY) = B(H,, H,)  2(2p+4q) ' @)

so that the length of the vector H, is equal to 1. For any unexplained terms in
the text, we refer to Cowling and Haagerup [5] and Faraut [9].

Proposition 1.1. Take X in g_o and Y in g_on. Then there exist k' and k"
in K, and unique k in K, n in N, s in R and t in [0,00), such that

exp(X +Y) = kexp(sHy)n = K exp(tHy k",

2 1 X]*\ 2 2
2cosh(2t) = 1+ [ X"+ (1 + T) + 21,
1/2

X2
¢ = ((1 + %)2 +2 m"’)

Therefore, the restriction of u in C*(G//K) to N is of the form
R 2
exp(X +Y) — f(2]X]| —|—Z\X] +2|Y]9),
for some function f in C(R).
Proof.  This is a restatement of Helgason [10, Theorem IX.3.8], with the mod-

ified inner product in (2). n

We briefly recall some results about the class one or spherical principal
series of representations of G.
For A in C, define the character y, on M AN by

xa(mexp(sHy)n) = e ¥Yme M VseR VneN.

Denote by H* the completion of the space of all continuous functions & on G such
that

Elap) = xalp ) é(x)  VzeG Vpe MAN,

where [|¢]| is defined by ([, [€(k)|* dk)"/?. The left translation representation of
G on H* is written 7).

The K -fixed unit vector &, in H* is given by
&kp) =xa(p™") Vke K Vpe MAN.

If X isin g_, and Y isin g_s,, then by Proposition 1.1,

2
RY

Ex(exp(X +Y)) = ((1 L 20

)2 ) |Y|2) —(A+r)/2
7 .
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The spherical function ¢, associated to m, is given by

ox = (ma ()& €-5)-
The functions ¢, are K-biinvariant, and ¢_, = ¢, = 1. Further, ||¢,||,, =1 for
every A in C such that |Re(\)| < r. The functions ¢, converge to 1 uniformly
on compacta as A — r~. The function ¢, is positive definite if and only if A is in
1RU [—7,7]U{r}, where 7 = min{p + 1,r}.
We normalize the Haar measure on N by

/N f(n) dn = Kl / sz 3)

2p+q+1)/2

where
7

K, = )
PO ((2p+ g + 1)/2) 20043022 (4)

so that [ & (n)dn = 1. (See Proposition 2.1 below for more on this). Then
| cwnwar= [ commin veer wmen
K N
for all A € C, by Helgason [11, Theorem 1.5.20]. Thus

or(an) = va(a) /N ey (0 ) €y g () dit

It is notationally more convenient to work with N rather than N. Define

uyx: N — C by
2
RS

up(exp(X +Y)) = <(1 + X—)2 +2|V?

2

>()\+r)/2 5)

for all X in g, and Y in g,
The following theorem is a consequence of the previous proposition, and
the interchange of & and —a, n and n, and N and N.

Theorem 1.2.  Normalize the Haar measure on N as in (3). Then the spher-
ical function ¢y, restricted to the group S, is given by
or(agn) = 5(“’")/2/ ux(n"ta;'n'ag) u_\(n') dn'. (6)
N

Further, for any function u in C*(G//K), there exists [ in C>P(R) such that
1
u(exp(X +Y)) = f2 X[ + 2 [X[" +2[Y]), (7)

for all X in go and Y in goo.
In order to compute the constant Ag, we need to estimate ’|¢/\HM0A(G)- By
Cowling and Haagerup [5, Proposition 1.6],

H¢>\HM0A(G) - ||¢>\‘S”B(S)7

as ¢y is K-biinvariant. To compute |[¢x|s||ps), We proceed as follows. Using the
fact that w, is M -biinvariant we apply the Plancherel-Parseval formula to the
Gelfand pair of Koranyi to calculate the right hand side of the equation (6). This
involves finding an expression for the spherical Fourier transform of u, in terms of
Whittaker functions. Then we split ¢,|s into a sum of matrix coefficients {¢x , }o2,
belonging to the representations of the double coset hypergroup MS//M. We
complete the job by estimating the norms of ¢ ,.
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2. The Gelfand pair of Koranyi

For convenience, we denote g, and go, by v and 3 respectively, so that n = v+3,
and an arbitrary element of n is denoted by (v, z), where v is in v and z is in
3. Moreover, for (v,z) in n, the corresponding group element exp(v,z) is also
denoted by (v, z). In particular uy in (5) is of the form

—(Ar)/2

uy(v,2) = <(1+@)2+2M2) : (8)

Proposition 2.1.  Suppose that Re(\) = o and that o > 0. Then

Do dy — r(rrat)/2(g)
R R s e e

In particular,

r(2pta+1)/2
//ur(v, z)dzdv = :
A [((2p + q+1)/2) 2043022

Proof.  The proof is elementary and follows as in [5, Lemma 3.1]. n

Observe that M N forms a semidirect product with M acting on N by inner
automorphisms, as the compact group M normalizes N. Koranyi [13] proved that
(MN,N) is a Gelfand pair. We list some of the useful properties of this pair.

When ¢ > 1, the M-biinvariant functions on M N may be identified
with their restrictions to NN that are biradial, in the sense that, for example,
Ce.(MN//M) is identified with the space of all functions u in C.(N) for which
there exists a function f in C.(R?) such that u(v,z) = f(|v],|z]) for all (v,z) in
N. When ¢ = 1, that is, when G is SU(1,n), the class of M -biinvariant functions
is larger. In fact, u is M -biinvariant if and only if u(v,t) = f(|v|,t). But this
does not affect our considerations.

The bounded spherical functions of this Gelfand pair are of two types:

(a) ¢, where p > 0, is defined by

ou(v,2) = 7 (272 ),

where j is the “Bessel-like function” v + [ €/”"do. Here S, is the unit sphere
in v, and do denotes the normalized surface measure.

(b) ¥y, where v > 0 and n € N, is defined by
Yun0.2) = e 4127 22) exp(— 2 o) L2 o), )

where LP~! denotes the nth Laguerre polynomial of order p — 1, and ¢, is the
normalizing constant such that v, ,(e) = 1. In fact,
1 I'(p) n!
Cun = = .
& Ly a(0) T(n+p)

See Cowling [4, appendix] for a quick tutorial on these special functions.
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The above are eigenfunctions of the left invariant differential operators A,
and Ay on N which are explicitly given in Faraut [9] (see also Cowling [3]). We
define Ay only:

q
o2
Do=) =5 (10)
‘= 027
Then
2
A2wy,n = _? wu,n s (11)
and, if u(v,z) = f(|v|*,]z|?) for some function f in C°(R?), then
f(lvl”, 1) Of(lvl* . 1)
Agu(v, z) = 4t o +2q ot : (12)

where ¢t = |z|*. See [9, Section I, paragraph 4 and Section II, paragraph 1] for
further details. In particular, for v and f asin (7), and for all £ > 0,

26T + k)

@)

Abu(v,0) = FO@IP + 7 of"). (13)

We now write down the Plancherel-Godement formula for this Gelfand
pair explicitly. For the general theory of Gelfand pairs we refer to [8]. The set of
spherical functions of type (a) is a set of Plancherel-Godement measure zero.

In the next theorem, {2, denotes the surface measure of the unit sphere
Sl in R, and K, is as in (4). For f € C.(MN//M), the spherical Fourier
transform is defined by

ﬂww=ANM%Amm. (14)

Theorem 2.2.  For every f in C.(MN//M),

0, O, K T(n+p) [~ 2
2 _ 2p 24q A pyg r—1
/N |[F(n)[" dn = 3rq 9(2p13912)/2 Z ol /0 ‘f(y’ n)’ vy

n=0
B 2272T7qﬁ o0 F(n+p) 0| ) .
ST = P A GRS

Proof.  Koranyi [13] sketches the proof. It may also be found in Cowling [4,
Theorem 5.2.1], with different normalizations. n

Denote by dn(v, n) the element of the Plancherel-Godement measure ap-
pearing above. The corresponding unitary operator is called the Plancherel-
Godement transformation.

Theorem 2.3.  If uy is as in (8) and Re(\) > —(p+ 1), then

~

uy(v,n) =

2TP(2P+2[1+1)/OO xn+ﬂfl 672171//2 "
o ( ’

CEET(E) Jo @rv/2y s

where f=(A+p+1)/2.
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Proof.  We first show that the Bessel transform of u, is equal to

/UA(U, 2) j9(27Y?vz2) dz
3

2(a+1)/2 9(2-9)/2 of? (15)

= F(ﬁ) F()\err) /Ooo(x<l' + V/Q))’B_l exp(—(l + T)(ng + y/2>) dr.

Let w be a unit vector in 3. Then

/ ur(v,tw + 2) dz
wl

—(A+r)/2

:/Ul<(1+g)2+2(t2+|z|2)> dz

2
(g—1-A—r)/2
:((1+%)2+2t2> /(1+]z’|2)(”7")/2dz’
UJJ‘
(a-1)/2 T 2 5
_ 7 (8) [v] )2+2t2) |

= 1+
(57) 20012 <( 2

where, again, 5 = (A +p+ 1)/2. Since u, is biradial,

/u)\(v, 2) 127 V%vz) dz

3

= /u,\(v,z) exp(—iQ’l/zy(z,@) dz (16)

3
W(Q*l)/QF(ﬁ) |U|2 ) ) -3 )

= L T /2
F(A;,«)Q(q_l)m/R((H 5 +2t) exp(—i272ut) dt.

We now show that

2
—B
/ ((1 + %)2 + 2t2) exp(—z’?‘l/Qut) dt
R

- T(p)?

As both expressions are analytic in {A € C: Re(\) > —(p+ 1)}, it is sufficient to
prove the equality when A is real. We therefore assume that A is real.

If F and G are the Laplace transforms of (suitable) functions f and g,
then

ol

/000 (z(z + V/2))ﬂf1 exp(—(2z + v/2)) exp(—T(Qx +v/2)) du.

/ F(a+ib) G(a+ib)e ™" db = 27?/ f(@)g(x + v) e ) dy.
R 0

See for instance, [5, equation (3.8)]. We apply this result where

xPle =

f@)=g(x)=q T(B)
0 if z <0.

ifx>0
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Observe that F(a + ib) = G(a +ib) = (1 + a + ib)~?. Therefore,

/R<(1 + g)Q + 2t2) 7 exp(—iQ‘l/Qut) dt
:/R <’2’ + \/_t> (’ ‘ +z\/_t)exp( 127 1/2Vt)dt

- T(p)?

2
[0l

/000 (z(z + V/Q))ﬁ_l exp(—(2z + v/2)) exp(—%(?x +v/2)) dx

We combine this equation and (16) to prove (15).
Finally, from the definition of the Laguerre polynomials,

/exp(—g@x n u/z)) exp(—% W) Lf;l(g W) dv

1 2 ,
(2x + 1/)) et <§SQ> st ds

=0 / exp(
2p 0 9

_ Qg Z n+P) / ( il )mefsspflds
(2x 4+ v)P Fm—l—p m)!m! J, \2x+v
_ Qgp (n—i—p)
2n! (z +v/2)mtr
Therefore, by (14) and the definition of 1, in (9),
Un(v,n ;(p"q //31” v, 2) j1(272z) exp(—% v]?) Lﬁ’l(g 10]?) dz dv
B 27”1_‘(%) 00 ntB-1 672171//2 p
T TEOTE) Jy @2yt
where = (A+p+1)/2, by (15), (17) and (4). |

The following expression of the spherical Fourier transform of wu, in terms of
the Whittaker function will be useful later. See Section 16.12 of Whittaker and
Watson [17], for the definition and more details of Whittaker functions.

Corollary 2.4.  For all A in C,

2r AL (2L T(n + 3)
LA T(3)

~

ux(v,n) =

V()\_l)/2 I/V—n—p/27 )\/2(7/)7
where W_,,_,/2 xj2 denotes the Whittaker function.

Proof. ~When Re(\) > —(p + 1), the corollary holds by the definition of
the Whittaker functions and the theorem. Since the function A\ — u, extends
analytically to C, the above identity holds for other values of A also. |
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Corollary 2.5. Forall v in R™, all n in N, and all X\ in C,

22/\ F( )\—2&—1") F( 2n7)\2+p+1 ) F( /\+g+1 )

F( —>\2+r ) F( 2n+)\2+p+1 ) F( fAJ;erl )

M2U_y\(v,n) = v M2y (v,n). (18)

Proof. Forall £, m, and x,
Wk,m(m) = Wk,fm(aj)a

by Whittaker and Watson [17, Section 16.4, Equation (C)]. The result follows
immediately. [ |

Theorem 2.6.  Suppose that A = o + 1y, where 0 < o < r. Then there ezists
a constant C(p,q), depending only on p and q, such that for all n in N,

|l vty < Clpa) 7 - o)
0
Further,

lim sup (r — a)/ |V_U/2 Uy (v, n)|2 vVhdy < 1.
- 0

o—T

Proof. We first observe that

dx

oo x(2n+)\+p71)/2 e*QI*I//Q
/0 (z + v/2)@ntr=r+D)/2

< V2 /oo e 2 g0V (g 4y /2) /2 gy
0

1
— 2—0 V(U—l)/2F<U;_ ) WO,G/2<V)'

Therefore,
’V_A/2 a)x(yv n)} S |Q()‘>| V_I/Q WO,U/Q(”)? (19)

where

Q()\) - F()\+2p2+q+l) F(M—pil)

2

B gr—AX F( 2p+2q+1) F(M)

From the asymptotic behaviour of the I'-function,

Q)| < Ci(p, q) 2,

see for example, Titchmarsh [16, Section 4.4.2].
For all v > 1, the Whittaker function satisfies

Wo.o/a(v) = oV (1 i (0/2)% — (1/2)? N O(/OO 2O/ (1 4 g)lo=lly~2eme dx))

v 0

(see Whittaker and Watson [17, Section 16.3]). From the last two equations and
(19),

[ e vt < Cap.g) (20
1
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By Proposition 2.1,

1 1 2
/ |V—>\/2 iL\A(y, n)’2 L dy < Hu)\H?/ |V_)‘/2{2 vV dy = M. (21)
0 0 (r—o)

Finally, from equations (20) and (21),

- 2
N2~ 2 . [[usly 2|l
v uN(vyn)| v dr < ——— + Ca(p,q) e
/ ' o

< C3(p, q) (r — o) "',

To conclude, observe that equations (20) and (21) also imply that

lim sup (r — a)/ |V_U/2 Uy (v, n)|2 "Ly < limsup ||ua||f = ||u,,||f =1,

g—=r o—r

as required. |

3. The double coset hypergroup MS//M

Recall that if ag,(v1,21) and ag,(v9, 22) are in the group S (that is, AN), then
by (1),

as, (V1, 21) * s, (Va, 22) = a31a52((a/52)71(v17 Zl)a52) (2, 22)
= asla52(3;1/2'01, 55 21) - (va, 22).

Since M commutes with A and acts on N by automorphisms, the action of
M extends to S and forms another semidirect product M.S. Recall that the space
of double cosets M S//M forms a hypergroup, called a double coset hypergroup.
Notice that an arbitrary element (as(v,z))® of MS//M is of the form as(v, 2)°,
which is uniquely determined by s, |v|, and |z|. For the definition and basic
properties of hypergroups, see Bloom and Heyer [1] and Jewett [12].

Now we construct a series of representations of the hypergroup MS//M
that are weakly contained in the left regular representation of MS//M .

Suppose that G//K is a double coset hypergroup, where K is a compact
subgroup of a locally compact group G. Let (p, H) be a unitary representation of
G, and write K for [p(L'(G//K))(H)]~. If K # {0}, then by Muruganandam [15,
Remark 3.2]

f=pNle  LYG//K) — BL(K)
defines a nondegenerate representation of L'(G//K) and so a representation of
G//K . We shall denote this representation by 4.

In particular, the representation A arising from the left regular represen-
tation A\ of G is the left regular representation of G//K on L*(G//K). More
precisely, denote the coset KzK in G//K by z°, and define the generalized left
translate f(z°xy°) of f by 2° to be [, f(zky)dk. Then

(@) (%) = F(@) #y°) = /K faky)dk  Vf e IAGK).  (22)
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If p and p are as above and p is weakly contained in A, then p is weakly

contained in X. For [|A(f)| = Hj\(f)H when f is in L'(G//K), by Murugan-
andam [15, Theorem 3.15(1) and Remark 3.14]. Therefore
1A < eI < IMDI = [IAH]- (23)

Hence j is weakly contained in A. See Muruganandam [14] for more about
representations of hypergroups and weak containment.

Lemma 3.1.  For a, in A, define the map 6, on L*(N) by
5. (0, 2) = 57712 flaz (0, 2)a) = 57772 f(s™ 20, 5712),

Then 65 is a unitary operator on L?*(N), and 6% = §41. Further, &, leaves
invariant the space L*(MN//N) of M -biinvariant functions in L*(N). Moreover,
forall f in LN L*(MN//N), all s and v in Ry, and all n in N,

-~

(5Sf> (Va n) = ST/Q f(Sl/, n)
Proof.  This is elementary. |

Denote by 7 the representation of S unitarily induced from the trivial
character on A. That is, 7 is realized on L?(N) by

m(asn)f(n') = s7% f(n " a7 a,) = O, \(n)f(n))  ¥n' € N. (24)
Denote a typical element of the Hilbert space L%(R, x N: dr(v,n)) by f.
Theorem 3.2.  The map p: MS//M — BL(L*(R; x N; dr(v,n))), defined by

p((as(v,2))°) f(v,n) = 872 g, (v, 2) f(sv,n)

is a representation of the hypergroup MS//M that is weakly contained in the left
regular representation \ of MS//M .

The restriction p, of p to each copy of L*(R,,v"~1dv) is a representation
of MS//M and is also weakly contained in X.

Proof.  We extend the representation 7 of S in (24) to the semidirect product
MS by taking m(m) to be the identity for all m in M. We denote by 7 this
extended representation, and by 7 the corresponding representation of MS//M
on the Hilbert space [r(L'(MS//M))(L*(N))]~, which is equal to L?(N).

By Lemma 3.1, we see that 7 leaves L*(MN//N) invariant. Denote this
representation of M'S//M on L*(MN//N) by . By (22),

m((as(v,2))°) f = 8, (M(v, 2)°)f)- (25)

Since the group M S is amenable, 7 is weakly contained in A and so by (23) (and
the discussion thereof), 7 is weakly contained in A
If F denotes the Plancherel-Godement transformation on the Gelfand pair
(MN, M) in Theorem 2.2, then L>(MN//N) and L*(R, x N; dn(v,n)) are uni-
tarily equivalent via F. Using (25), it can be easily verified that
plas(v,2)®) = Fomi(as(v,2)°) o F* Voas(v,z)° € MS//M, (26)

~ ~ ~

since (A((v, 2)°)f) (v,n) = Yuu(v,2) f(v,n). Thus p defines a representation of
MS//M , which is weakly contained in A. The theorem follows. ]
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For all A in C and n in N, define
Oan(v) = v 20 (v, n).
By Theorem 2.6, 0y, is in L*(Ry,v""'dv). By (18), ¥_,, also belongs to
L*(R;,v ' dv). Thus we may define the matrix coefficient ¢ ,:
Oan = (Pn(*)Vxn: Voam)- (27)

Theorem 3.3.  Suppose that A = o +y, where |o| <r, and that n € N. Then
the matriz coefficient ¢y, belongs to B(S). Moreover, when o € [—R, R] and
p< R<r,and néeN,

H(b/\,nHB(& < C(p7 Q) (1 + n)iR (7” — R)fl e6|7|.

Proof. By the preceding theorem and Theorem 4.3 of Muruganandam [15], we
deduce that ¢, , belongs to B(S) and

[Panllps) < 0xnlly [0-xnll; -
Now we estimate ||V ||, [[V-xnll,- By Corollary 2.5,

||@>\,n||2 H@\*AJLHQ

B 22)\ F(%) F(an/\24rp+1> F(A+p+1)

2
F( —)\2+r) F( 2n+)\2+p+1 ) F( 7)\‘5}74’1 )

/00 ‘V*A/Q ux(v, n)!2 v dy
0

n

[1

k=1

L)

D=3

2k—A+p—1
2k+A+p—1

20

' Clp.q) (r—o) ' el

To complete the proof, we follow Cowling and Haagerup [5]. If A = o + 2y,
where ¢ isin [p,r], and n is in N, then

ﬁ 2k —A+p—1
Pl 2k+X+p—1
by [5, equation (4.10)]. Therefore,
[Eanll sy < Colp,q) (14n)~7 ™ (r — )7
Similarly, when —r <o < —p,
[0l gy < Calp.q) (1 +n)7° S (r o)7L
Define the strip £ to be
{Ae C:Re(N) € (—r,1)}.

Consider the analytic B(S)-valued function ¢: X — cos(A\/r)"% ¢y, on
the strip €. This function is bounded in B(S)-norm on each closed substrip
{Ae C:|Re(N)| < R} when p < R < r, and satisfies the condition

1Al pes) < Cs(poq) (1 +n) ™ (r — R)™

when Re(\) = £R. By the three lines theorem for Banach spaces, this estimate
also holds inside the strip. Therefore, when p < R < r and Re(\) € [—-R, R],

H(b/\v”HB(S) < C(p, Q) (1 + ’)’L)fR (7- _ R)*l €6|"/|’

as required. [ |

\ < Clp,q) L+ )7 n,
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Theorem 3.4.  Suppose that G is SU(1,n), Sp(1,n) or Fy—s). If Re(A) =0,
then ¢x|s belongs to B(S) and ||¢x|s| gy = 1. The family ¢xls of B(S)-valued
functions continues analytically into the strip £ and, for \ in &,

oalsll g5y < Clprg) (r— o)™ o

and
. VTT(3)
lim sup {65l sy < o2
i B = ey r(g)

Proof. = When Re(\) = 0, the function ¢, is positive definite, and we see that
¢x € B(G) and so ¢y|s € B(S); further, |[¢x|s ps = 1.
Define the function vy on R, x N by

Oa(v,n) = v V205 (v,n).

When Re()\) = 0, both 9y and v_y are in L*(R; x N; dr(v,n)) as ||[0]l, = [[Ua]],-
Since ¢,|s in (6) is biradial, it is M -biinvariant. Therefore,

Pa(as(v,2)) = da(as(v, 2)°).
By (6), (24), (25) and (26),

ox(as(v, 2)) = 3_(’\+r)/2/ u)\(n_las_ln'as)u_,\(n’) dn’
N

— S_A/2 <7T1 (as (Ua Z)o)u)\’ U_)\>L2(MN//N)
= 20, 2) Vi A} oy

= (p(as(v, 2)0)6)\;6—>\>L2(R+><N; dr(v,n)) -

By Theorem 2.2 and the definition of ¢, in (27),

P e < XU

- T(p) D575 nk

¢>\,n (28)

n=0

when Re(\) = 0. Both sides of this expression extend analytically when \ varies
in £. Moreover,

22724 [z T(n+p) - N
|‘¢)\‘S|’B(S) S F(p) F(g) F(r+p+1) Z n! HU)\,TLH2 va)\,n”Q' (29)

2 2 n=0

Since T'(n+p) <n!(p+mn—1)P1,

iw(1+n)R<oo,

n!
n=0

when p < R < r. Therefore, by Theorem 3.3 and (29),

||¢>‘|SHB(S) < C(p, q) (7’ — R)_l €6|7|,

whenever —R < Re(A\) < R, and R is in (p,r). Therefore (28) and (29) hold for
all A in the strip £.
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Fix o < r satisfying r — o < 1. Take € such that r —o < e < 1. Then

2 2
F( 70'2+r) F( 2n+02+p+1 ) F( —a—;p—&-l )

|2 r(eg) P o)

[e.e]
Co/2~ 2
/ v ”/zug(u,n)’ V' dy,
0

by Corollary 2.5. By Theorem 2.6,

T n+p 220 F<a+r F(p) [p]n [—cr+p+1]n
( ) HUJnH HU—Un”z < 05(17: ) F(—a‘—}—r;(r _ U) n'|[g+p%rl] ‘
2 2 n
[Pl [~
< Oﬁ(p7Q70) n"[a-l—pa—l] ‘ )

where Cg(p, q,0) is a constant depending on p,q and o. Here [a], denotes the
“shifted factorial” (or Pochhammer symbol) a(a+1)---(a+n —1).

Since |[—o+p+1| <qg—1+¢,

<C [p)n [ 1+E]n v
[Vl [0=nlly < Co(p,q,0) W n € N.
: 2

n

['(n +p)

Now 2p+qg—1+e<r+p+1—ecase<1,andso by [17, equation (14.11)],
the sum over n of the fractions on the right hand side is finite and is equal to
2 F1(p, q%m, MPTH*, 1), where o F} is the Gaussian hypergeometric function.

Thus we see that for every such fixed o, the right hand side of (29) is
finite. Therefore we can apply the Lebesgue dominated convergence theorem for
the variable ¢ in the sum of the equation (29).

lim sup ||| p(s)

[and

92-2r-q /1 if(n—i—p) e (30)

> o lim Hva,n” ”U—mnH .
I(p) D(4) T(&2H) n! o 2 2

n=0

Now by the second part of Theorem 2.6,

y HA ” ”,\ H o 220 F( ) (2n70+p+1)r(0+g+1)
1M ||Vgn V—o.n =~ lm
o M2 2 o F(—a;-r)r n+a+p+1) ( U—;pﬂ)(r—a)
_ 220 T(4T) 2%k —o+p—1
= lim —
o—r— F(T)(T—U) iy 2k+0-+p—1

2k —q—1
=227 I 1
Pl 2k+r+p—1

_ 2T T T
F( r+p+21+2n) F( q+1272n)
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Therefore, by (30)

r) 2T I (1%
h;nsup H¢a|s||3 < (g T+p+1 Z T+p+1 2 In (31)
- 2 ! Jn
But then
T — 241 9 3 , — —
=0 n! [ +I27+1]n 2 2 F(p+g+1) F(I%l)

by [2, Section 2.8 (47)]. Hence by (31) and the Legendre Duplication Formula,
(see for instance, [17, Section 12.15, Corollary]),

. 21T () VT I(3)
lim su o < +1 - ’
UjiPHéf) |S”B(S) F<%)p( )F(%) F(’%)F(%)

as claimed. ]

Theorem 3.5.  Suppose that G is SU(1,n), Sp(1l,n) or Fy_s. Then G is
weakly amenable and
Vv I(3)

RESEET

Proof.  This follows as in De Canniere and Haagerup [6, Theorem 3.7]. n

4. The lower bound of Ag

We prove the reverse inequality to the inequality of Theorem 3.5 to conclude. As
Ag is always at least 1, there is nothing to do for the groups SU(1,n). Therefore,
we assume that G' is Sp(1,n) or Fy_a).

Recall the definition (10) of A,. For positive R, define the radial measure
pr in the spherical measure algebra M (MN//M) by

R
(o) = [ Flo.0exp(~ o) dv vf € CE(N),
g
Proposition 4.1.  Suppose that u is in A(N)NC(MN//M). Then
(A5, )| < @227 ull -

Proof.  First, A(MN)|y = A(N), so u is in A(MN)". By [15, Theorem 3.10],
w is in the Fourier algebra A(MN//M) of the double coset hypergroup M N//M ,

and ||U||B(N) = HUHB(MN//N)'
By [14, Proposition 4.2] and Jewett [12, Theorem 12.2(C)], we observe that
u is the inverse Fourier transform of w and [[ul| gysn/n) = I[tl],- Therefore,

1l vy = Nl - (32)
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The spherical Fourier—Stieltjes transform of pugr can easily be calculated. In

fact, ) i
~ v p — U\ T
i) = (-5) (575) -
and so e
(vl < (75 ) (33)

Since Ay is M -biinvariant, we see from (11) that

2

(AQU)A(V, n) = //u(@, 2) Aoty (v, 2) dz dv = —% u(v,n).
v/3
Therefore,
(8 u ) = [(A*0) () in(o ) dn(v,m)
_ (1)p2oe / VP (v, n) fin(v, n) dr(v,n),
Ry xN

and so, by (32) and (33),

‘(Ag/Qu,MR>‘g(7r2¢§)p / ( v )p\a(y,n)\ dr(v,n)

R xN\V+ R
< (72\/5)]? HUHB(N) )

as required. [ |

Lemma 4.2.  Suppose that { fi}icr is a net in CP(R), that || fil| ., < L for each
v in I, and that lim; f; = 1 uniformly on compacta. Then

> 1
lim/ fi(p/Q)(QSQ + 184) sl ds = (_1)p/2 op—2 F(g)
tJo

Proof.  This follows Cowling and Haagerup [5, Proposition 5.3]. |

Theorem 4.3.  Suppose that G is isomorphic to Sp(1,n), where n > 2, or to
Fy—o0y. Let {u;}icr be a net in A(G) such that

(i) there exists L >0 such that ||w;||ypaq) < L for all i in I

(ii) {u;} tends to 1, uniformly on compacta.

Then .
s VLG

")

Proof. By [5, Propositions 1.1 and 1.6], we may assume that each w; is in
A(G)NCX(G//K). Thus, we may suppose that w;|xy € A(N)NCX(MN//M) and
|will gy < L for every i, and {u;} tends to 1 uniformly on compacta.

By the proposition above,

(r2V2) il ) = (A8 s im)| - vie T
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Allowing R to tend to 0 and applying (13), we deduce that

(m2V/2)P [uill gy > ’/Ag/zui(v,O) dv
o}

(2V2)PT(259) (p/2) o 1 4
! 2 —
> B [ i+ bl
2V2)PT(L e° 1
_ ( \/_>q (2) QQp fi(p/2)<232+_84) 8217 1d$
I'(3) 0 4

The functions f; converge to 1 locally uniformly on compacta on [0, o).

Therefore, by Lemma 4.2 above and the Legendre Duplication formula,

lim sup ||u; || > zp_lp(g) F(%’) _ ﬁf‘(%)
i BN =T (4) D(p) D(ET(E)

as claimed. ]

In conclusion, we have proved the following theorem.

Theorem 4.4.  Suppose that G is a connected real Lie group with finite center.
If G is locally isomorphic to SU(1,n), then Ag = 1; if G is locally isomorphic to
Sp(1,n), then Ag = 2n —1; and if G is the exceptional rank one group Fy_ap),
then Ag = 21.
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