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The Dual of Kawazoe’s Atomic Hardy Space H;}O
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Abstract.  The purpose of this paper is to determine the dual of Kawazoe’s

atomic Hardy space for semisimple Lie groups. The conclusion is that it consists
of functions, whose translates satisfy conditions which are similar to the condi-
tions for Goldberg’s Euclidean local bmo-space. We will also find the duals of
the corresponding K -invariant and K -bi-invariant spaces.

Mathematics Subject Index 2000: Primary 43A15; Secondary 22E30.

Keywords and phrases: Hardy space, BMO, Semisimple Lie Group.

1. Introduction

To begin with, we recall Kawazoe’s definition of the atomic Hardy space, H;O(G),
for non-compact semisimple Lie groups, for more details about this space see [4].
Thus, let G be a connected non-compact semisimple Lie group with finite center
and Cartan decomposition G = K expp. For g = kexp X, we denote by o(g) the
norm of X with respect to the Euclidean structure on p induced by the Killing
form. Let dg and dk be the Haar measures on G and K respectively, where
the latter is assumed to be normalized to have total mass 1. By B(r) we denote
the ball centered at the origin of radius r, i.e. B(r) = {g € G;0(g9) < r}. We
observe that K B(r)K = B(r) (That the ball is left K -invariant follows directly
from the definition of the norm ¢ and that it is right K -invariant follows from the
invariance of the Killing form). A well-known property for non-compact semisimple
Lie groups is that they are of exponential growth, i.e. the volume of a ball with
radius r grows exponentially as r tends to infinity.

For 1 < p < oo, a function @ on G is called a (1,p,0)-atom if it satisfies
the following conditions

(i) suppa C B(r) for some r > 0,

1
-7

(ii) if r < 1, then |la|l» < |B(r)|"# and [, a(g)dg =0,

(iii) if 7 > 1, then ||a||» < |B(r)|".
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Remark 1.1. In [4] it is assumed throughout that the group has real rank
one, because the goal in that paper is to show that certain maximal operators are
bounded. However, for the definition of the atomic Hardy space this restriction is
not necessary.

Remark 1.2. We observe that if p = oo the conditions coincide with the
conditions for Goldberg’s local h'-atoms in the Euclidean setting, see [2] pages 36-
37. The reason for the stronger bound (for local h'-atoms the bound would have

been |B (r)\_ﬁ) in (7i7) for general values of p is imposed to ensure boundedness
of different maximal functions. For more details see [4] remarks 4.2 and 4.7.

Remark 1.3. In R” the condition (iz) for different values of p give rise to the
same Hardy space. However, for the Hardy spaces H};,o defined below this is still
an open question.

We introduce the notation f,(g) = f(xg), x,9 € G. The atomic Hardy space on
G is then defined as the space of linear combinations of translated atoms

HII,’O = {f = Z)\i(ai)xi;ai isa (1,p,0)-atom ,x; € G, and Z |\i| < oo}.

The norm is || f HH; , = inf >, [Ai], where the infimum is taken over all represen-
tations f =Y. Ni(@)s;-

Kawazoe also defines Hardy spaces of K -right-invariant and K -bi-invariant func-
tions. Let

() = /K Flgk)dk,  f'(g) = /K /K F(kgh') dis i

then following Kawazoe we define Hll,:z)‘7£ = {f*,f € H,,}, and H;:B ={ffc
H) ,}. We will determine the dual of Hj ; in Theorem 2.3 and the dual of H;f) and
H;:# respectively in Corollary 3.1 and Corollary 3.2. There is also another way to

define Hll):(b) from atoms without using translations and we will give a definition of
its dual without the use of translations as well, see the end of Section 3.

Acknowledgement: The author would like to thank Professor Kawazoe for
fruitful discussions.

2. Duality

As the definition of (1,p,0)-atoms is related to the definition of atoms for local
Hardy spaces it is not surprising that the dual space should be related to bmo,
the local BMO-space introduced by Goldberg.

Definition of BMO,

In the following, let us denote the average of a function, f, over a measurable set,
U, by fy, i.e.

1
o= o7 /U f(9) dg.
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The space BMO;,0 consists in the functions b € L} .(G) for which there exists a
constant C such that

1 AN
supsup [ —— b.(q) — (by) g |? d < C

and

=

1 / ’ P
sup sup ——— b.(g)|P dg) < C,
w557 ([, o)

with the smallest bound C as the norm.
If for f € Li (G) we define

loc

1 / P
(1) =  sup (— / ol dg)
weBr(B)<1t \|B| JB

= 1 , i
i) = sw —( s dg) |
z€B,r(B)>1 |B| B

where the supremum is taken over all balls containing = with radius r(B) < 1 and
> 1 respectively. Then because the measure dg is left invariant we obtain

=

)

BMO!, = {b € LL(G) : b € L*(G),b € L=}

loc
and the norm can be identified with
1bllmoy , = max([[bl[Lee, [|b]lLe)-

Before proceeding we make the following observation, which is easy to prove using
the triangle inequality.

Remark 2.1.  If a function b € L}, .(G) satisfies the condition

loc

for a given constant ¢ then this is true also with ¢ replaced by the constant (b;)p()-

Remark 2.2. A related BMO-space has been introduced by Ionescu [3]. We
will return to that space in Section 3.

Main theorem

We will denote by (H}, () inite the dense subspace of Hy, ; consisting of finite linear
combinations of atoms, or translates of atoms.

Theorem 2.3.  BMO, , = (H},)*. This holds in the sense that
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i) if b € BMO!

0> then we obtain a linear functional on (H},,o)fz‘mte by setting

/f dga f € (Hllj,o)finite-

This linear functional has a unique bounded extension to H;O which satisfies
IL]| < C||b||BM01 :

i) Conversely, for every bounded linear functional L on H} b0 there exists an

element b € BMOR0 such that
= /G F(g)b(g) dg

Jor f € () inite and [Bllgason, < I1L

Proof. i) If a is an (1,p,0)-atom with suppa C B(r), » < 1 then since the

measure is left-invariant
/ a(g)bx-mgmg] |
B(r)

/MB(T) ax<g>b<g>dg‘ _

By condition (ii) in the definition of a (1, p,0)-atom and Hdélder’s inequality, this
is bounded by

1
7

< lallgs ( /B b @) = Gl dg)

Again by condition (ii) we can estimate this by

L

Co [ to) - )= (ool dg)” < ol

If a isa (1,p,0)-atom with suppa C B(r), r > 1 and b € BMOl0 then

/aclB(r) az(9)b(g) dg‘ = /B(T) a(g)b-1(g) dg‘

by the left-invariance of the measure. By Holder’s inequality and (iii) this is

1 / Y
< e @) dg)” < ¥l
|B(r)| ( B(r) P00
Hence, if [ € (H;’O)fimte, f= sz\il Ai(a;)z, and b € BMOZI),0 we have

N
dg‘ < Z | AilllbllBator -

i=1

ii) The idea of this part of the proof is to show that an element of the dual is
given locally by functions in L that are compatible, and hence gives rise to a
L. function on G. Finally we verify that this function belongs to BMO1

see that the linear functionals on H} >0 are given locally by functions in Lp we
need some lemmas.

For a given subset U we will denote by Ly, := {f € L?(U) : fy = 0}. Let

L e (H!,)* with |[L] < 1.
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Lemma 2.4. Ifr <1 then L?, . CH,, foralzecG.

(r) P,0°

Proof. If [ € LZ;B(r),O then f = ¢ a,-1, where a is an (1,p,0)-atom and
1 1
¢ = |B(r)|7 [ fllee- Hence, || fllay, < [B(r)[*" || flLe- n

. . . . p .
Hence, if » < 1, L restricts to a linear functional on LB o With ||L”(LZB(7‘),O)* <

|B (r)|i By the Hahn-Banach theorem L extends from L7, ), to a linear func-

tional L on L 5y with H‘Z”(LP v = I Lll@r ) By (LiB(T),Li;B(T)>—duality,

xB(r) zB(r),0
for each = € G there exists a function ¢, , € LZ B(r) such that

L= o, B @) s or [ €L

1
v

and || D, .| < |B(r)|”. In particular
L= [ B0 )y for f €W
xzB(r

Thus, for each € G and r < 1, we have a function ®,, € L” IB(T) representing L
on L” B(r.0" Furthermore, as the following remark shows, the different representants
are compatible up to a constant on the intersection.

Remark 2.5. Ifry <1 and r, <1, 21, 29 € G, then

/(CIDMQ — @, )fdr=0 for fe LilB(Tl)me2B(T2),O'

Hence, ®,,,, — Puyry = Cuyaorire O 21B(r1) N 22B(ry) for some constant
Cay a1 mo- We Will make a choice later to fix this constant.

Next we consider r > 1. In this case we have no moment conditions.

Lemma 2.6.  Ifr>1, then LY,  CH., forall x € G.

(r)

Proof. If f € L then f = ca,—1 where ¢ = |B(r)|||f]|lL» and a is an

xB(r)
(1, p,0)-atom. Hence, ||l , < [BO)|fllur .
Thus when r > 1, L restricts to a linear functional on L? B(r) with ||LH(LPB( ) <

|B(r)|. The lemma and the (LQB(T),Lle(TQ— duality shows that there exists a
function ®,, € L” IB(T) such that

L) = [0 f@)dy or f €Ly,

and [, < [B(r)]

Remark 2.7. If ro > 1 and r; > 1, x1, 29 € G and x1B(r1) C 29B(r3) then
f(q)xz,rg - (I)m,m)fdx =0 for f € LP;IB( S0 (I)mz,rg = (I)m,m on $1B(T1)-

r1)
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Remark 2.8.  Assume now that r3 > 1, 7o > 1, r; < 1 and z1B(r) C
x3B(r3)NxyB(ry), then we may choose r, large enough so that x3B(r3)UzyB(ry) C
1 B(ry). As LZlB(Tl) 0 C LZlB(M) with preserved norms, we must have

q>961,7’4 - (I)1’1,7”1 = Cxy,r1,m4

on x1B(r1). Hence, by the reasoning above and Remark 2.7 we have

c1)363,T3 - CDOEQJ’Q = (CI)333,7‘3 - ®1'177'1) - ((I)SC2,T2 - CI)931,T1)
= (q)xl,m - (I)frlﬂ“l) - (q)xl,m - (I)xl,rl) = 07

on x1B(ry). Thus there is a unique constant ¢, ,, such that ®,, ., = @, », + oy 1y
on x1B(ry) as soon as r; < 1 < ry and z1B(r1) C x2B(r3).

Let ¢u.(9) = ®ur(g) + cop if 7 < 1 and ¢,,.(9) = ®,,(g) if 7 > 1. Set
b(9) = ¢ur(9) if g € zB(r).

Lemma 2.9. The function b is well-defined.

Proof. = We need to show that the function b(g) is independent of the choice
of ball xB(r) containing g. Thus, assuming that g € z1B(r1) N xyB(ry) then we
want to show that ¢, ., (9) = ¢u,r,(g). There are three cases to consider

i) If 4 > 1 and 75 > 1 then there exists a ball B(rs) with x;B(r1)UzyB(rs) C
r3B(rs). Hence, by Remark 2.7, ®,,,, = ®,,,, on 22B(ry) and ®,,,, =
O, on x1B(ry), which implies that ®,, ,, = ®,, ,, on z1B(r1) Nz2B(ry).
In particular, ¢u, +,(9) = Py (9)-

ii) If 4 < 1 and r > 1 then if we choose r3 large enough so that z1B(r) U
r9B(ry) C x1B(r;) we obtain ®,,,, = ®,,,, on z2B(r2), by Remark 2.7
and @, ., = @y, 4y + ., o0 21B8(r), by Remark 2.8. Hence, ®,,,, =
(1)961,7”1 + Ceyrp ON xlB(rl) N xQB(T2)' ThU.S, ¢x1,7“1 (g) = ¢5L‘2,T‘2 (g)

iii) If 7 < 1 and 79 < 1 then there exists r3 > 1 such that x1B(r1)UxeB(rs) C
r3B(r3). By remark 2.8 we have, on x;B(r1), ®uyry = Puyry + oy and
on x9B(r2), Puyry = Puyry + Coyrp. This implies that @,y . + oy, =
(I):v277“2 + Cayrp ON xlB(rl) N IQB(TQ)‘ Hence, ¢w177“1 (g> - ¢x2,T2(g)'

To summarize, given a linear functional L we have defined a function b such that
b e L” locally and

L(f) = /G £(9)b(g) dg.

for any function f € Hzl),o. Next we have to show that this function belongs to our
BMO-space.

Lemma 2.10. b€ BMO;,’O.
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Proof.  For zB(r) with » < 1 we have, according to the comment after Lemma
2.4,

1
= ||(I)x,r||Lp’< <[B(r)|",

zB(r)

16— Cz,THLP’
xT

(r

1.e.

e

(E%Wémmwwme@) <c

The first condition in our definition of BMO;0 then follows from Remark 2.1.
For B(r) with r > 1 we have

HbHL’;IB(r) = H(I):EJ‘HLZB(T) < |B(r)|.

See the comment after Lemma 2.6. Hence,

|§m(£wﬂ“W”@;§a

which is equivalent to the second condition in our definition of BMO;0 : [

This lemma concludes the proof of Theorem 2.3. [

3. K-invariant cases

In this section we will determine the duals of H;:O and H;):%. For the latter space
we will consider two different definitions, one with translations and one without.

The duals of H;:# and H;:I(’)
Let BMOII):O# denote the dual of H;:O and BMO;:E the dual of H;:%, see the
Introduction for definitions of Hllj:# and H;,z[b).

Corollary 3.1. The space BMO;Z# 1s easily determined from BMO;VO, namely

BMOY# = {b € BMO. ;b is K -right-invariant }.

p,0 p,0’

Proof. Since K is compact and the space H;I;,o is normed, the first part follows
directly from the fact that the dual of a space of K-invariant vectors is the
corresponding space of K -invariant linear functionals, see [1, Theorem 1.1]. Hence,

(H;O#)* = {b € BMO, ;b is K -right-invariant }. n
Corollary 3.2. The space BMO;Z can be characterized in a similar way. We

have
BMO% = {b € BMO} ;b is K -bi-invariant}.

p,0»
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Proof.  The proof is a bit more complicated because H;f) is not the subspace
of K -left-invariant vectors in Hzl)zo#. Instead we essentially repeat the proof of
Theorem 2.3. First the fact that any K -bi-invariant element b € BMO, ; defines

a linear functional on Hzl,f) follows directly from the proof of Theorem 2.3(i) once
we note that if a is a (1,p,0)-atom with support in the set B(r) then

/ (0. (9)b(g) dg = / 0. (9)b(g) dg
G

G

because b is assumed to be K-bi-invariant and the measure is left- and right-
invariant.

For the proof that any linear functional in (Hl’b

»0)" can be represented by
a K -bi-invariant element of BMO;O we follow the proof of Theorem 2.3(ii). The
difference being that we have to replace the translated balls by sets of the form

KxzB(r). Let LﬁfB(r) be the space of K-bi-invariant L”-functions on the set

KzB(r) and L%fB ()0 the subspace of such functions with integral zero. To obtain
the analogues of Lemmas 2.4 and 2.6 we proceed as in the proof of Theorem 5.5 in

[4] for showing that any element of L’;;fB(T)’O belongs to Hllj:(b) for » <1 and that

any element of Lll’éfB(r) belongs to H;:E for r > 1.
We will only give a proof in the first case since the second follows in the

same way. Hence, given an element [ € L%:(B(r),m we define a to be

fa"lg)
I(x,r, (x71g

alg) = )_l)me(g),

where xp( is the characteristic function for the ball B(r) with radius r, and

I(z,ry) = /K X (ky ™) dk. (1)

Since f and [ are K-bi-invariant we obtain

/G alg) dg = /G % ( /K Voo (wkg) dk) dg = /G 7(g) dg = 0.

Next we want to know the LP-norm of a. First we observe that

IR

< W) [ xnote kg ar) @)

1f(g)] =

/K f(@)xBw (2 kg) dk‘

p—1

since the support of f is in KxB(r) and f is K-bi-invariant. For the L?-norm

we have the following estimate
flztg) I /
= kg)dk ) d
Il /G I(z,r, (x=1g)"1) KXB(T)(x 9) g

< /G F@PI(e,r.g~) 7 dg.
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By (2) we find that this is bounded by

P oz kg) dk " z,r,g ) P dg = Pdg = | fllLe
156 (/KXBU( 9 ) g™y = [ 151 da = 11

Hence, a is a multiple of a (1,p,0)-atom and HaHH;O < \B(r)ﬁHfHLp It is now
easy to see that f € H because

_/K/Ka(ackgk/)alkdk;/_/K%)(Jg(r)(ackg)dk_f(g)7

where we have used that f and I are K-bi-invariant and that xp( is K-right-
invariant.

KxB(r)7LI])(;(B > duahty, which is

valid because of [1, Theorem 1.1]. Otherwise the proof is the same except for minor
changes. [ |

To define the function ®,, we need <L

Comparison with Ionescu’s BMO

The space BMO;# could also be considered as defined on the symmetric space
G/K. In [3], lonescu, defined a BMO-space on Riemannian symmetric spaces of
rank one in the following way. Let for each f € L;, (G/K), in analogy with our
earlier definition, a function f be defined by

fz)=  sup é /B F() = fol d

z€B,r(B)<1

where the supremum is taken over all balls with radius < 1 containing z. The
BMO-space defined by Ionescu is then

BMOT = { f € L (G/K ) | fllue(cym < O}

Comparing this with our definition of BMO%:# we find that the difference is that
Ionescu does not assume any estimate for the balls with radius > 1. Hence,
BMO}:# C BMOI. In particular this implies that the analytic interpolation theo-
rem, [3, Proposition 2], will hold if we assume that the operator is bounded from
L>* — BMO}:# instead of L>* — BMOI. Essentially this says that, if 7. is an
analytic family of operators such that T, is bounded on L? when Re(7) = 0 and
bounded from L> to BMO%:# when Re(7) = 1, it will also be bounded on L? for
any p € [2,00) when Re(7) = (p — 2)/p. As the referee has pointed out, this in
itself is not so interesting because it is clearly more difficult to check whether a
function belongs to BMO}:Z?é than to check whether it belongs to BMOI. However,
by duality, Corollary 3.1, this also implies that we also get analytic interpolation
for values of p between 1 and 2 by replacing the L* — BMO}:O#—estimate with

1 .
an H}? — L! estimate.
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The dual of H;:E without translations

There is also a different way of defining H;f) without translating the atoms.
Throughout this section we will assume that the rank of G is 1. For ¢ € G
and r > 0 let

R(z,r)={g € Gio(x) —r <o(g) <o(x)+r}
and

1 g = ( [ 1@t gy dg) .

where I is defined in (1), 7o = 2r if » < 1 and ry = r+ 1 if » > 1. Following
Kawazoe we now define a (1, p, 0, )-atom to be a function, a, satisfying

i) a is K-bi-invariant and suppa C R(z,r) for some x € G and r > 0.
ii) For r <1,
Jollors < BOI S and [ alg)dg =
G
iii) For r > 1,
lallerp < [B(r)[~.

Then the Hardy space H;:(h) is defined to be

H;”g(G’) = {f = Z)\iai;ai isa (1,p,0,f) — atom on G and Z A < oo},
with norm ”f“ng =inf ) |\

In [4] it is shown, see [4, Theorem 5.5], that Hll,f] = Hzl)f) SO (H;E))* = BMO;%.
However, we would like to define the dual without translations. Let ry be as above
and set BMO;:E) to be the space of K -bi-invariant functions b € Lj,.(G) for which
there is a constant C' such that

Y e

1 / . ,
sup sup I(z,70,97)|b(9) — bRz [P dg) <C
2eG <l (|B<r>| Rlor) ()

and )

1

sup sup ——— I(z, 79,9 b p/d)p/<C’
s 507 ([, s M a0)” <)

Then it is possible to show that (H;%)* = BMO;:E]. The idea of the proof is to
show that BMO;:E) = BMO;:B. In fact, this follows, for r < 1, from

[~

1
o

(/B(T) [(0)2(g) — el dg) o (/G I(z,r, g )|b(g) — dg) »

and, for r > 1, from the identity

1

(f 0. i0)" = ([ 1eng oy as)”

which both are easily obtained using invariance and the definition of the function
I, (1).

=
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