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Abstract.  We prove the existence and uniqueness of a sequence of differential
intertwining operators for principal series representations, which are realized on
boundaries of anti-de Sitter spaces. Algebraically, these operators correspond to
homomorphisms of generalized Verma modules. We relate these families to the
asymptotics of eigenfunctions on anti-de Sitter spaces.
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1. Introduction

Let Ein, be the compact Lorentzian manifold S' x S"~! with the metric (—gg1)®

ggn-1. The conformal group of ﬁn, i.e., the group of all diffeomorphisms which
induce conformally equivalent metrics, can be identified with O(2,n). Let

—_—

1 : Ein,,_{ — FEin,,

be the isometric embedding which is induced by the equatorial embedding S =2
S"=1 of spheres. We construct a sequence D$(A\), N > 0 of polynomial families

DS,(N) : C™(Ein,) — C>(Ein,_;)

of O(2,n — 1)-equivariant differential operators. Here equivariance is understood
with respect to respective principal series representations 7§ on C‘X’(Ei;n) and
C>=(Ein,_1).

The results extend corresponding results of [8] on SO(1,n)°-equivariant
families DS (A\) @ C°(S™) — C>°(S™7'). In [8] the families D% ()\) serve as
conformally flat models of corresponding conformally covariant “curved analogs”
C>®(M) — C*(X) which are canonically associated to any hypersurface ¥ in a
Riemannian manifold M. In [8] it is shown how such families contain information
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on Branson’s (-curvature. In particular, combining the holographic formula for
(Q)-curvature ([5]) with the structure of the intertwining families, provides recursive
relations for ()-curvature.

In the present situation, the conformal action of O(2,n) on Ein, replaces
the conformal action of O(1,n) on S"~!. Whereas S™™! is the boundary at infinity
of the hyperbolic space H" with the isometry group O(1,n), here ﬁn appears
as the conformal boundary of the n + 1-dimensional anti-de Sitter space AdS, 1
with the isometry group O(2,n) (see Section 2). The universal covering space of
ﬁn is given by

(R x Sn_l, —dr® + gsn—1)

and is also known as Einstein’s static universe; [3].
For even N, the family D$,(\) drops down to a polynomial family

DS () : C*°(Ein,) — C*°(Ein,_;) (1)
of O(2,n — 1)-equivariant differential operators, where
Ein, = (S' x $""1)/Z,,

and the Z,-action is coming from the involution S* x S"~1 — S x "1 given by
(1’,y) = (—ZL‘,—y). .

For odd N, the family D% (A) does not drop down to a well-defined O(2,n—
1)-equivariant map C*°(Ein,) — C*°(Ein,_1). The non-existence of odd-order
families has a geometric reason. In [8] it is shown that for any (orientable)
hypersurface ¥ of an (orientable) manifold M, the family

Di(\) = i*Vy + AHi* : C®(M) — C®(%)

is conformally covariant. Here N _denotes a unit normal field on > and H is the
corresponding mean curvature. Ein, is an (orientable) hypersurface in Ein,; with
H =0, and the family D;(\) reduces to the equivariant family Df = i*V y given
by the normal derivative. Now for odd n, Ein,, is a non-orientable codimension one
submanifold of the orientable manifold Ein,;, and the above construction does
not descend to Ein, — Fin,,;. Similarly, for even n, Ein,,; is non-orientable,
and the above construction does not descend.

The space ﬁn_l can alternatively be described as the set of rays through
the origin in the light cone

Co={-B-8+a+ - +a2,=0}. (2)

G™ = O(2,n—1) acts transitively on Ein,_;, and we let P" C G™ be the isotropy
group of the ray generated by (1,0,0,1,0,...,0) € R*. In a similar way, Ein,_;
is given by the set of lines in C), through the origin, and we let P™ C G™ denote
the isotropy group of the line through (1,0,0,1,0,...,0) € R**!.

As in [8] we discuss two different types of constructions and prove that both
lead to the same result. One construction is in terms of representation theory and
one is in terms of spectral theory of an associated Laplacian.
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We start with the description of the Lie-theoretic construction. For n > 4
let G" = O(2,n — 1) with Lie algebra g, = 0(2,n —1). The isotropy group P" is
a maximal parabolic subgroup with Langlands decomposition P* = M™A(N™*)™.
The Lie algebra p,, of P" has the Langlands decomposition p, = m, ® a & n’
with a one-dimensional space a. Here a is spanned by H and the Lie subalgebras
nt are the respective +-eigenspaces of ad(H). Let (N7)" = exp(n,).

For A € C we define the character &, : p, — C = C, by &\ (6H) =t (€
acts by 0 on m,, @ n} ). We shall use the same notation &, for the character of P
given by &, (exp(tH)) = e.

Let U(g,) be the universal enveloping algebra of g,. For A € C the
character &, of p,, gives rise to the generalized Verma module (see (55))

Mi(gn) = U(gn) u(p,) Ch-

Similarly, for the character &, of P we consider the induced representation Ind%(&y)
of G.

Let ¢ : U(gn) — U(gn+1) be the map induced by the inclusion g, C g,11
given by (9).

Theorem 1.1.  For any non-negative integer N there exists a polynomial family
DY(N) € U(n,,,) such that the map

Ugn) @Cr_ny 2T @ 1 i(T)DY(N) @ 1 € U(gny1) @ Cy

iduces a homomorphism

My~ (gn) = Mi(gnt1)

of U(g,)-modules for all X. Furthermore, for any A € C, D% (\) spans the space
of all homomorphisms M_n(gn) — Mx(gnt1) of U(gn)-modules.

In addition to the existence, we will actually show how to find explicit
formulas for the intertwining families D (). Now viewing DY (\) € U(n,,,) as a
left-invariant differential operator acting on C°°(G™*!) from the right, we obtain
the following result.

Theorem 1.2.  (a) For any non-negative integer N the polynomial family
DY(N) € U(n, ) induces a family of left G -equivariant operators

Diy(A) : Indfii (&) — Indf (G-n @ 0),
where for even N, o is the trivial representation of M, and for odd N, 0 = o_
(see section 2). The composition Dn(N\) = i* oD\ (X)) of D'\(X) with the restriction
map ©* : C°(G") — C>®(G") defines a family of left G™ -equivariant operators

Gn+1

Dy(N\) : Ind6nii (€4) — Ind%n (Ex—y ® 0). (3)

(b) For any non-negative integer N the polynomial family DY (N) € U(n, ;)
induces a family of left G"' -equivariant operators

Dy(\) : nd€ 7 (&) — Id% " (Ex-n)-
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The composition Dy(X) = i* o Dy (X\) of Di(X) with the restriction map
i* 1 C°(G") — C(G™) defines a a family of left G™-equivariant operators

GnJrl

Dy(\) : Ind% 7, (€)) — Ind% (E_n). (4)

Using
Ein, 1 ~ G™/P™ and Ein,_; ~ G™/P™,

the representation spaces of principal series can be identified with
C*(Einy,_1) and C™(Ein,_),

respectively. The notation C*°(Ein,,), and C“(ﬁm) A emphasizes the respective
module structure. In these terms, Theorem 1.1 admits the following interpretation.

Theorem 1.3. (a) For any even integer N > 0 the polynomial family (3)
defines a family of G™-equivariant operators

D?V(/\) : OOO(EiIln))\ - Coo(EiHn_l)A_N.

(b) For any non-negative integer N the polynomial family (4) defines a family of
G™ -equivariant operators

DY (N) : C*(Einy,)y — C(Ein,_1)r—y-
Now let M"™ be the Minkowski space with the Lorentzian metric
ds® = —da] + dxj + - - - + da?. (5)
The families DS (A) in Theorem 1.3 give rise to families
Dy (A) : C*(M") — C(M" )

as follows. FEin,, is conformally flat. More precisely, the composition of the in-
clusion (N7)™ — G™ with the projection G™ — G™/P™ defines a conformal
embedding j : M™ ! — Ein,,_ ;. Here we identify M™ ! ~ (N~)™ (see (20)) and
Ein,, ;1 ~ G™/P™. The embedding j yields a well-known conformal compactifi-
cation of Minkowski space; see also [1]. Now the families DRf(\) are defined by
restriction to the open sets j(M™) C Ein,,.

The family D35 ()\) is a polynomial in the Laplacian Aypn-1 and §?/0x2
with polynomial coefficients in A. In particular,

D, (—gﬂv) — AN, and D (—nT_lJrN) = AN i
where i is the inclusion map M"~! — M".

The powers (Apm)* of the Laplacian Ay on flat Minkowski space are
very special cases of the conformally covariant powers of the Laplacian of pseudo-
Riemannian manifolds constructed in [4]. Their O(2, m)-equivariance is a conse-
quence of their conformal covariance; see also [13], [7].
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Now we turn to an alternative construction of the families D}f()) in terms
of the asymptotics of eigenfunctions of the Laplacian on anti-de Sitter space AdS,, .
In the language of [8] these are the residue families Di*(g, A), where g is the metric

(5).

On the n-dimensional Lorentzian upper half space with the metric

x 2 (—d:v% + Z d:v?)
=2

we consider formal approximate eigenfunctions of the Laplacian with eigenvalue
A(n —1—=X). The ansatz

u(x) ~ Z‘I:\L+2j02j(wl)a T = (xlaxn)a
720

yields recursive relations for the coefficients cy; so that all coefficients are deter-
mined by the leading one ¢y. More precisely, there are differential operators

Ty(N) : C=(RMY) — C= (R
of order 2j (depending on A) such that Th;(N)cy = c9;. It is easily seen that
T5;(A) = Agj(A)(Anga-1 ), (6)
where the coefficients Ay; satisfy the recursive relations
Agio(N) +25(27 +2X+1—n)Ay;(N) =0, Ag(N) = 1.
Here the d’Alembertian

82 n—1 82

- + R
Or} & Oz}

i= v

AMnfl —

is the Laplacian of Minkowski space. Let
Son(A) : C®°(R™) — C*(R™™)
be defined by

N 1 5 \2N-2
A) = ———Toi(A\)i" | =— )

v = 3 G ) (o) )

The following theorem shows that both constructions yield the same results (up

to normalization).

Theorem 1.4.  The families Son(A+n—1—2N) and D35 () coincide, up to
a rational function in .
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Moreover, if we define

N

1 o \2N+1-2%
Sl = O ()

J=0

we get the following analogous result:

Theorem 1.5.  The families Son11(A+n—1—(2N+1)) and D55, (N) coincide,
up to a rational function in \.

We expect that the analogous construction of equivariant differential op-
erators generalizes to pseudo-Riemannian spaces with constant negative curva-
ture of any signature. This would give differential intertwining operators between
principal series representations of O(p,q) and O(p,q + 1) induced from maximal
parabolic subgroups, for all ¢ > p > 1, analogous to the operator families treated
in this paper. Such equivariant families would be the analogs for non-trivial sig-
natures of the intertwining families discussed in [8] in connection with Branson’s
Q-curvature. The present results in the case of Lorentzian signature naturally sug-
gest that the methods of [8] extend beyond the Riemannian setting. In particular,
we expect that the recursive structure of ()-curvatures does not depend on the
signature. For related work concerning the indefinite orthogonal group we refer to
[11] and [12].

The paper is organized as follows. In Section 2 we describe the geometric
situation, the structure of the Lie groups involved and the principal series rep-
resentations induced by representations of the maximal parabolic subgroup P™.
In Section 3 we treat the invariance of the d’Alembertian and describes algebraic
constructions which are necessary for the proof of equivariance of the differential
operators Dy (). Section 4 contains the proof of Theorem 1.1 and Section 5 con-
tains the proof of Theorem 1.2. Section 6 describe the construction of the families
DX¢()) in terms of the asymptotics of eigenfunctions of the Laplacian on anti-de
Sitter space.

This article is part of the thesis of the author. I would like to thank my
advisor professor Andreas Juhl for suggesting the problem studied in this paper
and for many fruitful discussions. I also would like to thank Johan Ohman for
interesting discussions concerning this paper.

2. Geometric preliminaries and principal series representations

The n-dimensional anti-de Sitter space, AdS,,, is the one-sheeted hyperboloid
— -ttt an g = —1 (8)
in the space R""! equipped with the pseudo-Riemannian metric

ds® = —dt? — dt; + da} + - - - + da?

n—1-

The group of isometries of AdS,, is O(2,n — 1), that is, all linear transformations
of R™™! that preserve the hyperboloid (8). We let G™ = O(2,n—1). Furthermore,
we assume that n > 4.
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The Lie algebra g, = g = 0(2,n— 1) consists of all traceless matrices of the

form
A B
Bt D)’

where the 2 x 2-matrix A and the (n—1) x (n—1)-matrix D are skew-symmetric.
For n > 4 we will use the inclusion

i:0(2,n—1)—0(2,n)

M (]‘04 8) (9)

On the Lie group level we use the corresponding inclusion

given by

i:02,n—1)—0(2,n)

M (]‘04 (1)) . (10)

The involution §(A) = — A" on 0(2,n—1) yields a decomposition g = ¢@q,
where £ and g are the eigenspaces for the eigenvalue 1 and —1, respectively. We
choose a maximal abelian subspace of q by

given by

aq = spang(H, Hs),

where
00010 00 0 0O
000 00O 001 0O
H=|10 0 0 0 0|, H,=101 0 0 0
100 00O 00 0 0 o0
0 00O0OO 0 00OO

Here and henceforth, we write elements in 0(2,7 — 1) as matrices of the block

forms
( 4 x4 4 x (n—3) )
m=3)x4 (n—=3)x(n—-3)/)"

We define f; € (aq)* by fi(H;) = 6;;. We choose £% = {f1, fo, fi + fo, f1 —
fo} as the set of positive restricted roots. The simple restricted roots are fi, fo
and f; — fo. The set of restricted roots is ¥ = T U —X*1, and we have the root
decomposition

gzgo@zgcm gozaq@mm

aEX

where my is the centralizer of a4 in €. We have

my = spang(M;; |1 <i,j <n—3),
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where for 1 <i,5 < n— 3 we set

0000 O
0000 O
My=10 00 0 0 | with (Rij)ps = 0i6;5 — 6is0jy.
0000 O
0000 R,

We choose a basis of root vectors as follows. For 1 <j <n —3, ¢; € R"3 . let

00 0 0 e 0 0 0O 0 O
0O 0 0 O 0 0 0 0 0 e
Yj+ =10 0 0 O 0| €gp, Z;r =10 O 0 0 ¢ | €gp,
0 00 0 ¢ 0 0 0O 0 O
e§ 00 —e§ 0 0 eg _63 0 0

and let Y, = (V") € g_p, Z; = (Z]) € g_p,. We define Wi and W, by

0 1 -1 0 O 0 11 0 0
-1 0 0 10 -1 00 1 O
Wi=|]-10 0 1 0 Ggf1+f2,W2: 1 00 -1 0 CEHfH—fo
0 1 -1 00 0 11 0 O
0O 0 0 00O 0O 00 O O
We have [Y;", Z7] = 0;,W1 and[Y]", Z,7] = 6;4W. Moreover, we set
Y, 2] = 0sWs = 00(Wa) € g fy1 10
Y, 2] = 05Wa = 60(W1) € g p,—p,-
It will be convenient to introduce the following elements.
Wy + W- _ —Ws — W,
Qi_ = %7 Ql = (QT)LL = %7 (11)
Wy — W, _ Wy —W:
Qf =T, Q= (@) = (12)

We define nf = >, v gx. A minimal parabolic subalgebra is given by pmin =
my @ aq D n;r, a maximal parabolic subalgebra is given by p = puin ® g—y,, with
Langlands decomposition p = m @ a ® n', where

m=mg & gp, & g-p, Gspang(Ma), a=spang(H), n" =gp S g1, Dp—po-

We have n= = 0(nt) = g_p, B g_p—p, D 9—f145,- We have the decomposition
g=n"@dmdadn’. The commutator relations for o(2,n — 1) can be found in
the appendix. We have

mnf]Ccnt mn ] Cn[mm] Cm,[m,a =0,[n",n"]=0. (13)
We will also use the following basis for n_ :

Y;.’ for1 <j<n-—3,
I; = Q7 forj=n-2 (14)
Q, forj=n-—1
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Following [10, p. 133], we define Ky, A, N* and M, as the analytic
subgroups of G" = O(2,n — 1) with Lie algebras ¢, a, n™ and m, respectively.
We let K be the maximal compact subgroup O(2) x O(n—1). We will also use the
notation K, K™, (NT)™ and M for these subgroups of G™. The Lie algebras
n™ and a are abelian, and hence Nt = exp(n*), A = exp(a).

We have a bijection so(1,n—2) ~ m which shows that My ~ SOq(1,n—2).
In [14] it is proved that, for 0 < p < ¢, we have exp(so(p,q)) = SOy(p, q) if and
only if p =0 or p = 1. This shows that exp(m) = M,.

We have

Zi(a)={ke K|Ad(k)=1on a}={k€O(2) x O(n—1) | kH = Hk}.

Every m € Zk(a) satisfies

a 0 0 0 0 . 0
0 b 0 0 0 . 0
0 0 mi1 0 mi3 .. mMi(n—1)
m= |0 0 0 a 0 0 € 0(2) x O(n —1),
0 0 mas1 0 ms3s Ce M3(n—1)
00 mu—n1 0 Mep-—n3 -+ ME_1)@n-1)

where a = £1,b = £1. We know that exp(Ze(a)) consists of matrices of the form

10 0 0 0 e 0

01 0 0 0 o 0

0 0 mi1 0 mis ce M1(n—1)

oo o 1. 0 .. 0 € SO(2) x SO(n — 1),
0 0 maz1 0 ms3s3 ce m3(n—-1)

0 0 m(n_l)l 0 m(n_l)g c. m(n—l)(n—l)

and we conclude that

Zx(a) = {1y, Jin) w1, w2) exp(Ze(a)),

where
1 0 0 00 10 0 0O
0O -1 0 0 O 01 0 0O
wy=]0 0 1 0 0], we=1]00 -1 0 0], (15)

0O 0 010 00 0 10
0O 0 001 00 0 O01

-1 0 0 0 O

O -1 0 0 O
Jopy=10 0 -1 0 0 |,

o 0O 0 -1 0

O o0 O 0 -1
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and (wq,ws) is the subgroup of O(2,n — 1) generated by w; and w,. Here 1,
is the identity element in G™.

We observe that Zg(a) C m and exp(Zy(a)) C My. By definition, M =
Zk(a)My and hence

M = Zk(a)My = ({1(11)7 S} (w1, w2) eXP(ZE(ﬂ))> Mo
= {1(71)7 J(n)}<w17w2>M0 CG"= O<27n - 1) (16)
We have My ~ SOy(1,n — 2) and hence (w, wy)My ~ O(1,n — 2). The maximal
parabolic subgroup is given by P = MAN™.

Furthermore, we see that My N K ~ SO(n — 2), the elements of My, N K
are given by

10 0 0 0 . 0

0 1 0 0 0 e 0

00 du 0 dip di(n—2)

0 0 0 1 0 0 € SO(2,n —1),
00 dy 0 dy ... dyuo

00 dpop 0 sy - dipogyinos)

and the elements of (wq,wy) My N K ~ {£1} x O(n — 2) are given by

1 0 0 0 0 0

0 =+1 0 0 0 0

0 0 d11 0 d12 dl(n_Q)

0 0 0 1 0 0 €0(2,n—1).
0 0 d21 0 dgg AN dg(n_z)

0 O d(n,2)1 0 d(n,g)g R d(n,g)(n,g)

Lemma 2.1. K/((w,w)MyNK)=S5"x S"2 and
K/(MNK)~(S"x S"?)/Z,,
where the Zsy-action is defined by
(z,y) — (—x,—y) on S* x §" 2. (17)
Proof. = We have (wy,ws)MyN K ~ O(1) x O(n — 2) and hence
K/({(w,w)Mog N K) ~ (0(2) x O(n —1))/(O(1) x O(n —2)) ~ S* x §"72. (18)
Using M N K = {1(n), Jim) } (w1, w2) Moy N K), we conclude that
K/(MNK)~(S*x S"?)/Z,. (19)

This completes the proof. [ |
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Let C,, be given by (2). We define Ein,_;, the Einstein universe, as the set

of all straight lines in C), through the origin; see [3] and [2]. We define Ein,_; as the
set of all rays in C, from the origin. The sphere with radius v/2 ) in. R™! with center
at the origin intersects C,, in the set S* x S"~2, and hence Ein,_; ~ S! x S"2
and Ein,,_; ~ (S! x S"72)/Z,, where the Zy-action is coming from the involution

(17).

Lemma 2.2. G" =0(2,n—1) acts transitively on Eing_., and
p: <’w1,w2>MOAN+

is the isotropy group of the ray generated by (1,0,0,1,0,...,0) € R . It follows
that - )
Eil’ln_l ~ Gn/Pn

Proof. Let P" denote the isotropy group of the ray generated by
(1,0,0,1,0,...,0) € R™™.

It is immediate that (wy, we) MyANT C P". We now prove P* C P". Let g € P".
First, assume that g € P"NSOy(2,n—1) and write g = kan € Ko exp(aq) exp(n; ).
We have exp(a,) C P", exp(ny) C P" and hence k € P". It is easy to see that

Ky N P" C M, and hence we conclude k € M,. Because eXp(n;L) C N* and
exp(ag) C MoA we conclude that g € MyAN*. Finally, using O(2,n — 1) =
(wy, we)SOH(2,n — 1) we conclude that P" C (wy,we) MgANT. ]

Lemma 2.3. G" = O(2,n — 1) acts transitively on Ein,_;, and P™ is the
isotropy group of the line generated by (1,0,0,1,0,...,0) € R*™™. It follows that
Ein, 1 ~ G"/P".

Proof. Let P" denote the isotropy group of the line generated by
(1,0,0,1,0,...,0) € R,

It is immediate that P* ¢ P". We now prove P" C P". Let g € P, First,
assume that g € P N SOy(2,n — 1), and write g = kan € Kyexp(ay) exp(ng).
We have exp(ag) C P, exp(ny) C P" and hence k € P". It is easy to see
that Ko N P* ¢ M and hence we conclude k € M. Because exp(nf) C N*
and exp(ay) C MA we conclude that ¢ € P". Finally, using O(2,n — 1) =
(wy, wy)SOy(2,n — 1), (wy,wy) C P, we conclude that P" C P". ]

We will use the notation

n—1
n(_zl,:rg,xg ,,,,, Tp—1) = eXp<x1QI + ‘TQQ; + Z ‘/Eiy;:Q%
i=3
and (N7)" is identified with R"~! = M"~! by
M1 3 (21,29, T3, - -, Tpg) — s amsan 1) € (V7)™ (20)
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We let 7 : C, \ {0} — Ein,_; denote the natural projection and define the map
p:G" — Ein,_1, x — 7 (2(1,0,0,1,0,_3)) .
Here (1,0,0,1,0,_3) denotes the vector (1,0,0,1,0,...,0) € R and
x(1,0,0,1,0,_3)
denotes matrix multiplication of z € (N7)" C G" with the column matrix
(1,0,0,1,0,_3)".
Lemma 2.4.  The injection
j M ~ (N7)" — Ein,_y, 2 — p(z)
has image Ein,,_1 \ 7(D,,), where
D, = {(t1,to, x1, 22,23, ..., Ty_1) |t1 + 22 = 0}.
The injection j gives a conformal compactification of M"! in Ein,_; .

Proof. We compute

n—3

exp(wiQy +wa@y + Y w; oY} )(1,0,0,1,0, 3) =

j=1
= (1 —w? +wi + |02, 2wy, 2wy, 1 + w? — w3 — |w'|?, 2ws, 2wy, . . ., 2w, _1),
where we let w’ = (ws, ..., w,_1). The equations
t=7r(1—wi +wjy + [,
tg = 27“101,
T1 = 2rws,
vy = r(1+wi —w; — [w'?),
T3 = 2rws,

Ty = 27y,

Tp—1 = 2rWp_1,

imply that r = %422 and hence

to 1 X3 Ty Tp—1
Wy = , W2 = , W3 = , Wqg = y ooy Wp1 = .
t1 + 9 t1 + 9 b1 + @9 t1 + o t1 + o
(21)
This completes the proof. [ ]

If we let H" C G™ denote the elements g € G™ such that p(g) € 7(D,,) we
get the Bruhat decomposition

G" = (N")"M"A(NT)" U H".

For g € G™, g ¢ H" we write g = n(g)m(g)a(g)n.
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Lemma 2.5.  Let § be a character of A. Then every f € Cg°((N7)") extends
to a function f € C*°(G") such that f(xman) =&(a)f(x) for all man € P" and
reGn.

Proof.  We define f(n-man) = f(n")&(@), where n~ € N~,m € M,a € A
and n € Nt and f(g) =0 for g € H". To prove that f is smooth, it is sufficient
to prove that for every h € H™ there exists an open neighborhood of h (in G™),
where f is identically zero.

Assume that h € H™. Then p(h) € w(D,,). For any € > 0 the set

U(€> = {ﬂ-((tth; L1, T2, L3y - - 7xn71>) |t1 + 72 < E}

is a neighborhood of p(h), and using the continuity of p the set p~'(Ul(e))
is a neighborhood of h. Now let ¢ € G". If gP" € Ein, ; is given by
w((t1,ta, 1, ..., x,—1)) then using (21) we get

77(9) = nE to T 3 Ty 1 )a

t1+xo 'ty +zo 't +T0 t1+xo

and using the compact support of f, we see that for sufficiently small € > 0
the function f is identically zero in p~!(U(e)). |

Let R be the right-regular representation of G on C*(G), i.e., (R(g)u)(x) =
u(zg). We let U(g) operate from the right on C*°(G) through the extension of
its differential

(R(X)u)(z) u(zexp(tX)), X €g. (22)

" dtlio
Observe that for any v € C*°(G) and X € g we have

R(Ad(g)X)u = R(g) o R(X) o R(g")u. (23)

Using R, elements of U(g) induce left-invariant differential operators on C*(G).

We now define principal series representations of G™ = O(2,m — 1) in-
duced from the parabolic subgroups P™, Pj" and P™ with respective Langlands
decompositions

P=MAN*, Py= MyAN*t, P=MANT,

where M = (wy, wy) M.
We first define principal series as induced representations. For A € C with
corresponding character &, and a representation o : M — C* let

Indgn. (6 ® 0) =
{u € C(G™) |u(gman) = o(m)éx(a)u(g), man € P™, g € G™}.

G™ acts on Ind%,. (£, ® o) by left translation, i.e.,

(meeo(g)u)(x) = u(g™'x).

Note that our definition differs from the convention in [10].
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m

We use the notation Ind%.. (£,) = Ind$.. (€4 ® 04.), where o is the trivial
representation of M. We also use the notation m¢, (9) = 7,20, (9). Let the
representation o_ : M™ — C be the unique representation such that o_(z) = 1
for x € (wy,w2) My, 0_(Jmy) = —1.

The principal series representations of G™ induced from P™ and Fj* are
defined in a similar way.

Let Ky, := KN M. In order to describe the compact realization of the
principal series representation of G™ (induced from P™), let

C®(K)M = {F € C®(K) | F(kmn) = F(k), m € Ky}

Let ¢ : Ind$(£)) — C(K)XM be the restriction map. Using the decomposition
G = KMAN™ (]9, prop 7.83(g)]), we write g = k(g)u(g)e’Wn(g) and find

07 (F)(g) = F(r(9)er(e"?).
§ becomes an isomorphism of G-modules if on C®(K )%™ we define
(W (9)F)(kKar) = F(r(g~ k) Kar)éa(e0P). (24)
Now (18) gives a bijection
C®(K™)5 — C*°(Einy,_,), (25)

and the equation (24) defines a G-module structure on C*(Ein,,_1). If we
want to emphasize the parameter A € C of 7§ we write C*°(Ein,,_1), for the
representation space.

Let K;; = KN M. In order to describe the compact realization of the
principal series representation of G™ (induced from Pm) let

C™(K)fa = {F € C*(K) | F(kim) = F(k), m € Ky}

Let 4 : Indg(f,\) — C°°(K)®Xx be the restriction map. Using the decomposition
G = KMANT, we write g = k(g)p(g)e’@n(g) and find

07H(F)(g) = F(r(9)a(®).
6 becomes an isomorphism of G-modules if on C(K)*i1 we define
(m5(9)F) (KK ) = F(r(g™ k) K ) (e H).
Now (19) gives a bijection
C™(K™5 5 — C™(Eing_1). (26)

If we want to emphasize the parameter A € C of 7§, we write C”(ﬁm,l) » for
the representation space.

We describe the non-compact realization of the principal series representa-
tion (of G™ induced from P™). Let fe oo @ IndGm (& @ 0) — C®((N7)™) ~
C>(R™ ') be the restriction map. We define

COO((N_)m)g)\(@g = 65)\@0 (Indgz (&)\ X O')) .
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We know that G™ = (N7)"M™A(NT)™ U H™, where H™ C G™ is a lower-
dimensional set, and write g = n(g)m(g)a(g)n. We find

(Berea) ™ (F)(n”man) = F(n")a(m)éx(a).

The definition
(me5 0 (9)F)(2) = F(n(g™'x))o(m(g™ x)éx(a(g ™ x)), F € C((N)")e 00

for z € (N7)™ makes B¢, go : Ind%m (£3) — CP((N7)™)e, 00 into a G™-equivariant
map.

Lemma 2.6.  Let u € U(n,,,) such that for every f € Ind$n (€,) we have

(uf)(e) =0,

where e is the identity element of G"™'. This implies that u = 0.

Proof. = We use the notation (14). Observe that that N, , = exp(n, ;). Let
flexp(Xoi, ziy)) = &(x, ..., xn)p(@, . .., ), Where p is a polynomial and & a
smooth cut-off function such that &(zy,...,2,) =1 for 22+ -+ 22 < 1 and
(w1, .yx,) = 0 for 22 + -+ + 22 > 2. According to Lemma 2.5 f extends
to a smooth function f € IndIG;ZE(f,\). Note that for any polynomial p and

weUm, ), u=(I)k ... (I,)k we get

(uf)(e) = ((Gi) (%) - j)) p(0).

We see that if we let p(x1,...,2,) = 2 ...z then (uf)(e) = 0 if and only if
u € U(n, ;) contains no monomial of the form I ... I'm. This completes the
proof. [ |

3. Powers of the Laplacian and algebraic constructions

Under the identification (20), the d’Alembertian Apgpn—1 is induced by

w

n—

Apor=—(Qr) + Q)"+ )_(¥;7)* €U(ny) C Ulgn)- (27)

.
Il

A,,_1 commutes with m,,. Moreover,

Proposition 3.1. P € U(n;)) satisfies [X,P] =0 for all X € m,, if and only
if P is a polynomial in A, _1.

Proof. Although the result is well-known, we give a proof for the sake of
completeness; the argument is similar to [6, p. 270-271]. It is easy to see that if
P is a polynomial in A,,_1, then [X, P] =0 for all X € m,. We now prove that
if [X,P] =0 for all X € m,, then P is a polynomial in A, ;. Observe that
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M{ = exp(m,,) is generated by A;(t), B;(t),C;(t), D;(t), 1 <i,j <n-—3,teR,
where

tiz- Zr -7z
A1) =exp (B55) . Bi(1) = exp (Tt) ,
Cj (t) = exp (Hgt) 5 Dzj(t) = exXp (th) .
The Lorentzian metric on M"~! induces the following non-degenerate bilinear form
on n:
n—1

n—1
(11Q7 + 12Q5 + Z Y, D9, 1 Q1 + 12Q7 + Z YiYios)
i=3 i=3

n—1

= —I1Y1 + T2Yy2 + szyz (28)
i=3

We prove that for any Y € n_ such that (YY) = 1 there exists some m € Mg
satisfying
Ad(m)Q; =Y. (29)

Let Y = 21Q7 + 22Q5 +x3Y] + -+ 2,.1Y, 5. For some ¢t € R we have
Ad (exp(tH3)) Q5 = Q5 cosht + Q7 sinht = Q5 cosht + z10Q)7 . (30)
Using

Ad (B;(t)) (Qy sinar + Y, cosar) = Q; sin(a +t) + Y, cos(a + ),

31
Ad (exp(M;;t)) (Y, cosa+ Y, sina) =Y, cos(a +t) + Y sin(a + ), (81)

we see that Ad (B;(t)) and Ad (D;;(t)) acts as rotations in the subspace spanned
by Q5,Y,,...,Y, s leaving the subspace spanned by @7 invariant, and (29)
follows. We conclude that

1. Ad(m)(n,;) Cn, for all m € M,

2. (X,Y)=(Ad(m)X,Ad(m)Y) for all X,Y en_ , me My,

3. Ad(Myg) acts transitively on the set {X € n | X # 0, (X, X) = ¢} for each
real number ¢ > 0.
In the following we choose

Xl :Q1_7X2:Q2_7X3:1/1_a"'7Xn*1 :Yn_—?)

as a basis for n . Now assume that [X, P| =0 for all X € m,,. This implies that
Ad(m)P = P for all m € M{'. Let P =5 an » X' X5%... X,"7". We define
P*:n, — C by

n—1

P> X)) = a2 a (32)

i=1
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The Lie algebra n,, is abelian, and hence

(PR (D _wiXi) = P (D w:X)Q (D :Xy), (33)

which implies
P*(Ad(m)~'X) = (Ad(m)P)*(X). (34)
Using Ad(m)P = P for all m € M} and (34), we conclude that P*(Ad(m)X) =
P*(X) for all m € M and X € n;,. Using (2) and (3) above, we see that for each
real number ¢ > 0 the function P* is constant on B, :={X € n | (X, X) = c}.
We get P*(x9X5) = P*(—22X2) and hence for some numbers a; we have

N

N
P*(JIQXQ) = Zak(.TQ)Qk = Zak<.ﬁl]2X2,I‘2X2>k.
k=0 k=0

Using that for ¢ > 0 the function P* is constant on B., we conclude that for
X en,, (X,X) >0 we have

PH(X) =) ap (X, X)k. (35)

If we let X = 327 2;X; and use (32), together with (X, X) = —a? + 23 +--- +

2
T, _q, we get

N
1,72 Tn—1 __ 2 2 2 k
§ Aryrp Ly To™ oo Ly 1 = § ak( e xn71>

k=0
on the open set {(zy,72,..., 2, 1) E R | —22 423+ --+22_ | > 0}. But since
two polynomials coincide if they coincide on a non-empty open set, (35) is valid
for all X € n,;. We conclude that P = Y"1  ap(—=X? +---+ X2 ). n

The following result will be used to construct the induced operator families.
It will be convenient to use the notation 7, =Y, , €n, ;.

Theorem 3.2. Let A€ C.

Dyn(A) = Z a;(N) (Dn1) (T)* ™% € U(nyyy) (36)
satisfies
[X, Don(N)] € U, 1) (M & C(H — A)) (37)

for all X € nl if and only if
(N — 5+ 12N = 2j + 1)a;_1(A\) +j(n — 142X — 4N + 2j)a;(\) =0 (38)

forj=1,...,N.
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Theorem 3.3. Let A€ C.

N

Day1(A) = D b\ (A1) (1) e Un,y)

J=0

satisfies
[X, Dona(A)] € U(n, ) (mpy & C(H — A))

for all X € nl if and only if
(N — 5+ 1)(2N — 2 + 3)b;_1(\) + j(n — 3+ 2\ — AN +25)b;(\) =0 (39)

forall j=1,...,N.

Let Dyy(A) € U(n,,, ;) be the unique element satisfying (38) and ay()\) = 1.
Let DYy,1(A) € U(n, 1) be the unique element satisfying (39) and by () = 1.
We have the following algebraic characterization of the family D% (\).

Theorem 3.4. Let N >0,€ €eU(n,,,) and let X € C. The three conditions

[X,E] =0 for all X € m,, (40)
(X, &) eU(n,, ) (M1 ® C(H — N)) for all X €nf, (41)
[H,E] = —NE, (42)

are satisfied if and only if € = ¢D%(X\) for some c € C.

The analogs of Theorem 3.2 and Theorem 3.3 for o(1,n) have been proved
in [8]. Our proof for 0(2,n — 1) is similar but incorporates some simplifications
(as a proof of Lemma 3.9 using an induction argument). We now prove Theorem
3.2 and Theorem 3.4. We omit the proof of Theorem 3.3; it is similar to the proof
of the corresponding result for o(1,n) in [8].

We formulate some lemmas which are used in the proof of Theorem 3.2.

Lemma 3.5. We have

[mn, n-1] =0, (43)

[, Ana] =0, (44)

[mn, T,] =0, (45)

[H, (An1)*] = =2k(A00)", (46)

[H, (T.)*] = —2k(T,)*. (47)

Proof.  (43) follows from Proposition 3.1, (44) follows because n is abelian.
The other statements follow from a simple computation. [ |

Lemma 3.6.  For any X € n} and for any F € U(n, ;) we have that

(X, Fl e U, )mng) @ Un,)a) S UML) (48)



BACKLUND 167

Proof. Any F € U(n,, ;) can be written as a linear combination of terms of
the form

()™ ... (L,)™,
where as,...,a, are natural numbers and I, ..., 1, is a basis for n__; see (14).
Using

L4rBl"“Bn]::L47E%}BZ"“BH_%"'+‘Bl"“Bn71L4WBA

and [n} ., n ;] C muq @ a, we conclude that [X, F| can be written as a linear
combination of terms which are monomials with factors from n,_ ; and at most
one factor from m, 4 @ a,41. Using [m,q,n, ] Cn, ., and [a,n, ] Cn, ., the
statement (48) follows. ]

Lemma 3.7.
Y, (Y7)2N] = —2N(2N — DY)V 4 4N(Y, )2V L.
1 1 1 1
For 2 <r <n we have

Y5, (7)Y = 2N (2N — DY (V7)) 72 + ANV, My,

T T

Proof.  See Lemma 5.1.3 in [§]. n

Lemma 3.8.
Y7 A, 1] = (2n—6)Y, +4Y] H + v,

where v €n, @m,.
Proof. We have

Y, —(Q1)] = 2Q7 (2 + Z7) +2Y7,
Y7H(Q1)%] =205 (Zy — Z7F) +2Y,,

and hence

Y5, —(Q7)% + (Q3)?] = 4Yy +2Q1 (Z + Z7) +2Q5 (Z7 — ZY).

Furthermore
n—3 n—3
VD) () = (20 = 10)Y, +4Y7 H + ) 47 My, n
j=1 =2

Lemma 3.9. For j > 1 we have
Vi (A1) =25 (n =1 = 27)Y (A 0) 7+ 45V (A )T H 0, (49)

where v € U(n,)) @m,,.
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Proof.  Lemma 3.8 shows that (49) is true for j = 1. Assume that (49) is valid
for 7 < k. We want to prove that (49) is valid for j = k+ 1. We get for some
v1,v2 € U(n,)) ® m,, that

V7", (A1) = V17, D] (A1) + (An-n) VP, (Ano1)]
={(2n - 6)Y; + 4V H + v }(A,)*
+ (A ) {2k(n — 1= 2k)Y, (A, )t kY (A ) H 4+ v}

¢ From (46) we see that
4Y 7 H(A,1)F = 4Y7 (A, ) (H — 2k).

i From (43) we know that [m,,A,_;] = 0 and hence for all R € U(n;), S € m,
we have
RS(A,_1)F = R(A,_1)*S = R'S,
where R’ € U(n;)).
We conclude that for some vz, vy € U(n;)) ® m,, we have

Y77, (A1) = (20 = 6)Y (Ap1)" + 4V (A1) (H — 2k) + 3
+2k(n —1 = 2k)Y (An_1)* 4+ 4kY] (A )" H + vy
=2(k+1)(n—1-2(k+1))Y, (A,1)"
+ 4(k 4+ )Y (A1) H + (vs + vy). n

Proof of Theorem 3.2. For some v € U(n,) ® m,, we get using [m,,T,] = 0
that

YlJr(An%)j (Tn>2k = [Y1+> (Anfly](Tn)zk + (Anflyler(Tn)%

+45Y (Ana T HH (TP + o(To)™ + (A0 )Y (1)
=2j(n —1—2))Y7 (Apy) (1)
+45Y (An—l)j_lH(Tn>2k +w+ (An—l)j}/l+(Tn)2k7

where w € U(n,, ) @ m,. Using H(T,)** = (T,,)*(H — 2k), we get

[Y1+7 (An—1>j(Tn)2k]

=2j(n —1=2j)Y; (A ) H(T,)*

+45Y7 (D) TTH(T)? 4w+ (A1) V)T, (T0)]

= 2j(n—1—=2)Y; (A1) 1 (T0)*

+45Y (A )T H = 8kY (A ) (1)

+ (An_1)2k(2k — )Y (T)* 72 + (Ap_1 )4k (T;,)? 15 (where S € m, 1)
= {2j(n — 1= 2j) + 45X — 8jk}Y; (Ap_y )~ H(T3)*

+2k(2k — )Y, (A1) (T)* " modU(n, ) (mysy & C(H — X)),
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where we used that [Y]7,A,_1] =0, that is (13).
We obtain (mod U(n,,;)(m,41 @ C(H — X))

Y1, Dan(M)]

= a;(N((25(n — 1= 2j) + 451 = 8j(N — )Yy (Apy )~ H(T,)"N >

+ ) 2N = )N =25 — )Yy (An 1) (T,)N 572

=0
We conclude that [Y;", Doy(A)] = 0 (mod U(n,,,)(my1 ®C(H —\))) if and only
if

ar(M{2r(n—1-=2r)+4rA=8r(N —7)} + a,_1(MN)2(N —r+1)(2N —2r+1) =0

forr=1,...,N.
The only if statement follows because no non-trivial linear combination of

Vi (D) HT) T = Y () HT)T € Ugng)

n n

for k = 1,...,N lies in U(n, )(my41 & C(H — A)). This follows expanding
(An,l)k_l into monomials and using the Poincaré-Birkhoff-Witt theorem.

Now suppose that the coefficients a;()) satisfy (38). Under this assumption,
we know that (37) is true for X = Y;", that is, we know that

Y1, Dan(N)] € Ulny 1) (m0 & C(H = N)).

We prove that this implies (37) for all X € n.
First, observe that using (13), we see that for all M € M} we have

AU ) (1 COH = N)) € Uty ® C(H = X)), (50)
Using [m,, A,_1] =0 and [m,,7,] =0, we get

U, ) (Masr © CH = X)) 3 Ad(M)[Y;", Dan (V)]
[Ad(M)iﬁ+7Ad( 1)Don (V)]
1)

= [Ad(M)Y)", Dan(N)]
Y7, Dan (V)] for M = exp(—3™),
=4 IV"+QF — QF, Dan(N)] for M = Z,
Vit — Qf — Q3 , Dan(N)] for M = Z. .

Proof of Theorem 3.4. We only give the proof for the case of even N. Assume
£ € U(n, ) satisfies (40), (41) and (42). Using the notation (14), the Poincaré-
Birkhoff-Witt theorem shows that £ can be written as a linear combination of

()™ ...(I)™ | a,...,a, € N} (51)
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Now (42) and the fact that [H, X]| = —X for all X € n;] show that £ is a linear
combination of basis elements from (51), where

aj + - +a, =2N. (52)
We see that
2N
=3 p 12N,
j=0

where p; € U(n,) is a homogeneous polynomial of degree j in the variables
I, ..., I,1 given by (14).
For all R € m,, we have [R,T,] =0 and hence

R, &) = [R,p )TN " + - + [R, pon—1]T;, + [R, pan] = 0.

We have [m,,n,] C n, and hence [R,p;| € U(n; ). Using the Poincaré-Birkhoff-
Witt theorem, we conclude that for j =1,...,2N we have that [R,p;] =0.
Proposition 3.1 shows that p; is a polynomial in A,_; for every j =
1,...,2N. Using that p; is a homogeneous polynomial of degree j, we deduce
that p; = 0 for odd j, and py; = ¢; (An,l)i for some complex constant c¢;.
We conclude that

€= ;N (AP (TN,

j=0

and we see that & is of the form (36). Now the only if statement in Theorem 3.2
completes the proof. [ ]

4. DY,(N) as families of homomorphisms of Verma modules

Let W be a U(pm)-module. The algebra U(g,,) acts on the vector space U(g,,) QW
by

(U2 @ w) = (uuz) @ w. (53)
Let Iw(gm) C U(gm) ® W be the left U(g,,)-ideal generated by the elements
X@uw—-1® (X w), X € py. Iw(gn) equals the subspace of U(g,,) ® W spanned
by the elements

(np) @ w—n® (p-w), (54)

where n € N,p € P,w € W. Here N is a basis for U(n,) and P is a basis for
U(p.m). In fact, for any v € U(g,), p € U(p,) and w e W

up @w —u®@ (p-w)

can be written as a linear combination of terms of the form (54). Using the
Poincaré-Birkhoff-Witt theorem, we know that u can be written as a linear com-
bination of terms of the form ngpy where ny € U(n,), po € U(pm). We see
that

nopop @ w — nopo @ (p - w)
= (nopop ®w — ng @ (pop) - w) - (nopo ®(p-w)+no® (po- (p- w)))-
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The generalized Verma module induced from W is defined by the vector
space quotient
My (gm) = U(gm) @ W)/ Iw (gm) (55)

with the left ¢(g,,)-action. We also use the notation U(gm,)@u(p,.\W for My (gn).
For A € C let £, : a — C be the character &,(tH) = tA. The vector space
W = C, is made into a left U(p,)-module by

Xz=&6(X)z for X € a,
Xz=0 for X € m,, ®nt.

Let
I(gm) = Ic,(gm) and  Mi(gn) = Mc, (gm)-

We view U(g,+1) ® Cy as a U(g,)-module with the action
w (v ®@v) = (i(u))u) @v

for uy € U(g,), where ¢ : U(g,) — U(gn+1) is the inclusion induced by (9).
Lemma4.1l. MeC, W =C,, u®l € Iy(gy), u € Un,,) implies that u= 0.

Proof. Observe that any element in I¢, (g,,) is spanned by elements of the
form (54), and hence u ® 1 can be written as a linear combination of

(nipi) @ 1= & (pi)ni @ 1= (nipi — E(pi)ni) @ 1, i=1,...,7 (56)

for some elements pi,ps,...,p, € P and elements nq,...,n, € N such that n;p;,

¢t =1,...,r are linearly independent. We conclude that u is a linear combination
of

nip; — Ex(pi)ng, i=1,...,m (57)

Now assume that p; € C for all 1 < i < r. We see that vector space spanned by
(57) has empty intersection with ¢(n;). This implies that u = 0.

Now assume that p; € C for some 1 < i < r. Reordering the terms in
(57), we can assume that pq,...,ps € C, and psyq,...,p € C. Now p; € C for
1 <i < s implies that n;p; — {x(pi)n; =0 for 1 < i <s. We conclude that u is a
linear combination of (57) for s+ 1 <4 < r. But the vector space spanned by the
terms in (57) with s + 1 < < r has empty intersection with U(n;,), and hence
u=0. [ |

Theorem 4.2.  For any A € C, the map
U(gn) ®Crn 5T @1 i(T)DY(N) @ 1 € U(gns1) @ Cy (58)
induces a homomorphism
w0 : Man(gn) — Mi(gnt1) (59)
of U(gn)-modules. Furthermore,

Homu(gn)<M/\—N(9n)v M/\(gmrl)) = spanc(cpo).
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Proof. First, we prove that Homy(g,)(Mi-n(8n), Ma(8n+1)) C spanc(po)-
Assume that

Y e HOmu(gn) (M)\fN(gn% M)\(gn+1)>'

We have
p({l®1}) ={Frel},

for some F' € U(g,11). Here we use {} to denote equivalence classes. Since
p({u@1}) = p(uf{l @ 1}) = i(u)p({1 @ 1}) = i(w{F @1} = {(i(u)F) © 1}
for all u € U(g,), we conclude that ¢ is induced from a map
C:U(G) QCy ND2TR1—i(TF®1e€U(gn) @C,, (60)

where F' € U(gny1). Furthermore, we can assume without loss of generality
that F' € U(n,,,): By the Poincaré-Birkhoff-Witt theorem F € U(g,11) can
be written as a linear combination of terms of the form np, where n € U(n, )
and p € U(pp+1). For n € U(n, ;) and p € U(p,41) we have for some complex
number C that

{i(Mnp @1} ={i(T)n@p-1} = {i(T)n & C} = {i(T)(Cn) @ 1},
and hence we conclude that
{i(TVF®1} = {i(T)F 1}

for some F € U(n,,,,).
It is also easy to see that a map f:U(g,) ® Cx_n — U(gn+1) ® Cy induces
a homomorphism M_y(g,) — Mx(g,+1) if and only if

f(h-n(gn)) C In(Gnt1)- (61)
This implies that
C(Ir-n(8n)) C I(@nt1)-

We now find conditions for F' which are equivalent to that ¢ induces a
U(g,)-homomorphism (59). Observe that

We compute

(H®1-1®(A=N))=HF®1—-F® (A—N)
=(H,F]l+FH)®1-F®\—-N) (63)
= [H,F]@1+FH®1-10&(H)1)+ NF® 1.

We see that
((H, F]+ NF)®1 € I\(gns1)- (64)

Now F' € U(n, ) and hence [H, F| € U(n,,,). Using (64) and Lemma 4.1, we
see that

[H,F|+NF =0. (65)
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For M € m,, we have

Me1-10&6 y(M)1=M®1€ IL,_n(gn) (66)

We compute
(M@1)=MF®1=FM®1+ (M,F]®1). (67)

We see that
M,F]®1 € I\(gns1)- (68)

Now F' € U(n,,,) and hence [M,F| € U(n,, ). Using (68) and Lemma 4.1, we
see that

[M,F] =0. (69)
For X € nf we have
X®1-10&4-nX)=X®1€ Lin(gn) (70)
We compute
(X)) =XFel=X,Flel+FX®Ll (71)

We see that
(X, Fl®1 € I\(gn+1)-

Using the notation (14), F € U(n, ;) and Lemma 3.6 shows that

(X, Fl@l= Y coa@)". . (L) @1

- Z 6a1--.an7f,g(]1)a1 s (]n)aan,g ® 1.
Using

we get

and hence

Z (Ca1-~-an - )‘dm--.an)(ll)al s (In)an ®1e IA(gn-i-l)-

Using Lemma 4.1, we conclude that c,, 4, = A4, .4, and hence

(X, F] € Uln, ) (m ® C(H — \)). (72)
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Theorem 3.4 and (65), (69) and (72) show that X € spanc(¢o).
Second, we prove that (58) satisfy (61), which implies that

spang (o) C Homyg,) (Mr-n(8n), Ma(@nt1)).
;From Theorem 3.4 we see that (40), (41) and (42) are satisfied for £ = DY (N).
Using (62), (63) and (42), we conclude that
po(H®1—-1®0& N(H)1) € IN(gni1)-

Using (66), (67) and (40), we conclude that

Po(X @1 =106 N(X)1) € In(gns1)

for all X € m,,. Using (70), (71) and (41), we conclude that

Po(X ®1—-1®&6H-n(X)1) € In(gny1)

for all X € n}. n

5. Induced families of differential intertwining operators

In this section we use the algebraic results of Section 3 to prove equivariance of the
polynomial families induced by D% ()\) € U(n,,, ;) with respect to certain principal
series representations. We view DY()\) € U(g,+1) as a left-invariant differential
operator C°(G™") — C>(G™) using R.

Theorem 5.1.  Let A€ C. Then €& € U(n, ;) induces a left G"*' -equivariant

map
Gn+1 n+1

B (62) — Indgy (61n)

if and only if € = c¢D%(N\) for some ¢ € C.

Ind

Theorem 5.2. For A € C the element £ € U(n, ) induces a left G"'-

equivariant map
Gn+1 Gn+1

Indgni(&2) — Indpn (H1-n)
if and only if € = ¢DY(N) for some c € C and N is even.

Theorem 5.3. For A\ € C the element £ € U(n,,,) induces a left G™!-

equivariant map
Gn+1

Ind%n (&) — IndSn ™ 6oy ® o)
if and only if € = ¢DY(N\) for some ¢ € C and N is odd.

For even N, we define

Gn+1

Dy(N) : Tnd%ia (&) — Ind%n (6x-n)
by Dy(\) =i* o D/?v\(j), where DY()) : C°(G™™) — C=(G™) is the operator
induced by D% ()).
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For odd N, we define

Gn+1

Dn(N) - IndGnii (€4) — IndSn (Ex-n ® o)
by Dy(A\) =i* o D/?V\(X), where DY()) : C°(G™™) — C=(G™*!) is the operator
induced by D% ().

Theorem 5.4. For A € C the element € € U(n,,,) induces a left G-
equivariant map » B
Indgnﬂ(fA) - Ind?sn (6r-n)

if and only if € = ¢D%(\) for some c € C.

We define R »
Dy(A) : Ind%, 1, (&) — Ind%, (&-n)

by Dn(A) = i* 0 DY (N), where DY () : C®(G™) — C(G"*+1) is the operator
induced by D% ().

Proof of Theorem 5.1. Using Theorem 3.4, it follows that we need to prove
that £ € U(n,,, ;) induces a map

n+1 n+1

Indgm-l (SA) — IndIng (§A—N)

0 0

if and only if £ satisfies the following three conditions:

[X,E] =0 for all X € m,,
(X, &l eUU(n,, ) (myp1 @ C(H — N)) for all X € n},
[H,€] = —NE.

Observe that £ induces a map if and only if

(Eu)(zman) = E_n(a)(Eu)(x)

for all man € Fy and u € Indgﬁi(g). First, we prove that for all u €

0
Ind%ﬁ(@\), r € G"™ and m € M we have

(Eu)(zm) = (Eu)(x) (73)

if and only if [X,&] =0 for all X € m,,.
Assume that [X,&] = 0 for all X € m,. Using exp(m,) = M?, it follows
that Ad()€ = & for i € Mg Now for all /i € Mg and all u € Indgii(€) we

get using (23) that
(Eu)(zm) = (R(m)Eu)(z) = (Ad(m)E)u(z). (74)

Conversely, assume that (73) is true. Then (74) shows that Ad(m)Eu = Eu for

all u € Ind]CjZﬁ(f,\) and all m € M, and Lemma 2.6 shows that Ad(m)€ = & for
0

m € MJ. Hence [X,E] =0 for all X € m,.
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Second, we prove that for all u € Indgﬁi(&), r € G" and n € N we
0
have

(Eu)(zn) = (Eu)()

if and only if [X,&] € U(n, ;) (M, @ C(H — N)) for all X € nf.
Assume that [X,€] € U(n,,|)(m,41 & C(H — A)) for all X € nf. For all
Xen ue Indggii(&) we get for z € G"*! that

(X, Elu)(z) = 0,
and hence using that u(zn) = u(z) for all 7 € N™ we get
(XEu)(z) = (X, Elu)(z) + (EX)u(z) = 0.
Conversely, assume that for all u € Indggﬂ(f ») we have

([X,Elu)(z) =0, z € G"™, X €n,. (75)

;From Lemma 3.6 we know that [X,&] € U(n, ;) @ myp1) & UM, ;) ®a) &
U(n,,,). Using u € Ind%ﬁ(&), we see that if

(X, Elu=a(l)"...(L,)"Hu+ (1) ... (I)"u+ ...
we get
(X, Elu=a(L)™ ... (1) u+ (L) ... (L) u+...,

and using Lemma 2.6 and (75) we get § = —Aa. We conclude that [X,E&] €
U, 1) (mu @ C(H = N)).
Third we show that for all u € Indggﬁ(fx), reGt ac A

(Eu)(za) = Ex-n(a)(Eu)(x)
if and only if [H,&] = —NE. Assume that [H,&] = —NE. We get using (42)
(HE)ulg) = ([H, Elu)(g) + (EHu)(g) = (=NEu)(g) + A(Eu)(g)
— (A= N)(Eu)g).
Conversely, assume that (HEu)(z) = (A — N)(Eu)(z) for all u € Iﬂdgozﬁ(éf,\)‘

Using
HEu=[H,lu+ EHu = [H,EJu+ \Eu,

we get
([H,E]+ NE)u = 0.

Now [H,n_ ] Cn, ., and hence Lemma 2.6 shows that [H,€] + NE = 0. ]

Proof of Theorem 5.2. From (16) we know that M"™ = {1¢,), Jin) } (w1, w2) My,
and hence £ € U(n, ) induces a map

IndJ\G;nTlA(NﬂnH (&) — Ind%:(m)n (€r-n)
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if and only if £ induces a map

n+1 Gn+l
Ind]\%nHA(N+ n+1(§)\) - IndMn (N+)n (fA )

and

(Eu)(zi(w)) = (Eu)(x), v € G",

for u € nd$,i1 (€y) and w € {wy, w, Jiy}. Here i : G" — G™*1 is given by (10).
Using Theorem 5.1, we conclude that £ € U(n,, ;) induces a map

IndMnnillA(NJr n+1 (f)\) - IndMnnt; N+)» (5)\ N)

if and only if for some ¢ € C we have & = ¢D%()\) and
(Eu)(@i(w)) = (Eu)(z), z € G"*,
for u € IndSnii (£,) and w € {wy, wy, Jn) }-
It follows that we need to prove that & = ¢D%()\) for some ¢ € C and N
is even if and only if £ = ¢D%(\) for ¢ € C and
(Eu)(@i(w)) = (Eu)(z), v € G™ (76)

for all u € Ind%ni1(€,) and w € {wy, wa, Ju }-
For u € Ind%.%, (&) and € G™! we have

(Ad(i(w))€)u(z) = (R(i(w)) o £ o R(i(w)™"))u(x)
= (R(i(w)) o E)u(x) = (Eu)(wi(w)). (77)

Using (77) and Lemma 2.6, we conclude that (76) is satisfied if and only if
Ad(i(w))€ =&

for w € {wy, ws, Jin)}. Using Ad(w)X = wXw™", we see that

Ad(i(wn))Qy = -Qr,
Ad(i(w))Qy = Q3
Ad(i(wy))Y; =Y, forj=1,...,n -2,
Ad(i(ws))Qy = Q7
Ad(i(w2))Qy = —Qs,
Ad(i(wg))Y; =Y, for j=1,...,n -2,
Ad(i(Jw))Q1 = Q7
Ad(i(Jm)))Qy = @7,
Ad(i(Jw))Y, 2 = =Y, 0y,

Ad(i(Jw))Y; =Y for j=1,...,n-3.
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Here we used that

0 —-10 00 00 1 00O
1 0 010 00 0 0O
Q=10 0 00 O0,Q;=]10 0 10
0O 1 000 00 -100
0O 0 00O 00 O 0O
We get
Ad(i(J) Dy (A) = (=1) Dy (),
Ad(i(w1))Dy(A) = Dy (M), (78)
Ad(i(w2)) Dy (A) = Dy(N).
This completes the proof. [ |

Proof of Theorem 5.3. jFrom (16) we know that
= {1, Jimy Hwr, w2) M,

and hence £ € U(n,, ;) induces a map

IndMnn-:‘llA(N‘F w1 (§)) — IndMnA Ny (Er-n® o)

if and only if £ induces a map

n+1 Gnt1 n+1
Indfjn+1A N+) a1 (§) — IndMﬂA(Nﬂn(fA N&@o- |M”) = Indz\G/an N+)n W (Ex-n)

and

(Eu)(zi(w)) = o_(w)(Eu)(x), x € G,

for u € Ind%ni1 (&) and w € {wy, ws, Jmy}. Here i : G* — G™*! is given by (10).
Using Theorem 5.1, we conclude that £ € U(n,, ;) induces a map

Inds gy e (€2) = Ind%ﬁ y(Er-N®o-)

if and only if for some ¢ € C we have & = ¢D%()\) and
(Eu)(zi(w)) = o_(w)(Eu)(x), x € G,

for u € Ind%.11 (&) and w € {wi, w2, Jo) }-
It follows that we need to prove that & = ¢D%()\) for some ¢ € C and N
is odd if and only if £ = ¢D%(\) for ¢ € C and

(Eu)(zi(w)) = o_(w)(Eu)(x), z € G", (79)

for all u € Ind%ni(€,) and w € {wy, wy, Ty }-

For u € Ind%.., (&) and z € G™! we have

(Ad(i(w))€)u(z) = (R(i(w)) o £ o R(i(w)™"))u(x)
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Using (80) and Lemma 2.6, we conclude that (79) is satisfied if and only if

Using (78), the result follows. n

Proof of Theorem 5.4. The proof is analogous to the proof of Theorem 5.2
using that M™ = (wy, we) M. n

The differential operator families in the non-compact model are defined by

DY (A) : CZ((NT)" e, — C((N7)")ey_woos
DR(A) = B a0 © DN o (82717,

where

(81)

o, if N is even,
g =
o_ if N is odd.

Bi oo is the restriction map Ind%. (6 ® 0) — C®((N7)™)e, 00 € C°(R™ 1) and
o is given by (81).
Using the identification (20), we have

DI = 3 () (Aapr oV ( 2 >2M ,

~ " 82
N ‘ g \2NV-2+ (82)
D) = bW ()
=0 "
where )
0? = 0?

A n—1 - = a

M 03 ;Gmf

and (i*¢)(x) = p(2’,0).

6. Intertwining families and asymptotics of eigenfunctions

In the present section we describe an alternative construction of the families D} ()
in terms of the asymptotics of eigenfunctions of the Laplacian on anti-de Sitter
space (called the residue family in [8]).
Let
U, ={(x1,...,2z,) € R" |z, > 0}

be the Lorentzian upper half-space with the Lorentzian metric

z 2 (—dw% + Z da:?)
i=2
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and the Laplacian
, 0? 0

AUn = xiAMn—l + X

We seek formal solutions u € C*°(U,,) to the equation
—Ayg,u=An—1-Nu

in the form
u(l’) ~ ZIQJFJCJ'(.’L'/), T = (‘TI?:Cn)? Codd = 0
j=0

The coefficients c; satisfy recursive relations such that the coefficients cy;, 7 > 1,
are determined by cy. More precisely, we have maps
TQj()\) . Co(l’/) — CQj()\, l’/)
which are differential operators (depending on \) of order 2j on R"™!  where
To(A) =id.
We define Son(A) : C°(R™) — C(R"!) by

N 1 . ) 2N —-2j
Son(A) = ZMT%W ( 8%) :

Jj=0

Theorem 6.1.  The families Son(A+n—1—2N) and D55 (N\) coincide, up to
a rational function in \.

Proof. A computation shows that T5;(\) = Ag;(A)(Aypm-1)?, where

and Ap(A) = 1. We see that Son(\) can be written in the form

Z mfbj ()\)<AMn—1)jZ'* (8/8.1'”)2N_2j

and
2§(2j+2 \+1—n)

(2N —25+42)(2N —2j5+1

We recall that D35 (\) is given by (82), where
2j(2j+2 +n—1—4N)

(2N—2j+2)(2N—2j+1)

Baj_a(M) + $B(%) =0, (84)

a;-1(A) +

aj()\) = 0.
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Now we observe that

a;j(A)
does not depend on j. Using ax(A) =1, (84) shows

1

(2-4-...-2N)(n—1-2)A=2)(n—1-2X—4) ... (n—1—2)\—2N)
1

C2NNI(n—1-2A=2)(n—1-2\—4)...(n—1-2A=2N)’

BQN()\) -

We conclude that Son(A+n—1—2N) = Boy(A+n—1-2N)D35(A). [
If we define

N 1 o 2N+1-2j
SN =2 gy V! <ax) ’

j=0

we get the following analogous result:

Theorem 6.2.  The families Son11(A+n—1—(2N+1)) and D55, (N) coincide,
up to a rational function in .

Proof. The proof is similar to the proof of Theorem 6.1; we refer to Theorem
5.2.6 in [§]. [
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Appendix

Summary of commutator relations for g, =o0(2,n—1).

Q. Y] =0, Q1.Y'1=2] +Z;,
[QT?X/]_] = _Z;_ - Zj_a [Ql_7§/]_] = 07
Q. Z =Y}, Q1,721 =-Y,
QT Z7] =Y/, Qv Z; ==Y,
[Q5,Y;"] =0, QY =2 - 2},
Q3.Y =2 - Z7, Q. Y] =0,
Q3. Z]1 =Y}, Q. Zf1=Y],
Q3. Z;] = Y}, Q2. Z;] = -Y;,
[Q1, Q5] =0, [H,Q] =Qf,
[QI? Q;] = 07 [Ha QI] = _Qfa
[Q;—uQ;] = —2H,, [Ha Q;] - ;7
[Ql_aQ;—] = 2H,, [H’ Q2_] = _QQ_a
[ f?QI] = 2H7 [H%Qf] = Qérv
[ ;7Q2_] = 2H7 [H27Q1_] = QQ_’
[ ;t7M]k] = 07 [HZa ;_] = _Qii_a
[Hs, Q3] = Q7
[Yf, Y]*] = 20;; H + 2M,;, [Zf, Z;] = 20;;Hy + 2M;5,
[Mij> Yri] = 5]?"}/?: 5i1"}/;'iv [MU, Zj:] = 5]?"Zii 527"Z;:7
[H,Y;] = +Y;", [H,, Z}] = +Z7,
[Ha Ml]] = 07 [H27 Ml]] = 07
Y5, 2] = 0(QF — Q3), Y5 2] = 0(QF +Q3),
Y7 25 = 0.(=Q7 — Q3), Y7, 2] = 0i(—Q1 + Q7).
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