Journal of Lie Theory
Volume 19 (2009) 439-462
(© 2009 Heldermann Verlag

Metacurvature of Riemannian Poisson-Lie groups
Amine Bahayou and Mohamed Boucetta

Communicated by J. Hilgert

Abstract. We study the triple (G,7,( , )) where G is a connected and
simply connected Lie group, = and (, ) are, respectively, a multiplicative Pois-
son tensor and a left invariant Riemannian metric on G such that the necessary
conditions, introduced by Hawkins, to the existence of a non commutative de-
formation (in the direction of 7) of the spectral triple associated to ( , ) are
satisfied. We show that the geometric problem of the classification of such triple
(G,m,(, )) is equivalent to an algebraic one. We solve this algebraic problem
in low dimensions and we give the list of all (G, n,(, )) satisfying Hawkins’s
conditions, up to dimension four.
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1. Introduction

In [8] and [9], Hawkins showed that if a deformation of the graded algebra of
differential forms on a Riemannian manifold (M, (, )) comes from a deformation
of the spectral triple describing the Riemannian manifold M, then the Poisson
tensor 7 (which characterizes the deformation) and the Riemannian metric satisfy
the following conditions:

1. The associated metric contravariant connection D is flat.
2. The metacurvature of D vanishes, (D is metafiat).

3. The Poisson tensor 7 is compatible with the Riemannian volume p:
d(iyp) = 0.

The metric contravariant connection associated naturally to any couple of pseudo-
Riemannian metric and Poisson tensor is an analogue of the Levi-Civita connec-
tion. It has appeared first in [3]. Sometimes we call this connection Levi-Civita
contravariant connection. The metacurvature, introduced by Hawkins in [9], is
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a (2, 3)-tensor field (symmetric in the contravariant indices and antisymmetric in
the covariant indices) associated naturally to any torsion-free and flat contravariant
connection.

In [9], Hawkins studied completely the geometry of the triples (M, (, ), m)
satisfying 1-3 when M is compact and ( , ) is Riemannian. In [4], the second
author gave a method which permit the construction of a large class of triples
(M, (, ), ) satisfying 1-3. We call the conditions 1-3 Hawkins’s conditions and a
couple (m, (, )) satisfying 1-2 will be called flat and metaflat.

In this paper, we study the triples (G,7,( , )) satisfying Hawkins’s con-
ditions, where G is a connected and simply connected Lie group endowed with a
multiplicative Poisson tensor 7 and a left invariant Riemannian metric (, ). We
reduce the geometric problem of classifying such triples to an algebraic one and
we solve it when the dimension of the Lie group is < 4. In [1], the authors gave
the complete description of the triples (G, (, )) satisfying Hawkins’s conditions
when G is the 2n + 1-dimensional Heisenberg group.

To state our main results, let us introduce the notion of Milnor Lie algebra
which will be central in this paper and recall briefly some classical facts about
Poisson-Lie groups. The notion of Poisson-Lie group was first introduced by
Drinfel’d [5] and studied by Semenov-Tian-Shansky [14] (see also [12]).

1. A Milnor Lie algebra is a finite dimensional real Lie algebra G endowed
with a scalar product (, ) (positive-definite) such that:

(a) the Lie subalgebra S = {u € G,ad, +ad!, = 0} is abelian (ad’, denotes
the adjoint of ad, w.rt. (, )),

(b) the derived ideal [G, G] is abelian and S+ = [G, G] (S* is the orthogonal
of S).
This terminology is justified by a classical result of Milnor. Indeed, in
[13], Milnor showed that a left invariant Riemannian metric on a Lie
group is flat if and only if its Lie algebra is a semi-direct product of an
abelian algebra b with an abelian ideal u and, for any u € b, ad, is
skew-symmetric. This result can be formulated in a more precise way
and, in Proposition 2.2, we will show that a left invariant Riemannian
metric on a Lie group is flat if and only if its Lie algebra is a Milnor Lie
algebra.

2. Let G be a Lie group and G its Lie algebra. A Poisson tensor m on G is
called multiplicative if, for any a,b € G,

m(ab) = (La)«7(b) + (Bp).m(a),

where (L,). (resp. (Rp).) denotes the tangent map of the left translation
of G by a (resp. the right translation of G by b). Pulling 7 back to the
identity element e of GG by left translations, we get a map m : G — GA G
defined by m(g) = (Lg-1).7(g). Let £ :=dem : G — G A G be the intrinsic
derivative of m; at e. It is well-known that (G, [, ],€) is a Lie bialgebra, i.e.,
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¢ is a 1-cocycle relative to the adjoint representation of G on G A G, and the
dual map of &, [, |*: G*xG* — G*, is a Lie bracket on G*. It is well-known
also that (G*,[, |*, p) is also a Lie bialgebra, where p : G* — G* AG* is the
dual of the Lie bracket on G. Note that p = —d where d is the restriction
of the differential to left invariant 1-forms.

A Poisson-Lie group endowed with a left invariant Riemannian metric will
be called Riemannian Poisson-Lie group.

For any scalar product ( , ) on a Lie algebra G, we denote by ( , )* the
associated scalar product on G*.

Let us state our main results:

Theorem 1.1.  Let (G,7,(, )) be a Riemannian Poisson-Lie group and (G*,[, |*
its dual Lie bialgebra. Then (w,{, )) is flat and metaflat if and only if:

1. (G5, 15 (5 ) ds a Milnor Lie algebra,

e

2. for any o, B,y € S ={a € G*, ada+adfl =0},
ad, adg p(y) = 0. (1)

Theorem 1.2.  Let (G,m) be a connected and unimodular Poisson-Lie group
and let p be a left invariant volume form on G. Then dipu = 0 if and only if:

1. (G% [, |*) is an unimodular Lie algebra,

2. for any u € G,
pligute) = 0, (2)

where & is the 1-cocycle associated to m and p = —d s the dual 1-cocycle
extended as a differential to AN™9-2G*

We will see (¢f. Proposition 3.2) that for a general connected Poisson-Lie
group the condition dipu = 0 implies (2).

If G is abelian then p = 0 and one can deduce easily from Theorems 1.1-1.2
the following result.

Corollary 1.3.  Let (G,(, )) be a Lie algebra endowed with a scalar product
and denote by m the canonical linear Poisson structure on G*. Then (m,{, )*)
satisfies Hawkins’s conditions if and only if (G,(, )) is a Milnor Lie algebra.

The following theorem is an interesting consequence of Theorem 1.1-1.2.
Theorem 1.4. Let (G,7,(, )) be a Riemannian Poisson-Lie group. Suppose
that G is compact semi-simple, ( , ) is bi-invariant and m = r~ —r* where r*
(resp. = ) is the left invariant (resp. the right invariant) bivector field associated to

r € AN’ G. Then (G, (,)) satisfies Hawkins’s conditions if and only if [r,r] = 0.

There are some interesting consequences of Theorems 1.1-1.2:
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1. The classification of connected and simply connected Riemannian Poisson-
Lie groups which are flat and metaflat is equivalent to the classification of
the Lie bialgebra structures on Milnor Lie algebras for which (1) holds.

2. The classification of unimodular connected and simply connected Rieman-
nian Poisson-Lie groups satisfying Hawkins’s conditions is equivalent to the
classification of the Lie bialgebra structures on Milnor Lie algebras for which

(1) and (2) hold.

3. The Lie bialgebras structures on Milnor Lie algebras of dimension < 4 can
be computed (see Section 4) and hence the Riemannian Poisson-Lie groups of
dimension < 4 satisfying Hawkins’s conditions can be deduced (see Theorems
4.2 and the paragraph devoted to the 4-dimensional case in Section 4).

The paper is organized as follows. In Section 2, we present a reformulation
of a classical result of Milnor and we recall some standard facts about Levi-Civita
contravariant connections and about the metacurvature of flat and torsion-free
contravariant connections. In section 3, we prove Theorems 1.1, 1.2 and 1.4 and
finally, Section 4 is devoted to the determination of Riemannian Poisson-Lie groups
satisfying Hawkins’s conditions in dimension 2, 3 and 4.

2. Preliminaries
2.1. Milnor Lie algebras. The following lemma is interesting in itself:

Lemma 2.1. Let (G,{, )) be a Lie group with a left invariant Riemannian
metric. If the sectional curvature of { | ) is nonpositive then the Lie subalgebra
S ={u€g, ad,+ad’ =0} is abelian.

Proof. For any u € G, we denote by u™ the left invariant vector field associated
to u. Remark that ST = {u™, u € S} is the Lie algebra of left invariant Killing
vector fields. Now, since for any u € S, (u™,u™) is constant then, for any left
invariant vector field X we have:

(VxVxu™ u") + (Vxu™, Vxu™) =0, (3)

where V is the Levi-Civita connection associated to (, ).
The vector field u* is Killing, thus we have the well-known formula (see [2],
Theorem 1.81)

VXV)(U+ — VVXXqu = R(u*,X)X

where R(X,Y) = Vixy]—[Vx, Vy] is the tensor curvature. Moreover (Vy, xu™,u") =
0, hence the formula (3) becomes:

(R(u™, X)X, u™) + (Vxu", Vxut) = 0.

This implies, since the curvature is nonpositive, that (Vxu®™, Vxu®) =0. So u™
is a parallel vector field and the lemma follows. [ ]
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The following proposition is a reformulation of a classical result of Milnor
(see [13] Theorem 1.5).

Proposition 2.2.  Let (G,(, )) be a Lie group endowed with a left invariant
Riemannian metric. Then the curvature of { , ) wvanishes if and only if the Lie
algebra G of G endowed with the scalar product { , ). is a Milnor Lie algebra.

Proof.  Note first that the Levi-Civita connection of ( , ) is entirely determined
by the product A: G x G — G given by

2(A v, w)e = ([u,v],w)e + ([w, ul, v)e + ([w, v], u)e, (4)

and the curvature vanishes if and only if, for any w,v € G, Ay = [Au, Ay].
If G=S5S@®IG,d] is a Milnor Lie algebra, then one can deduce easily from
(4) that

A - 0 ifuelG,g]
“ ] ad, ifuels,

and hence the curvature vanishes identically.

Suppose now that the curvature vanishes. In the proof of his result, Milnor
considered u = {u € G, A, = 0} and showed that u is an abelian ideal, its
orthogonal b is an abelian subalgebra and for all v € b, ad, is skew-symmetric.
Hence b C S and [G,G] = [b,u].

Now, for any v € u, v € b and w € G, we have A, = 0 and then

(w, [u,v]) + (adyu,v) + (u,ad,v) = 0.

This relation implies that S = [G, Q]L and Lemma 2.1 implies that S is abelian.
We deduce that [G,G] C u and [G, G] is abelian and the proposition follows. =

Proposition 2.3.  Let G be a Milnor Lie algebra. If dim S > 1 then the derived
ideal |G, G] is of even dimension.

Proof. Let (s1,...,5,) be a basis of S. The restriction of ad,, to [G,§] is
a skew-symmetric endomorphism, thus its kernel K; is of even codimension in
[G,G]. Now, ads, commutes with ads, and K; is invariant by ady,. By using the
same argument as above, we deduce then K; Nkerads, is of even codimension in
K;. Finally K; is of even codimension in [G,G]. Thus, by induction, we show
that

K, = 6,0 N ("8, kerad,,)

is an even codimensional subspace of [G,G]. Now from its definition K, is con-
tained in the center of G which is contained in S and then K, = {0} and the
result follows. [

2.2. Contravariant connections and metacurvature. Contravariant con-
nections associated to a Poisson structure have recently turned out to be useful
in several areas of Poisson geometry. Contravariant connections were defined by
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Vaisman [15] and were analyzed in detail by Fernandes [7]. This notion appears
extensively in the context of noncommutative deformations (see [8, 9]).

Let (P,m) be a Poisson manifold. We consider 7y : TP — TP the
anchor map given by [B(mx(a)) = 7(a, 5), and we denote by [, |, the Koszul
bracket on differential 1-forms given by

[, Blx = Lry)B — Lrypy — d(m(a, B)). (5)

This bracket can be extended naturally to Q*(P) and gives rise to a bracket which
we denote also by [, |-
A contravariant connection on P, with respect to 7, is a R-bilinear map

D: QY(P)x Q(P) — QLP)
(a, B) —  D.p

satisfying the following properties:
1. a— D,p is C*°(P)-linear, that is:

Dtoff = DS, for all f € C°(P).

2. B+ D,p is a derivation, in the sense:

Do (f8) = [Duf + me(a)(f)B, for all f € C(P).

The torsion and the curvature of a contravariant connection D is formally identical
to the usual definitions

T(o,B) = Duff — Do — |, B, and K(a,3) = DyDs — DDy — Diag, -

The connection D is called flat if K vanishes identically.

Let us define now an interesting class of contravariant connections, namely Levi-
Civita contravariant connections.

Let (P,7) be a Poisson manifold and (, ) a pseudo-Riemannian scalar product on
T*P. The metric contravariant connection associated to (m,( , )) is the unique
contravariant connection D such that D is torsion-free and the metric ( , ) is
parallel with respect to D, i.e.,

ﬂ-#(o‘)'<ﬁ>7> = <,Daﬁa 7> + <ﬁv Da7>'

The connection D is the contravariant analogue of the Levi-Civita connection and
can be defined by the Koszul formula:

2(DafB,7) = mu(a).(B,7) + 74(B)(,7) — m4(7) (v, B)
+ ([, alx, B) + [, Blx, @) + ([, Blx, 7). (6)

We call D the Levi-Civita contravariant connection associated to (m,(, )).
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The metacurvature. We recall now the definition of the metacurvature intro-
duced by Hawkins in [9].

Let (P, m) be a Poisson manifold and D a torsion-free and flat contravariant
connection with respect to 7. In [9], Hawkins showed that such a connection
defines a bracket {, } on the space of differential forms Q*(P) such that:

1. {, } is R-bilinear, degree 0 and antisymmetric, i.e.,
{o.p} = —(=1)% %" {p 7},
2. The differential d is a derivation with respect to { , }, i.e.,
d{o, p} = {do, p} + (=1)"" {0, dp}.
3. {, } satisfies the product rule

{o,p AN} = {o,p} AN+ (=1)19749%p A o, A}

4. For any f,g € C*°(P) and for any o € Q*(P) the bracket {f, g} coincides
with the initial Poisson bracket and

{f, O'} = DdfO'.

Hawkins called this bracket a generalized Poisson bracket and showed that there
exists a (2,3)-tensor M (symmetric in the contravariant indices and antisymmet-
ric in the covariant indices) such that the following assertions are equivalent:

1. The generalized Poisson bracket satisfies the graded Jacobi identity
{{07 p}7 /\} = {Uv {pv )‘}} - (_1)degadegp{p> {o‘, )‘}}

2. The tensor M vanishes identically.

M is called the metacurvature and is given by

M(dfvaaﬁ) = {f7 {aaﬁ}} - {{f7a}7ﬁ} - {{f7 5}705}' (7)

The connection D is called metaflat if M vanishes identically.

The following formulas, due to Hawkins, will be useful later. Indeed,
Hawkins pointed out in [9] pp. 394, that for any parallel 1-form a with respect to
D and any 1-form [, the generalized Poisson bracket of a and [ is given by

{a, 8} = ~Dyda (8)

Thus, one can deduce from (7) that for any parallel 1-forms «, v and for any 1-form

g,
M(a, B,7) = =DgD,da. 9)
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To finish this section, we give an useful full global formula for Hawkin’s
generalized Poisson bracket of two 1-forms. Let o and 3 be two 1-forms on a
Poisson manifold P endowed with a torsion-free and flat contravariant connection
D. One can suppose that § = gdf where f,g € C°°(P). Then, we have

{a, fdg} ={a, [} Ndg + f{o, dg}
=— Dga Ndg+ f(dDggae — Dygyder)
= — Dyggda + dDgggo0 — Dgga AN dg — df N\ Dggor
= — Dyggdoe + dDyggor — Do, (df A dg) — [df, o) A dg — df A [dg, o,
= — Dyagdoe — Do (d(fdg)) + dDgager — [df , ol A dg — df A [dg, ol
= — Dyagda — Do (d(fdg)) + dDygggcx + o, d( fdg)]
=— D,df — Dgda + dDga + |, df] .

Thus, for any a, 5 € Q'(P), we have

{a, B} = —D,df — Dgdo + dDga + [v, df] . (10)

3. Proofs of Theorems 1.1, 1.2 and 1.4

3.1. Proof of Theorem 1.1. Theorem 1.1 is an immediate consequence of the
following result.

Theorem 3.1.  Let (G, 7, (, )) be a Riemannian Poisson-Lie group. Then:

1. (m,(, )) is flat if and only if the dual Lie algebra (G*,( , )*) is a Milnor
Lie algebra.

2. If (m,(, ) is flat then, if one identifies G* with the space of left invariant
1-forms, the metacurvature M s given by

_ [ adaadgp(y) foralla,B,v €S,
M(Ol,ﬁ,’)/)— { 0 ifOé,ﬁOr’}/e {g*’g*]’ (11)
where S = {a € G*, ad, +ad!, = 0} and p : G* — G* A G* is the dual

1-cocycle.

Proof. Note first that in a Poisson-Lie group the Koszul bracket of two left
invariant 1-form is a left invariant 1-form (see [16]) and, if one identifies G* with the
space of left invariant 1-forms, the Koszul bracket coincides with the Lie bracket
of G*. Through this proof, we identify G* with the space of left invariant 1-forms
on G.

1. Denote by ( , )* the left invariant metric on T*G associated to ( , )
and denote by D the Levi-Civita contravariant connection associated to
(m,{, )*). Since the Riemannian metric is left invariant, for any «, 3,y € G*,
(6) becomes

2(Daf3,7)" = (v, edm, B)" + ([, Bl )" + ([, B, 7)™ (12)
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Hence the restriction of D to G* x G* defines a product on G*. The vanishing
of the curvature of D is equivalent to the vanishing of the restriction of the
curvature of D to G*. Now, one can deduce from (12) that the vanishing of
the restriction of the curvature of D to G* is equivalent to the flatness of
the left invariant Riemannian metric associated to (, )¥ on any Lie group
with G* as a Lie algebra and one can conclude by using Proposition 2.2.

. Suppose now that (m,( , )) is flat and, according to the first part, let

1
G* =S @ [G*,G*] where S = {a € G*,ad, + adf, = 0} and both S and
[G*, G*] are abelian. Note that for any a € G*, da (X,Y) = —«a ([X,Y]) and
hence p = —d. Let us establish (11).

First, one can deduce from (12) that, for any v € G*,

_J o if o € [G*, G*]
Doy = { [, 7] =adyy ifa€eSs, (13)

and moreover, for any a € S, Da = 0.

(a) If a, B,7 € S, since Da = DS = Dy =0, we deduce from (9) that
(13)
M(a, B,7) = =DyDgdy =" adyadsgp(7).

(b) If o,y € S and g € [G*,G*], since Da = Dy = 0, we deduce from (9)
that

M<057677) = _DﬁDadfy (2) 0.

(c) If a, 8 € [G*,G*] and v € S. At least locally, we have a = ) fidg; and
we deduce from (7) that

Mo, 8,7) =Y filgn A8} — fifdgi 8.7} — f:l{gi7} BY-

>From (8) and (13), we have {3,7} = —Dgdy = 0. On the other hand,
also by using (13), {g;,7} = Dagy = 0, thus

M(a, B,7) = Z —fild9i: B}, v} = Z fiDDdgin'Y = Dp,pdy = 0.

(d) For o, € [G*,G*], the computation of M(a, 3, ) is more difficult.
First, by comparing M(«, 3,5) and [3,[5,da].], we will show that
they agree up to sign and, next, we will show that [3, [, da];], = 0
and we get the result.
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Put o =" fidg;. By using (7), we get

M, 8,8) = [l {8, 8} — 2fi{{gi, B}, 5}
= [Dag 8,8} =2 _ fi{Day. 3, B}
=Do{B,8} =2 _ fi{Day 3. B}
Y23 fi{Dy,, 5.5}
= =23 ({fiDag,B, B} + Das, 3 A Dy, 3)
= —2{DaB,8} —2) Dy, 3 A Day, 3
= =2 Dy, 3 A Day,f3.

In (%) we have used (13) and the fact that {«, 3} € A?G* which can be
deduced from (10). On the other hand,

(3,18, dalsle = Y 16, [B, dfi A dgil«)n

= 18,18, dfilx A dgilx + 8, dfi A B, dgi ]

= 18,18 df ]xlx A dgi + 8. dfilx A (B, dgi]«
+ 8, dfil= N8, dgi]x + dfi N [B, B, dgilx|x-

Now, choose an orthonormal basis {aq,...,a,} of G*. For any 1-form
v € QYG), we have v = > (v, a;)*;, and

Zﬂﬁ 77 al <’77052> [67 al]ﬂ'
—D57+Z Y, i) [B, il

Hence

18,18, 3elx =[8 Dvln + > me(B) - (7, ) *[8, il + D (7, 03)[8, 8, cilal

Y16, Dsrls — > (Dsy. ) D8

:[ﬁa Dﬁ’}/]ﬂ' - DDgfyﬁ

=DsDsy — 2D(p,)

=DsDpy — 2D, B+ 2 Y (7, 0:) Diga,, B

(%)
="DgDsy — 2Dig ). 0

=DgDpy — 2(K(3,7)8 + DsD,3 — D,Dyf3)
=DsDsy — 2DsD, 3.

We have used in the equalities (x) and (xx) the fact that [G*, G*] is
abelian and hence [3, |3, a;]z]x = —Djg,a,, 0 =0
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By using this formula, we get

18,18, dfi]x|= N dg; =DgDgdf; A dg; — 2DgDay, 8 A dg;
=Dy (Dgdf; N dg;) — Dgadf; A\ Dsdg;
—2Ds (D, 8 A dgi) + 2Dy, 3 A Dpdg,
dfi A B, [8,dgilzlr = — Ds (Dsdg; A dfi) + Dpdgi N\ Dsdf;
+2Dg (Day, B N df;) — 2Dgg, 5 N Dgadf;.

On the other hand

218, df) A 8. dgi] =2Dsdf; A Dydg; — 2Dsdfs A Dy
— 2Ddf¢ﬁ N Dﬁdgz + 2Ddfiﬁ A Ddgiﬁ-

Thus

8,8, dal+]» =DsDgdo + 2> " Dy, 8 A Dag, B — 2D (D, 3 A dg;)
— 2Ds (df; A Day,3)

=DyDydo+ 2> Dy, A Dag, B+ 2D (3, dfi]« A dgi)

— 2D (Ddf; A dg;) + 2D (dfi A |3, dgi)x) — 2D (df; A Ddg;)
= — DsDpda — M(a, B, 3) + 2D, dalx
=— M(a, 5, 5).

Let us show now that [, [5,da].], = 0. We have a = ) [y;,7;]» and
furthermore d is a 1-cocycle with respect to the adjoint action of G*,
then

do =" ([dvi, vle + [y djli) -
This relation implies that da = a1 + a3 where oy € S A [G*,G*| and
as € A?[G*,G*]. From this decomposition and from the fact that
[G*,G*| is abelian, one can deduce easily that [3,[5,da].], = 0 and

hence M(a, 3,3) = 0. Since M is symmetric, we deduce that, for any
a, B,v € [G*,G*], M(a,3,7) =0 which completes the proof.

Before giving a proof of Theorem 1.2, let us show first that, in the general
case, the condition (2) is a necessary condition.

Proposition 3.2.  Let (G, m) be a Poisson-Lie group and let j be a left invariant
form on G. If d(izu) =0 then (2) holds.

Proof. The proof is based on the Koszul formula [10], satisfied by any vector
field X and any multivector @), and given by

ix.git = ixdigu + (—1)%%dixiou — igdixp. (14)
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Indeed, if d(i,p) = 0 then, for any left invariant vector field X, we get
Z.[X’ﬂu = dlxlﬂ—,u — ZﬂdZX,u

Or dixp = Lxp = ap, where « is a constant and hence dijx u = 0. One can
conclude by using the fact that [X, 7] is left invariant and [X, 7](e) = £(X,.). =

3.2. Proof of Theorem 1.2.

Proof. Let (G, m) be a connected unimodular Poisson-Lie group and let u be
a left invariant volume form on G. Let & be the 1-cocycle associated to 7 and let
(G*,[, ]*,p) be the dual Lie bialgebra. For any tensor 7' on G, we denote by T
the corresponding left invariant tensor field on G'. Recall that the divergence of a
vector field X with respect to p is the function div, X given by

Lxp = (div, X)p.

Before giving the proof of the theorem, we need to state some properties of the
modular vector field on a Poisson Lie-group.

As shown in [17], the operator X, : f — div, X; (X being the Hamilto-
nian vector field associated to f) is a derivation and hence a vector field called the
modular vector field of (G, ) with respect to the volume form p. It is well-known
(see [17]) that X, is given by

dirpt = ix, [t (15)
We define the modular form  : G* — R by
k(o) = trad,, (16)

where ad, f = [, 5]*. The modular form r, which is in G**, defines a vector in
G denoted also by «. We have
X,(e) = k. (17)

Indeed, choose a scalar product ( , ) on G, an orthonormal basis (u1, ..., u,) of
(G, (,)) and denote by (ai,...,q,) its dual basis. We have

™= g ﬂiju;r/\u;r

and the Hamiltonian vector field associated to f € C°°(M) is given by
j=1 \i=1
We have

X,.(f) :divﬂz (ij<df, o@*) uj

j=1 \i=1

- Z (Z mjuj(f)> div,uf + > uf (mu (f)) -

=1 i=1
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Now, since for any 4,5 = 1,...,n mj;(e) = 0 and, because G is unimodular,
div,uf =0 for j=1,...,n, we get
X,(e) = Z (Z ngrﬂ'<042_,a;_)e> u;,
i=1 \j=1
and

n

(i, Xu(e)) szxjﬁ(@fﬂf)e = (o Aoy, (X))

j=1

= Z[% " (X)) =) <Z[% ;] (Xk)a, aj>

J=1 k=1

= o, o))", ;)" = trada, = £(),
i=1
and (17) is established.

Now, we will show that X, — x* is a multiplicative vector field by using
the characterization of multiplicative multivector fields given in [12]. Indeed, by
applying (14) and Zxpu =0, we get

Z.[X,XH],M :ixdixwu - diXiX,L/l - iXHdiXH
= — diXiXM,U/;
i[X,ﬂ],“ :ZXdZﬂ'H + dZXZTr,u - deZX:u

:ixixuﬂ + dlemU,

Thus
d (ipxxp) = =g X, (18)
Since [X, 7] and p are left invariant, we deduce from (18) that [X, X ] is also left
invariant. Moreover, [X, X, — x*] = [X, X,] — [X,xT] is left invariant and, since
X, (e) = kT(e), we deduce that X, — k™ is a multiplicative vector field. Thus
X, = X,, + k7 where X,, is a multiplicative vector field.
To complete the proof, note that X, = 0 if and only if x =0 and X,, = 0.
Now k = 0 if and only if (G* [, ]*) is unimodular, and X,, = 0 if and only
if [X,X,](e) = 0, for all left invariant vector field X (see [12]). Or the last
condition is equivalent, according to (18), to p (ig(u)u) =0, forany u € G. [ |

3.3. Proof of Theorem 1.4.

Proof.  Let (G,7, (, )) be a Riemannian Poisson-Lie group such that G is
compact semi-simple, (, ) is bi-invariant and 7 is exact, i.e., there exists r € A%G
such that m = r~ —r*, where r* (resp. r7) is the left invariant (resp. the right
invariant) bivector field associated to r. It is well-known that [r, 7] is ad-invariant
and the dual Lie algebra structure on G* is given by

[, B]" = ad:#(a)ﬁ - ad:#(g)a,
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where ry : G* — G is the contraction associated to r. Now, since ( , ) is bi-
invariant, the Levi-Civita contravariant connection D associated to (m, ( , )) is
given by

Daﬁ = ad:#(a)67 Of,ﬁ (- g*, (19)

and hence its curvature is given by (see [8])
K(aa 6)7 = a’drr,r](oz,ﬁ,.)’)/' (20)
Since G is semi-simple, we deduce that K vanishes if and only if [r,7] = 0.
Suppose now that [r,7] = 0 and we will show that (7, ( , )) is metaflat and

satisfies the third Hawkins’s condition.

Since (m,( , )) is flat, according to Theorem 1.1, G* = S @ [G*,G*] where
S = {a € G* ad, + ad, = 0} is abelian and [G*,G*] is abelian. By using
the proof of lemma 2.1 and (19) it is easy to show that

S={a€g" ad;, za=0forall § G} (21)

On the other hand, one can see easily that kerry C S. On the other hand
G =Imry @ Imr;‘#£ and Imry is unimodular and symplectic and then solvable
(see [11]). Also Imry carries a bi-invariant scalar product so it must be abelian
(see [13]). Let us show now that (1) holds. Choose an othonormal basis B; =
{e1,..., ez} of Imry and an orthonormal basis By = {fi,..., fn_2p} of Imr# and
let {oq,...,a0p,01,...,Bn2p} the dual basis of B; UB,. Let o,y € S. For any
74 (), 74 (p2) € Imry and for any u € Imr#, we have

dy(rp(m), re(pe)) = —y([rg(m), ra(p2)])
= 0,

dy(rg(m),w) = —ady,)v(u)

and hence

dry = Z a; ;3 N Bj,
1,J
where a; ; € R. Now,

addy = Z a;,j (adaBi A\ B; + Bi A adof3;) -

i?j

adaﬂi == [Oé, ﬂz] *
= ady, (0 — ady 5
(21)

= ad’ 51

T4 (a)

Now (3; is in the annihilator of Imry which is equal to kerry. Or we have shown
that kerry C S and, according to (21), adj#(a)ﬁi = 0 so ady,dy = 0 and (1)
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holds. To conclude, we will show that (2) holds and we get the result, according
to Theorem 1.2 (G is unimodular). Note first that in our case G is {(u) = [u, 7]
and, by using (14), we get

i b = G lip b + digip b — ipdiypt. (22)

Or since G is unimodular di,u = 0. On the other hand r = Z” bije; N\ e; and
then

d(irp)

d (Z bijiei/\e]‘ M)
.7

= Z bij (i[Ei,CJ‘]/"L - ieiﬁeju - iej)ceiy’)
b2J

= 07

which completes the proof.

4. Examples

This Section is devoted to the determination of Riemannian Poisson-Lie groups
satisfying Hawkins’s conditions in the linear case, in dimension 2, 3 and 4. Note
first that when the dual Lie algebra is abelian the Poisson tensor is zero and, in
what follows, we will omit this trivial case.

The linear case. Let G = S®[G, G] be a Milnor Lie algebra. Since S is abelian
and acts on [G, G| by skew-symmetric endomorphisms, there exists a family of non
vanishing vectors uq,...,u, € S and an orthonormal basis (fi,..., far) of [G, 7]
such that, for any j =1,...,r and for all s € S,

[S, f2j—1] = <8, uj>f2j and [S, fgj] = —<S7 uj>f2j—1' (23)

According to Corollary 1.3, the triple (G*, 7, ( , )*) satisfies Hawkins’s conditions.
It is easy to show that there exists a family of constants (a;;)i<; <, such that
(G*,m,{ , )*) is isomorphic to (R 7, ( , )o) where ( , )q is the canonical
Euclidian metric and

T

Ty = Z (aliaxl + ...+ aqi&cq) A\ (ygiﬁy%_l — ygi_lﬁy%) .

i=1

The 2-dimensional case. According to Theorems 1.1-1.2 and since any 2-
dimensional Milnor Lie algebra is abelian, a 2-dimensional connected and simply
connected Riemannian Poisson-Lie group (G, m,( , )) satisfies Hawkins’s condi-
tions if and only if the Poisson tensor is trivial.
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The 3-dimensional case. In this paragraph we will determine, up to isomor-
phism, all the 3-dimensional connected and simply connected Riemannian Poisson-
Lie groups satisfying Hawkins’s conditions. According to Theorems 1.1-1.2 and
Proposition 3.2, the first step is to determine all the Lie bialgebra structures on
3-dimensional Milnor Lie algebras satisfying (1) and (2).

Let 'H be a 3-dimensional Milnor Lie algebra. By virtue of (23), there exists
a real number A\ # 0 and an orthonormal basis (eq, e, e3) of H such that

[ea,e3] =0, [e1,ea] = Xes and e, e3] = —Aes.

We are looking for the 1-cocycles p : ' H — H A 'H defining a Lie bialgebra
structure on ‘H and satisfying (1) and (2). Put

ple1) = aey A ey + bey A e+ cea A es.
The condition (1) is equivalent to
ade, o ade, p(e;) = 0.
We have ad., p(e1) = ale; A es — bhey A eg and hence
ad,, o ade,p(e;) = —aXe; A ey — bA%e; A es.
Thus p satisfies (1) if and only if
pler) = cex A es.
Now put
ples) = areg Nex+bieg ANes+crea Aes,  ples) = azer Aeg + boey A es+ caes A es,

and write down the cocycle condition p([u,v]) = ad,p(v) — ad,p(u). We get

p(lea,e3]) = —Aages Aea — Abjeg A eg = Nag — by)ea Aez =0,
pler,ea]) = Alarer Aes —bieg Aeg) = Ap(es),
pller,es]) = A ager Aeg —baey A eg) = —Ap(ez).

These relations are equivalent to
bi=as=ci=c=0 and a; = bs.
Thus p is a 1-cocycle satisfying (1) if and only if
pler) =cea Nes, plea) =aeyg ANexs and  p(es) = aey A es. (24)

We consider now ‘H* endowed with the bracket associated to p, the dual
scalar product and the dual of the bracket on H, & : H* — H* A’H*, given by

E(e]) =0, &(e3) = —Xej Aey and (€)= Ael Aed, (25)
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where (e}, €3, e%) is the dual basis of (ej, ea,€3). The bracket on H* associated to
p is given by

etesl = acs, [l —aej and [e, 3] = cet. (26)
Note that
trades = 2a, trade; = trade; = 0.

The Jacobi identity is given by
[[e1, €3], es] + [[e3, €3], €1] + [les, €1l e3] = 2acey.

Let us write down (2). Since u = e; A e A eg and by virtue of (25), a
straightforward calculation using (24) gives

p (igez i) =Ap(e2) = Aaey A e,
p (iees i) =Ap(es) = Aaey A es.

In conclusion, p defines a Lie bialgebra structure on H and satisfies (1) and (2) if
and only if

pler) =cex Aeg and  p(es) = p(es) = 0. (27)

Note that in this case, the Lie algebra H* is unimodular. The following Proposition
summarize all the discussion above.

Proposition 4.1.  Let (G,7,(, )) be a 3-dimensional connected and simply
connected Riemannian Poisson-Lie group and let (G, &, ( , )e) be its Lie algebra
endowed with the cocycle € associated to m and the value of the Riemannian metric
at the identity. Then (G, 7, (, )) satisfies Hawkins’s conditions if and only if the
triple (G,&,(, )e) is isomorphic to one of the following triples:

1. (R3, &, (, o) where R? is endowed with its abelian Lie algebra structure, &
s given by

Eo(e1) =0, E(ex) = —Aeg Aeg and &(ez) = Xep Aey, N #0,

and { , o is the canonical Euclidian scalar product on R3.

0
2. (Hs, &, (, o) where Hy the Heisenberg Lie algebra 0
0

o o8
o W

& 1s given by
Solez) =0, &(er) = —AezgAex and §(e2) = Aez Aey, A#0,

and ()

is the scalar product on Hs whose matriz in (e, e, e3) is given

s
0

by 0 ],a>0.
a

OO =
O~ O°

’l’7yﬂz7€R3

)
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The infinitesimal situations in this Proposition can be integrated easily
which leads to the following theorem.

Theorem 4.2.  Let (G,7,(, )) be a connected and simply connected 3-dimensional
Riemannian Poisson-Lie group. If (m,( , )) satisfies Hawkins’s conditions then
(G,m,(,)) is isomorphic to:

1. (R3m, {,)) where R® is endowed with its abelian Lie group structure, ()
1s the canonical Euclidian metric and

T = A0y N\ (20, — y0,),

where A € R or,

1
2. (Hs,m,(,)) where Hy = 0 . T,Y, 2, ER® » and
0

O = 8
— QW

™= MNa0, —y0,) N0, {, ) =dx* +dy* + a(dz — xdy)?,

where A €R and a > 0.

The 4-dimensional case. In this paragraph we will determine, up to isomor-
phism, all the 4-dimensional Riemannian Poisson-Lie groups satisfying Hawkins’s
conditions. According to Theorems 1.1-1.2 Proposition 3.2, the first step is to
determine all the Lie bialgebra structures on 4-dimensional Milnor Lie algebras
satisfying (1) and (2).

Let H be a 4-dimensional Milnor Lie algebra. By virtue of (23), there exists
non zero real numbers Aj, Ay and an orthonormal basis (si, so, f1, f2) of H such
that

[s1,802) = [f1, o] = 0, [si, fil = Aifa and [y, fo] = = N\ifr-

Put e, = % Then there exists es € S such that (eq,eq, fi1, f2) is an

orthogonal basis,
le2, fil = f2, e, fo] = —f,

and all the other brackets vanish. Note that ||e;|| = || f1]| = || f2]| = 1.

We are looking for the 1-cocycles p : H — H A'H defining a Lie bialgebra
structure on H and satisfying (1) and (2). Put

ple;) = ajer Nea+bier A fi +ciex A fa+diea A fr + fiea A fo+ gifi A fo.
We have

ade,p(e;) = bier A fa —cier A fi +diea A fa — fiea A fi,
ade, o ade,p(e;) = —bier A\ fi —cier A fo —diea A f1 — fiea A fo.

Thus p satisfies (1) if and only if, for 1 = 1,2,

ple;) = azer Nea+ Bifi A fa.
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Now, put
p(fi) = aiex Nex+bier A fi+cier A fa+diea A fi1 + giea A fo+ hifi A fo
and write down the cocycle condition p([u,v]) = ad,p(v) — ad,p(u). First, we get

p([fi, fo]) = —aser A fo—dofo N fi —arer A fi —gifi A fa =0,

thus
ap=a,=0 and dy—g, =0.

On the other hand,

p(ler, fi]) = arer A fo =0,
p(le, f1]) = bier A fo—crer A fi +diea A fa — grea A fi + ager A fo

= p(f2),

pler, fo]) = —awer A fi =0,

p(les, fo]) = beer A fo—coer A fi1 +daea A fo — gaea A f1 — cer A fi
= —p(f1)

These relations are equivalent to
by =—c1, ca =101, do = —01, g2 =d1 = ; = h; = 0.
Hence, p is a 1-cocycle satisfying (1) if and only if
ple;) = Bifi N fa,

p(fl) = b€1 N f1 + ceq A\ fg —+ d€2 A fl, (28)
p(f2) = —cex A f1+bey A fo+dex A fo.

We consider now H* endowed with the bracket associated to p, the dual scalar
product and the dual of the bracket on H, & : H* — H* A’H*, given by

§(er) = &(e3) =0,
§(f1) = —esnfs, (29)
§(f5) = esn T,
where (€7, e5, f1, f5) is the dual basis of (eq, es, fi1, f3). The bracket on H* asso-
ciated to p is given by

[e1,e3] =0, [el, fil =0f7 —cfs, [e1, f3] = cff + b3, (30)
[e3, /7] = dff,  les, f3] = df3, LfT, 13] = Brel + Baes.
Note that
trades =20, trade; =2d, tradg =tradg = 0. (31)
The Jacobi identities are given by:
[[e1, 3], fi1+ [lea, fil, ex] + [[f7 er] e3] = 0,
[le1, es], 3] + [[e3: f5). il + [[f5. €1],e3] = 0,
[ler, /11, 1+ 1L 2] el + s, el fi] = 20[f1, f3],
e, /1], f2] + (UL Sl es] + ([f2, el fi] = 2d[f7, 3]
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Let us write down (2). Since u = e; Aea A fi A fo and by virtue of (29), a
straightforward computation using (28) gives

pigryp) = der Aea A fi,
p (iepp) = der Nex A fo

The following proposition summarize all the computation above.

Proposition 4.3.  Let (G,7,(, )) be a 4-dimensional connected and simply
connected Riemannian Poisson-Lie group and let (G,&,( , )e) be its Lie algebra
endowed with the cocycle & associated to w and the value of the Riemannian
metric at the identity. If (G,m,( , )) satisfies Hawkins’s conditions then the
triple (G,&,(, )e) is isomorphic to (R, &, (, o) where:

1. in the canonical basis (eg, e1, e, e3) of R, the Lie bracket is given by

le1, ea] = bey — ces, le1, e3] = cea +bes, [ea, e3] = Bieg + Baen,
[eo,ei] :O, 1= 1,2,3,

and either b=10, 5y =0 or B, =0.

2. the cocycle & is given, up to a multiplicative constant, by
o(eo) = &o(e1) =0, &o(e2) =eoAes,  &oles) = —eq A e,

3. the product ( , Yo is the canonical Euclidian scalar product of R*.

Remark 4.4. When b = 0, the Lie algebra structure of R* given in Proposition
4.3 is unimodular and, according to Theorem 1.2, the converse of Proposition 4.3
is true, i.e., the triple (G, 7, ( , )) integrating (R* &y, (, )o) satisfies Hawkins’s
conditions.

However, when b # 0, the triple (G,7,{, )) integrating (R*, &, {, )o) is
flat and metaflat and one must check if the last Hawkins’s condition is satisfied.
We will see that it does.

The task now is the construction of the triples (G, 7, ( , )) associated to
the different models isomorphic to the triple (R* &y, ( , )o) given in Proposition
4.3. The computation is very long so we omit it. Note that the determination of
the Lie groups is easy since all the models of Lie algebras are product or semi-
direct product. The determination of the multiplicative Poisson tensor from the
1-cocycle is a direct calculation using the method exposed in [6] Theorem 5.1.3.

1. Unimodular case b = 0.

(a) If ¢ = By = B = 0 then (G, 7, (, )) is isomorphic to (R* m, ( , )o)
where R* is endowed with its abelian Lie group structure and

mo=0p A (20, —t0,) and (, )o = da* + dy® + dz* + dt*.
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If c=0 and f; # 0 then (G,n,(, )) is isomorphic to (Hy,mo, (, )o)
where

x 0 0 0

_ 01 y t
Hy = 00 1 » yr>0,y,2,tER ,,

0 0 01

1
pimg = (0p — Box0y) A (Y0, — 20) + 552(22 — y*)zdy A O,

and
(, Vo= (27 dw + Bodt — Boydz)? + dy? + dz* + Bi(dt — ydz)>.

If c =006 =0 and fy # 0 then (G,w, ( , )) is isomorphic to
(Ho, 7o, (, )o) where

x 0 0 0
Hy = 8 (1] 31/ z ,x>0,y,2,tER
00 01

1
7o = 20 N (Y0, — 20y) + i(y2 — 2220, A O,

and )
(, )= ﬁde + dy? + d2? + B3 (dt — ydz)?.

If ¢ # 0 and (f1,02) = (0,0) then (G,w,( , )) is isomorphic to
(R*, 7o, (, )o) where R? is endowed with the Lie group structure given
by

uv=(r+2y+y,z+2 cosy+tsinyt— 2 siny+t cosy)
when u = (z,y, 2,t) and v = (2/,y/, 2/, '), and
To = 0p A (20, —t0.) and (, )o = daz* + ady® + dz* + dt?,

where a > 0.

If ¢ 20, fo =0 and f; # 0 then (G,m ( , )) is isomorphic to
(R* x C,m,{( , )o) where R? x C is endowed with the structure of
oscillator group given by

1
(t,s,2).(t',s,2) = (t +t' s+ + §Im (zZexp(it)z'), z + e:cp(it)z’) :
and
1
7o = OsA\(20y—y0y), (, )o= adt2+bds2+ds(ydx—xdy)+z(yda:—mdy)2

where a >0 and b > 0.
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(f) If ¢ #£ 0, B2 # 0 then (G,m,(, )) is isomorphic to (R x Go, 7o, (, )o)
where R x Gq is the direct product of the abelian group R with Gy

where Gy is either SU(2) or SL(2,R) and if {Ey, Es, F3} is a the basis
of the Lie algebra of G satisfying

[El, Eg] = Eg, [Eg, El] = E2 and [EQ, Eg] = ZIZEl

then

where E; (resp. E") is the left invariant (resp. right invariant) vector
field associated to E;. On the other hand, ( , )¢ is the left invariant
Riemannian metric on R x Gy whose value at the identity has the
following matrix in the basis {Ey, E1, Eo, E3}

o O o e
oo o o
S Qo o
QU O OO

2. the non unimodular case: b # 0. In this case (G, 7, (, )) is isomorphic
to (R*, 7o, (, o) where R* is endowed with the Lie group structure given by

w = (z+2,y+y, 2+ (2 cos(zc) + t'sin(zc)), t + €™(—2sin(zc) + ' cos(zc))) .
when u = (z,y, z,t) and v = (2/,y/, 2/, 1),

To =0y A (20, —t0.) and (, )= dz® + dy* + e ?*(d2* + dt?).

The Riemannian volume is given by
p=e"de Ady A dz A dt,

and
et = —e‘sz(zda: Adz + tdx A\ dt).

Thus dipu = 0, and the third Hawkins’s condition is satisfied.
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