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Abstract. In this paper we obtain the LU-decomposition of a non commuta-
tive linear system of equations that, in the rank one case, characterizes the image
of the Lepowsky homomorphism U(g)X — U(¢)M @ U(a). Although this system
can not be expressed as a single matrix equation with coefficients in U(t), it
turns out that obtaining a triangular system equivalent to it, can be reduced to
obtaining the LU-decomposition of a matrix My with entries in a polynomial
algebra. We prove that both the L-part and U-part of My are expressed in
terms of Jacobi polynomials. Moreover, each entry of the L-part of My and of
its inverse is given by a single ultraspherical Jacobi polynomial. This fact yields
a biorthogonality relation between the ultraspherical Jacobi polynomials.
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1. Introduction

The noncommutative linear system. Let k be a field of characteristic zero,
let A be an associative, not necessarily commutative, k-algebra with unit and let
M be a unital A-bimodule.

In this paper we perform a gaussian elimination process on a noncommuta-
tive homogeneous system of infinitely many linear equations and infinite unknowns
of the following form,

Ebo + Ebl —|— Ebg e = boE - blE —|— bQE
E%by+2E%b; +22E%b, ... = boE?—2b,E? + 22byE?

1.1
E3by+3E3b, +3%E3by ... = boE®—3b B3+ 320, % ... (1)

where E is a given element of A and by, by, bs,... belong to M and are the
unknowns.
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It is clear that (bg,bq,...,b4,0,...) is a solution of the system (|1.1) if
and only if the polynomial b = by + byt + byt? + --- + bgt?, which belongs to
M(t] := M @ K[t], satisfies the equations

E"b(n) =b(—n)E"™ for all n € N, (1.2)

This system can not be expressed as a single matrix equation AX =
0 with A a matrix with coefficients in A. In fact, noncommutative systems
of (homogeneous) linear equations can seldom be expressed as a single matrix
equation with coefficients in A. Even when this is possible, only in exceptional
cases a gaussian elimination process can be performed in a satisfactory way. Some
papers dealing with this subject are [Co73|, [CS9§], [Or31] or [GGRWO05].

On the other hand, by using the left and right regular actions L, R : A —
Endg(M) of A on M, it is indeed possible to express every noncommutative
system of linear equations as a single matrix equation but with coefficients in
Endi(M). In our case, the system can be expressed as a single matrix

bo
b
equation MyX =0, where X = b; and

Lg—Rg Lg+REg Leg—Rg Lg+Rg

M L% —R% 2L%+2R%L 4L%—-4R%  8L%L+8R%
0= 5 . .
L3—R3 3L%+3R%L 9L%—9R%Z 2TL34+27R% ...

This matrix has the special feature that its entries are homogeneous polynomials
in the commuting variables Ly and Rg. This allows us to replace the matrix M,
by the following matrix with entries in k[z],

r—1 r+1 r—1 z+1

22—1 22242 422-4 82248

My = -1 32343 9239 2723427 ...

The main result of this paper is the LU-decomposition of the above matrix. It
turns out that each entry of the L-factor is, up to a constant, a single ultraspher-
ical Jacobi polynomial and each entry of the U-factor is also expressed in terms
of a single Jacobi polynomial. Moreover, each entry of the inverse of the L-factor
is also, up to a constant, a single ultraspherical Jacobi polynomial. This fact
yields a biorthogonality relation between the ultraspherical polynomials that, up
to our knoledge, is not known. It has recently appeared in the literature some
other matrix identities (in particular LU-decompositions) involving Jacobi poly-
nomials that translate sophisticated polynomials identities into very simple matrix
identities (see for instance [KOOQT]).

Relevance of the system (|1.1). The interest on the system ([1.1)) comes from
the fact that their solution set is closely related to invariant spaces under group
actions. This is clear in the particular case in which E is the identity of A, since
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the solutions of (|1.1)) are the even polynomials. It is not difficult to see that in
other more general situations there exists a group G associated to F, acting on
M @y k[t], such that

{be M@ K[t] : E"b(n) = b(—n)E" for all n € N} = (M @, k[t])“*.

A second and more relevant example of the relationship between the system
(1.1) and invariants of groups appears in a problem from representation theory of
Lie groups. Let G, be a connected, noncompact, real semisimple Lie group with
finite center, let g be the complexification of the Lie algebra of G, and let K,
denote a maximal compact subgroup of G,. By the fundamental work of Harish-
Chandra it is known that many deep questions concerning the infinite dimensional
representation theory of GG, reduce to questions about the structure of the algebra
U(g)%°, the K,-invariants in the universal enveloping algebra of g. In [Ti94], Tirao
proved that the elements of the image of U(g)X° by the Lepowsky homomorphism
(see [LeT3]) satisfy a system of linear equations completely analogous to system
(L.1). Moreover, for rank one classical Lie groups it is proved in [BCTO0S] that this
image coincides with the solution set of the system introduced by Tirao. In order
to prove this result we have strongly used the LU-decomposition obtained in this
paper. These connections with groups invariants are not treated in this paper.

Main results. Let P®? denote the Jacobi polynomial of degree n associated to
the numbers a and . Usually a and  are complex numbers but, since we are
working in the context of an arbitrary field of characteristic zero, they are assumed
to be rational numbers. The polynomials corresponding to parameters o = 3,
suitable normalized, are known as the ultraspherical or Gegenbauer’s polynomials.
Let

PP(e) = (o — 1) PY7 (25)

r—1
It is clear that p®’(z) is again a polynomial and it can be expressed in terms of
the hypergeometric function of Gauss (see (4.21.2) in [Sz59] or definition 2.5.1 in
[AAR99]).

Our results in terms of MO are the following:

(1) The LU-decomposition of My is

1 1-1 1-1 1...
1 1-3 7-15...

—~ .~ 2 1-6 25 ..

My = LoUs 6., R (1.3)

where ZO and (70 are, respectively, the lower and upper triangular matrices
given by

(Lo)y = (1) p (=), i>j>1

@0y = (172 (=17 7 (@), 1<i<
and the explicit numerical matrices occuring in ([1.3]) are respectively formed
by the factorial numbers and (up to the minus signs) the Stirling numbers of
the second kind.
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(2) The inverse of the matrix EO is the lower triangular matrix given by
~ i T o
(Lo )iy = (=1)"7 n pili(z), i>j>1

This yields the following “discrete orthogonality” relationship that involves
once many of the ultraspherical Jacobi polynomials with integer parameters,

i - Pyt . .
ipht 2p3? I 1
%P21,1 %PE,Q %Pg),B o P273,73 Pf3’73 P073,73 . — 1
Y [ R R :

Observe that this identity holds either for the polynomials P®* or p&©.

(3) We also obtain the following infinite factorization of the matrices Lo and Zg !
which, in particular, involve the cyclotomic polynomials.

—1,-1
Po

_2,-2 2.2
Pq Py

= -3,-3 —3,-3 —3-3
Lo=| P2 Py Po
—4,—4 _—4,-4 44 —4-4
P3 Do by Py s

1 S 1 S 1
1+x 1 L 1 . 1
1+z+a? 1+ 1 - 1+z 1 - 1
1+z+a2+23 1+a+22 14z 1 ... 1+z+22 14z 1 ... 1421 ...

and

i~]
-

WH N~ R~ OF
= =
N
M
w
w
w

3

h
< |
—
I
EN TV T ST e
3
i

S

1 1 1
—x—11... r —x—11... r —x—11...

In these two identities the polynomials involved are the p®® instead of the
Py,

(4) We also consider the following more general system,
E"0(H +n) =b(H —n)E" for alln € N, (1.4)

where H is a given element in A and b € M[t]. In the last part of the paper
we give the LU-decomposition of this system as it is used in [BCTO0S].



BREGA AND CAGLIERO 467
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2. The matrix representation of the system

Let k be a field of characteristic zero, let A be an associative, not necessarily
commutative, k-algebra with unit and let M be a unital A-bimodule. Given an
element r € A, let L., R. € Endx(M) denote, respectively, the left and right
actions by r, and let ad, = L, — R, be the adjoint action of r in M.

Recall that M([t] = M ® k[t], and that given an element r € A one has
the evaluation map MJt] — M defined using the right action of A on M by
a®b(t) — ab(r). If r € A and b € M(t] then the evaluation of b in r is given by
b(r) =bo + byr+ -+ b,r".

Given two arbitrary elements £ and H in A we are interested in the set
of polynomials b € M]|t] that satisfy

E"0(H +n) =b(H —n)E" for alln € N.

It is clear that b = by + byt + by t? + b3 t> + ... satisfies the above system if and
only if the vector (bo, by, bs,...) is a solution of the following linear system,

Eby +Eby(H+1) +Eby(H+1)% ...= byE +by(H-1)E +by(H—-1)’E ...
E2bg+FE?b1 (H+2)+E%bo(H+2)%. .. = boE*+by (H—2)E*+by(H—2)*E?. .
EBbo+E3by (H+3)+E3by(H+3)%. .. = boE34by (H —3)E3+by(H—3)2E. ..

bo
or equivalently, if and only if M ( Z;) =0, where

Lp LpRpyy LeRy ., LeRY ., ... Rp RgRy_1 RgR% | RgRY | ...
v L3 LyRuye Ly Ry 5 Ly RY 5 - R%L RLRy_» RLR% , RLR3 , ...
- Ly LyRuys LRy 3 LyRY 5 - - RY, R Ry_3 R} R%,_, RYRY . ...

It is also clear that M = MyPf ~ where
=1y, i—j @2 2 1 ...
Px: ((j*l)x j) - 23322 3z 1 ...

and
Lg—Rg Lg+REg Lg—REg Leg+RE
L% —R% 2L%+2R%L 4L%—-4R% 8L%+8R%

L% —R3 3L3+3RY 9L3—9R3 27L3L+27TR3, ...
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3. The LU-decomposition

In this section we obtain the LU-decompositionof Mj.

Infinite matrices. We begin this section by recalling some general considerations
on infinite matrices. Given an associative k-algebra A, let M, (A) denote the
set of all infinite matrices

ailz aiz Az
(21 Q22 (23
a31 azz2 33

with a;; € A. The n-minor of a matrix A € M (.A) is the matrix corresponding
to the upper-left corner of A of size n x n. We say that a sequence of matrices
By, converges to B if for every i, j there exists k¢ such that (By);; = B;; for all
k > ko. A matrix A € My (A) is said to be row-finite (resp. column-finite) if
every row (resp. column) of A contains only a finite number of nonzero elements.
Lower triangular and upper triangular matrices are, respectively, examples of row-
finite and column-finite matrices.

It is clear that M (.A) is not a ring since the multiplication of two matrices
does not always exist. Nevertheless, if A, B € M (A) and either A is row-finite
or B is column-finite then AB do exist. In this context it is not difficult to prove
the following proposition.

Proposition 3.1. A lower or upper triangular matric A € Moo (A) is invertible
if and only if all n-minors of A are invertible. Also, an LU -factorization of a
matric A € Moo (A) ezists if and only if it exists for all n-minors of A. Moreover,
in this case the LU -factorization of A is unique.

We now introduce some infinite matrices that will be used frequently in
what follows.

e The Vandermonde matrix: Vj; =#~! for 4,5 > 1.

The diagonal matrix formed by the powers of ¢ € A: (D,)i; = i ¢

e The diagonal matrix formed by the factorial numbers: Fj; = d;; (i — 1)!.
e The lower triangular matrix formed by the Pascal numbers: P;; = (;:11) .
e The lower triangular matrix formed by the Stirling numbers of the second

kind: Si; = S(i, ) for i > j > 1, where S(i,5) = 43 4_o(=D)*(1) (j — k)"

These matrices are the following,
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10 1 ...

Observe that P~! = D_;PD_; and that the LDU -factorization of the

matrix V is V = PFS?t.

Another property that will be used about the matrix S is the following.
Recall the Pochhammer symbol defined by

(t)o=1 and

(), =tt+1)...t+7—1), 5> 1L

Then the matrix D_;s(S)'D_; transforms the coordinates of a given b € M]t]
with respect to the canonical basis {#/} into the coordinates of b with respect to
the Pochhammer basis {(t);}. More precisely, if

b(t) = bo + blt + b2t2 + b3t3 + ...
= ao(t)o + ar1(t)1 + as(t)2 + as(t)s + ...,

then the coefficients a; and b; are related by <a

a,
a

particular, from this relation it follows that

J
k=1

0
1
2

D (RS = (1 (1),

bo
by

)

b

— D_,s(S)'D_, <

(3.1)

A brief review about Jacobi and ultraspherical polynomials. The Jacobi
polynomials P%# are defined for nonnegative integers n and arbitrary (rational)
numbers « and [ as follows (see Chapter IV in [Sz59]),

PP (z) = %; (Z) (n+a+B+1ilatk+ 1) <

The Jacobi polynomials can also be represented as

Pyi(a) =

(+1),

n!

a+1

where oF) is the hypergeometric function of Gauss.

Jacobi polynomials

MNa+1) I'(n+2a+1)

F2a+1) T'(n+a+1)

[eNeY
n

z—1

2

)'7

T2

(—n,n+a+ﬁ+1 1—:c>
2F1 ; )

If a« = 3 the normalized

()

are called wltraspherical polynomials or Gegenbauer’s polynomials.
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It is well known that
Pf(x) = (—=1)" P} (—x). (3.2)

In particular, the ultraspherical Jacobi polynomials are even or odd according as

n is even or odd. The ultraspherical Jacobi polynomials also satisfy the following
identities

(n + 2a) P ()

z(n + 2a) P (x)

(n+ )Py~ (2) + @(n + a) Py () (3-3)
(n+ )P (@) + (n+ @) P (2), (3.4)

which can be deduced from (4.7.14) and (4.7.28) in [Sz59]. The difference between
these two identities gives,

2
2

(1 —2)(n+2a)P3(x)
= 2(n+ )P (@) + 2(n 4+ a)Pehe () — (1 — @) (n+ ) PX4% (). (3.5)

On the other hand, multiplying by z equation (3.3) and subtracting from it
equation (3.4)) yields the following identity,

2(n + )Py ) = 2z(n+ o) Pe (@) + (2 = D(n+ ) P (x).  (3.6)
Let us consider

P (x) = (o = 1)" PP (£)

z—1

it is clear that p®#(x) is again a polynomial. These polynomials can be expressed
in terms of the hypergeometric function of Gauss as follows (see (4.22.1) in [Sz59]
and (2.3.14) in [AAR99]),

Q, (n—i_a—'_ﬁ—i_l)n —TL7—7L—O_/.
pnﬁ(l’) = ol 2 F (—Qn Ca- 1-— x)
1), —n,—n —
:%25( S O‘;x)_ (3.7)

The LU-decomposition. The entries of M, are homogeneous polynomials in
the variables Ly and Rg. Since an homogeneous polynomial ¢(xi,2z3) in two
variables x; and x5 is completely determined by the polynomial g(x) = ¢(z, 1),
we shall simplify the notation by substituting the variables

Lg by x and Rg by 1. (3.8)

Under this transformations, the matrix My becomes,

z—1 z+1 z—1 z+1

x2—1 22242 422—-4 8x2248

MOZ

23—1 32343 923-9 27x3427 ...
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In particular, observe that the entries of this matrix are given as follows,
(Mo)sj = ¥~ Y (2" + (=1)7), 1,5 > 1. (3.9)

Let us define now the lower triangular matrix Lo and the upper triangular matrix
Uy as follows,

(Lo)iy = (=17 p 5" (a), i>5>1

@)y = (-0 % (@ =17 77 (@), 10 <,

In the following theorem we obtain the LU-decomposition of ]\7/0 as well as the
inverse of Lg.

Theorem 3.2.  The LU-decomposition of Mo 15 given by
My = LoUyFD_1S'D_,, (3.10)

and the inverse of EO 18 the following lower triangular matrix

_ iei b i S
(Lo")ij = (=1)"7 B pili(x), i>j>1 (3.11)
Before proving this theorem we point out that it yields the following “dis-
crete orthogonality” relationship that involves once many of the ultraspherical
Jacobi polynomials with integer parameters,

1 pl,1 —1,—1

TPO’ PO k) .. 1

11,1 2 52,2 _2,_2 _2,-2

1plt 2p? . P72 Py . 1
1pl1 22,2 3p3,3 3,3 5-3,-3 —3,-3 1
1p}t 2p22 3ps L Py pra=d p =

1501 2522 3p3,3 1 pdd “4,-4 4,4 4,4 p—4,—4 1
iPs 1P g Pt iRy Py =Py " P T By

Observe that this identity holds either for the polynomials P®»* or pi®.

Proof.  [Proof of Theorem We begin by proving (3.11]). To do this we must
prove that
: 1 i—j k k.k —k,—k =4
Z(_ ) ?psz(x) Py () = dij,
k=i

for + > 7 > 1. This amounts to proving that the following identity holds,

n

Z % PEHRS () prRimk (1) = 6,0, for n >0 and j > 1.
k=0
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This is evident for n = 0. Hence, consider n > 1. If we use Rodrigues’ formula
(see (4.3.1) in [Sz59]) twice on the left hand side we obtain,

i S0 () e (&) oo
ST B (2) o (2 0o

_é%%f%%gz n;#>(%)m+%ﬂ—wﬁ“7<£)k@u_xaﬁ4)

k=0
Cuyo(d\t
2} (1 2y
iy \az) B
d n—1

A () s (2 oo
=0,

which completes the proof of -

In order to prove (3.10) we consider the matrix M, = MyD_{(S~Y)'D_F~1,

We claim that (4D (it 1)
~ 1+ 1)1 —1+1);1
M = : J ZL‘Z o . J
Whls =G ~ G-

I ()t )

B ; ((J —)1)[ (Mo)ik(S™) ji
J 1 \k+j

- ; <(] 1_)1)!ik_1($2 + (_1)k)(5_1)3k

= ——1)j+1xi j (_')k 'S Jk+ izk !
(7 -1 k=1 ‘k 1

(1 + 1)]~,1xi (—i+1);4
(=Dt G-
where the last equality follows from identity (3.1)).
Now we must prove that M; = LyUy, or equivalently that
Ly*M, = Up.

Recall that ((70)1']’ = (1) & (z —1)% pj_f’i_l(x), for i < j. From (4.22.2) in
[Sz59] we have

G = CV7 @D ap @), i<
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and moreover, from (3.7) we obtain
((70) _ (_1)z+1jx 2F1 (f’i+j+21,f’i+1 : I) ’ if i < j7
Y (@ =), if i = j.
It is easy to see that

(=) iz o Fy (1’_2“-1;1‘) — (=) = (z - 1)".

Hence it is clear that the proof of (3.10]) will be completed once we prove that, for
all 7,7 > 1, the following two identities hold:

i

~ k+1),_ . o .
Z(Lal)lk( + )] lxk _ (_1)z+1jx 2F1 (72+J+21,7’L+1;l,)

— (j—1!

i B (_k N 1) | (—1)Z+1].T 2F1 (*i+j+2l,7i+1 : l’) 7 if g > ]’
Z(Lo_l)z‘kﬁ =q (=), if i = j;
k=1 ’

, if i < j.

We shall prove these identities by showing that the coefficients of z"*! on
both sides coincide for r > —1.

First of all we observe that the coefficient of 2"™! in the polynomial
(=1)ja oFy (7T 1) s zero for r = —1 and it is equal to

—i+j+ 1) (=i +1),

_ (_1)i+1 -(_i +j + 1)7’(_i + 1)7“
(2),r!

Grom 0 31

(-1t
for r > 0. In particular, it is zero for r > 7.
We now consider the first identity. Its left hand side is equal to

i

S (Er i

— (j—D!
d Lk (k+1),_,
— 1 i—k - pf‘;k’ T . J xk‘
: ok (kD i (k1)
:E )ik D AV T ik itk ) A T )ik
k1< 3 @—@!2]( e i) G-1 "

. ik k(b + 1Dk (mi+k)s(=i)s (B+1)j-1 jpg
2 VTS i~k (kD! (G-1)

ik b (kF+Dice (=04 E)rpi—p(=8) e (K1)
i =k (F+ 1), +1-Fk)! (G-1)!"°
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which is zero if » > 4. On the other hand, if » < ¢, this coefficient is

L &, ik 4 Dik (mi4 ks p(—i)rea s
i(j —1)! ;(_” ' (i —k) (k4 1)ppk(r+1—k)! (F);
(-1 z+ B)rsr (=1 k (14 1);(k)rs1
(J—1 7"+1'Z —E)l(r+1-k)! (k+J)rv1-k

(= (e +1),(0 — 1)! gi ~0)rp1-k  (—T)rs1-k
(]—1)(r+1 z—r—l)'k17“+1— (=7 — J)rs1-k

(D) )60 - 1) O
(G =D+ DY z—r—l)lz
(=D 4 1) — 1) s
(J_l)(T+1)(z—r—1)12 1( 7‘371)
()16 - (== ),
G- +EDIGE—r = 1) (—r =),

7“—])

where the last equality follows from the Chu-Vandermonde identity (see Corollary
2.2.31in [AAR99]). It is now straightforward to see that this number is equal to the
coefficient of 2"+ on the right hand side, which is given in . This completes
the proof of the first identity.

We now prove the second identity. Its left hand side is equal to

Then the coefficient of 2% in this sum is

i ek BB+ D (k+ 1)
kzj( U (=K G-

It is easy to see that this coefficient is zero except for ¢ = j. In this last case it is
equal to (—1)"'. For r > 0 the coefficient of z" ! is

i—r—1

—i+1), Z k —i— 1)1 k(=i + k) (=FK);
(7‘+1 (j—1)! & — k) (k+ 1)yt

and it is clear that this sum is equal to zero for 5 > ¢ — r, and in particular for
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j>1.If 5 <i—r—1 this sum is equal to

i—r—1

(—i+1 Z Jimr—k1 (r+k+2)ir1-k(—k);
(r+1)! ]—1' (i—r—1—k)!

i—r—1

_ (=i —j)‘(—i+ 1)r 3 (=)imr—1-k (47 +7+ D1y
(

(r+ DI — 1! = —r—1- U (—i+r+ 1)1
W =g 1), em (i) (i g T+ D),
B r+ D7 —1)! ; s! (—i+7r+1)
_( )]Z_T_]) (_Z+1)T 2F1( Z-t]-i—r-‘rll —i, 1)

(Wli—r =i+ D 4+ D
r+ 17 —1)! (—t+r+1)ipy’

(
(
(
(r+ DI =t
(i
(

where the last equality follows, again, from the Chu-Vandermonde identity. It is
easy to see that this number is equal to the coefficient of z"*! on the right hand

side, which is given in (3.12). This completes the proof of the theorem. |

4. Further identities

In this section we obtain an infinite factorization of the matrices Lo and Eg ! that
relates the Jacobi and cyclotomic polynomials.

Definition 4.1.  Given a lower triangular matrix Ty € M (A) the left iterated
matriz Ty corresponding to Ty is the infinite (from right to left) product

Ty = .. .8 (Ty) s*(Ty) s(Tp) Tp.
It is clear that this product converges to a lower triangular matrix. Similarly, the
right iterated matriz Tyt corresponding to Ty is the lower triangular matrix given
by the infinite (from left to right) product
T3t = Ty s(Tp) s*(Ty) s*(Tp). - .
It is clear that if T is invertible then Ty is also invertible and
(Ty) " = ()"
Moreover, T and Tyt are respectively characterized by the identities
Ty =s(Ty) Ty and Tt =Ty s(ThY). (4.1)
As an example, notice that the classical recurrence relations

=D+ and S35 =S6G—-1,j—-1)+jS(i—1,5)

J Jj—1 J
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that define, respectively, the Pascal and Stirling numbers correspond to the matrix
identities P = s(P) Ty p and S = s(5) Tp,s where

Thus P and S are the left iterated matrices P = Ti'p and S = Tj'g. Moreover, P
1

I
and S are also right iterated matrices. Since P = (1 11 ) s(P) and S = P s(9)

1 .\ R
it follows that, P — <H1111) and S — PR

We shall now express the matrices EO and Eg ! respectively as a right and
left iterated matrices. Let Ty be the lower triangular matrix given by

—x—1 1
r —x—1 1
T() = 0 r —x—1 1
0 0 x —x—11

It is clear that its inverse is the following lower triangular matrix whose entries are
the cyclotomic polynomials
1
1+z 1

T—l - 1+z+z? 1+x 1 .
o - 2.3 2
14+z+z*+2° 14+x+x° 1+ 1 ...

Theorem 4.2.  The matrices ZO and Zgl satisfy the following identities

L' = (Ty)"  and  Lo= (T;1)".

In other words,

iyt
ot 2yt
ot 3077 Sy
TR VA VM R
1 1 1
1 1 —x—1 1

—xz—11 ... r —x—11... r —x—11...
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and

—1,-1
—2,-2 —2.-9
P Po

—3,-3 —3,-3 —3,-3
Do Py Py

—4,-4 _—4,—4 4,4 —4,-4
p3 Py Py )

1 1 1

1+z+a? 14z 1 - 14z 1 .. 1 o
1+z+a2+23 1+z+a2 142 1 ... 14z+z2 1421 ... 1+z 1 ...

We notice that in these two identities the polynomials involved are p&®
instead of PM®.

Proof.  From equation [£.1] we only have to prove that

(=1 Zp?’fj(w) => (=)t L @) (T

7 , 1—1
k=j
for ¢ > 2, or equivalently
J j—1 i—1,5—1 j(x+1) (j—i—l)x i+1,5+1
D) = 2= e )+ L )+ L ),

This holds if and only if

TP ()
jf

— =l pilal(atl) 4 4l pi

m+1) J+1 T J+1,7+1 (m—i—l
i—1 =] r—1 i—1x—1 7 i—j—1 ( + P)i—j— ) ’

z—1 i—1 (z—1)2 2 z—1

which, in turn, holds if and only if

A(i — 1)j PM(x)
= 4i(j — 1) P77 N @) + dija PP (x) +i(j + 1) (2® — 1) P ().

This last identity is true since it is (1 + j) times equation (3.6) with
n=i—j—1and a =j+1, plus 2(j — 1) times equation (3.3 with n =i — j
and o = 7. |

5. A triangular system equivalent to the original system

Our original motivation to study the LU-decomposition of the matrix M, was that
we needed to have a triangular system equivalent to the system (1.4]) in order to
derive some properties about the K, -invariants in the universal enveloping algebra
of a semisimple Lie algebra g (see Section . This can now be achieved as follows.
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Recall that a polynomial b = by+by t+byt*>+b3 >+ - - - € M|t] satisfies the
bo
system ([1.4)) if and only if the vector (b, by, bo,...) satisfies M(g;) = 0, where

M = MyPy,, and

Lg—Rg Lg+REg Lg—REg Leg+RE
L%—R3% 2L%+2R% 4L%—4R% 8L%+8R%

M():

L% —R3 3L3+3RY 9L3—9R3 27L3+27TR3, ...

Since the LU-decomposition of

z—1 z+1 z—1 z+1

x2—1 22242 422—-4  8x2248

—~

Moy = 3-1 32343 923-9 27z3427 ...

is MO = ZOﬁOFD_lStD_I (see Theorem , we conclude that the coefficient

matrix of a triangular system equivalent to the system (|1.4) is
UOFD,lStD,lPIt%H (5.1)

where Uy is the upper triangular matrix given by

(Up)ij = (—1)i~ % ad2~7 Ri p ot (g_;) Cfor 1<i<j.
As an example, we show how the last two equations of this triangular system
look like for a polynomial b of degree m. In this case we must consider the
(m + 1)-minor of the matrix UyF'D_;S*D_, P}, , that is the matrix whose entries
are (UgFD_1S'D_1Pf )i; for 1 < i < j < m+ 1. The last two equations
correspond to the 2 X 2 matrix system

1)!
(m=1)!ad m!ad’® Ry — (m; ) ad + (m+1)ladpy ™' Lg bn-1) (o>
0 m! adg+1 bm 0/’

If we simplify the constants the corresponding equations are:

ad (b—1) + mady (b, H) — (1) ad (by) +m(m + 1) adp ™' (Eby,)

2
adgﬂ (bm)

0,

This triangular system presents the following inconvenient for our needs: the
operator adg acts, in general, on elements of the form b; H' (see the first equation
above) and we would prefer to have adg acting directly on the coefficients of the
polynomial b. In the enveloping algebra U (), where this system comes from, the
elements H and E satisfy [H, E] = cE where ¢ € C, and this fact allows us to
express this triangular system in such a way that adg acts only on the coefficients
of the polynomial b.
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In order to do this we make use of Theorem (4.2 Assume from now on that
[H, E] = cE with ¢ € k, and let us denote by Eq” the original system (T.4)), that
is, qu is the equation

E"b(H +n) = b(H — n)E"

with n € NU {0} (we added the trivial equation corresponding to n = 0 for
technical reasons). From Theorem we know that if we define recursively the
system Eq" by

Bk _ B it1<n<k;
o Eq¥ ™ — (Lg + Re)(BEd®Z)) + Le(EqET)),  if k <mn;

then the system
={Edp, :n =0}

is exactly the triangular system given by . In the next theorem we give an
expression for the equations Eq” where adp acts directly on the coefficients of the
polynomial b. To do this we introduce the following notation. For h € k, h # 0,
let O, : M[t] — M[t] denote the h-discrete derivative

—b(t — h)
- :

aub(t) = 2 for b € M{t].

Also, let B : M([t] — M[t] denote the map E(3 b;t’) = " adg(b;)t. Observe
that £ commutes with 0, for all h € k, and it is straightforward to prove that

adp (b(t + H)) = E(b)(t + H) — cO.b(t + H)E. (5.2)
Theorem 5.1.  For k>0 and n > k the equation qu s given by

k n—k
2 ("4) RO B () (H + = ej — i) P

i=0 g=o
k
= (1) (5) 00 E* T (b)(H —n + 2k — ) E"~ 40,
i=0
In particular, the n-th equation of the system Eq™ is

n

D (=D'() RO BT O)(H A4 1 — ) B

=0
+Z " opdi_ E"TI(b)(H +n+1—c—i)E!

(—1)" (") orol_E"(b)(H +n — 1 —4) B,

=0
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This theorem can be proved directly by induction. Another possibility is to
make use of identity to interchange, by induction, the orders of the actions
of adg and Ry in the expression of the triangular system given by (5.1). In any
case the proof is rather technical and long, and thus we prefer to omit it. As a
corollary we have the following particular cases.

Corollary 5.2.  If [H, E] =0 then the n-th equation of the system Eq™ is

i [(?) E"O (0)(H+n+ 1) B+ (1) E" 07" (b) (H +n+1) E™

1=0

= Z ) E"0r (b) (H+n—1)E™,

If [H,E] = E then the n-th equation of the system Eq™ is
EMHon(b)(H +n+ 1) + B0 (0)(H 4+ n)E = 0.

Proof. If F and H commute then ¢ = 0 and hence 0._1b(t) = —0:b(t + 1).
Therefore 9’_,b(t) = (—1)'0ib(t + i) and the result follows.

On the other hand, if [H, F] = E then ¢ = 1 and hence 0.y = 9y = 0.
Therefore all the terms of Eq,, ., for 7 > 0, are zero and thus Eq,, ., is

EMLon(b)(H +n+1) + Em"(b)(H 4+ n)E = E"oMb)(H +n — 1)E,

which is equal to the equation stated in the corollary. [ |
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