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Abstract. It has been conjectured by L. Corwin and F. P. Greenleaf that if
Γ is a lattice subgroup of a connected, simply connected nilpotent Lie group G
then log(Γ) is a Lie ring. In this note we show that this conjecture holds.
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Let G be a connected, simply connected nilpotent Lie group with Lie algebra g . A
discrete uniform subgroup Γ of G is called lattice subgroup if log(Γ) is an additive
subgroup of g ([6]). In 1976, L. Corwin and F. P. Greenleaf in [2, page 141] (see
also [1, page 222]) proposed the following

Conjecture 1 (The lattice subgroups conjecture). If Γ is a lattice sub-
group of a connected, simply connected nilpotent Lie group G then log(Γ) is a
Lie ring (i.e., for all X, Y in log(Γ) , we have [X, Y ] ∈ log(Γ)).

Using the Campbell-Baker-Hausdorff formula, it is clear that the conjecture holds
when G is k -step connected, simply connected nilpotent Lie group for k ≤ 4 ([1,
page 222]). But the problem in general remained open. The main result of this
paper is the following theorem.

Theorem 2. The lattice subgroups conjecture holds.

Before we begin with the proof we need the following definitions and lem-
mas.

Definition 3 ([1]). Let g be a nilpotent Lie algebra and let B = (X1, . . . , Xn)
be a basis of g . We say that B is a strong Malcev basis for g if

gi = R-span {X1, . . . , Xi}
is an ideal of g for each 1 ≤ i ≤ n .

Let Γ be a discrete uniform subgroup of a connected, simply connected
nilpotent Lie group G . A strong Malcev basis (X1, . . . , Xn) for g is said to be
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based on Γ if
Γ = expZX1 · · · expZXn.

Such a basis always exists (see [1], [5]).

Let G be a connected, simply connected nilpotent Lie group and let g be its Lie
algebra. We say that g (or G) has a rational structure if there is a Lie algebra gQ
over Q such that g ∼= gQ ⊗ R . It is clear that g has a rational structure if and
only if g has an R-basis (X1, . . . , Xn) with rational structure constants.

Let g have a fixed rational structure given by gQ and let h be an R-
subspace of g . Define hQ = h∩ gQ . We say that h is rational if h = R-span {hQ} ,
and that a connected, closed subgroup H of G is rational if its Lie algebra h is
rational.

If G has a discrete uniform subgroup Γ , then g (hence G) has a rational
structure such that gQ = Q-span {log(Γ)} . Conversely, if g has a rational structure
given by some Q-algebra gQ ⊂ g , then G has a discrete uniform subgroup Γ such
that log(Γ) ⊂ gQ (see [1] and [5]). If we endow G with the rational structure
induced by a uniform subgroup Γ and if H is a Lie subgroup of G , then H is
rational if and only if H ∩ Γ is a discrete uniform subgroup of H .

A proof of the next result can be found in Proposition 5.3.2 of [1].

Lemma 4. Let G be a connected, simply connected nilpotent Lie group with Lie
algebra g and let Γ be a discrete uniform subgroup of G. Let h1 ( h2 ( . . . ( hk =
g be rational ideals of g with dim (hi) = mi for 1 ≤ i ≤ k . Then there exists a
strong Malcev basis (X1, . . . , Xn) for g based on Γ such that for any i = 1, . . . , k ,
we have

hi = R-span {X1, . . . , Xmi
} .

A basis satisfying Lemma 4 is called strong Malcev basis for g based on Γ passing
through h1, h2, . . . , hk .

Lemma 5 ([2], Lemma 3.9). If Γ is a lattice subgroup of a connected, simply
connected nilpotent Lie group G = exp g and (X1, . . . , Xn) is a strong Malcev basis
of g based on Γ, then (X1, . . . , Xn) is a Z-basis for the additive lattice log(Γ) ⊆ g.

The next lemma is the rational version of Kirillov’s lemma ([4, Lemma 4.1], [3,
Lemma 1]).

Lemma 6. Let g be a nilpotent Lie algebra with one dimensional center z(g).

(1) Then there exists a decomposition g = RX ⊕RY ⊕ z(g)⊕ n, with [X, Y ] ∈
z(g) \ {0} and g0 = RY ⊕ z(g)⊕ n being the centralizer of Y in g.

(2) Furthermore, if G = exp g has a discrete uniform subgroup Γ, we may choose
Y in log(Γ), so that z0 = RY ⊕ z(g) and g0 will be rational ideals of g.

Proof. [Proof of Theorem 2] Let G = exp g be a connected, simply connected
nilpotent Lie group and Γ a lattice subgroup of G . Let Λ = log(Γ) . The proof
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is by induction on the dimension of g . If dim (g) = 1 there is nothing to prove.
Suppose then that the result has been proved for all the groups of dimensions less
than n and that dim (g) = n + 1 . Let (X1, . . . , Xn+1) be a strong Malcev basis
for g strongly based on Γ passing through the center z(g) of g (see Lemma 4).
We shall prove that [Xi, Xj] ∈ Λ for every i, j ∈ {1, . . . , n + 1} such that i > j .
There are two cases to consider.

Case 1: dim (z(g)) ≥ 2 . For k = 1, 2 , let

ak = R-span {Xk} and Ak = exp ak.

Also let
pk : G −→ G/Ak and dpk : g −→ g/ak,

the canonical projections. Since Ak is a rational normal subgroup of G , then pk(Γ)
is a lattice subgroup of G/Ak ([1, Lemma 5.1.4]). Now the inductive hypothesis
says that

dpk([X, Y ]) ∈ log(pk(Γ)), ∀k = 1, 2.

Consequently, there exist γ1, γ2 ∈ Λ and t1, t2 ∈ R such that

[Xi, Xj] = γ1 + t1X1 = γ2 + t2X2.

On the other hand, we have Λ = ZX1+ . . .+ZXn+1 , by Lemma 5. Then t1, t2 ∈ Z
and so [Xi, Xj] ∈ Λ .

Case 2: dim (z(g)) = 1 . Using Lemma 6 we can suppose that the basis
(X1, . . . , Xn+1) passes through z0 and g0 . Let a be the subalgebra of g generated
by Xi, Xj and A = exp a . First suppose that a 6= g . As a is rational, then
A ∩ Γ is a lattice subgroup of A and therefore the induction hypothesis says that
[Xi, Xj] ∈ Λ ∩ a , in particular [Xi, Xj] ∈ Λ . Finally, we consider the case when
a = g . In this situation, we have (i, j) = (n + 1, n) . Let’s write

[Xn+1, Xn] = αXn−1 + . . . + βX1.

Since a = g we conclude that α 6= 0 . On the other hand, as X2 ∈ z0 = RY ⊕ z(g)
(see Lemma 6) and z(g) = RX1 , then there exists (z, y) ∈ R × R∗ such that
X2 = zX1 + yY . Therefore, it is easy to check that g0 is the centralizer of X2 in
g . Consequently, there exists a ∈ R∗ such that

[Xn+1, X2] = aX1.

Let the mapping φ : g −→ g be defined by

φ(Xn+1) = Xn+1

φ(Xn) = Xn −
β

a
X2

φ(Xn−1) = Xn−1 −
β

α
X1

φ(Xi) = Xi (1 ≤ i ≤ n− 2).
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Since [X2, g0] = {0} then the mapping φ is a Lie algebra automorphism of g .
Using φ we can suppose that β = 0 (if not, replacing Γ by Φ(Γ) where Φ is the
unique group automorphism of G such that the derivative of Φ at identity is φ).
Let

p : G −→ G/Z(G) and dp : g −→ g/z(g)

be the canonical projections. As above, since Z(G) is a normal rational subgroup
of G then p(Γ) is a lattice subgroup of G/Z(G) . We have by the induction
hypothesis

dp([Xn+1, Xn]) ∈ log(p(Γ)).

Consequently, there exist γ ∈ Λ and t ∈ R such that

[Xn+1, Xn] = γ + tX1. (1)

Equation (1) and the condition β = 0 imply that t ∈ Z and therefore [Xn+1, Xn] ∈
Λ . This proves the theorem.
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