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Abstract. Let G be a Lie group acting smoothly on a manifold M . A closed,
nonsingular submanifold S C M is called maximally symmetric if its symmetry
subgroup G¢ C G has the maximal possible dimension, namely dim Gg = dim S,
and hence S = Gg - 7, is an orbit of Gg. Maximally symmetric submanifolds
are characterized by the property that all their differential invariants are con-
stant. In this paper, we explain how to directly compute the numerical values
of the differential invariants of a maximally symmetric submanifold from the in-
finitesimal generators of its symmetry group. The equivariant method of moving
frames is applied to significantly simplify the resulting formulae. The method is
illustrated by examples of curves and surfaces in various classical geometries.
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1. Introduction.

Suppose G is a Lie group acting smoothly on a manifold M, and let g denote the
corresponding Lie algebra of infinitesimal generators. The symmetry group of a
closed submanifold S C M is, by definition, the subgroup Gg ={g € G|g-S =S5}
consisting of all group transformations that map S to itself. A submanifold S is
called nonsingular if Gg acts locally freely on S, [17]. A nonsingular submanifold
is called maximally symmetric if dimGg = dim S, and hence coincides with an
orbit of its symmetry group: S = Gg - 29, for some 2y, € M. According to a
theorem of E. Cartan, [3, 5], a nonsingular submanifold is maximally symmetric if
and only if all its differential invariants are constant. The goal of this paper is to
develop effective formulae for computing the values of the differential invariants of
such a maximally symmetric orbit G- 2y directly from the infinitesimal generators
of its symmetry group, namely the symmetry subalgebra gs C g.

As a simple example illustrating our concern, suppose G = SE(3) is the
special Euclidean group consisting of the orientation-preserving rigid motions of
M = R3. The fundamental differential invariants of a space curve C' C R? are its
curvature s and torsion 7. A (topologically closed) curve is maximally symmetric
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if and only if it is the orbit, C' = {exp(t V) zo }, of a one-parameter subgroup
generated by a Euclidean vector field v € se(3). All such curves are circles or
helices, and our task is to determine the curvature and torsion of the orbit curve
directly from the infinitesimal generator v.

Interestingly, the formulae that we derive for the differential invariants of
maximally symmetric submanifolds shed new light on the classical prolongation
formula for vector fields on jet bundles, [16]. However, they turn out to be quite
intricate even for fairly simple geometries. A significant simplification can be
effected by normalizing some or all of the parameters — base point and subgroup
— by applying an adapted group element. The most effective means of producing
compact formulae is to appeal to the new equivariant formulation, [5, 19], of the
classical Cartan method of moving frames, which we review in Section 4. Our
methods and results will be illustrated by a number of examples from classical
geometries. This investigation was motivated by several applications arising in
geometry, [12, 21], differential equations, [16], and computer vision, [19].

2. Jets of Orbits.

Let M be a smooth m-dimensional manifold. For fixed 0 < p < m, let J* =
J"(M,p) denote the associated n-th order (extended) jet space of p-dimensional
submanifolds S C M see [16] for details. We use j,S|, to denote the jet of S at
the point z € M.

Let z = (x,u) = (2',... 2P, u', ... u?) be local coordinates on M, where
we view the first p as independent variables, and the latter ¢ = m—p as dependent
variables. We locally identify submanifolds with graphs of functions v = f(x).
(This omits submanifolds that are not transversal to the vertical fibers {x = c},
which can behandled by suitably changing coordinates, e.g., switching the roles of
the independent and dependent variables.) The induced local coordinates on J”
are denoted 2™ = (z,u™) = (... 2* ... u§ ...), with ug, for 0 < #J < n
and 1 < a < gq, representing the partial derivatives 07 f®/dz” of the graphing
function.

Let H be a p-dimensional Lie group that acts! smoothly on M, and let
denote the Lie algebra containing its infinitesimal generators, which are smooth
vector fields on M. As usual, the prolonged action of H on the jet space J" will
be denoted by H™ . If H acts (locally) freely at zy € M (see below), the orbit
S = H - zy of H through zy is a smooth p-dimensional submanifold with tangent
space T'S|,, = b|.,. The aim of this section is to write out formulas for the jets
(derivatives) of the orbit in terms of the infinitesimal generators of H .

Before dealing with the general situation, let us first look at the simplest
case. Let M be two-dimensional manifold with local coordinates (x,u). Restrict-
ing to curves given by the graphs of functions u = f(z), the associated jet space
J*(M,1) has local coordinates (z,u™) = (x,u, Uy, Uy, . .. ,Uy,) Tepresenting the
derivatives of f at the point z.

ITo simplify the exposition, we will assume that group actions are global. However, all results
and formulas apply equally well to local group actions.
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Let 5 P
v=¢r,u)— +elr,u)—
(w05 + ol )
be the infinitesimal generator of a one-parameter transformation group exp(tv)
acting on M. Let zg = (zg,uo) € M. We assume that &(zg,ug) # 0, as otherwise
the curve has a vertical tangent, or, if ¢(xg,ug) = 0 also, degenerates to a point.

Our goal is to compute the derivatives

d*u
uk,():@($o), /{‘:1,2, ey

(2.1)

of the curve C' = exp(tv) - zo at the point z;. To this end, let

(”)—S(xug—i-z or (2, u™) —— 0

Sur (2.2)

denote the corresponding prolonged Vector field, generating the prolonged action
on J, so that exp(tv(™) = exp(t v)™. The coefficients of v("™ are prescribed by
the well-known prolongation formula, [16, Theorem 4.16]:

o1 = DE[ o) = up £ )] + g £z, u), (23)
where 5 9 p

is the total derivative with respect to the independent variable z.

Proposition 2.1. Under the above assumptions, the jet coordinates

u(()n) - (UOJ u1,07 cee JU‘?’L,O)

of the orbit curve C' = { exp(tv) - (zo,uo) } at the base point zy are given by the

recursive formula

(@, ud )

Uko =
’ é(xoauO) ’

Furthermore, define the modified total derivative operator

k=1,...,n. (2.5)

~ 0 o(z,u) 0
Dz_@x * E(x,u) Ou’

obtained by replacing uy by the right hand side of (2.5) with k = 1 and truncating.
Set

(2.6)

Uz, u) = Dku. (2.7)
Then one has the alternative formula
U = i (@0, 10) = or—1(0, Uo, Y1 (w0, Up), - - -, Yr—1(0, Up)) ' (2.8)
g(IOa U’U)

Thus, if F(x,u™) is any differential function, then its value on the orbit curve at
the base point can be computed as

F(JUo, U(()n)) = F(ﬂUo,Uo, ¢1($0,U0)a s 7@%(330,“0))- (2'9)
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Proof: The curve jet
inC = { exp(tv™) - P } cJ*(M,1), where 2 = (2o, ul") = jnC),
is obtained by integrating the ordinary differential equations

dz du du du,, "
1. :g(l’,u), 1. :(,O(ZC,U), _1 :@1($,U,U1), ey e IQOH(I,U( ))7

dt dt dt dt
prescribing the prolonged flow of the vector field v(™ on J*. Thus, by implicit
differentiation,
Uu = — — = —
MU de T dejdt €
which immediately establishes the first formula.

Moreover, given any smooth function F(z,u), its total derivative, when
restricted to the first order curve jet j;C, is given by

oF or (9F p OF =~
DmF y Wy = . =D F7

(x,u,uq) o + U —— oy —|— £ u
proving (2.8) when k£ = 1. A simple induction on k establishes the general formula.
The final formula (2.9) is an immediate corollary. Q.E.D.

Remark: The fact that (2.5) and (2.8) are equal provides us with an inter-
esting new perspective on the classical prolongation formula (2.3). For example,
taking k£ = 2, we find

o\ _ (0 v N 9 ¢ 9 @
alenf)-s@Grim) s (mrim) (2) e

which can be verified by direct computation.

The preceding formulas can be straightforwardly adapted to curves in higher
dimensional manifolds. We merely replace u by the various dependent vari-
ables u®, and @(z,u) by the corresponding infinitesimal generator coefficients
©*(z,u',...u?). The second term in the modified total derivative (2.6) becomes
a summation over o = 1,...,q. Rather than write out the resulting formulas in
detail, let us turn to the general case.

Let H be a p-dimensional Lie group acting smoothly on M. Let

Zf’w

be a basis for its infinitesimal generators, spanning a p-dimensional Lie algebra b
of vector fields on M. Their prolongations to the submanifold jet space J"(M, p)
are given, in local coordinates, by

0
du>’

(r,u)=— k=1,...,p, (2.11)

q
n E § a 9
V( ) = Vi + SOJ,H('%7 u(k))% ) (212)
J

a=1 1<k=#J<n
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where, for each symmetric multi-index J = (ji,...,Jx) with 1 < j, < p and

k=4J,
P A V4 4
05, =Dy <¢g - & u) + ) &us,, (2.13)
=1 =1

with Dy = Dj, --- Dj, denoting the corresponding iterated total derivative.
Let
Gilz,u) oo &(zu)
S = (Gru)=| 1 (2.14)
Elr,u) . &(z,u)
be the p x p matrix formed by the independent variable coefficients, whose k-th
row contains the independent variable coefficients of the k-th generator v,. If

det E(ZEQ, Uo) 7é 0 (215)

then the Implicit Function Theorem implies that the orbit S = H - zy is a p-
dimensional submanifold N C M that is transverse to the vertical fibers at
20 = (2o, up), and hence can be locally represented as the graph of a function
u = f(z). Under this assumption, the following result generalizes Proposition 2.1:

Theorem 2.2.  Under the above assumptions, at zy the jet coordinates of the
group orbit S = H - zg are provided by the recursive formula

WGy =V (zo,ul ™),  1<k=#K<n, a=1,...,q (2.16)

where the functions V- (x,u*V) are given by

o (k—1) o (k—1)
\IJJl(mau ) . @J,l(xau ) #J:k‘—l,
: = E(z,u)” : : . (2.17)
o _ o _ a=1,...,q.
\IJJp('CEa u(k 1)) WJ,p<x7 u(k 1)) 1
In particular, when k =1, we use the quantities
Uiz, u) Ui(z, u) o1 (2, u)
: — : = Z(x,u)"! : , a=1,...,q, (2.18)
vy (x, u) Uy (@, u) oy (@, u)
to define the modified total derivatives
N 0 g %)
D= — () —— i=1,...,p. 2.1
RO DRUCUE ’ (219)
Let
Vo(z,u) = Dg(u®), O0<#K<n, a=1,...,4q, (2.20)

which is consistent with (2.18). Then we have the alternative formula

U o = Vi (2o, uo), (2.21)
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which thus implies that

Ui (w0, ug) = Wit (0, ¥ (20, 1)), (2.22)

where the notation means that we use (2.21) to replace all the derivatives u,
for #J < k — 1 that appear on the right hand side of (2.16). Thus, the value
of a differential function F(xz,u™) on the orbit at the base point is obtained by
replacing each derivative coordinates by the corresponding function (2.22):

F(mo,uén)) = F(xo,ug, ... ,¥%(x0,up), ... ). (2.23)

Theorem 2.2 is proved by a straightforward adaption of the two-dimensional
argument, and so, for brevity, will be omitted. Examples will appear below.

Remark: Transversality of the orbit implies that we can choose a basis
Vi,...,V, of the infinitesimal generators of H with the property that

, k=1,...,p. (2.24)

(wo,u0)

q
N 0
=+ ; @ (w0, uo) B

Vﬂ’(xo,uo) =~ a.x
Oz (zo,uo0)
This choice of basis serves to trivialize the matrix Z(zg,up) = I in (2.14), and

hence allows us to inductively determine the orbit jet coordinates u(()n) directly
from the infinitesimal generator coefficients:

;0 = U5 (o, u0) = WG (w0, ul ™) = 5 (0, ¥ *V (w0, uo)), (2.25)

which is valid for any multi-index J with #J =k —1 and any 1 =1,...,p.

Remark: It is easy to see that the modified total derivatives (2.19) mutually
commute: [f)z, lA)j ] =0 for all 4, ;. Indeed, their construction coincides with the
initial step in the elementary proof of the Frobenius Theorem described in [16, p.
422].

Remark: As above, the identification (2.22) provides a new interpretation
of the standard prolongation formula (2.13). Furthermore, observe that, on the
left hand side of (2.25), Ji = (j1,...,jk-1,?) denotes a symmetric multi-index,
whereas on the right hand side ¢§; refers to the coefficient of d/0ug in the
prolonged vector field VE"), and thus is not fully symmetric in J, ¢. It is striking
that, provided the vector fields v1,...,v, span a Lie algebra, the formula yields
the same result for all permutations of the indices in K = J1.

3. Maximally Symmetric Submanifolds.

Let G be a Lie group that acts (locally) on an m-dimensional manifold M. Let
us review some basic terminology.

Definition 3.1.  The isotropy subgroup of a subset S C M is

Gs={geG| g-ScS}. (3.1)
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The global isotropy subgroup

G?zﬂ@zz{g€G| g-z=zforallze€ S} cC Gy

z€S

consists of those group elements which fix all points in S.

Definition 3.2.  The group G acts

o freelyif G, = {e} forall z € M,

locally freely if @ is a discrete subgroup for all z € M,

effectively if G¥; = {e},

locally effectively if G5, is a discrete subgroup,

effectively on subsets if G; = {e} for every open U C M,

locally effectively on subsets if Gy, is a discrete subgroup for every open U C M .

If S C M is a closed submanifold, then its symmetry group Gs, by def-
inition, coincides with its isotropy subgroup: Gg = Gg. For non-closed sub-
manifolds, there is a distinction between them as we allow local invariance of
the submanifold under its symmetry group. For instance, if G = R? acts by
translations on M = R?, then any non-infinite open horizontal line segment, e.g.,
S ={(z,0)] =1 <z <1}, has trivial isotropy subgroup, Gg = {e}, but is locally
invariant under the one-parameter subgroup of horizontal translations generated
by 0., and we wish to encode this fact in the symmetry group. One approach is
to first define the symmetry subalgebra to consist of all infinitesimal generators
v € g that are everywhere tangent to the submanifold:

gs={veg| v],eTs|, forall z€S5}.

Then Gg C G will be the connected subgroup having subalgebra g C g. Of
course, this fails to address the question of discrete symmetries of non-closed
submanifolds. An alternative approach would be to recast the construction using
the more general machinery of groupoids, [25], but, for simplicity, we will not
pursue this direction any further here.

The following theorem is due to Ovsiannikov, [23], and was slightly corrected
in [17].

Theorem 3.3. If G acts locally effectively on subsets of M, then, for n > 0
sufficiently large, the prolonged action G™ is locally free on a dense open subset
yrcJn.

Remark: Any analytic action can be made effective by dividing by the global
isotropy normal subgroup G'5;. Although all known examples of prolonged effective
group actions are, in fact, free on an open subset of a sufficiently high order jet
space, there is, frustratingly, as yet no general proof, nor known counterexample,
to this more general result.

The open subset V" C J" described in Theorem 3.3, which consists of all
prolonged group orbits of dimension equal to r = dim G, is called the regular
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subset, and its elements 2™ € V" are the reqular jets. The singular subset
S" = J"\ V" is the remainder, containing the singular jets.

Definition 3.4. A submanifold S C M is order n regular if j,S C V*. A
submanifold S C M is totally singularif j,,S C 8™ for all n=0,1,....

In [17, Theorem 7.6], the following geometric characterization of totally sin-
gular submanifolds was established. Section 8 of [17] contains further Lie algebra-
theoretic characterizations of totally singular submanifolds of homogeneous spaces.

Theorem 3.5. A submanifold S C M s totally singular if and only if its
symmetry subgroup Gg does not act locally freely on S itself.

A real-valued function? 7: J* — R is known as a differential invariant if it
is unaffected by the prolonged group transformations, so I(g™ -2™) = I(2(™) for
all 2™ € J* and all g € G such that both 2™ and ¢™ - 2(™ lie in the domain of
I. Any finite-dimensional group action admits an infinite number of functionally
independent differential invariants of progressively higher and higher order. The
Basis Theorem, [16, Theorem 5.49], states that they can all be generated by
repeated invariant differentiation of a finite number of low order invariants.

Theorem 3.6.  Given a finite-dimensional Lie group G acting on p-dimensional
submanifolds S C M, then, locally, there exist a finite collection of generating dif-
ferential invariants Iy, ..., I,, along with exactly p invariant differential operators
Dy, ..., D,, having the property that every differential invariant can be locally ex-
pressed as a function of the generating invariants and their invariant derivatives:
D1, =D;Dj,---Dj 1.

When restricted to a given submanifold, the differential invariants will
no longer be functionally independent. As shown by Cartan, [3] — see also [5,
Theorem 14.7] — the dimension of the symmetry group of a regular submanifold
S C M is completely determined by the number of functionally independent
restricted differential invariants.

Theorem 3.7. Let S C M be a reqular p-dimensional submanifold. Then the
number k of functionally independent differential invariants on S is equal to the
codimension of its symmetry group: k =p —dimGg.

Thus, the maximally symmetric regular p-dimensional submanifolds are
those possessing a p-dimensional symmetry group. As an immediate corollary
of the preceding Theorem, we deduce Cartan’s characterization of maximally
symmetric submanifolds, [3].

Theorem 3.8. A closed, reqular p-dimensional submanifold S C M is maxi-

2Throughout, functions, maps, etc., may only be defined on an open subset of their indicated
domain.
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mally symmetric, with p-dimensional symmetry group H = Gg C G, if and only
if all its differential invariants are constant if and only if S C H - zy is an open
submanifold of an H orbit.

In Section 5, we will apply the results of Section 2 to compute the values
of the constant differential invariants of maximally symmetric submanifolds. The
resulting expressions will typically turn out to be quite complicated.

4. Moving Frames.

In order to make additional progress, we will appeal to the equivariant method of
moving frames initiated in [5, 19]. We restrict our attention to the case of finite-
dimensional Lie group actions; recent extensions of the moving frame approach to
infinite-dimensional pseudo-groups can be found in [22].

Definition 4.1.  An n-th order moving frame is a smooth, G-equivariant map?3
p™ I — G,

The group G acts on itself by left or right multiplication; thus a right
moving frame satisfies

p(n)(g(n) . Z(")) - p(”)(z(n)) .g_l. (41)

Local equivariance allows one to restrict this condition to group elements g near
the identity. All classical moving frames, e.g., those appearing in [3, 7, 8, 9, 11],
can be regarded as left equivariant maps, although the right equivariant versions
are often easier to compute, [5]. If p(2) is any left-equivariant moving frame then
p(z) = p(z)~! is right-equivariant and conversely.

The existence of a moving frame imposes certain constraints on the group
action:

Theorem 4.2. A moving frame exists in a neighborhood of a point 2™ € J* if
and only if G acts freely and regularly near z™.

Therefore, a (locally equivariant) moving frame exists in a neighborhood
of any regular jet 2™ € V™. In practice, one constructs a moving frame by the
process of normalization, relying on the choice of a local cross-section K™ C J” to
the prolonged group orbits. The corresponding value of the right moving frame at
a jet 2™ € J" is the unique group element g = p(™(z(™) € G that maps it to the
cross-section:

P (2M) . 2 = g . o) ¢ g (4.2)

The moving frame p™ clearly depends on the choice of cross-section, which is
usually designed so as to simplify the required computations as much as possible.

3 As noted earlier, the notation allows p(™ to be only defined on an open subset of J”.
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In most situations, one selects a coordinate cross-section defined by setting a
number of the coordinate functions to specified constant values:

2 = Cpe, k=1 ..., (4.3)
where zy,...,2, are r coordinates selected from among the jet variables z’, u%,
and the constants ¢, ..., ¢, chosen so that (4.3) defines a bona fide cross-section.

Extending the constructions to non-coordinate cross-sections is straightforward,
[10, 15, 21].

The moving frame engenders an invariantization process ¢ that maps each
differential function F': J* — R to a differential invariant I = «(F'), defined
as the unique differential invariant that coincides with F' on the cross-section.
Thus, invariantization does not affect invariants, +(I) = I, and, moreover, defines
a morphism projecting the algebra of differential functions onto the algebra of
differential invariants. In particular, the normalized differential invariants induced
by the moving frame are obtained by invariantization of the basic jet coordinates:

H' = u(z"), I7 = u(u9). (4.4)

These naturally split into two classes: Those coming from the coordinates used
to define the cross-section (4.3) will be constant, and are known as the phantom
differential invariants. The remainder, known as the basic differential invariants,
form a complete system of functionally independent differential invariants. Once
the normalized differential invariants are known, the invariantization process is
implemented by simply replacing each jet coordinate by the corresponding nor-
malized differential invariant (4.4), so that

F(zu™)] =uF(... 2" o ug )]
=F(...H ... I ...)=F(H,I™).

Since differential invariants are not affected by invariantization, this implies the
powerful (albeit trivial) Replacement Theorem:

J(z,u™) = J(H,I™) whenever J is a differential invariant. (4.6)

(4.5)

5. Computing Differential Invariants.

We now turn to the main task at hand — determining the values of the differential
invariants of maximally symmetric submanifolds. Let’s begin with the case of
curves, so p = 1, lying in a manifold M of dimension m = 1 4 ¢. For simplicity,
let us assume G acts transitively on M, i.e., we are looking at curves in a (locally)
homogeneous space. It is known?, that, except for a handful of group actions
that pseudostabilize under prolongation, there are precisely ¢ = m — 1 generating
differential invariants with the property that all others are found by differentiation
with respect to a group-invariant arc length element. For a maximally symmetric
curve, the ¢ generating differential invariants are constant, and so all the higher
order differentiated invariants are automatically zero.
The first main result follows as a direct corollary of Proposition 2.1.

4This follows from the solution to [16, Exercise 5.35], which can be effected by using the
moving frame recurrence formulae, [5]; see also [20, Theorem 7.2].
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Theorem 5.1. Let C' = {exp(tv) : 20} be the maximally symmetric curve
through the point zo € M generated by v € g. Then we can evaluate the value of
any (necessarily constant) differential invariant I = F(x,u™) by replacing each
derivative coordinate u§ by the corresponding function (2.8):

]:F(Io,UO, I/J?(ZE(),U()) ) (51)

Example 5.2.  Consider the equi-affine group SA(2) = SL(2) x R? acting on
plane curves C' C M = R? via

g (z,u) = (azx+ Pu+a,vyr+dou+b), ad—fFy=1. (5.2)

The fundamental differential invariant is the equi-affine curvature

2
UpzUgzzr — gumm
8/3
T

(5.3)

KR = [/(uxmcz) =

u

All other differential invariants are (locally) expressible as functions of the curva-
ture and its derivatives with respect to the equi-affine arc length

w=ds = u'/?du. (5.4)

The totally singular curves are the straight lines, which admit a three-dimensional
symmetry group. The maximally symmetric curves are the conic sections, [2, 17],
and our task is to determine their equi-affine curvature.

A basis for the infinitesimal generators of the action is provided by the
vector fields

Vi = Oy, Vo = O, Vg = 20y, Vy=—20, +ud,, vs =u0d,, (5.5)

and so the general infinitesimal generator is

5

0 0
V= Z axVv, = (a1 — agx + a5u)% + (ag + agz + aw)a. (5.6)
k=1

To compute the equi-affine curvature of the corresponding nondegenerate conic
section C' = {exp(tv)- (z,u) }, we first introduce the modified total derivative
operator (2.6)

~ 0 as + azx + agu 0
D, == 2.
ox a; — a4 + asu Ou
Thus, according to (2.7), (2.8), the curve’s jet coordinates are given by
as + asx + aqu
ay — a4 + asu’
Uy = ¢2($7 U) = quvzjl(xv U)
= (a3 — aqz + a5u)_3[a%a3 +2a; azay — azas +

+ (aszas + ai)(—2a2x+ 2a1u — azx? — 2a4xu + a5u2)} ,

Uy = P1(x,u) = ZA?xu =

and, in general,
Ur = ¢k($,U) = wak,1($,U),
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where the higher order expressions are too unwieldy to reproduce in print. Then,
specializing (5.1), the equi-affine curvature (5.3) of the orbit {exp(tv) - (z,u)}
generated by (5.6) equals

o — w2<x7u)w4(x7u> B §¢3($au)2 : (57)

d}? (ZL', u)8/3

which is a rather long explicit formula, but eminently computable.

One of the immediate lessons from such examples is that the expressions
following from Theorem 5.1 tend to be rather complicated. A significant simpli-
fication can be effected by applying a preliminary group transformation. Ob-
serve that a group element g € G will map the maximally symmetric curve
C = {exp(tv) -z } generated by v € g and based at zy € M to another maxi-
mally symmetric curve C = g - C = {exp(tV) - Zo } generated by’ v = Adg(v),
and based at the image point zy = ¢ - 29. Moreover, C' and C have the same dif-
ferential invariants. For example, if g represents a translation that maps (xo, ug)
to 0, then its adjoint effect on other infinitesimal generators is to replace (z,u)
by (z — xo,u — up).

An alternative approach is to use the moving frame cross-section to place
the curve in a normal form. With this restriction, the differential invariants
are found to have particularly simple expressions in terms of the corresponding
“compatible” infinitesimal generators. To this end, let K™ C J"|,, be a cross-
section to the prolonged group orbits, which we assume to be entirely based at the
point zy = (zg,ug) € M, i.e., its first m = p + ¢ defining equations are given by
v =ah, ur=uf for i=1,...,p, a=1,...,q.

Definition 5.3. The maximally symmetric orbit curve C' = {exp(tv) - 2o }
through zo is compatible with the moving frame cross-section provided its jet at
2p lies in the cross-section: j,C/|., € K™.

The next result is stated for coordinate cross-sections, with an evident
modification in the non-coordinate version.

Proposition 5.4.  Let v =&(z,u)0, + >, ¢*(x,u)0ue € g. Then the induced
orbit curve C = {exp(tv) . (xo,uo)} is compatible with the moving frame cross-
section if and only if §(wo,uo) # 0, and, for each cross-section equation up* = ¢,
the corresponding function (2.7) satisfies

Vs (20, o) = Cp (5.8)

Thus, applying Proposition 2.1, we deduce a simpler formula for the differ-
ential invariants of a compatible maximally symmetric curve.

Theorem 5.5.  If the mazimally symmetric curve C = {exp(tv) - (g, up) } i8

5Here, Ad g denotes the adjoint action of the group element g on the Lie algebra g.
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compatible with the moving frame cross-section, then its basic differential invari-
ants (H, 1) = (zg,...,us,...,I¥,...), as in (4.4), are given by

Qngl (xOv ](k_l))
5('/1“07/“0) ‘

I,? = w;:(xo,UO) = (59)

We remark that the second formula gives a simple recursive rule for gener-
ating the differential invariants directly from the prolonged infinitesimal generator
coefficients. In particular, all the cross-section variables appearing in I~V are
equal to the constant values prescribed by the cross-section equations (4.3).

We emphasize that, by the cross-section construction of the moving frame,
any maximally symmetric curve can be made compatible by applying the corre-
sponding right moving frame element to it. Namely, given any regular orbit curve
C = {exp(tv) -z }, the transformed curve C' = p™(j,C|,)-C will be compatible,
and generated by v = Adp™(j,C|.)v. Thus, having a moving frame already
in hand leads to a significant simplification of the formulae. While the algebraic
manipulations required to compute a moving frame ab initio might offset any com-
putational advantages offered by this approach, there are many other compelling
reasons for finding the moving frame, [19], that could motivate its adoption.

Example 5.6. Let us return to the equi-affine group SA(2) acting on plane
curves, as treated in Example 5.2. To define the classical equi-affine moving frame,
[9, 14], we select the coordinate cross-section

rT=u=1u, =0, Ugy = 1, Upgy = 0. (5.10)

The fourth order prolongation of the general infinitesimal generator (5.6) is

0 0
v = (a1 — ayx + a5u)% + (ag + agx + a4u)% + (a3 + 2a4u, — agui)auz +
0
+ (3aquy, — 3a5uxum)au—M + (4agtiyey — as(dtugtiyg, + 3ul,)) Ju +
0
+ (5a4ux:c:m: - &5(5 UgUgzar + 10u:r:a:uxxx) )a— .
uﬁml‘x
(5.11)

Thus, according to (5.9), at the base point (zg,ug) = (0,0) = 0, the relevant
functions (2.8) are given by

_ »(0,0) _ap
P00 =00 T a
_ ©1(0,0,41(0,0)) _ afas + 2a1aza4 — a3as
0D =T 0 ot |
¢ (O 0) _ SOQ(()? 07’1/]1(()’ 0)7%02(0, O)) o 3(&1@4 - CLQCL5)(CL%CL3 + 2a1a2a4 — G%CL5)
3\Yy - 5(0’ O) - agl', )

and so on. Thus, for the orbit generated by v through the base point to be
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compatible with the cross-section (5.10), we require®

©(0,0)  asg ©1(0,0,0)  ag
0=11(0,0) = = — 1=15(0,0) = ——"T~L ==
wl( ) ) f(0,0) a, ) ¢2( ) ) 6(070) a )
©2(0,0,0,1)  3ay
0=13(0,0) = = ,
BOY= 00
and so compatibility requires that
CLQZO, as = ap, &420.

For such infinitesimal generators v € sa(2), the equi-affine curvature of the conic
section C' = { exp(tv) -0} is given by

©3(0,0,0,1,0) 3as
Incidentally, the higher order differential invariants kg, Ks,... , are clearly all

zero. This can be reconfirmed using the general formula (5.9) and the recurrence
formulas relating the normalized and differentiated invariants [5]; for example,

0,0,0,1,0,x
0= Rs = [/(uxxmcz) = %(0,0) = g04( 5(0 O) )

Example 5.7. Consider the projective group PSL(3) acting on curves C' C
M = RP? via

ar+ fu+y A+ pu+v
pr+ou+T1 pr+ou+T

a By
(x,u) — ( ) , det|A p v|=1. (5.13)
p o T

The classical moving frame, [3], relies on the following cross-section equations:
r=u=1u; =0, Upy = 1, Ugpe = Ugy = 0, Usy = 1, ugz = 0. (5.14)

The fundamental differential invariant is the projective curvature k = t(uz,),
which is a rather complicated seventh order differential function, [4, 16].

The maximally symmetric curves, i.e., those with constant projective cur-
vature, are the W curves studied by Lie and Klein, [13]. We can then use for-
mula (5.1) to compute their projective curvatures. However, since the resulting
formula is much too complicated to display, we will only compute the value for
compatible nondegenerate W curves. Adopting the following basis

Vi 85177 Va2 aua 2V3 x@m, V4 Uaﬂ:a VS2 x@u, (515)

Ve = U Oy, Ve =270, + xud,, vy = zud, + u” 0y,
of sl(3), and applying prolongation as before, we find that the general infinites-
imal generator v = a;vy + --- + agvg generates a compatible W curve C' =
{exp(tv) -0} passing through the origin if and only if

g = a3 = Qg = O, a; = a5 = —6a8, a4 = —ary.

6Note that these expressions can simply be computed directly from the infinitesimal generator
formula (5.11), and do not require the more complicated expressions listed just above.
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The projective curvature of such a curve is equal to

ar
B (5.16)
Example 5.8. Consider the Euclidean group SE(3) = SO(3) x R? acting by
rigid motions on space curves C C M = R3. We use coordinates z = (z,u,v)
on M and, for simplicity, assume that the curve is realized as the graph of the
functions v = wu(x), v = v(z). The classical moving frame, [9], relies on the
equations

x =0, u=0, ©v=0, u, =0, v, =0, Ve = 0, (5.17)

which serve to define a coordinate cross-section provided u,, # 0. (Indeed, the
classical moving frame is not defined at inflection points of the space curve, [6, 9].)
The generating differential invariants are the curvature and torsion, which are
obtained by invariantizing

(L 1 12)7
L(Uxmz) _ UgaUpzx — UgaUzza

T L(Upe) T4+u2 402 7

K = t(Ugy) =

Y

(5.18)

cf. [18]. All other differential invariants are (locally) expressible as functions of the
curvature, torsion, and their derivatives with respect to the Euclidean arc length

w=ds=+/14+u2+v2 dx. (5.19)

The totally singular curves are the straight lines, which have a two-dimensional
Euclidean symmetry group. The maximally symmetric curves are the circles and
circular helices.

Introducing the basis vector fields

Vi = axa Vo = au7 V3 = aln

(5.20)
Vi =00, — U0y, Vs = —u0, +x0,, Ve = — 00 + T 0y,
the general infinitesimal generator v = a1vy + --- + agvg has second order
prolongation
0
v = (a; — azu — aﬁv)a—x + (ag + aqv + a5x)% + (a3 — aqu + a6x)% +
+ (a4vw +as(1 +ul) + a6uxvz)87 + ( — gty + 5LV, + ag(1 4+ v2) ) 5 +
+ (a4vxx + 3a5uxuz;t + a6(2uzmtvx + uzvxx) )8_ +
u$$
0
+ ( — AqUgy + a5<uacxvac + 2umvxax) + 3a6Uacv:cx ) a_ .
/U.TZ’

Thus, taking into account (5.9), the circular or helical orbit C' = {exp(tv)-0}
will be compatible with the cross-section (5.10) provided

CLQIO, CL3:O, CL6:O.
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Using formula (5.9) and replacing the lower order derivatives appearing in the
infinitesimal generator coefficients by their cross-section values (5.17), (5.18), we
find that its curvature and torsion are given by

as — a4 K . ay

k= T = .
aq a1k a

In particular, the curve is a circle if and only if a4 = 0; otherwise, it is a helix.
To compute the curvature and torsion of a general orbit, we set

~ 0 as + a,v + asxr O as — asu + agxr O

T Ox a1 — asu — agv Ou a, — asu — agv Ov’

in accordance with (2.6). Thus, in view of (2.7), (2.8), the orbit jet coordinates

are
as + a4 + asx

D, u

Uy ZW(QJ;%U) a1 — ast — agv >

a3 — a4u + agx

Vg :wf(x,u,v):va: )
a; — asuU — agv

and, in general,

u = Yp(x,u,v) = ﬁxwg_l(x,u, v), up = Pz, u,v) = ﬁﬂb}j_l(x, u,v).

Then, specializing (5.9) to the expressions (5.18), the curvature and torsion of the
maximally symmetric curve (helix or circle) exp(tv)(z,u,v) are equal to

_ + (1 +¢?($>Uav)2)¢§($>uav)2
"o L+ i (w0 + 9§ (@, u, )2 ’
- V¥ (x,u, v)l(x,u,v) — Y (z, u, )Y (x, u,v)
1+ ¢ (2, u,0)* + Y7 (2, u, v)? '

(5.21)

Finally, let us extend our method to maximally symmetric submanifolds
of higher dimension p > 2. Let zp € M, and let h C g be a p-dimensional Lie
subalgebra whose orbit S = exp(h) - 2o is a regular p-dimensional submanifold;
this requires that dimb|,, = p = dimb. The orbit is compatible with the moving
frame cross-section provided j,S|., € K™.

Theorem 5.9. Let h C g be a p-dimensional Lie subalgebra. If the orbit
S =exp(h)-zo is compatible with the moving frame cross-section, then its constant
differential invariants are prescribed by the values of the functions defined in (2.22):

15; = 05, (o, uo) = 5, (wo, I*1). (5.22)

Again, the values of the cross-section variables appearing in (5.22) can be
replaced by the corresponding constants, (4.3). The resulting formulas (5.22) can
be used recursively to determine the constant values of the generating differential
invariants. As before, the higher order differentiated invariants all vanish.
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Example 5.10.  Consider the Euclidean group SE(3) = SO(3) x R? acting on
surfaces S C M = R3. We use coordinates z = (x,y,u), and assume that the
surface is given by the graph of a function u = f(z,y). The classical moving
frame, [9], relies on the equations

r=0, y=0, u=0, u,=0, u,=0, 1u=0, (5.23)

which serve to define a coordinate cross-section provided u,, # u,,, i.e., we are
not at an umbilic point on the surface. The fundamental differential invariants
are the principle curvatures ' = i(uz,), K° = 1(uy,) , or, equivalently the mean
curvature H = %(/{1 + k%) and the Gauss curvature K = k'k?. As is well known,
the Gauss and mean curvature generate the algebra of Euclidean surface differential
invariants via invariant differentiation with respect to the induced Frenet frame.
Less well known is the recent observation, [21], that, for suitably non-degenerate
surfaces, the differential invariant algebra can, in fact, be generated by the mean
curvature alone via invariant differentiation.

The totally singular surfaces are the planes and spheres; each is totally um-
bilic and, moreover, has a non-freely acting three-dimensional Euclidean symmetry
group. The maximally symmetric surfaces are the cylinders, with isotropy sub-
group consisting of a translation along the cylinder’s axis and a rotation around
it.

Introducing the basis vector fields

vi = O,, Vo = 0y, V3 = Oy,
! S ’ (5.24)
Vi =y0; — 20y, Vs = — w0, + 1 0,, Ve = —u0y + Y0y,
the general infinitesimal generator v = ayvy + -+ + agvg € se(3) has second

order prolongation

) 9 0
Vc(zz) — ((11 + agy — a,5u)— —+ (az — A4V — CLGU)_ + (&3 + asx + a6y)_ +

ox oy ou

0

+ (a4uy + CL5(1 + Ui) + aﬁuxuy)_ + (—CL4U$ + A5 Ug Uy + aﬁ(]' + U;) )_ +
Ouy ou,
+ (2a4uxy + 3 asus Uy, + a6(UyUsy + 2Uytyy) )W +
+ (a4<uyy — Ugg) + A5 (Uy Uy + 2UsUsy) + 6(2Uy Uy + Usrllyy) )(97 +
zy
+ ( —2a4Ugy + a5(2UyUyy + Ustyy) + 3asUyUy, ) —_—
Oty
(5.25)

Let h C se(3) be a two-dimensional subalgebra with basis v,, vy for a,b €
RS. This requires that [ v,, vy | = caVa + ey for some ¢,, ¢, € R, which imposes
certain quadratic constraints on the coefficients a, b. Indeed, by the classification
of subalgebras of se(3), [1], we can, in fact, assume that v, = a10, + a20, + a30,
generates a one-parameter translation subgroup in a direction @ = (ay, as, as) # 0,
while either  is abelian, and so v, generates a translation subgroup in a second,
independent direction, or b is non-abelian, and v, generates a one-parameter
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subgroup consisting of rotations around a line {zo + ta|t € R} parallel to the
translation direction @. The abelian case leads to a totally singular orbit — a
plane — and so we assume from here on that h C se(3) is a two-dimensional
non-abelian subalgebra.

With this proviso, we consider the orbit S = exp(h) - 0 through the origin.
(We can employ translations to place any other orbit there, invoking the adjoint
action discussed above to adapt the final formulas.) As in (2.24), we can take our
basis v,, vy such that a; = by =1 while ay = by = 0. In view of (2.25), (5.25), we
find that the orbit will be compatible with the cross-section (5.23) provided

alzbgzl, a2:a3:a4:a6:b1:b3:b4:b5:0.

Then formula (5.22) implies that the principle curvatures of the compatible cylin-
drical orbit are given, respectively, by the coefficients of 9,, in v, and of 9,, in
vy, namely,

"il - Qox,a(()? 07 07 Oa O) = G5, 52 = @y,b(oa Oa 07 07 0) = 66-

One of these is necessarily zero (this follows from the Lie algebra condition), while
the other is the reciprocal of the radius of the cylindrical cross-section. For more
general orbits, one can either employ the adjoint action induced by the moving
frame to make them compatible, or resort to substituting the induced functions
(2.22) into the formulas for the principal curvatures.

Example 5.11. Consider the equi-affine group SA(3) = SL(3) x R? acting
on surfaces S C M = R3. As in the preceding example, we use coordinates
z = (z,y,u), and assume that the surface is given by the graph of a function
u = f(z,y). There are two non-degenerate cases, depending on the sign of the
Hessian determinant H = ugzuy, — uiy. We concentrate on the hyperbolic case,
where H < 0, here; the elliptic case H > 0 follows from a simple change of some
signs, while parabolic points, with H = 0 are degenerate, and require a higher
order moving frame. For a hyperbolic surface, the classical moving frame, [9, 21],
relies on the (non-coordinate) cross-section K® defined by the equations
r=y=u=0, Uy = 0, uy = 0, Upe = 1,

(5.26)

Ugy = 0, Uyy = —1, Uggy = 0, Uyyy = 0, Ugpzzr = Ugyy-

There is a single independent third order differential invariant

P = t(ugpy) = t(Usyy), (5.27)

whose square, P? is traditionally known as the Pick invariant, [24]. In [21], it
was proved that, for suitably non-degenerate surfaces, the algebra of differential
invariants can be generated by invariant differentiation of the Pick invariant alone.

Omitting the details of the computation, which follow the same lines as
in the preceding example, we introduce the following basis for the infinitesimal
generators in sa(3):

Vi :axa \P :aya V3:au7 V4:$ax_uau7 V5:yay_uauv

Vg :y&n, V7 :uﬁx, Vg :xﬁy, Vo :Uay, Vio :J:&“ Vi1 :yau
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When restricted to the cross-section (5.26), the prolongation of the general in-
finitesimal generator v, = a;vy + --- 4+ a;1vi1 to second order is given by

V(2) ’KJ = alﬁx -+ a20y -+ ag,@u + aloauz + allﬁuy —
— (3(14 + a5)8 + (Clg — aﬁ)ﬁuxy + (CL4 + 3@5)8

Uz Uyy *

(5.28)

We assume that two such generators v,, v, € sa(3) span a two-dimensional
subalgebra b C sa(3). We further assume, as in (2.24), without loss of generality,
that a3 = by = 1, as = by = 0. With this fixed, we can use (2.25) and (5.28)
to find the compatibility conditions and determine the value of the Pick invariant
P. The compatibility equations are listed in the same order as the cross-section
equations (5.26), (5.27) (omitting the first set x =y =u = 0):

az = bz = a1 = byp =0, ayp = 1, b1 = —1,
—3b4 — b5 = ag — g = 0, b4 + 365 = 0, (529)
P = —3a4—a5 :b8—66:a4—|—3a5.

Note that, in some cases, there are multiple expressions for the derivatives, which
is the result of the non-symmetry of the indices on the ¢’s in (5.22). It is worth
emphasizing that the requirement that v,, v, span a Lie subalgebra ensures that
the various expressions agree.



98

[10]

[11]

[12]

[13]

OLVER

References

Beckers, J., J. Patera, M. Perroud, and P. Winternitz, Subgroups of the
FEuclidean group and symmetry breaking in nonrelativistic quantum mechanics,
J. Math. Phys. 18 (1977), 72-83.

Calabi, E.; P. J. Olver, and A. Tannenbaum, Affine geometry, curve flows,
and invariant numerical approzimations, Adv.in Math. 124 (1996), 154-196.

Cartan, E., “La Méthode du Repere Mobile, 1la Théorie des Groupes Continus,
et les Espaces Généralisés,” Exposés de Géométrie, no. 5, Hermann, Paris,
1935.

Fels, M., and P. J. Olver, Moving coframes. I. A practical algorithm, Acta
Appl. Math. 51 (1998), 161-213.

—, Mowving coframes. II. Regularization and theoretical foundations, Acta
Appl. Math. 55 (1999), 127-208.

Gray, A., E. Abbena, and S. Salamon, “Modern Differential Geometry of
Curves and Surfaces with Mathematica,” 3rd ed., Chapman & Hall/CRC,
Boca Raton, Fl., 2006.

Green, M. L., The moving frame, differential invariants and rigidity theorems
for curves in homogeneous spaces, Duke Math. J. 45 (1978), 735-779.

Griffiths, P. A., On Cartan’s method of Lie groups and moving frames as
applied to uniqueness and existence questions in differential geometry, Duke

Math. J. 41 (1974), 775-814.

Guggenheimer, H. W., “Differential Geometry,” McGraw—Hill, New York,
1963.

Hubert, E., Differential invariants of a Lie group action: syzygies on a gen-
erating set, J. Symb. Comp. 44 (2009), 382-416.

Jensen, G. R., “Higher Order Contact of Submanifolds of Homogeneous
Spaces,” Lecture Notes in Math., vol. 610, Springer—Verlag, New York, 1977.

Kamran, N., P. J. Olver, and K. Tenenblat, Local symplectic invariants for
curves, Commun. Contemp. Math., to appear.

Klein, F., and S. Lie, Uber diejenigen ebenen Curven, welche durch ein
geschlossenes System von einfach unendlich vielen vertauschbaren linearen
Transformationen in sich tibergeben, Math. Ann. 4 (1871), 50-84.

Kogan, I. A., and P. J. Olver, Invariant Euler-Lagrange equations and the
invariant variational bicomplez, Acta Appl. Math. 76 (2003), 137-193.

Mansfield, E. L., Algorithms for symmetric differential systems, Found. Com-
put. Math. 1 (2001), 335-383.



[16]

[17]

[18]
[19]

[20]

[21]
[22]

23]

[24]

[25]

OLVER 99

Olver, P. J., “Equivalence, Invariants, and Symmetry,” Cambridge University
Press, Cambridge, 1995.

—, Mouving frames and singularities of prolonged group actions, Selecta Math.

6 (2000), 41-77.
—, Joint invariant signatures, Found. Comput. Math. 1 (2001), 3-67.

—, A survey of moving frames, in: “Computer Algebra and Geometric Al-
gebra with Applications,” H. Li, P. J. Olver, and G. Sommer, eds., Lecture
Notes in Computer Science, vol. 3519, Springer—Verlag, New York, 2005, pp.
105-138.

—, Generating differential invariants, J. Math. Anal. Appl. 333 (2007), 450—
471.

—, Differential invariants of surfaces, Diff. Geom. Appl. 27 (2009), 230-239.

Olver, P. J., and J. Pohjanpelto, Moving frames for Lie pseudo—groups, Cana-
dian J. Math. 60 (2008), 1336-1386.

Ovsiannikov, L. V., “Group Analysis of Differential Equations,” Academic
Press, New York, 1982.

Spivak, M., “A Comprehensive Introduction to Differential Geometry,” vol.
3, Third Ed., Publish or Perish, Inc., Houston, TX, 1999.

Weinstein, A., Groupoids: unifying internal and external symmetry. A tour
through some examples, Notices Amer. Math. Soc. 43 (1996), 744-752.

Peter J. Olver

School of Mathematics
University of Minnesota
Minneapolis, MN 55455, U.S.A.
olver@math.umn.edu

Received November 1, 2008
and in final form March 16, 2009



