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Abstract.  We consider a class P of pairs (g,g1) of K-Lie algebras g1 C g
satisfying certain “rigidity conditions”; here K is a field of characteristic 0,
g is semisimple, and g; is reductive. We provide some further evidence that
P contains a number of nonsymmetric pairs that are worth studying; e.g., in
some branching problems, and for the purposes of the geometry of orbits. In
particular, for an infinite series (g,g1) = (sl{(n + 1),5((2)) we show that it is in
P, and precisely describe a g;-module structure of the Killing-orthogonal p(n)
of g1 in g. Using this and the Kostant’s philosophy concerning the exponents
for (complex) Lie algebras, we obtain two more results. First; suppose K is
algebraically closed, g is semisimple all of whose factors are classical, and s
is a principal TDS. Then (g,s) belongs to P. Second; suppose (g,g1) is a
pair satisfying certain technical condition (C), and there exists a semisimple
s C g7 such that (g,s) is from P (e.g., s is a principal TDS). Then (g, g1) is
from P as well. Finally, given a pair (g,g1), we have some useful observations
concerning the relationship between the coadjoint orbits corresponding to g and
g1, respectively.
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Introduction

Unless specified otherwise, throughout this paper all Lie algebras are finite-dimensi-
onal and defined over a field K of characteristic zero. Let now g be a Lie algebra;
by By we denote its Killing form. Let g; be a proper subalgebra such that we
have the following:

(C) The restriction of By to g1 is nondegenerate.

There are many instances when such pairs arise; in particular when g is semisim-
ple and g; is reductive. For example, in some branching problems, when we want
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to decompose certain restrictions, to g;, of some (irreducible) representations of
g. Also, concerning the geometry of orbits, it is interesting to understand a re-
lationship between the (nilpotent) (co)adjoint orbits for the pairs (g,g;) under
consideration. Some other questions are of structure-theoretic nature. We would
like to better understand the embedding g; — g, to find some interesting in-
termediate subalgebras g; C v C g, or just subalgebras of g that are, loosely
speaking, germane to g;; cf. Proposition 5.1. But for (g, g;) as above, it is clear
that in order to be able to say something interesting about the correspondences
of the considered objects related to g and to g; (e.g., representations and orbits)
the embedding of g; in g must be in a certain sense “rigid”. It turns out that
the following two additional conditions will define a class of pairs (g, g;) which is
suitable for research:

(Q1) For any Cartan subalgebra by of g1 there exists a unique Cartan subalgebra
b of g such that h; C b;

(Q2) g, is self-normalizing in g.

For our needs here we will denote this class by P. There are many interesting
pairs in it. First, it is well known that PP contains all the pairs (g, g1), where g is
semisimple, which are either symmetric or such that g; is a Cartan subalgebra of
g. Also, suppose that ¢ is an automorphism, of a semisimple g, of prime order m,
and that the field K contains a primitive m-th root of unity (e.g., K algebraically
closed). Define g; to be the fixed point algebra for o. Then the main result of
[S1] can be formulated as follows: (g, g;) belongs to P. This generalizes the case
of symmetric pairs, i.e., the case m = 2. But the most interesting fact about our
class of pairs is an observation which in a rough form states that there are many
other (nonsymmetric) pairs within P that are worth studying. This observation,
in a more or less implicit form, seems to be first noticed and explored by R. K.
Brylinski, B. Kostant, T. Levasseur, S. P. Smith and D. A. Vogan; see [BK], [LS],
[V1] and [V2].

As we already mentioned, a number of pairs (g,g;) arise in branching
problems. Very often such pairs are symmetric and/or such that g; is a maximal
reductive subalgebra of g. For some recent important results about branching,
both for Lie groups and Lie algebras, see [EHW]|, [HTW], [Kn2|, [Kol], [Ko2],
[Ks4] and [V2].

For (g, g1) satisfying the condition (C), define p to be the Killing-orthogonal
of g; in g; thus we have g = g1 @ p. Let now g" =sl(n+ 1), and p, : sl(2) — g"
be the unique (n + 1)-dimensional irreducible representation. Define g} to be the
image of p,,, a Lie algebra isomorphic to s[(2). The theorem given below, which is
our first main result, is concerned with the infinite series of pairs (g, g1) = (g, g7)-

Theorem 0.1.  We have the following:
(I) All the pairs (g",g7) are from the class P.
(II) A g} -module structure of p(n) is given by

p(n) = V;Llw SZRR Vélnw = Vv(}n—l—Q)w ® ‘/(711—2)17.!‘
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For the notation in the theorem, we have: g" = g7 @ p(n) is the corresponding
decomposition, w is the fundamental weight for s[(2), and V;._ is a simple finite-
dimensional g}-module with highest weight kw. Notice also that for n > 2 our
pairs are both nonsymmetric and such that g; is not a maximal subalgebra of g.

The claim (II) above might be understood as a part of the first step to-
ward a more general problem of decomposing the restrictions pjg, of any (finite-
dimensional) irreducible representation p of g, for various pairs (g,g;) in P; see
Remark 3.3. In particular, for K = C, it computes the exponents of SL(n,C).
Notice that these exponents, and much more, has already been found in the sem-
inal Kostant’s paper [Ksl]; see also Sect. 4.4 in [CM]. But we think that our
constructive, and purely algebraic, approach might result with a new insight in
branching problems for various pairs (g,g;). (Notice also that quite analogous
conclusions might be obtained for a base field K of characteristic p > 0, with p
big enough; see Sect. 2 in [S4], and Remarks 1.4 and 3.3 in the present paper.)
For a circle of related ideas here we have to mention another fundamental work of
Kostant [Ks2] in which he, among other things, studied the generalized exponents.
From the vast literature concerning these let us mention just [Br], [JLZ] and [L],
where one can find some important ideas and/or results.

The following theorem, which relies on the previous one, is our second main
result. It is a generalization of the part (I) above, for the case of algebraically
closed base field. Let it be said how we strongly believe that the same statement
holds without the phrase “all of whose simple factors are classical”, as it is the
case when K = C; see Theorem 4.6, and also the paragraph preceding Question
4.8. (Notice that Theorem 4.6 is in fact more or less an easy consequence of the
profound Kostant’s research in [Ks1].)

Theorem 0.2.  Suppose K is algebraically closed. Let g be semisimple all of
whose simple factors are classical Lie algebras, and let s be a principal TDS. Then
the pair (g,s) is from the class P.

The next theorem, which is our third main result, explains how to find some
new pairs within P, via those we already have. (For just one simple situation when
the theorem applies see Examples 3.6 and 3.7; now we have g = s((4), g; = sp(4)
and s = s((2).) Notice how this theorem gives more credit to the previous one;
and in particular it emphasize the role of principal TDS (in accordance with the
general Kostant’s philosophy). Roughly speaking, the theorem says the following:
Having a “convenient” pair (g, g;), in order to see that it is in P, we have to find
a “small” subalgebra s C g; such that (g,s) belongs to P.

Theorem 0.3.  Let g be a semisimple Lie algebra, and g, a reductive subalgebra
satisfying the following two assumptions:

(1) The pair (g,¢1) satisfies the condition (C) (e.g., g1 is absolutely simple);

(2) There exists a semisimple subalgebra s C gy such that the pair (g,s) satisfies
both (Q1) and (Q2).

Then the pair (g,g1) is from the class P.
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In order to find even more pairs of Lie algebras that belong to the class P,
we first have to find out which pairs satisfy the above condition (C). (Although
not very restrictive, as we will see, it is in fact a very strong requirement imposed
on pairs.) Suppose now that K is algebraically closed. Let g be a semisimple Lie
algebra, and h a Cartan subalgebra. Let h C q C g be a (standard) parabolic
subalgebra. Let q = [ & u be a Levi decomposition, with [ reductive and u
nilpotent. It is clear that the latter direct sum is in fact Bg-orthogonal. But
moreover we have the following auxiliary result which points out at some new pairs
satisfying (C). It is an immediate consequence of Proposition 2.2 and Lemma 1.2;
see also [B2], Ch. VII, Sect. 2.1, Cor. 4.

Proposition 0.4.  The restriction of the Killing form Bg to | is nondegenerate.
Therefore, the sum [®u is also By-orthogonal. Furthermore, the pair (q,1) is from
the class P .

Let us now explain the organization of the paper. Section 1 is preliminary.
There we first recall some facts about pairs (g,g;) that we consider. Then we
introduce a natural map & : gi — g*, which we call the trivial extension, and
then provide a useful auxiliary observation concerning the relationship between
the ad*-orbits on g and g*, respectively. This is of course a precursor for the
corresponding result on the coadjoint orbits for groups. In Section 2 we give more
details concerning the condition (C). The central result there is Proposition 2.2.
Section 3 studies the pairs (sl(n + 1),s((2)). There we provide a (detailed) proof
of Theorem 3.2; it is a more precise version of Theorem 0.1. We also include a
useful observation on compatible Borel subalgebras; see Examples 3.6 and 3.7.
The aim of Section 4 is to prove the last two theorems. First, after one result
which is interesting in its own right (Proposition 4.1), we prove Theorem 0.3; see
also Definition 4.5. Subsections 4.1, 4.2 and 4.3, which among other things discuss
Question 4.8, provide a slightly more than we need for a proof of Theorem 0.2. As
an illustration we also consider one “exceptional situation”; i.e., in Subsection 4.4
we treat the case when g is of type GG5. Section 5 contains two further results.
Firstly, given a pair (g,g1), for any pu € g; we define a certain subspace s(pu)
of g. It turns out that s(u) is a subalgebra of g; see Proposition 5.1. The
parametrized family (s(u) : p € gj) of subalgebras can be useful while studying
both the representations and orbits corresponding to the considered pair (g, g:).
The second result, Proposition 5.4, states that the trivial extension &£ preserves
both the semisimple and nilpotent functionals.

1. Notation, conventions and preliminaries

For N € N, by E;; (or E; ;) we denote the N-by-N matrix having 1 in the (i, 7)™
place and 0 elsewhere. For a field K, by K we denote its algebraic closure.
Suppose that g is a K-Lie algebra. If s is its subalgebra, by N4(s) we
denote the normalizer of s in g. Also, for a g-module V', by V* we denote the
subspace of s-invariants in V. If g is reductive and b is a split Cartan subalgebra
of g, by A(g, h) we denote the root system of g with respect to h. For every root
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v, by X, we denote a nonzero vector from the corresponding root subspace g, .

Given g as above, we define g = g ® K. Recall also that a Lie algebra g is
called absolutely simple if g is simple.

Suppose that G is a (connected) linear algebraic K-group. Let g be the Lie
algebra of G. For the coadjoint representation Ad* : G — GL(g*), and its derived
representation ad” : g — gl(g*), we will use the usual “dot-notation”. That is,
given g € G, X € g and ¢ € g* we write g.p and X.¢ for the corresponding
coadjoint actions.

By {h,e, f} we will denote the usual basis of sl(2,K), i.e.,

O L (O B ()

In what follows we will consider certain pairs of K-Lie algebras (g,g1).
Here g; is a proper subalgebra of g. Since the trivial situations (s x s’,s), where s
and s’ are semisimple Lie algebras, will not be considered, we assume the following
condition for pairs (g,g1):

(P) g1 is not an ideal of g.

In particular such a pair is called symmetric if g, = g%, for some involutive
automorphism 6 of g; and nonsymmetric otherwise. (Let it be said that our
symmetric pairs might be with g non-semisimple; see, e.g., Example 2.1.) We then
say that g; is a (non)symmetric subalgebra of g. Now, denote by 3 the restriction
of the Killing form By to g;. As it was mentioned before, we are interested in such
pairs (g, g1) which also satisfy the condition (C): B is a nondegenerate form.

As we already stated in the Introduction, there are many pairs satisfying
the condition (C); i.e., it is not very restrictive. The following easy statement will
be useful below ([S1], Cor. 1.; cf. [B1], Ch. I, §6, Sect. 10).

Lemma 1.1.  Let (g,91) be a pair where gy is an absolutely simple Lie algebra.
Then there exists a nonzero q € K such that B = qBg, ; in particular, (g,g1)
satisfies the condition (C).

For (g,g1) as above, let r : g* — g} be the restriction map between the
duals. Let x: g — g* be the Killing homomorphism. Define also an isomorphism
K1: @1 — @7 given by kq(z1) = B(z1, .), for 21 € g;. Then define a (linear) map
g — g1 satisfying kyom = rok. This 7 is a g;-module homomorphism; we call
it the associated homomorphism of (g, g;). For the convenience of the reader and

later nveeds we state the following two lemmas; they recall some basic observations
from [S3] and [S4].

Lemma 1.2.  Define a vector subspace p = kerm. Then p is the Killing-
orthogonal of g1 in g, and thus we have a direct sum decomposition

g=01Dp.

We also have [g1,p] Cp.
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A pair (g, g1), with g semisimple, will be called an irreducible pair if p is
simple under ad g;-action; otherwise it will be called reducible.

Lemma 1.3.  We have the following:
(i) A pair (g,¢1) is symmetric if and only if [p,p] C g1.

(ii) Supposing the Killing form By is nondegenerate, we have p® = 0 if and only
if Ng(g1) = g1.

(wii) If (g,91) s irreducible, then Ng(g1) = g1 and g1 is a mazimal proper
subalgebra of g.

Remark 1.4. (1) A notion of symmetric/nonsymmetric pairs can be generalized
in a straightforward manner even for char(K) > 0; see [S4] for more details. More
precisely, one can again consider a class of pairs (g,g;) of K-Lie algebras that
satisfy only the conditions (C) and (P). But now, in the positive characteristic
setting, we have to be more careful. For instance, if we consider a pair (g,g1) =
(g™, gim) defined as in Section 3 below, then for n such that p = n+1 is a prime,
and char(K) = p, we have the following: The form By is nondegenerate, while 3
is degenerate.

(2) Of course, in char(K) = 0, g is semisimple if and only if By is nonde-
generate. The part (ii) of the lemma is formulated so that it holds and for K of
positive characteristic.

Given a pair (g, g1), an interesting question is how are related the coadjoint
orbits on the corresponding duals. For what follows it will be helpful to start with
the next easy lemma. It is a generalized version of the “trivial implication” of
Theorem 2.2 in [BK].

Lemma 1.5. Let & be the semidirect product of a subalgebra &, and an ideal
2 of &. Suppose that A = 0; this is equivalent to Ng(®,) = &,. Then for any
v € &, such that the restriction o = 0, we have G.y = Gy.7y.

Proof. Any X € & decompose as X = X; + A, where X; € &; and A € .
Now it is easy to check that X.y = X;.7. [

Consider now a pair (g, g;), where g = g; ®p and g is semisimple. We can
ask whether it is possible to find some (nontrivial) v € g*, satisfying 7, = 0, such

that g.v = g1.7.

Lemma 1.6. (i) The vector subspaces m([p,p]) and p+[p,p] are ideals of g,
and g, respectively.

(ii) Suppose that g or gy is simple. Then there is no nontrivial v € g*, satisfying
Yp = 0, such that g.v = g1.7.
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Proof. (i) Let a =p + [p,p]. Then for z1, 2y € p decompose [z1,25] =y + w,
y € g and w € p, and note that y = =([z1,22]). Hence it is clear that
a=yp+ 7([p,p]). Now, using the Jacobi identity, we have

[g1,0] € p+ g1, ([P, p])] € p + 7([g1, [P, p]]) C q,

and

[p,a] S [p,p] +[p,01] Ca.

(ii) Suppose to the contrary, that such ~ exists. Then for any = € g we
can find x; € g; so that x.v = xy.y. Write x =y + 2z, y € g and z € p. Then
for any w € p, where z.y(w) = x1.7(w) if and only if v([z,w]) = 0. This means
that we have y([p,p]) = 0.

If g is simple, then by (i) we have p+ [p, p] = g. Therefore [p,p] D g1, and
so v = 0; a contradiction. Assume now that g; is simple. By (i), again, either
7([p, p]) equals g; or 0. In the first case, [p,p] 2 g1, as before. In the second case
we conclude that p is an ideal of g. Hence, g; is an ideal of g as well, yielding to
a contradiction with (P). ]

The previous lemma shows that the above question, asking for some ~’s
such that g.v = g;.7, should be modified. Before we do this let us introduce the
following useful map.

Definition 1.7.  Given a pair (g, g1), define the trivial extension
E:gr—9,  E(p=0

i.e., & extends every p € gj trivially on p.
Let p € g7 be arbitrary. Define a vector subspace T'(u) < p by

T(p) = p™ Np;
i.e., T'(p) is the set of all z € p satisfying E(u)([z,p]) = 0.

Proposition 1.8.  For an arbitrary p € g7, we have

g.&(p) Ngy = g1.p. (1)

Proof. Define
Q= {recg|a(u),=0).

Clearly, 2 is a vector subspace of g containing g,. Let x € Q be arbitrary, and
write © = x; + 2z, 1 € g1 and z € p. Then 0 = 2.E(u)(p), i.e., z € T(u). Thus
we have proved the equality 2 = g; ®T(u). Let now = and x; be as above. Then
for any y € g1, we have =.&(u)(y) = E(p)([z1,y]) and z1.p(y) = p([z1,y]). This
proves the equality x.€(u))g, = z1.4¢. Thus we have the inclusion from left to right
in (1). The opposite one is obvious. u
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2. Pairs satisfying the condition (C)

In the previous section we said that only pairs (g,g;) satisfying the condition
(C) will be interesting for us. (Notice that it is in fact a very strong condition
imposed on pairs of Lie algebras.) For such pairs recall the meaning of p, and a
decomposition g = g;®p. As a well known fact we have that there are a number of
pairs (g, g1) satisfying (C). Numerous examples are available when char(K) =0,
and in particular when both g and g; are semisimple; for more information and/or
details see, e.g., [BK], [Ks3], [LS] and [S3]. Here we would like to point out at some
new pairs. For that purpose it might be a good idea first to look at one trivial
example.

Example 2.1. Let g = sl(2,K), char(K) # 2. Put h = Kh and b =
h @ Ke. Then the pair (b,h) satisfies the condition (C); and moreover, this
pair is symmetric. For it we just have to note that By(h,e) = 0 = By(e,e) and
By(h,h) = 4. Thus we have p = Ke, and 6 € Autb is given by #(h) = h and
0(e) = —e; cf. Lemma 1.3(i).

Suppose now, for simplicity, that K is algebraically closed of characteristic
zero. (Let us emphasize, as it will be clear from our computations below, that this
assumption on K can be in fact relaxed. More precisely, for many concrete pairs
of Lie algebras the field K under consideration may be arbitrary of characteristic
p > 0; p odd, when positive, and sometimes sufficiently big.) Let g be a semisimple
K-Lie algebra. Let f be a Cartan subalgebra of g. Consider a parabolic subalgebra
q, where

hTqgCly.

A more direct realization of q is as follows; see, e.g., [Knl], Ch. V, Sect. 7. For
the corresponding root system A = A(g,h), and a choice of positive roots A™,
take a convenient closed subset At C I" C A such that

q=a(l) = b &P ga-

ael

Furthermore, let
=1,

where [ is the Levi factor and u is the nilpotent radical of q. The main purpose
of this section is to prove the following result. (Let us emphasize that although
perhaps at first glance the statement seems to be more or less obvious, the given
proof shows that we have to be careful; c¢f. Claim 2 in Example 2.3, and Lemma
2.4, below.)

Proposition 2.2.  The restriction of By to | is nondegenerate; i.e., (q,[) sat-
isfies the condition (C).

Before we give a proof of this proposition, it will be instructive to look at
one more example.
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Example 2.3. Let g = sl(3,C), and then take a Cartan subalgebra h =
Chy @ Chy, where h; = diag(1,—1,0) and hy = diag(0,1,—1). Let e; be defined
on the space of 3-by-3 diagonal matrices as e;(Ej;) = §;;. Put oy = e; — ey
and ay = ey — e3; and then AT = {ay,a2,01 + a3}, and A = AT UA~. For
further needs note that a;(hy) = ag(hs) = 2 and aq(hs)as(hy) = —1. Next define
I'=AtU{—a1}, and then q = q(I"). A straightforward computation shows that
for By we have the following

Claim 1.  The restriction of By to b is a nondegenerate form.
It is also interesting to note here the following fact:

Claim 2. There is no ¢ € C such that

By(u,v) = ¢Tr(uv), for u,v € q.

For this one just has to check that Bg(hi,h1) = 10 and Bg(hg, he) = 7,
while at the same time Tr(h;h;) =2 for i = 1,2.

Let us proceed with our example. For that purpose put [ =g_,, ®hD g, ,
the Levi factor of q. Also, choose X,, = Eia, Xo, = Fa3, Xo,+ay, = F13 and
X_o, = Fy1. Now, for the operator €2 =ad X_,, ad X,,,, we have:

As a consequence it follows that
By(X-ays Xay) = 5. 2)
A similar computation shows that

Bﬂ(hﬂgm) :O:BCI<hvg—a1>' (3)

Let now u = ¢ X _,, +w+ c¢"X,, €[, where w € h and ¢* € C, be such that
Bgy(u,) = 0. Using (3) and Claim 1, we deduce that w = 0. Hence, by (2) and
the fact that By(X1a,, X4a,) =0, it follows that

0 = By(u, Xo,) = 5c™,

and thus ¢~ = 0. Similarly, ¢t = 0. This shows that Proposition 2.2 holds for
this particular example of g and q.

Concerning the Claim 2 above it is also useful to be aware of the following
fact; for completeness and later needs we include a short argument. It clearly
emphasize the difference between the Borel subalgebras and arbitrary parabolic
subalgebras; for the later ones the situation is of course more complicated.
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Lemma 2.4. Let K, g and b be as in the paragraph before Proposition 2.2.
Let b D § be a Borel subalgebra of g. Then, for the Killing forms of b and g, we
have

By =1/2B,.

Proof. Let {hq,...h} be abasis of h. For €;; = ad h; ad h; we have Q;;(hy) =
0 for every k, and

Qij(Xigo) = SO(hj)SO(hi)Xi@, for p € A+;

that is,
Bb(hiahj>: E SO(hi)SO(hj)-
peAT

Also, for ;, = ad h; ad X,,, we have

Qip(hy) = —p(l)p(hi) X, and  Qip(Xy) € gt

here ¢ € AT and w € A. Thus the trace of the restriction of €, to b is equal
to zero for every ¢ € A%; ie., By(hi, X,) = 0. Analogously, By(X,, Xy) =0 for
every ©,1 € A", As a resume of the above we have

By(hihy) = > @(hy)p(hi) =2 Y o(h;)e(hi) = 2By(hi, hy),

PEATUA- pEAF

while at the same time Bg(h;, X,) = By(X,, Xy) = 0, for all ¢ and ¢, € AT,
Thus we are done. [ |

Now we are ready to prove Proposition 2.2.

Proof. Take first any ¢, 1 € I' such that ¢+ # 0, and put 2 = ad X, ad Xj;.
We have

Q(h) = = (h)[X,, Xyl, for h € b.

Thus the contribution to the trace of the restriction of 2 to q, coming from b,
equals 0. The contribution to the trace coming from X, , for any « € I', is equal
to 0 as well (cf. Lemma 2.4). As a consequence we have By(X,, Xy) = 0.

Take now any ¢ € I' and H € b, and put 2 = ad X,ad H. Similarly as
above we have Q(h) =0 for any h € h, and Q(X,) € gptq for any o € I'. Thus,
By(X,,H)=0.

As a consequence of the above observations we deduce that

By(ga,93) =0 for o, 0 € TU{0}, a+p#0.
Now we are going to show the only “tricky fact”, i.e., the following

Claim. The restriction of By to g_o X g, is nondegenerate, for any o € A*
satisfying —a € I'.
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[[Proof. To see this define an operator
QO =adX_,ad X,.

We want to compute Q(Xg), for any 5 € I'. Let us consider these two possibilities
for § # +a:

(M1) e AT, and —( & T;
(M2) g e AT, and —( €T.

Suppose (M1). Let f—pa, ..., B+ qa be the a-string containing . If f+a € A,
then necessarily ¢ = 0, and therefore Q(Xg) =0. If 5+ a € A, then ¢ > 0, and
also Q(Xg) = vXg, where v =q(p+1) > 0.

Suppose now (M2). For the a-string containing 3 as above, we have that
-0 —qa,...,—f + pa is the a-string containing —/f3. It follows that Q(X_z) =
p(qg + 1)X_5. Also, as for (M1), Q(X3) = q(p + 1)Xg. We conclude that the
contribution to the trace of {2 on ¢, coming from X_j3 and Xj, is equal to
2pq +p+q.

Now, as we may assume that [X,, X_,| = hq, where h,, satisfies a(h,) = 2,
it immediately follows that Q(X_,) = 2X_,. Thus the contribution to the trace
of 2, coming from X_, and X,, is equal to 2.

It remained to consider Q(h;); here {hy,..., iy} is a basis of b as before.
For that we need a little preparation. Given a basis II = {a1,...,a} of A, it
is well known that IIV is a basis of the dual root system AY. Furthermore, the
map ¥ : h — b* defined by V(h,h') = By(h,h') is a vector space isomorphism.
We have in particular ¥(h,) = ", for every o € A. Next, write for any such «,

a’ =njay + -+ may . If we have chosen IT C AT, then an easy application of
U gives that all n; are nonnegative. Now, we may also assume that h; = h,,, for
t=1,...,1. From all noted above it immediately follows that

l
ha = Z?’Ljhj. (4)
j=1

Finally, using (4), we have

Q(h) = a(hi)ha =Y _ a(hi)n;h;.

J=1

Hence, we clearly have that the contribution to the trace of €2 coming from b is

equal to
! l
> malhy) = a(Z "jhj> =2 (5)
j=1 Jj=1

here for the last equality we use (4) again.

As a conclusion we have that B,(X_,, X,) # 0; more precisely, the latter
scalar is > 4. ||

Thus we clearly have our proposition proved. [ ]
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Remark 2.5. The given proof of our proposition is in a sense constructive.
Therefore for any setting we have it is possible to compute the trace of the operator
2 =adX_,, ad X,, on q, for all roots o such that +a € I'. To illustrate this,
consider the setting of Example 2.3 again, and let us use the notation of the above
proof. Put a = ;. We will estimate the contributions to the trace of €2, coming
from various roots § € I', and the one coming from . First, there are two roots
B satisfying (M1): 5 = as and = a; + as. For § = ay we have p=0, ¢ =1,
and therefore v = 1. For = a3 + as we have 4+ a € A; thus v = 0. We
conclude that the contribution, coming from the roots satisfying (M1), is equal to
140 = 1. Next, there are no roots satisfying (M2). Furthermore, the contribution
coming from the roots +a is equal to 2. The contribution coming from b is equal
to 2 too. As a conclusion we have that By(X_o,, Xo,) =1+2+2 =5, as we
already noted in (2).

3. (sl(n+1),sl(2))-pairs

The main purpose of this section is to study the pairs (g,g1) = (sl(n + 1),s1(2))
obtained as is explained below. First we set up the notation which will be used
throughout this section. Define the standard invariant bilinear form (z,y) =
Tr(xy) on gl(N). Let g=sl(n+ 1), and let

h = {diagonal matrices in g}

be its Cartan subalgebra. Let e; € h* be defined by e;(3_; h;jEj;) = h;. Recall
that the root system of g with respect to b is

A=Algb) = fei— e | i #5).

Let IT = II(g,h) = {aq,...,a,}, the associated set of simple roots, where «; =
e; —e;iy1; by AT = AT (g, bh) we denote the corresponding positive roots. For later
use note that, for ¥ € b,

[0, Eij] = (e; — ;) (V) Ej;. (6)

Let p : sl(2) — g < gl(n + 1) be the unique (n + 1)-dimensional irreducible
representation of s((2). Define g; = p(s((2)), and consider the pairs (g, g1); loosely
speaking, we consider pairs (sl(n + 1),s[(2)). Note that these pairs satisfy the
condition (C); cf. Lemma 4.3 below. Therefore we have the usual decomposition
g = g1 Dp, where p = p(n) is the (Killing-)orthogonal of g; in g. Our first task
here is to describe the vector spaces p in a convenient way. For the basis {h, e, f}
of sl(2) define H = p(h), E = p(e) and F = p(f). More precisely,

n+1 n n
H = Z(n + 2 — 2Z)E“, E= Z miEi7i+1, F = Z Ei—i—l,i;
i=1 i=1

i=1
here
m; =i(n—1i+1), fori=1,...,n.

Also define h; = KH, a Cartan subalgebra of g;. Now for an (n + 1)-by-(n + 1)
matrix M = (x;;) we have the following equivalences: (M, F') = 0 if and only if
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S @i =0; (M, H) =0 if and only if S (n+2 — 2i)ay; = 0; (M, E) =0 if
and only if ", m;z;+1, = 0. Hence it immediately follows that we have a direct
sum decomposition

p= [P {(IZ]) | zi; =0 and ZILH_I =0= Zmixi+1,i}7
i=1 i=1
where
[=1(n) ={M €| (Mb) =0}
the orthogonal of h; in h. If we define

X, =—FEp+Eii1i0, Y, = —(mi1/m1)Ea + Eiyaii1,

for 1 <i <n—1, then we have the following explicit description of p.

Lemma 3.1.

n—1 n—1
p(n) =1n)+ Y KE; + > KX;+ Y KY,
li—j|>2 i=1 i=1

Note. In what follows, if there will be a danger of ambiguity, we will write the

superscript “n”, as (n), in all the symbols we have defined; e.g., g™ H™ mz<»">,

XM ete.

(2

The purpose of the following theorem is to gather a number of interesting
facts about pairs (sl(n + 1),s((2)). Concerning the claim (i), recall the following
general fact; see, e.g., Corollary 5.31 in [Knl]. Suppose & is a semisimple Lie
algebra, $) is a split Cartan subalgebra, A = A(&,$) and AT is a choice of
positive roots. Define a nilpotent subalgebra M = @ o+ Bo. If V is a finite
dimensional &-module, then the subspace V™ of M-invariants has an $-module
structure which determines V up to equivalence.

Theorem 3.2. (i) As a gy -module, p(n) is simple if and only if n = 2. More
precisely, the g1 -module structure of p(n) is given by

p(n) =V, ® Ve, @ -+ @ Vypy
= Vint21w ® Vin-2)’
here w denotes the fundamental weight for s((2).
(ii) The pair (g,91) is symmetric if and only if n = 2.

(ii1) For n > 3 we have
[p(n),p(n)] = g.

(v) @1 is self-normalizing in g.

(v) b is the unique Cartan subalgebra of g containing b .
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Remark 3.3.  As we already said in the Introduction, (i) of the theorem is the
first step of a more general branching problem. We should also mention here the
work of Osinovskaya who consider a similar problem but in a different setting.
More precisely, she consider the problem of decomposability of restrictions of
representations p for classical groups G to certain naturally embedded subgroups
H of small rank; in particular when H is of type A; or Ay (see [O1], [02]).
But let us also emphasize that the fact that H is naturally embedded has as a
consequence that pjg is “more decomposable” than in the situations which we aim
to study (cf. Exercise 2 on p. 34 in [Hul); i.e., the setting of pairs (g, g;) within
the class P. As an illustration of the claim that sometimes the restrictions pjg, of
some irreducible representations p of g will have a “small number” of irreducible
constituents we point out at the pair (so(7),®y) from P. A famous fact, which
is due to Levasseur and Smith ([LS], Sect. 3), says that there is a particular
interesting infinite-dimensional irreducible so(7)-representation which is also as a
&, -representation irreducible.

Proof. (i) We will show that the h;-module p(n)¥ of E-invariants is of
dimension n — 1. The second step is more precise; i.e., this module is multiplicity
free with the set of hi-weights {2kw | 2 < k < n}. For that first note that

n+1 n+1 n+1
[ = {ZdiE,-,- | > (n+2—2i)d;=0= Zdz}.
i=1 i=1 i=1
Next, it is easy to check that the following holds:
[E,Eijl = mi—1Ei—1j —myE; j for 1 <i4,5<n+1,
(B, X ;] = maFhs + miE; 0 — Mo Eigq ihs for1<i¢<n-—1, (7)
[E, Yi] = mi+1(E22 — En + Ei+1,i+1 - Ei+2,i+2) for1<i<n-—1;

of course, we understand that F,; =0 if k<1l orl>n+1.
Let M € p(n)¥, and decompose it in accordance with Lemma 3.1 as

n—1 n—1
M:l+ZSiXi+ZtiYi+ Z cii i, (8)
i=1 i=1

|i—j]>2
where [ € [ and s;,¢;,¢;; € K. Then
OZ[E,M]281+82+83+84+55, (9)

where 81 = [E,l], SQ = Zz Si[E,Xi], 83 = Zz tZ[E,Yz], 84 = Zi—j>2 Cij[E, Ezj]
and S5 = > 5, ¢, Ejj]. Obviously, taking into account the above formulas
for commutators (7), we see that the equality (9) holds if and only if S; = 0 for all
i. Thus in particular, since & = — >, m;a;(I)E; 41, it is straightforward that
[=0.

Now we treat a more complicated term, i.e., the equality S = 0. In order
to see what’s going on let us first take for example n = 4. Now

0= 82 = (31(m1 + mg) + Somg + ngg) Elg
+(—81m3 + ngg) E24

+(—so9my + s3ms) Ess;
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here the summands are arranged so that the corresponding £;;’s are lexicograph-
ically ordered. Then for k > 4 define a matrix

k k k k
. my+ms My My
Al = —mk mk 0
ko ook

0 —my My

Analogously for arbitrary k > n > 3 we will have matrices A¥: in particular, A%

is obtained by deleting the 3™ row and 3'¥ column in A%. It is easy to check by
induction that

A, G
Ak = <RZ+1 ngl) for k > n+1,

where RF | = (0 o 0 —meH) and C* | = (mg 0o - O)t are row and
column vectors of length n — 1, respectively (“¢” denotes the transpose). Hence,
by expansion according to the n'® column,

det(AF, ) = I_ImfJrl +m% det A,

=1

In particular, det(AfL) > (0 for all n and k£ > n, and therefore s; =--- = s,_; = 0.
The case S3 = 0 is easy; here one also has that t; = --- =1%,_1 = 0. In order to
treat the equality Sy = 0, we just have to rewrite

n+1l 1—2

Sy = Z Z Cij(mi—lEi—l,j - iji,j-H)-

i=3 j=1

Hence it obviously follows that ¢;; = 0 for all (7, j) such that ¢ > j+2. It remained
to treat the most complicated situation, i.e., S5 = 0. Again, as for S; = 0, it will
be instructive to first see what we have for small n’s. For n = 3, &5 = 0 is
equivalent to the system-equation

(23) —M3C13 + M1Coy = 0
in the unknowns c;3, ¢4, coq. Also for n = 4 we obtain the system

—mgC13 + MiCyy = 0
(X4) —MyCg + Myces =0

—MyCoy + MoC3s = 0

in the unknowns ci3, ¢4, €15, Cos, Cos, c35. For general n > 3 we will have a
system (X,,), consisting of (n —2)(n—1)/2 equations in (n —1)n/2 unknowns c¢;;
for 1 <i<j—2<n-—1, given as follows:

—m;Cyj -+ miCo 41 = 0 for ] = 3, .o, n
(En) —M;Ckj + MECli1,4+1 = 0 for j= k + 2,....m

—MpCp—2n + Mp—2Cp—1n+1 = 0.
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We claim that the solution of (¥,) is an (n — 1)-dimensional vector space. In

other words, dimp(n)f =n — 1. To see this define vectors vy,...,v,_1 by
Miy2 M2 M43
v, = Fi0+ FEsiy3 Esjpg+---;
my my Mg

more precisely, the above sum defining v; has n—i summands where the (k+1)%
one, for 1 < k < n — i, equals H;?:l(ijH/mj)EkH,HHQ. Now it is easy to
check that

p(n)¥ = spang{vy,...,v,_1}.

Furthermore, as (6) implies
[H, Ey] = 2(j — i) Eyj;, (10)

we then obviously have [H,v;] = 2(i + 1)v;. Thus p(n)¥ is an h;-module where
every v; is an eigenvector for h-action with the eigenvalue 2(i + 1). This means
that we have an equality of g;-modules

p(n) =V oV -V, for n € N.

As a special case of the Littlewood-Richardson rule for sl(2) we have that p(n)

can be written as the tensor product V(L 42w @ V(;_z)w.

(ii) and (iii) We have (A?)* = {a;, a2, a1 + a}. Choose the root vectors
AXVOL1 = Elg, Xa2 = E23, Xa1+a2 = E13 and X_a = (Xa)t for a € (A2)+ (“t”
denotes the transpose). Since [(2) = KL, where L = Ej; — 2F9 + FE33, we have
(see Lemma 3.1)

p(2) =KL +KX; +KY; + KXalJraQ + KXfalfag;
note that X; = —X,, + X, and Y1 =-X_,, + X _,,. Since

[X17X—a1—a2] =F,
[XOquaz?X*quaz] = H/2 = [Xla Y1]7
[Xa1+0427 Yl] = E/27
and
[L7 Yl] = 3F’ [X17 L] = 3F/27 [X:I:(Oq-i-oég)a L] - 07

we conclude that [p(2),p(2)] C g§2>. By Lemma 1.3(i) we have that (g<2>,g§2>) is
a symmetric pair.
Let n > 3. Then first note that

Mj+1

(X, Yj] = (Ey1 — Eg) + 6ij(Ei+1,i+1 — Eiioiy2).

my
Hence in particular [X5,Y4] € [p(n),p(n)], and so E1; — Es € [p(n),p(n)].
Furthermore it is clear that E;i1;11 — Eite.42 € [p(n),p(n)] as well, for all 7.
Thus § C [p(n),p(n)]. Now define

A\, — Ell - nEnn + (n - 1)En+l,n+l if k= 17
‘ —(%M>E11 + B, + (%)En+1,n+l if 2 <k <n.
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Clearly, A\; € [(n). For 1 <i < j we have

Eij if j <n,
[)\’ia E’Lj] - n4i—1 N
(T)Ei,n—l-l it j=n+1,

and also
By, if2<j<n,
[)\1, Elj] = (n -+ 1)E1n lf] =n,
(Z—TZ)ELnJrl lfj =n+1.

We conclude that E;; € [p(n),p(n)] for all ¢ < j. The same conclusion for i, j
such that ¢ > j follows so that one transposes the above commutators. Thus we
have both (ii) and (iii) proved.

(iv) First note that for all i we have

[H,X,)=2X,  |HY,]=-2Y, (11)

(But {H,X,;,Y;} is not a standard triple.) Now write an arbitrary M € p(n)"
as in (8). By (10) and (11), from [H, M] = 0 it clearly follows that M =1 € [.
Furthermore, from [E,l] = 0 we easily conclude that [ = 0. It remained to take
into account Lemma 1.3(ii).

(v) It is sufficient to show that «(H) # 0 for every root o € A(g, bh); see
Lemma 4.2 below. But this is clear by (10). ]

Remark 3.4. Concerning the claim (ii) above it is interesting to note the
following. The map 6 : g@ — g, (21 +p) = 21 —p, for 21 € g and

p € p(2), is explicitly given by

dy 1 w3 —d3 x2 —T3
Olwy do 22| = Yo —dy 1 ;
ys Yo d3 —yz Y1 —dy

obviously 6% = 1., and by Lemma 1.3(i) we know that 6 € Autg® . (Of course,
the latter fact can be checked straightforwardly too.)

Suppose for the moment that K is algebraically closed, and (g, g;) is any
pair from P. For a Cartan subalgebra h; of g;, consider the corresponding pair
(h,b1). Also, let A = A(g,h) and A; = A(gy,h1). From the point of view of
representation theory it is interesting to know how A and A; are mutually related.
More precisely, we often have to know how to write a particular X3 € (g1)s,
[ € Ay, as a linear combination of X, € g,, @ € A (see [LS]). Concerning this
it is also useful to find various pairs of compatible Borel subalgebras (see [BK]
and [Ks3]), and more generally, pairs of compatible parabolic subalgebras; note
in particular that for a chosen Borel subalgebra b; of g; there is a unique Borel
subalgebra b of g such that the pair (b, b;) is compatible. Here “compatible” has
the following meaning.

Definition 3.5.  Under the above setting, we say that a pair (q,q;) of parabolic
subalgebras h < q < g and bh; < q; < g is compatible with (bh,b;), or just
compatible, if q; < g.



752 SIROLA

In general, given a reducible pair (g,g;) such that moreover g; is self-
normalizing in g, one can ask whether g; is a maximal subalgebra of g (cf. Lemma
1.3(iii) and [S3, Sect. 5; in particular, Ex. 5.10]). Concerning this we give the
following instructive example.

Example 3.6.  Consider the pair (g,g1) = (sl(4),s[(2)). Define ¢ = KH + K4,
where ¥ = E22 — E33; note that H = 3(E11 — E44) + E22 — E33. The fact is that
there is a subalgebra g; C 5 C g, s = sp(4), such that ¢ is its Cartan subalgebra.
For these s and ¢, the simple roots are Il(s,¢c) = {&,3} and the positive roots
are AT(3,%) = {a,3,d + B,a + 23}, where & = = g and B = - o) recall that

II(g,h) = {a1, a2, a3}. Now it is an easy exercise to check that s = u~ @cdut,
where u* = @ rx@y Xy, and

X~ :E23, X~:E12+E34

X5 = (X5 Xa] = Eis — En, Xao5 = X5, X5

a+B8 — a+28 — a+ﬁ] —2Fy,.

Let b; = h1aKE, b=7+ut and b= bh® Pscn+ Xs be the corresponding
Borel subalgebras of g, 5 and g, respectively, determined by the sets of positive
roots; here F¥ = 3F 5 + 4F53 + 3E34. For later use note the following

Observation. A pair of embeddings g; C s C g is compatible in the above
sense; 1.e.,

by CbCh.

Example 3.7. (i) Given matrices X,Y,Z,T € M,(K), define a block-matrix
M = (%) € My(K). Let M — M* be the symplectic involution, where
M* = (_TZtt _gtt) Then sp(2n) = {M | M* = —M}; i.e., sp(2n) consists of
all matrices of the form M = ()Z( f;(t), where Y! =Y and Z¢! = Z. This is a
standard embedding of sp(2n) into sl(2n); see [S2], and also [S4] for the prime
characteristic setting. In particular, for s’ = sp(4) and its Cartan subalgebra ¢ =
K(Ey1 — Es33) + K(Fa — Eyq), we have I = {a, 8} and AT = {o, 5, a+ 3, a+ 25},
where a = 2e5 and [ = e; — e5. Then for the corresponding root vectors we can
take the following:

Xo = Fou, Xg = Eip — B3
Xotp = By + Eas, Xotos = FEis.

Concerning the previous example and included observation we have the
following fact. For b, b being as before, and a Borel subalgebra b’ = ¢ & n’ of
s', where n’ = @7€A+ X, we have by Z ¢’; and also by Z s’. At the same time
¢’ C b, but the pair (b,b’) is not compatible.

(ii) A slightly different, realization of sp(2n) within s[(2n) is given by
sp(2n) = {M | MT = —M}, where M,(K) > M +— MT" is the same map as
in Subsection 4 below. Thus sp(2n) consists of all matrices M = ()Z( e ), where
Y™ =Y and Z7 = Z. In particular for s” = sp(4) and its Cartan subalgebra

= K(F11 — Ey) + K(Egy — E33) we have ¢ = ¢, with ¢ being as in Example
3.6.
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Note that here h; C ¢ C h. Next define b” = ¢ & n”, where
n' = spang{E12 — Esq, E13 + Eay, Evy, Eos},

the nilpotent radical taken in the obvious way. Clearly, the pair of Borel subalge-
bras (b, b”) is compatible. But at the same time E ¢ b”, and so the pair (b”,b;)
is not compatible.

4. The role of principal TDS

Throughout this section we assume that the reader is familiar with [Ks1]. In partic-
ular, we use the Kostant’s terminology. Let us begin by the following proposition.
Although quite simple it provides a crucial observation in our approach.

Proposition 4.1.  Suppose we have a pair (g,¢1) satisfying the condition (C).
Suppose also that a subalgebra a C gy is such that a is self-normalizing in g. Then
g1 1s self-normalizing in g as well.

Proof. Take some z € Ny(g1). According to the decomposition g = g; @ p,
write © = z1 + p. Using the inclusion [gi,p] C p (Lemma 1.2), it immediately
follows that

[p,g1] = 0.

Thus in particular [p,a] = 0. Hence, as a is self-normalizing in g, we have that
p € a. By the fact a C g;, we conclude that p € png; = 0. This means that
r=2x1€0. |

Concerning the condition (Q1), stated in the Introduction, for the conve-
nience of the reader and later use we formulate the following result. It might be
understood as a “weak version” of Theorem 3.5 in [S3]; see also Remark 3.8 there.

Lemma 4.2.  Suppose g is a semisimple K-Lie algebra, and g, is a subalgebra
reductive in g. Let ¢; and ¢ be any Cartan subalgebras of g1 and g, respectively,
such that ¢; C c. Suppose that for every root ¢ € A(g, ), the restriction

¢|c1 7& 0.

Then the condition (Q1) holds. More precisely, for by given, the subalgebra b is
equal to the centralizer Cy(hy).

We also state the following auxiliary result. It is an easy consequence of
Lemma 1.1.

Lemma 4.3.  Let g be a semisimple Lie algebra, and s any TDS. Then the pair
(g,5) satisfies the condition (C).

Let again g be a semisimple Lie algebra. Suppose h is a split Cartan
subalgebra. Let A = A(g,h). For a choice of a basis I of A, let A* be the set
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of positive/negative roots. Given a root ¢ € A%, we know that ¢ = Y et Nalt,
where +n, € Ny for all . Recall that the level, or order, of ¢ is given as

o(¢) = Z M-

acll

Under the above setting we introduce the following terminology.

Definition 4.4. A nilpotent element

GZZC¢X¢€ @%, C¢€K,

peA+ peA+
is called a (positive) principal nilpotent element if
cy # 0, Vo € I
A subalgebra s of g, defined by
s = spang{f, h,e},
is called a principal TDS if e is a principal nilpotent element.
Now we are ready for a proof of our third main result, i.e. Theorem 0.3.

Proof. First notice, by a careful inspection of the argument which follows,
how we may assume that the base field K is algebraically closed; the details for
checking this will be left to the reader.

By Proposition 4.1, we know that (g, g;) satisfies (Q2). We have to see
that it satisfies (Q1) as well. For that purpose suppose to the contrary; i.e., let b
be a Cartan subalgebra of g; for which there are two distinct Cartan subalgebras
b, b’ of g that both contain b .

Let now ¢’ be an arbitrary Cartan subalgebra of s. Then ¢ is a commu-
tative subalgebra of g; all of whose elements are semisimple, when understood as
elements of g;; here we use that s is reductive in g;. So there exists a Cartan
subalgebra b of g; such that ¢/ C b}. Now, if we denote by G; the adjoint group
of g1, there exists g € Gy such that ¢g.h} = h;. Define ¢ = g.¢’. It is clear that
¢ C ;. Furthermore, ¢ is a Cartan subalgebra of 5 = ¢.5.

Finally, as a conclusion of all that we noticed, it follows that the pair (g,5)
does not satisfy (Q1); a contradiction. [

Theorem 0.3 suggests that it would be useful to study the set of all subal-
gebras, of a given (complex) Lie algebra g, that satisfy the following definition.

Definition 4.5. Let g be a semisimple Lie algebra. A reductive subalgebra
g1 is a principal subalgebra of g if there exists a principal TDS s of g such that
s C g1
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Suppose now that g is a complex simple Lie algebra, and s C g is a principal
TDS. Then, by Lemma 4.3, the pair (g,s) satisfies (C). Next we have g =s @ p,
where p is as usual. By a Kostant’s analysis in [Ksl| we in particular know that
p, as an s-module for the adjoint representation, is given as follows:

p=Vid--- DV,

Here every V; is a simple module, and dimV; is odd and > 5. Moreover, n is
the rank of g, and dimV; # dimV; whenever ¢ # j. Using this it is clear that
Ny(s) = s; ie., (g,s) satisfies (Q2). Furthermore, it turns out that this pair
satisfies (Q1) as well. Thus we have the following.

Theorem 4.6. Let g be a compler semisimple Lie algebra, and let s be a
principal TDS. Then the pair (g,s) is from the class P.

Let now g be a semisimple K-Lie algebra, where K is any field of charac-
teristic zero. Let s be a principal TDS. The purpose of the rest of this section is to
give a strong support to the following, somewhat loosely formulated, observation.

Observation 4.7. A number of such pairs (g,s) belong to the class P.

In particular the presented arguments will be sufficient to obtain Theorem 0.2.

Kostant’s approach in [Ksl1] relies, at some crucial points, on the fact that
the base field K equals C. Although it is very likely that the main conclusions of
that paper hold for any algebraically closed field K of characteristic zero, we do
not know whether this is indeed the case. So in order to deduce Theorem 0.2 we
present another approach, which is in a sense “roundabout”; and do not intend
to imitate the full force of Kostant’s deep insights. Besides, it provides particular
information concerning the following general question which is interesting in its
own right.

Question 4.8. Given any semisimple Lie algebras g C &, when we have the
following:

(e) There exists a principal nilpotent element e € g so that at the same time e
1s principal nilpotent when it is considered as an element of & ?

Our strategy, concerning Observation 4.7, is as follows. First, with no loss
of generality, we will assume that g is simple. Then we will search for a convenient
embedding

g— & =8, =slm,K)

which has an appropriate e as in (o) of Question 4.8. Now having such e we will
find h,f € g so that {f, h,e} is a standard triple. Thus s = spang{f, h,e} will be
a principal TDS of g. But as s is also a principal TDS of &, we have that in
particular Ng(s) = s; here we use Theorem 0.1(I). Of course, as a consequence,
s is self-normalizing in g as well; i.e., (Q2) holds. By Lemmas 4.2 and 4.3, the
conditions (C) and (Q2) will hold as well.
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For further needs we also formulate the following obvious lemma.

Lemma 4.9.  Suppose that K is algebraically closed. Let g be a Lie algebra,
and G be its adjoint group. Let s and s be any G -conjugated subalgebras of g;
i.e., 8§ = g-s, for some g € G. Then the normalizers Ny(s) and Ny(s') are
G -conjugated as well. In particular, s is self-normalizing in g if and only if §' is
of the same kind.

As it will be shown below, the above explained will work when g is classical
of type C, or B, . But it will not work for g of type D, ; see Remark 4.11. Now
we will prove by direct computation that the corresponding pairs (g,s) belong
to P. Finally, as an illustration we will also show the latter claim when g is
an exceptional Lie algebra of type G5. Again our proof will be a straightforward
computation.

Let for the moment K be an arbitrary field. Given ¢ € N, define s; to
be the i-by-i matrix having 1 on the skew diagonal and 0 elsewhere. Now for a
matrix M € My (K) we define

M™ = s;M'sy;

the map M +— M7 is the skew transpose. Notice this obvious fact: For matrices
M, € M;,(K) and My € My (K) we have

(M, M) = M M.

4.1. g of type C,.

Let now & = &y, = sl(2n,K). As in Sect. 2 of [S4], for ¢ = +1 define a
map A — A = Al on block-matrices, given by

X Y 7 &Y™
_ T
(Z T) A= A= (gZT XT)'
Next define a Lie algebra
F“={Ace|AT=-4}

X Y ) ]

of course, g~ = sp(2n,K) and g© = s0(2n,K). As the map © = ©°, given by

A —Al, is an involutive automorphism of &, we have the following (cf. [S3],

Corollary 4.5 and Theorem 4.6]).

Lemma 4.10.  The pairs (8, g°) are symmetric, and thus in particular they are
from the class P.

Symplectic case; i.e., ¢ = —1. Define diagonal matrices

H; = FEy; — Eopt1—ion+1-i, 1<i<n.
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Let
h =spang{Hy,..., H,};

h is a Cartan subalgebra of g = g=. Let ¢ € bh* define the dual basis, i.e.,
€i(H;) = 6;;. For a basis of the corresponding root system A = A(g, h) we take

II={a,...,an},

where o; =€, — €11, for 1 <i < n, and o, = a,, = 2¢,. We also choose

Eiiv1 — FEop_ion—iv1 for 1 <i<mn,
KXo, = .
Epni1 for 1 = n.

Put .
e= Z Xo, €9
i=1
For this e we clearly have the condition (e) of Question 4.8 fulfilled.

Remark 4.11.  Analogously as above, we can consider the even orthogonal case,
i.e., e = 1. We have the same Cartan subalgebra b, and dual basis (¢;). Also,
II = {ai,...,a,}, with only difference that now a,, = o = €,-1 + ¢,; and
correspondingly,

Xan = En,17n+1 - En,n+2-

But a problem here is that there is no e € g = g which is principal nilpotent so
that at the same time e is principal nilpotent while considered as an element of
®. Thus, as we already said, the case when g is of type D,, must be treated in a
different way.

4.2. g of type B,.

Let now m = 2n+ 1 and & = &,, = sl(m,K). Similarly as in Sect. 2 of
[S5], define a map A+ AT. This map, on block-matrices, is given by

a T1 To a ¢’ cq”
ci X Y| =Ar—AT=|ry T7 Y7
Co Z T ’l“lT 7 X7

here: a € K, r; € M1,(K), ¢; € M,,;(K) and X,Y, Z,T € M,(K). Define a Lie
algebra
g={Aes| A=A}
an easy computation shows that A € g if and only if
0 T1 T2
A= —’T'QT X Y
-r" Z -X7
where Y™ +Y = Z7 + Z = 0. Analogously as in the previous subsection,

©: A —A' is an involutive automorphism of @&. Hence the following analogue
of Lemma 4.10.
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Lemma 4.12.  The pair (&,g) is symmetric, and thus in particular it is from
the class P.

Let us now agree to count the rows and columns of matrices A € g as
0,1,...,2n. Then define diagonal matrices Hy,..., H, to be the same as for the
symplectic case. Let also b, (&), II = {ay,...,a,} and X,, be as there, with
only difference that now «,, = ¢,; and correspondingly,

Xan - _En,n+1 + En+1,n+2-

Again the element e, given as in the previous subsection, satisfies (®) of Question
4.8.

4.3. g of type D,,.

Let g = g7 C & = &y, and H;, ¢, a; and X,,, for 1 < i < n, be as
in Subsection 4; see Remark 4.11. Let also b, II and e be the same as there. In
particular e is principal nilpotent, as an element of g. We need an element h € b
so that [h,e] = 2e; i.e., a;(h) =2, for 1 < i <n. It immediately follows that

n—1

h=2>"(n—1i)H,.
i=1
Next we need an element f € g so that [e,f] = h; it is clear that then |h, f] = —2f
as well. Writing

n

f=> aX., @¢ckK,
=1

we obtain
n—1

e, f] = Z ai(Hiy1 — H;) — an(Hp + Hy ).
i=1
Hence an easy computation gives that

n—1 3
G1=a,=—» j and a=-2» (n—j), 1<i<n-—2
J=1 Jj=1

Thus we have a standard triple {f,h e}, and so s = spang{f,h,e}, a principal
TDS.

Claim. The pair (g,s) is from the class P.

Proof. (I) As the first step we will show that s is self-normalizing in g. For
that purpose, suppose that z € Ny(s). Let us write = 2~ 4+ 2° + 27, where
2% € h, and
= Z Ci¢Xi¢, C+y € K.
peAt
Notice that
lh,z] = [h,z7] + [h,2"] € 5.
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Then we consider

h,2t] = > cod(h) X

peEAT

Suppose that there is some ¢y € A" such that o(¢g) < 1 and ¢y, # 0. It
immediately follows that then ¢g(h) # 0, and as a consequence,

n

£ _ + +

T = E C; Xtays c; €K
i=1

Now we have [z,e] = Q+ [z1,¢e] € s, where Q = [z7,¢] + [2°, €], and also
Toel= ) (¢ = )X, X

As it holds that
{peAt|o(¢p) =2} ={ai+ain |1 <i<n—2}U{an 2+ an},

it is easy to deduce that ¢/ = --- = ¢t = ¢". That is, 2 = cTe, for some c*.
Analogously, = = ¢ f, for some ¢~ . Hence,

x=cf+ 2% + cte.

Notice now how [z,e] € s implies that

20, e] = a;(2°)X,, € 5.
=1

Obviously,
ay(2%) = = a,(29).

Denoting the latter element by w, and supposing that w # 0, it follows at once
that 2 = ¢°h, where ¥ = w/2 € K. Thus we have proved that z € s.

(IT) As we have a;(h) = 2, for every i, it is clear that ¢(h) € 2N, for every
¢ € AT. Define now h; = Kh, a Cartan subalgebra of s. By Lemma 4.2 it is then
obvious that § is indeed a unique Cartan subalgebra of g containing b; . [ |

4.4. g of type G,.

Here we will first recall a well known realization of a simple Lie algebra of
type G as a subalgebra of so(7,K). More details can be found in Sect. 2 of [LS],
and Sect. 3 of [S1].

Consider a standard embedding g = s0(8,K) — s[(8,K). Let h =
spang{H1,..., Hs}, a split Cartan subalgebra, and (¢;) be the dual basis; see
Remark 4.11 again.

Define now by, = spang{H;, Ho, H3}, and let then 7; be the restrictions of
€ to by, for 1 <i < 3. Put

Af:{ﬁlﬂhﬂh}U{mim | 1 §i<j§3},
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and also

I, = {51, B2, B3}, where 81 =m —n2, Bo=mn2— 13, [3=1s.

For A; = A7 U (—AY) and conveniently chosen (root) vectors Xy, ¢ € Ay, we
have that
o =heo KX,

PEA

is a simple Lie algebra of type Bs; i.e., g1 = s50(7,K).

Let o be an order 3 automorphism, of the Dynkin diagram of type Dy,
satisfying o(e3 + €4) = €3 — €4; here D,-diagram is labeled as in [LS]. By the same
letter o we denote a unique extension to an automorphism of g. Let g, = g7,
the fixed point algebra for . Then gy is a simple Lie algebra of type G35, and
ha = g2 N is its split Cartan subalgebra. Let IIs = {1, as} be a basis of the root
system Ay = A(go, ha), where vy (resp. as) is the short (resp. long) simple root.
Then in particular for the root vectors, corresponding to «; and as, we have:

qu = X51 + Xﬁzsv XOéz = Xﬁz'

Therefore
e= X, +X,,

is a principal nilpotent element of g,. But it is also principal nilpotent as an
element of g;.

Define now Hy € b, for ¢ € Ay, as usual. We want to find h =
u1Hy, + ugH,, such that [h,e] = 2e. Hence, using that ay(H,,) = —3 and
ag(H,,) = —1, it follows that u; = 6 and us = 10, i.e.,

h=6H,, +10H,,.

Next we need f such that [e, f] = h. Proceeding as for h and using the equalities
(X, X_o] = —Hy, for ¢ € Ay, it is easy to see that in fact

f=—6X_o, —10X_a,.

Now we consider a principal TDS s = spang{f, h,e}, as before. Let ¢ = Kh, a
Cartan subalgebra. Knowing all the positive roots, it immediately follows that

o(h) € {£2,44, +6, 48, £10}, ¢ € A}

By Lemma 4.2, h, is a unique Cartan subalgebra of g, containing ¢. Thus we
have “one half” of the following

Claim. The pair (gs,s) is from the class P.
For the “second half” we have to see that Ng,(s) =s. But as e is principal

nilpotent in g; as well, by what we know from Subsection 4, it follows that
moreover Ny, (8) =s.
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5. On trivial extension

Suppose for the moment that v is an arbitrary reductive Lie algebra. For any
f € t* define an alternating bilinear form G¢(z,y) = f([z,y]). For any S C r,
define a subspace S/ = {z € v | B¢(z,S) = 0}. In particular, the radical ¢/ of 3} is
a Lie subalgebra of t. Recall that f is a nilpotent element of t* if f(x/) = 0. Also,
f is semisimple if t/ is reductive in t. For a nondegenerate symmetric invariant
bilinear form ¢ on t, define an isomorphism K = I : vt — t*, K(z) = ¢(z, .).
Then v/ = ¢ ') the centralizer of K~'(f) in t.

Let, again, (g, g1) be a pair where g is semisimple. The following proposi-
tion is interesting in its own right.

Proposition 5.1.  For any p € g7, the vector subspace

s(p) = T(p) + [T(w), T()]

is a subalgebra of g, contained in g™ . Furthermore, E(1)js(uw) = 0.

Proof.  Let us write s = s(u), and define

&' = T(u) + ([T(), T(w)).

We will first show that s = §’. For that purpose take any z1, 29 € T'(11), and then
decompose [z1, 23] =y +w, y € g1 and w € p. Note that

E(p)(fw, pl) = E(p)([[21, 2], p])
= E(u)([22, [p, 2]]) = E()([21, [p, 22]]) = 0.

Thus we conclude that w € T'(1), and hence it is clear that
[T(n), T(w)] € 85 (13)

i.e., s C & . On the other hand, since y = 7([21, 22]) = [21, 22] — w € 5, we have
7([T'(n), T(p)]) € s and so s’ C s, as we claimed.

(12)

Let now z, 21,29 € T(u) be arbitrary, and write again [21, 2] = y + w.
Then we have
5(#)([[27.@],13]) —=E()([lp, 21 y]) = =E)([[p, 2], [21, 22]])
E(p)([z2, Ip, 2], z1]]) — E(u)([21, [[p, 2], 22]]) = 0.
Thus we have [z,y] € T (1), and therefore
[T(p), w([T(p), T()])] € T(); (14)

note that (13) and (14) imply the inclusion
(), 5] C &' (15

For the next step take z1, 29, 21, 25 € T'(11), and decompose [21, 25] = 3/ +w’
and [z1, 22] = y + w as before. Since we know that w,w’ € T'(u), (13) implies
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that [w,w’] € §'. Also, by (15), we have [[z1, 2], w'] € §'; and, analogously,
[w, [21, 25]] € §'. For the element

[[Zh ZQ]? [Zia Zé]] = [[[Zh 22]7 Zﬂ? Zé] + [Ziv [[217 22]7 Zé]]v

by considering the right-hand side and using (15), again, we conclude that it is
also in §’. It remained to note that then

[y’y/] = Hzl’ 22]’ [Ziw Zé“ - [[217 22]’ wl] - [w’ [Ziv Zé“ + [w’ wl]

is in &' as well. Therefore we have the inclusion

([T (1), T()]), 7 ([T (1), T(w)])] < 8" (16)

By (15) and (16) we see that s’ = s(u) is a subalgebra of g.

For the inclusion s(u) C g™, first note that by g&® C gf(” N pf( and
the obvious fact

T(u)=g"" np={zep|EwI(zag]) =0}

we have
g =gl & T(n). (17)
Let us show that
m([T'(), T()]) € 9t (18)

To see this take some 21,20 € T'(), and let y = 7([21, 22]). Similarly as in (12),
we have

pllys 01]) = —pl(m(lgn, [21, 22]])) = =€) (lg1, [21, 22]])
= E(w)([z2, g1, 21]]) = E(w)([21, (91, 22]]) = 0.

Thus (18) follows.
To finish the proof of the proposition note that, by definition of T'(u),

and thus E(u)(s(p)) =0 as well. ]

As we will see in the following instructive example, in general, s(u) and g&®
are not equal. Note also that mostly s(x) will not be an intermediate subalgebra
for the inclusion gt C g&®,

Example 5.2. Consider the (symmetric) pair (g,g1) = (s(3),s[(2)) as in
Section 3. Let H, E, F, L, X = X;, Y =Y, and p = p(2) be as there;
see the proof of (ii) in Theorem 3.2. Let 0 # pu € g} be given by u(H) = a,
w(E) = b and u(F) = ¢, for some a,b,c € K. We consider the following four
possibilities: (I) ¢ # 0; (II) a =c¢ =0 and b # 0; (III) ¢ =0 and a,b # 0; (IV)
b=c=0 and a # 0. It is easy to check that

T(u) =Kz and g) = Ky,



SIROLA 763

where 2y and y, are given as follows. For (I),
20 = ((a® — 2bc) /12¢*) L — (a/2¢) X — (ab/4c®)Y + Ei3 + (b*/4c*) By,

and yo = (a/2¢)H + FE + (b/c)F. For (Il), zo = E3, and yo = F. For (III),

20 = (a/3b)L =Y + (b/a)Es, and yo = (a/2b)H + F. For (IV), zp = L, and
Yo = H. In all the four cases we have [yo, 2] = 0. Thus g°® is a 2-dimensional
abelian subalgebra of g. It is also easy to see the following: For (I), p is nilpotent
(resp. semisimple) if a® + 4bc = 0 (resp. # 0); For (II), p is nilpotent; For
(IT1) and (IV), p is semisimple. Hence it follows that for (III) , (IV) and the case
a? + 4bc # 0 in (I), g°® is a Cartan subalgebra of g. For the remaining two
situations this is not so; now, g is not self-normalizing.

Remark 5.3. Note that

ptW =g, @ T(u)
is not in general a subalgebra of g. To see this take some y € g; and z € T'(p).
Then [y, z] € p® if and only if ly, z] € T(p) if and only if E(u)([[p, z],y]) = 0.

(1
Let now (g,g1) be as in the previous example, and p as in (II) there. Then, for
20 = E31, F € g1 and Ey3 € p, we have E(u)([[F1s, 20, E]) = p(E) # 0. Hence,

91, T(1)] £ pE.

Suppose now that K is algebraically closed. We conclude by this useful
observation concerning the trivial extension.

Proposition 5.4.  Let (g,91) be a pair where g is semisimple. Assume that
g1 1s reductive in g. Then we have the following: u € g} is semisimple (resp.
nilpotent) if and only if E(p) € g* is semisimple (resp. nilpotent).

Proof. = We may assume that g < gl(n,K), for some n. Let G < GL(n,K) be
a connected semisimple algebraic group such that g is its Lie algebra. Also, let
G1 < G be a connected reductive group with Lie algebra g;. Suppose that u € g7
is semisimple (resp. nilpotent). This means that there exists some semisimple
(resp. nilpotent) element &)} € g; such that u belongs to the coadjoint orbit
G1.k1(X1); see, e.g., Sect. 1.3 in [CM]. In other words, for some g; € G; we have
= Ad* g1(k1(A1)). That is, using the invariance of 3,

w(y1) = B(Ad g1(X1), y1), Y1 € g1

Hence, for arbitrary g > y = y; + 2z, where y; € g1 and z € p, we have

E()(y) = u(yr) = Bg(Ad g1(X1),y)
= Ad" g1(r(X1))(y)-
Thus we have shown that
E(p) = g1.K(X1).

Let now X € g be such that x(X) = E(u). Write X = y;+2, with y; and =
as before. Then it immediately follows that By(z,p) = 0. As B, is nondegenerate
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on p, we conclude that z = 0; i.e., X € g;. Now for arbitrary u; € g; we have

B(X — X1, u) = Bg(X,u1) — B(X1,w)
= E(p)(u1) — p(ur) = 0.

By (C), X = &;. It remained to note the following: By the assumption that g,
is reductive in g, X; is semisimple (resp. nilpotent) as an element of g. [

Remark 5.5. (1) The part of the previous proposition concerning nilpotent p’s
can be obtained quite easily via the proof of Proposition 5.1. Namely, by definitions
of £(u) and T'(u), from the above noted equality (17) it clearly follows that for
p € g we have p(gh) = 0 if and only if £(u)(g*™W) =0, i.e., u is nilpotent if and
only if £(p) is nilpotent.

(2) Related to Example 5.2 it is also interesting to note the following simple
consequence of the above proposition.

Observation.  The subalgebra g®) is reductive in g if and only if p € gi is
semisimple.
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