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Abstract. Nongraded infinite-dimensional simple Lie algebras of Hamiltonial
type were constructed by Xu related to pairs of locally-finite derivations on cer-
tain commutative associative algebras. In this paper, we construct a family of
modules with parameters for nongraded Hamiltonial type Lie algebras based on
finite-dimensional irreducible modules of symplectic Lie algebras. When the cor-
responding modules of symplectic Lie algebras are finite-dimensional irreducible
weight modules whose weight spaces are all one-dimensional, we get a compo-
sition series for these modules and an explicit construction of the composition
series are also given by means of the exterior algebra powers.
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1. Introduction

A Lie algebra G is called graded by an abelian group A if

G=EPG., 16,6]CGu., Vy z€A (1)

TEA

A composition series for a Lie algebra G- module M is a series of submodules
{0} =MycMyC---C M, =M (2)

with M;/M,_; irreducible.

The Lie algebras associated with vertex algebras ([3], [4]) and the Lie alge-
bras generated by conformal algebras are in general nongraded Lie algebras. The
algebraic aspect of quantum field theory is a certain new representation theory
of the Lie algebras generated by conformal algebras. However, not much work
has been done on the representation theory of nongraded Lie algebras. Kac and
Radul ([5], [6]) classified all the quasifinite irreducible highest weight modules for
the Wi, Lie algebra, a nongraded Lie algebra of differential operators. Xu [20]
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constructed irreducible modules of centrally-extended classical Lie algebras over
left ideals of the algebra of differential operators on the circle, through certain
irreducible modules of centrally-extended classical Lie algebras of infinite matri-
ces with finite number of nonzero entries. Motivated from his classification of
quadratic conformal algebras corresponding to certain Hamiltonian pairs in inte-
grable systems, Xu ([16-19]) found seven types of nongraded infinite-dimensional
simple Lie algebras related to a finite set of locally-finite derivations on certain
commutative associative algebras. Su and Zhou [15] classified all the irreducible
generalized weight modules with multiplicity one for nongraded Lie algebras of
Witt type. In [21], we have constructed a family of irreducible generalized weight
modules from finite-dimensional irreducible modules of general linear Lie algebra
for nongraded Witt type Lie algebras, which are nongraded generalizations of Rao’s
work on irreducible representations of the derivation Lie algebra of the algebra of
Laurent polynomials in several variables ([10], [11]) and Lin-Tan’ work on irre-
ducible representations of the Lie algebra of derivations for quantum torus [7]. We
[22] have also constructed a large family of irreducible modules for two-derivation
nongraded Block type Lie algebras via imbedding into the corresponding algebras
of Weyl type. In this paper, we construct a family of modules with parameters for
nongraded Hamiltonial type Lie algebras based on finite-dimensional irreducible
modules of symplectic Lie algebras. When the corresponding modules of symplec-
tic Lie algebras are finite-dimensional irreducible weight modules whose weight
spaces are all one-dimensional, we get a composition series for these modules and
an explicit construction of the composition series are also given by means of the
exterior algebra powers. Below we will give more details of the backgrounds and
our results.

Throughout this paper, let F be a field with characteristic 0. All the vector
spaces are assumed over F. Denote by Z the ring of integers and by N the
additive semigroup of nonnegative integers. Let n be a positive integer. For any
1<s<2n, let

1, ifl<s<n, )
g(s)_{—L fntl<s<on ° STl 3)

Assume A is a commutative associative algebra over F and {0y, -, 0a,}
is a set of mutually commutative derivations of A. We define the following Lie
bracket [-,-] on A:

n

[, 0] =Y [0:(w)dy (v) — D (w)y(v)]  for u,v € A. (4)

i=1

The vector space

2n 2n
=1 i=1

is an associative subalgebra of the associative algebra End.A of linear transforma-
tions on A, which can be viewed as a Lie algebra with the commutator as the Lie
bracket. We call H a Lie algebra of Hamiltonial type (cf. [8], [9], [12]).
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Let E; ; be the 2n x 2n matrix with (¢, j)-th entry 1 and 0 elsewhere. Then
the symplectic Lie algebra sp(2n,F) is a vector space with a basis {E;; — Ey (1 <
and the Lie bracket:

(Eij, Exg) = 0juEii — 61:Eg ;. (6)

Note that the subspace n with a basis {h; = E;; — Eyy | 1 < i < n} is a
Cartan subalgebra of sp(2n,F). Denote the dual vector space of n by n* and let
wi, -+ ,wy be the fundamental dominant weights in n* defined by w;(h;) = d; ;.

Now we assume V' (¢)) is a finite-dimensional irreducible module with highest
weight v for symplectic Lie algebra sp(2n,F). Set

= ARV () (7)

and define the following H-module structure on V (3)) by:

piH = gl(V(¥))

2n 2n
ZCLZ )(f ®v) = Z(aiai(f)+5iaif) v+ Z f0i(a;) ® E; jv, (8)
i=1 ij=1

for f,a; € A,v € V(¢), where £ = (&, ,&,) € F* is a fixed vector. Fur-
thermore, we define the following imbedding o of the Lie algebra (A, [-,+]) into H
by:

o A—"H; ur Z[@i(u)ai/ — 0y(u)0;] for any ue A 9)
i=1
and set
0o=poo. (10)

It is easy to verify that (o, V(¢)) is a representation for Lie algebra (A, [-,-]). The
following result is our main theorem in this paper:

Theorem 1.1.  Assume that A is the semigroup algebra defined in [16] and
0; (1 <i < 2n) are the locally-finite derivations in [16]. Then (A, [, ])-module
V() has a composition series if sp(2n,F)- module V() is a finite-dimensional
wrreducible module whose weight spaces are all one-dimensional.

Remark 1.2.  Via the imbedding o defined by (9), (A,[,])-module V()
can be viewed as restricted module of H-module V(¢)). When the locally-finite
derivations 9; (1 <i < 2n) are all graded operators, graded H-module V (3/) has
been studied by Shen in ([12-14]).

The paper is organized as follows. In Section 2, we will first give detailed
construction of nongraded Lie algebra of Hamiltonial type. Then we will explicitly
construct the composition series for its modules defined by (10) under the condition
that the corresponding modules of symplectic Lie algebras are finite-dimensional
irreducible weight modules whose weight spaces are all one-dimensional. In section
3,4, 5 and 6, we will prove Theorem 1.1 in four cases respectively.
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2. Constructions of nongraded Hamiltonial type Lie algebra and
composition series for its modules

In this section, we will first give detailed construction of nongraded Lie algebra
of Hamiltonial type. Then we will explicitly construct the composition series for
its modules defined by (10) under the condition that the corresponding modules
of symplectic Lie algebras are finite-dimensional irreducible weight modules with
multiplicity one.

A linear transformation 7 on a vector space V is called locally-finite if
dim(>"7°  FT*(v)) is finite for any v € V. Let {¢, | 1 < p < 2n} be the coordinate
mapping from F?" to F. Pick

J, € {{0}, N} for1<p<2n (11)

and set
J:J1XJ2X"‘XJ2”, (12)

where the addition on J is defined componentwisely. Take an additive subgroup
I’ of F?" such that

Fﬂ( ﬂ kerp,\kerp,) #0 it J,={0} forl1 <p<2n.  (13)

1<p#q<2n

Denote by A the semigroup algebra of I' x J with a basis {z®! | (o,i) € T' x J}
and the algebraic operation defined by

ol P = o tBI for (o)), (B,j) €T x J. (14)

Moreover, we denote

s

i = (0, ,7,0,-+-0) fori € Jy; 7y = (0,-++ 7+ ,0) for 7 € oy(I). (15)
For 1 <p < 2n, we define 9, € EndA by :
(21 = apz®t + dpr™i el for (a,i) € I' x J. (16)

It can be verified that {0, | 1 < p < 2n} are linearly independent and commuting
locally-finite derivations on A. Xu (cf. [17]) introduced the following Lie bracket
[-,-] on A:

[u,v] = Z[@i(u)&v(v) — Oy (u)0;(v)] for u, v € A. (17)

We call (A, ], ]) a nongraded Lie algera of Hamiltonial type.
For convenience, we denote

Bi=0i+& for B= (01, -+ ,Pam) €T, (18)
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By (8-10), (A, [-,-])-module V(z/) can be explicitly given by:

xazp.x/a7q ® v
n

= > (B — ap Bz FPra 4 (p,3), — giay)z®TPPTal

=1

+ (groi — pr B))a IR 4 (pigyr — gupy ) TPPTITITIN] @ 0
n
+ > [P (i Ei v + 004 B jrv — apay By v
7,7=1
+ apo;Eypo) + 2PN @ (pioy B v — pio B o)
+ gothrta-ly o (pjong v+ pijay By 1)
4+ potBpta-ly ® (—pj/OéiEij v = pJ’OWE )
+ a+ﬂ,p+qflm @ ( plla]/E/ U+ pz’a]EZ']l U)
i LotBpta-1y ®p]pszz/ LU — potBpra—ly— ®psz/E ijU
+  gothpta-l; ®PJ (pi — 6ij)Eijiv
— tEPra el @ pu(py — 6, 5) i ), (19)

for (o, p), (B,q) € ' x J, v € V(). In particular, we have
201 2P Ry = ¢(s)(BLrP @ v + qua® T @) if J, = N. (20)
And

la_QT[s] ,0 .:L‘T[S] ,0 .1’7[5] ,0 $ﬂ7q ® v

= 27%(s) 2" @ (Biv — 3T BLEL s v — 27°E2 , v)
+ 3¢y (qy — 12?921 @ Bgv + 3qua T @ (620 — T2 B2, 0)
+ golge = 1)(ge —2)2" P @] if J,= {0} (21)

Lemma 2.1.  (c¢f. Proposition 3.6 in [1] ) The highest weight module V (1) for
symplectic Lie algebra sp(2n,F) is an irreducible finite-dimensional module whose
weight spaces are all one-dimensional if and only if v = 0,wq, or w, when n =
2 or 3, where w; are the fundamental dominant weights of sp(2n,F).

In the rest of this section, we will construct the composition series for A-
module V() explicitly under the condition ¢ = 0, w;, or w, when n = 2 or 3
respectively.

Suppose v is a nonzero vector of V(0). It is straightforward to verify that
F(z~%° ® v) is a submodule of V(0) if £ € T'.

Theorem 2.2. If ¢ € T, then A-module V(0)/(Fx=¢° ® v) is irreducible. If
£ ¢ T, then A-module V(0) is irreducible.

It is known that sp(2n,F) -module V(w;) is isomorphic to the natural 2n-
dimensional module F?" with standard basis {ey, - ,ea,}, i.e. ¢ = (0, ,i
,-++,0) for 1 <i < 2n (cf. Proposition 13.24 in [2]). For any («a,i) € T' x J, we

denote

9, (™ @ v) = (afz™ + iz™ ) @ v, for 1 <5< 2n, veV(y), (22)
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2n
z(a,i) = Z oL (z™' ® ey); (23)
s=1

sa(a,i) = O™ @ €5) — Oy (a™ @ ey),
Ty p(a,i) =0l (z* ®@ey) — (™ Rey), 1 <s<t<n
Top(a,i) =0z ®e,) +0u(x @ey), 1< s,t<n. (24)
Set

Ulwy) = Z Fxs(a,i),
(a,i)eT'x T, 1<s<t<2n

U(wy) =U(w) U(:L‘_S’O @ V(w)) if&erT;
W(w) = Z Fz(a, i),
(ai)€TxJ
W(w) =W(w) | J@ @ V(w)) if¢el. (25)

It is straightforward to verify that A-module V(w;) has the following series of
submodules:

{0} € W(w) C W(wy) CU(wy) C Viwy) if€eTy (26)
(0} € W(w) C Ulw) C Vi(wy) if€gT. (27)

Theorem 2.3.  If{ €l (resp. ¢ 1), then (26) (resp. (27) ) is a composition
series for A-module V(wy).

Consider the exterior product
EF(F?") = F2" AF* A --- AF?™ (k copies ). (28)

From Proposition 13.28 in [2], we know that sp(4,F) -module V' (ws) is isomorphic
to Spang{e; A ea, e1 Ney, ea Aesg, e3 Neq, €1 Aes —ea A eg}t with the action
X.(ey Ney) = (X.e) Neiy +e, AN(Xeei,), VX € sp(4,F). For any (o,i) € I'x J,
we denote

yi(a,i) = (050, — 0,05)(x™ @ ey A ey) + (2™ @ e A eg) + OF (2™ @ eg Aey),

)
ya(a, 1) = O (2™ @ ey A ey) + (905 + 050,) (2™ @ e1 A eg) + OF (2™ @ es A ey),
ys(a, i) = 206(2™ @ €1 A ey) + 204(3™ @ €1 Aey) + O4(2* @ (e1 Aes — ey Aey)),
ya(a,i) = =02 (™ @ ey A ey) + (9105 + 950,) (2™ @ ex A es) — O (2™ @ es A ey),
ys(a, 1) = =20, (2™ @ ey A ey) + 204(x™ @ ey A eg) — 04 (™ @ (e1 Aes — ea Aey)),
ys(a, 1) = 205(3°' @ ey A e3) — 204 (2™ @ e3 Aey) + 0y (2™ @ (61 A es — ea Aey)),
yr(a, i) = 20, (2™ @ ey A ey) + 205(2* @ es A eg) — Oh(2™' @ (e1 A es — ex Aey)),
ys(a, i) = 02 (™' @ e1 A eg) + O (2% ® ex A e3) + (9105 — 040,) (3™ ® e3 A ey),

yo(a, i) = 20004(z™ @ ey A ey) + 20505(2™ @ ey A e3)
— (040, — 0705) (™' @ (e1 A ez — ea A ey)),
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ylo(oz, l) = —26/82( i X e /\ 62) + 28/8/( i (%9 €3 N 64)
- (818/ + 8184)( (61 N €3 — €2 N 64))

zi(a,i) = (0,05 + 0,0,) (2™ @ ey Aey) + OF (2™ @ ey Aey)
O (2 @ eg A eg) + 0404 (2°' @ (e1 Nes — ex A ey)),

nla,i) = F(x™ @el Aey) — (9105 — 950, (2 @ ea A e3)
O (™ @ es Aey) + 004 @ (e1 Nes —ex Aey)),

Zg(Oé, l) = —852(37‘“ ® e N 62) + (8{83 — 8;851)(:Ua’i ® e N 64)
+ O (e @ ey Aes) — p05(x™ @ (er Neg — ea A ew)),

zla,i) = =™ @er Aey) — (0105 + 050,) (2™ @ e3 A ey)
+ O™ @ ey Aes) + 0,05z @ (e1 Aes — ea Aey)).

Set

Ulws) = Z Fyr (o 1),

1<k<10, (a,i)el'xJ
Ulw) = Ulws) | J@ ™0 @ V(ws)) if € €Ty
Wi(ws) = Z z(av, 1),

1<k<4, (a,i)€TxJ
W(ws) = W(w) | J@ ™ @ V(wa)) ifEeT. (30)

It is straightforward to verify that A-module V(w,) has the following series of
submodules:

{0} € W(ws) € W(ws) CU(ws) C Viwy) if € €Ty (31)
{0} C W(ws) CU(wy) CV(wy) if&¢T. (32)

Theorem 2.4. If § € T' (resp. & ¢ '), then (31) (resp. (52) ) is a
composition series for A-module V (ws).

It is known from Proposition 13.28 in [2] that sp(6,F) -module V(ws) is
isomorphic to Spang{e; AeaAes, e1Aeaeg, e1Aeses, erAesAeg, eaesAey, eaNegN
€g, esN\eg/\es, egNesNeg, e1/\Nea/Nes—erNes/Neg, eaNesNegt+eiNeaNey, epNesNeg—
esNeg/Nes, e NegNes+esNes/Neg, eaNeg/Nes—es/Neg/N\eg, 61/\64/\66—62/\65/\66} with
the action X.(e;, Aej, Aey) = (Xoey ) Aey, Neig+ey AN Xee,) Aey, e, Neiy AN(Xeiy),
V X € sp(6,F). For any (a,i) € I' x J, we denote

o1(a, i)
=204(z* @ ey ANeg Aes) + O5(z™ @ (e1 Nea Aes —ep Aes Aeg))
+28é( ok e Nex A 66) + 3i(x°"i ® (62 NesNeg+er NAey A 64)),
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02(a7i)
= 20h(z™ @er Neyg ANeg) — O™ @ (ey Aeg Aes —er Aeg Aeg))
+204(x @ e; Aes Aes) + 0 (x @ (ey Aes Aey —eg Aes Aes)),

03<Oé, i)
= 201 (z™ ®ey ANeg Aeg) — Oh(2™' @ (ea Aes Aeg +e1 Aea Aey))
—28:1(1‘&7i N WANCEWAN 64) + 8§(xa’i X (61 NegANeg—eg N\eg N €5>>,

04(04,i)
=20h(z* @ ey Aeg Aes) + Oh(z™ @ (e Nea Aes —ep Aes Aeg))
—205(x™ @ ey A es A eg) + 0y (x™ @ (ex Aes Aes + ez Aes Aeg)),

05<Oé, i)
= —20h(z™ @ ey Aeg Aeg) + O5(2™ @ (e1 Aea Aes —er Aes Aeg))
—28§(x“’i X ep Nes A 66) — 84’1(xa’i & (61 NegNeg—eg N\es N\ 66)),

06(a7 1)
= 205z @ ey ANegAey) + 0 (3 @ (ea Aes Aeg+e1 Aea Aey))
+204(x @ ey A ey Aeg) + 0L @ (ea Aeg Aes —es Aey Aeg)),

07(Oé,i)
= —201(z™ @ ey ANeg Aeg) + 04(3™ @ (ea Aes Aeg +e1 Aea Aey))
+284/1(Ia’i X eg N\ eg N 66) — Qﬁ,(x“’i X (61 Neg N\eg—es N\es A 66)),

08(aa i)
= 23§(ma’i X eg N\ eg A 64) + 8{(1’&& &® (61 Neg Neg —es N\eg A 65))
+204(x @ es Aeg ANes) — Oh(2* @ (ea Aeg ANes —es Aeg Aeg)),

09(Oé, i)
= 20, (™ ®ey ANeg Aes) 4+ (2 @ (ey Aeg Aeg — ey Aeg Aes))
1204 (1 @ ez A ey Aes) — Os(x* @ (ex Aeg ANes +es Aes Aeg)),

Olo(Oé, 1)
=20z @ es Aeg Aes) + 0y (x™ @ (e Aeg Aes+es3 Aes Aeg))
+204(x @ ey Aes Aeg) + 0y (2 @ (ea Aeg Aes —es Aey Aeg)),

011(@,i)
=20(2* @ ea Neg Aeg) — Oh(2™ @ (ea ANeg Aes —e3 Aeg A eg))
—28g($a’i X eq N\ es N\ 66) + 8{(ma’i ) (61 Neg N\eg—eg N\es N\ 66>>,
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012(O[,i)
= 201z ®ey Aes Aeg) — O4(1™ @ (e Aeg Aes+e3 Aes Aeg))
—20,(2* @ eg Nes Aeg) + 0y (x™ @ (€1 Aeg Aeg — ea Aes Aeg)),

o13(a, 1)

=02z ®ei Nea Aeg) — O (2™ @ ey A ey A eg)

+OP (™ @es ANeg Nes) — OL0L(2* @ (ea Aeg ANes —es Aeg Aeg))
+(0) + L0 + D) (2™ @ ey Aes Aey),

o14(a, 1)

=2 (x™ ®er Aea Aeg) — OF (2™ @ ex A e Aey)

+OP (2™ @ ey Nes Aeg) + 0505(x* @ (ea Aeg ANes —es Aeg Aeg))
+(—010, — 0505 + D504) (2™ @ €2 A es A eg),

015(067 l)

=02 (2™ ®ep Nez Aes) + 0 (2™ ®ex Aes Aey)

—OR (™ @es Nes Aeg) — OhOh (2™ @ (ex ANeg ANes — ez Aeg Aeg))
+ (=00, + 040, — 504 (T @ eg A ey A es),

016(Oé, l)

=02 (2™ ®ep Nes Aeg) + O (™ ®ex Aey A eg)

—OR (™ @es AegNes) — b (2 @ (ea Aeg ANes —es Aeg Aeg))
+(0,0) — 9,04 — 0504) (z™' ® es N es A eg),

o17(a, 1)

=07 (z™ @ er Aex Aeg) + O (1™ ® er Aes A eg)

+OR (™ @ es Aeyg Nes) — 0,05(x™ @ (ex Aeg Aes +es Aes Aeg))
— (0,0, + b0, + 9505 (2™ @ ey Aes Aes),

o18(a, 1)

= 852($a’i ®er Ney Aeg) + 852($a’i ® e NegAes)

+OR (™ @ eg Nes Aeg) + 050,(x* @ (ex Aeg Aes+es Aes Aeg))
+(010; + 0505 — 0306) (z @ e1 Aes A eg),

o19(, 1)

=0 (2™ ®e; Nez Aes) + 05 (2™ ®ea Aes Aey)

+OR (™ @ eg Nes Aeg) + 0,05(x @ (ey Aeg Aes+es Aes Aeg))
+ (=0, + 0L + LO) (™ @ es A ey Aes),
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020(047 1)

=07 (2" @ e Aes Aeg) + 0P (2™ ®ex Aes Aeg)

+0R (™ @ es Aeg Nes) + 0,05(2 @ (ey Aeg Aes+es Aes Aeg))
(0,0 — 0h0L + 0506) (2™ @ ey A es A eg),

091(a, 1)

=02 (™ ®e; Ney Nes) + 02 (™ @ ey Aes Aeg)

—0R (™ @ ey ANeg Neg) + 040L (2 @ (ex Aeg Aeg — e Aes Aeg))
+(0,0) + 0h0L + 0505) (™ @ ey A eg Aeg),

092 (v, 1)

= (™ @ ey Ney Aeg) + O (1™ ®er Aeg A es)

—OR (™ @eg Nes Aeg) + b0, (2™ @ (e1 Aey Aeg —ex Aes Aeg))
+(—0,0) + 040, — 0405) (1™ @ ey A es A eg),

093(a, 1)

=02 ®@e; Nea Aeg) + OF (1 @ ey Aeg Aey)

+OP (™ @ eg Nes Aeg) — 0,0L(2* @ (ex Aeg ANeg — e Aes Aeg))
+(0,0, — 9,0 — 0504) (2™ @ eg A ey A eg),

094 (v, 1)

=02z ®ey Aes Aeg) + O (1% @ eq Aeg A eg)

+OR(x @ es Aeg Aes) + 0,052 @ (ex Aeg Aeg —ex Aes Aeg))
+ (=0, — b0k + Dh0L) (%' @ ey A es A eg),

095( 0, 1)

=02 (r™ ®e; Nea Aez) + O (3™ ® ey Aes A eg)

HOR (™ @ ey Aeg Neg) — 040L(2* @ (e1 Aey Aes — e Aes Aeg))
+(—0,0, + 04,0k — 0505) (2™ @ ey A ey A eg),

096(x, 1)

=Rz ®er Aea Aes) — O (2 ®e1 Aes Aeg)

+OR (™ @ es Aeyg Aes) + Oh05(2* @ (ex Aey Aes —er Aes Aeg))
+ (=0, — b0k + b0 (x™ @ e Aes Aes),

027<Oé, l)

= (™ @er Nex Aeg) — IF (™ @ ey Aey Aes)

+OP(z™ @ ey Nes N eg) — O504(z™" @ (€1 Aeg Aes — ey Aes Aeg))
+(0,0) + 060% + 0505) (2™ @ €1 Aes A eg),



ZHAO

09s(a, 1)

=02z @ey Nez Aes) — IR (™ @ ep Aea Aeg)

+OR (™ @ ey Neg Aey) — OL0L(2* @ (e1 Aey Aes — e Aes Aeg))
D0, — U — AL (™ @1 A ea A es),

099(x, 1)

= OF(x™ @ e; Neg Aeg) + 0P (r™ @ ep Aes Aes)

+OR (™ @ eg Aeg Aey) + 0,052 @ (ea Aes Aeg+e1 Aeg Aey))
+(0,0), — 9504 + 0505) (x° @ ey A ey A es),

030(a, 1)

= O (™ @ ey Neg Aes) + 0P (x™ @ ey Aes A eg)

+OZ (™ @ eg Aeg Aeg) + 050,(x* @ (ea Aes Aeg+er Aeg Aey))
+(—010) + 0505 + 9505) (z™' @ e1 A e A e),

031 (Oé, l)

=02 (™ @e; Neg Aes) + R (2™ @ eg Aey Aeg)

+aé2($a’i X es VA IWAN 65) + 818é($a’i X (62 A €3 AN eg 1+ €1 Neg A\ 64))
+(010) + 0505 — 0405) (z™' ® ez A eg A ey),

032(@, l)

=02 (x™ ®er Aex Aeg) + OF (2 ® ey Aes Aey)

+02(2" @ e4 Aes A eg) — ,05(x™ @ (ea Aes Mg+ e1 Aea Aes))
— (0,0, + b0 + 9505 (2 @ ea A eg A eg),

os33(a, 1)

= 02 (2™ @ ey Nes Aey)

—OR (™ @ ey Neg Aeg)

—O(z™ @ er Aeg Aes) — 040L(x™ @ (e1 Aeg Aeq — es Aeg Aes))
+(0,0, + 050% — 0505) (™ @ ey Aeg Aes),

034(c, 1)

= Iz @ ey Ney Aeg) + O (x™ @ e Aes Aeg)

—OF(r ez NegNes) — b0, (2 @ (e1 ANes Aey —ea Aeg Aes))
+(0,0), — 0h0L — 040L) (2™ @ ey A es Aes),

035(0&, l)

= 02 (2™ @ e1 Aex Aes) — IF (2™ ® eg Aey Aeg)

—8&2(x0"i X ez N\ eg A 65) — Oiaé(x“’i & (61 NegANeg—eg N\eg N 65))
+(010) — 0,04 + 0504) (2™ @ €3 N es A ey),

11
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036(04, l)

=02 (z™ ®ex Nez Aey) — O (x @ ey Aes Aes)

+OP (™ @ ey Nes Aeg) + 0,052 @ (ex Aes Aey — ey Aes Aes))
+(0,0) + 0h0% + 0505) (™ @ es A ey Aes),

o37(a, 1)

= 20105(x™ @ ey A ey Aes) — 20,05(x @ e1 Aes Aes)

—0405(x™ @ (e1 Nes Neg —ea Aes Aes)) + 20504(3% @ ey A ez A ey)
+20,0L (2> @ e3 Neg Aes) + O (2™ @ (e Neg Aeg — ea Aes Aeg)),

038(Oé, 1)

= 2060(2* @ ey A ey A eg) — 20505(2* @ e A ey Aes)

— (™ @ (ex Neg Nes — ez Aeg Aeg)) — 20605(x° @ ey A es A ey)
—28é8é<$a’i X eq N\ es A 66) + 8{2@‘“ X (61 Ney ANes —ep Aeg N\ 66)),

039(, 1)

= 20104(x @ ey Aes Aes) — 20,05(x* @1 Aes A eg)

— 0,042 @ (e1 Neg Aes+e3 Aes Aeg)) — 205041 @ es Aeg Aes)
—20,04(x* @ eg Nes Aeg) + OR (2™ @ (eg Aes Aeg+e1 Aey Aey)),

00(a,i) = 20,05 (2™ @ e1 A ea A eg) + 20,05 (™ @ ey Aes A eg)
—005(z™ @ (e1 Neg Neg — ea Aes Aeg)) — 20604(x° @ ey A ey A eg)
+20,0L(x* @ eq Nes Aeg) + OF (2™ @ (€1 Nes Aeg —ex Aes Aes)),

Oq1 (OZ7 i)

= —20L04(3™ @ 1 A ey A e3) — 20605(x* @ e A ea A eg)

—00 (™ @ (e1 Nea Aes —er Aes Aeg)) + 20504(x* @ ey Aes Aes))
—20L05(z @ e1 Nes Aeg) + O (2 @ (ea ANeg Nes —es A ey Aeg)),

0(cr,i) = —20,05(x™ @ e1 A eg A es) — 20,05(2™ @ e1 A ey A eg)
—00L(x™ @ (e Nes Aeg +e1 Aey Aey)) — 20504(3% @ ey A es A ey)
+20,05(2* @ ea A ey A eg) + O (1 @ (e Aeg Aes+ ez Aes Aeg));

pi(a,i)

= ()0, + 0,08 + 04,05) (™ @ €1 N ex Aes) + IR (2™ @ ey Aey A eg)
—OP(r @ e Neg Aes) + OLo(x @ (e1 Nea Aes — el Aes Aeg))
+OR (™ @ ey Aeg Aey) + 0405(x* @ ea Aes Aeg+e1 Aea Aey)
—0,05(x™ @ (e1 Nes Neg —ex Aes Aes)),
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pa(e i)

= ()0, — 940 — 0505 (2™ @ ea A es A ey) + O (3 @ ey A ey A es)
+OP (™ @ ey Aey Aeg) + 0,05(2* @ (ea Aes Aeg+e1 Aeg Aey))
—02(x* @ es Neg Aes) + 0505(x° @ (ea Aes ANeg —es Aey Aeg))
— Oz @ (e1 Nes Aey —ey Nes Aes)),

p3(a, i)

— (040} — b0, — DO, (™ @ ey Ny Aeg) + O (¥ @ ey Aey Aes)
+OR (2™ @ eg Aeg Aeg) + 0505(x™ @ (ey Aea Aes — e Aeg Aeg))
—O2(z* @ ey Aes Aeg) + 0504 (2™ @ (ea Aes Aeg+e1 Aea Aey))
— 0,05 (™ @ (e1 Neg Aeg —ea Aes Aeg)),

pale i)

= (10, — 940 — 9505 (2™ @ €1 Nes A eg) + O (2™ @ ey Aes Aes)
—OF(x @ ep Aeg Aeg) + 0h04(x @ (e1 Nea Aes — el Aes Aeg))
+OR (™ @ ey Nes Aeg) + 050,(2* @ (e1 Aeg Aes+es Aes Aeg))
—04 (2™ @ (e Neg ANeg —ex Nes Aeg)),

ps(a, i)

= (90, 4 9,0 + 040) (2™ @ eg A es A eg) + OF (2™ @ es Aey Aes)
—OR (2™ @ eg Neg Aeg) + 0104(x™ @ (ey Aeg Aes+e3 Aes Aeg))

+O2 (™ @ ey Aes Aeg) + 0h05(x° @ (ea Aeg Aeg — ez Aeg Aeg))

—0 (™ @ (e1 Neg Aeg —ea Aes Aeg)),

pe(a, i)

= (040 — 10, — 0505) (2™ @ ea A ey N eg) + O (3™ @ ey A es A ey)
—OP(r @ ey Nes Aeg) + 0L @ (e1 Neg Aeg — ey Aes Aeg))
+IP(z @ er Aey Aeg) — 005(2™ @ (eg Aes Aeg +e1 Aey Aey))
— 0405 (x™ @ (e Neg Neg — e3 Aeg Aeg)),

pr(a, i)

= (040% + 0,0, — 94,05) (3™ @ e3 N eg Aes) + O (™ @ eg Aes Aey)
—P (™ @ep Neg Aes) + A0 (2 @ (ex ANes Aey — ey Aes Aes))
—OP(r @eqNes Aeg) — 0052 @ (e1 Aea Aes+es Aes Aeg))
—0405(2™ @ (e Neg Neg — e3 Aeg Aeg)),

pS(aa i)

= (000}, + 0,05 — 9508) (™ @ e1 N es Aes) + I (x™ @ ey Aey A es)

—OF (™ @ ey Aes Aeg) + 0h05(x @ (ex Aeg Aes — e Aeg Aeg))
_84/12(1'06& @ ez Neg N\ 65) — 0;8!1(xa’i ® (6’1 NesNeg— ey Neg A\ 65))
—i—(?iaé(xa’i ® (61 NegNes~+esNes A 66)).

13
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Set

Uws) = Y, Foa,i),

1<k<42, (a,i)eTxJT

U(ws) = Ulwn) o @ V(wy) it

Wws)= Y. Fpli),

1<k<8, (ai)eT'xJ

W(ws) = W(ws) | J@ @ Vi(ws)) ifEeT. (34)

It is straightforward to verify that A-module V(ws) has the following series of
submodules:

{0} € W (ws) € W(ws) C Ulws) C V(ws) if € €Ty (35)

{0} € W(ws) C U(ws) € V(ws) if&¢T. (36)

Theorem 2.5. If& el (resp. £ E1), then (35) (resp. (36)) is a composition
series for A-module V(ws).

The following fact will be used in the proof of Theorem 2.3, Theorem 2.4
and Theorem 2.5:

Lemma 2.6.  Suppose W is any nonzero submodule of A-module V(). If
0#£ 20w e W, weV(W), then W contains the following vectors:

(i) 2P0 [B2E pw—B,04(Esy + Erg)w+ BFEsg.w], V1<s<t<mn;
(ii) 2P0 @ [BPEy.w— B3y gw — BuB1(Est — By o)w], V1 <s,t<n;

(111) %0 ® [ﬁfEt,i.w — BiBu(Ey s+ Egy).w + ﬁEES/’S.w] eW,V1<s<
t<n.

Proof.  Choose any 1 < s <t <n. We will first prove (i) in the following three
cases:

Case 1. J; = J, = N.
By (19), we have

W > z%he 2P0 @ w
= B2 @w+ Bz @w + 270 @ (Esp + Erv).w, (37)
W 3 226070 @ w = 2(BL 2" @ w + 270 ® B, 4 .w). (38)

Eliminating 2% ® w and 2% ® w in (37) through (38), we finally get (i).
Case 2. Js = J, ={0}.
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For any 0 # 7 € T, O%T[tefandaGZ we have

gty 0 (=)0 180 o )

= 20 @ [(1 - )7y (75 + ar' By )
a(l —a)r7?B)(Esp + B o) w

(1 —a)™((1 —a)TB + at'B)) By p.w
a(l—a)*r7"*(Eyp + By o). FErp.w

(1—a)T' B By g.w

)
(1= a)’r*1?Eyg.Eyp.w+ (1 — a)’a® 7 Ef .l (39)

=
W

+ + + + +

2o ]+r[’] 0. (1—a)‘r[’1],0 3,0 R w
Pt 0 g [(1—a)TB5(7' By + at Bl )w
a(l—a)7'7° By (Esp + Erg).w
(1—a)m*((1 — a)7' B, + atB.) Esg.w
a(l — a)27'7'3(E87t/ + Eiy).Esg.w
(1—a)rm?BLEpw+ (1 —a)*m°7?Es g By pw
(1 —a)’a®r*Ef,.wl; (40)

=
W

+ o+ o+ o+ o+

The coefficients of a? in (39) and (40) imply that

ﬁ+7— T [ ﬁt/w Tﬁg/ (Es,t/ =+ E,;S/).w
+ (Tﬁs/ — T ﬁt,)Em/.w + T2Es,s’-Et,t"w] & VI/7 (4]_)

.1"3+T[S]+T[/t]’0 ® [—65(4) — Tlﬂ‘g/(Esjt/ —+ Et’s/).u}
— (18l —7'Bl)Esy.w+ T%E, . Frp.w] €W. (42)

Letting a = 0 in (39) and eliminating #7771 @ w through (41) and (42), w
finally obtain

5-&-7 +Tt]: ® T xﬂ-&-T[s]-i-T[’t],O ® [ﬁ;%Et,t’-W - 5;/@/(Es,t' i Et,s’)-w
+ BRE.g.w+ (18 + 7' 8.)Es . Erp.w] € W. (43)

Moreover,
o0 BT 0 o
= PO [(—7B, — 7B + T B,y + 7T (Esy + Ey o) + 72Eyp.u],
(44)
From considering the coefficients of 72 or 72 in (44), we can also get (i).
Case 3. Js =N, J, = {0}.

For any a € Z and 0 # 7 € I', we have

W o 2710 280 @ = 27710 7(Bw + TEp.w), (45)



16 ZHAO

2000 1 (1=a)7 21 8.0 o 1

2026 @ [a(1 — )72 BFw + (1 — a)ar® Bl Eyp.w
(1—a)’a®r" B}y w] + 277704 @ 248, 3, 7w
2a*7° 3L By p.w + 2a(1 — a)7?B1 (Esy + Erg).w
2(1 — a)a’T’Eyy (B + Eyg).w)

2P0 ® (2a7 3, By o + 20> 72 Fyp. E, g.w),

=
Y

+ + + o+

2O 20701 280 ) 4

2772 @ [(1 — a)ar?BFw + a(l — a)7 Bl By pw

(1 — ) B o] + 71001 © 3, By

(1 —2a + 2a*)7? s Brnew +2a(1 — a)7? By (Esy + Epg)w
(1 —a)ar®Eyp(Esp + Erg)w] + 27700 @ (82w + 78 (Es v
+ Eig)w+a(l —a)t*(Esy + By o)),

=
Y

+ + +

Subtracting equation (46) from (47), we obtain

W > 2P7le @1 - 2a)7m6. 80w + (1 — 2a)72 6. By pw
+ a(l—a)(1 —2a)7*Ep.(Esp + Ery).w)
+ 2P0 ® [2a18) Eg.w — 20* T2 Ey p. B g w + (2w
+ 78(Esp + Erg)w+a(l — a)7*(Eyp + Ery)?w),

The coefficients of a®, a* and a in (48) imply

W > —2"ule @ 278, (Biw + TE y.w)

+ 2l [TQ(Es,t’ + Et,s’)2'w - 2Tﬂ£’Es,s’-w]7

W > 2%l @ 768, (Bw + 7By w)
+ 200 @ (8w + 70y (Bop + i),

W > 200 262w — 276, Eyy
+ 270, (Espy + Epy).w + 72 (Esp + By y)* ],
Eliminating 2°77° @ w in (51) through (45), we finally get
0 QW = 2P0 @ 267 B, v.w — 28461 (Eey + By ).w
+ 200Ey.w—T1B(Eep + By g)>w] € W.
Furthermore,

‘T—T[t])o'x6+7—[t]70 ® W = xﬂ,O ® (_Tﬁglw, + T2Et,t"w/)7

x*T[t]’l[l].xﬁJrT[t]vO ® Cd/ — xﬁ71[1] ® (_Tﬁg/w/ + TZEt,t/.U)I)
+ fEﬁp ® [ﬁ;/&)/ - 7—<E5,t/ + Et75/>.w] € W

From consider the coefficients of 7 in (53) or (54), we finally get (i).

(46)

(47)

(51)

(52)

(53)

(54)

The case

Js = {0}, J, = N is similar with Case 3. When 1 < s < n <t < 2n (resp.
n+1<s<t<2n), wecan prove (ii) (resp. (iii)) by the similar arguments as in

Case 1, Case 2 and Case 3.
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3. Proof of Theorem 2.2

In this section, we will give the proof of Theorem 2.2.

Proof.  Suppose v is a nonzero vector of V(0). By (19), A-module V(0) is
explicitly given by:

xa7p‘xﬁ7q ® v
n

- [< iBiy — a B)a TP 4 (pi 3], — giovy )z THPTATN

=

+ (groy — py B TIPTATNTN 4 (pig — qipy )z TP @ v, (55)

for (a,p), (8,q) € I' x J. Let W be any nonzero submodule of V(0) that strictly
contains Fxr=5% @ v. We treat 27 5°®@v as 0 if £ ¢ I'. For any i € J, we define

2n
il = iy (56)
p=1
Set B .
Vi =span{z® ®@v |a e, |i| <k} for ke N. (57)
Moreover, we define
k=min{k € N| (V[ \W)\F(z*° @v) # O}. (58)

For any 0 # u € (V,W)\F(274° ® v), we can write it in the following form:

v= > Q2™ @ v+, (59)
(—€,0)#£(a,i)el'xJd, |i|=k

where a,; € F, o' € V| + F(z7%° ® v), and define
l(u) = [{a €T | ag; #0 forie J, |i| = k}|. (60)
Set B o
[ =min{l(v) | 0 #v e (Vi |W)\F(z*° @ v)}. (61)

Choose 0 # u; € (VN W)\F(274° ® v) such that [(u;) = [ and write it in the
form (59). For any 1 < s < 2n. Assume J; = {0}. By (13) and (21), we have

z 2700 4

- Z 2§<S )aa 10/%—31'& T ® ?J(Il’lodvk_l)7 (62)
(—£,0)#£(a,i)el'xd, |i|=k

—27[4],0 Tls] ,0

Since 7 takes an infinite number of elements in F for 0 # 74 € I', the coefficients
of 73 show
oy, = (., whenever a,;.a5; # 0 (63)

by the minimality of [(u;). Suppose J; = N. Then we have

0,1[8] U = Z aa,ig(S)Oé;/[Ea’i ® U(mOdvl%_1>. (64)
(—€,0)#(ai)elx T, |i|l=k

T
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Thus we can also get (63). Therefore u; must take the following form
U = Z ;% ® v(modkal). (65)
(—¢£,0)#£(a,i)el'xd, |i|=k
Suppose k> 0. Assume i, > 0 for some a; # 0. If J,y =N, then
0 # 2%y — (p)aur € (Vi_y [\ W)\F(z™*° @ v). (66)
Assume Jy = {0}. If a;, = 0 and i, = 1, we have
270 T2 gy = Z 27 (200, — T)az®' @ v(modV;_,). (67)
(—€,0)#£(a,i)el'xd, |i|=k
If i, # 0 or i, # 1, we have
710 0 g = Z —TQaiﬁz?(mo"i ® v)(modV;_,). (68)
(—£,0)#(a,i)elx T, |i|=k

It follows from (67) and (68) that (V;_, ﬂ WH\F(z~5%=v) # {0}. This contradicts

the definition of k. Hence k = 0, 3 2%9uv € W, B # —¢. Since
the coefficients of a? or ¢? in 27~ ap-a xo‘ Fazhl @ v is ()3 (Vi @ v +
g @) (1<i<2n ), we have

Yox"P @ v+ ppr"P Tl v e W, ¥V (y,p) € T x J.

Thus we get Theorem 2.2. [ |

4. Proof of Theorem 2.3

In this section, we will give the proof of Theorem 2.3.

Proof. Denote

_ Ulw,) if €¢T,
Ulwr) = { U(w), if €€T. (69)

Let P1(w;) be any nonzero submodule of V(w;)/U(w;). Denote 1P ® e, + U (w1 )
by z*P®ey for (a,p) € I' x J. Then by (19), we have

xa,p‘xﬁ,q@ek

2n 2n
= ¢(k) ﬁila(z Q r®TAPTage, 1 Z Pzt AP laRe )

s=1 s=1
2n 2n

ok (Y aa P WIGe, £ ) pat P e, ), (70)
s=1 s=1

for (a,p),(6,q) € ' x J,1 < k < 2n. By (21), (22) and similar argument as in
the proof of Theorem 2.2, we can prove that

2n
30 #£2°R) " are € Pi(wr), B# —& (71)
k=1
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We may assume . # 0 for some 1 < s < 2n, since 3 # —¢. Denote

W= {(z1,- ,x20) €EF"| Y (k) By = 0}. (72)
k=1

Gauss-Jordan elimination in solving homogeneous linear equations implies that
dimpW = 2n — 1 and {fBle; +<(s)s(i)Bles | 1 < s’ # i < 2n} is a basis of W. If

2n
> ags(k)By =0, then
k=1

(ay, - ,a2,) = Z bi(Ble; + <(s)s(i)Bley) for some b; € F. (73)

1<s’'#i<2n
Therefore )
Y arer =Y bi(Blei+(s)s(i)Bhes) € Ulwr), (74)
k=1 1<s'#i<2n

which contradicts (71). So 2" axs(k)B. # 0. If Jy = {0}, then we choose
0 # 7151 € I' and have

2n 2n
0727028 Y arer =Y ans(k)Fa” T Fey € Pi(wi).  (75)
k=1 k=1

If Jo =N, then we have

2n 2n
201 ,Iﬁ’()@Z ar€r = Z akg(k)ﬁllc,xﬁ’()@es/ € Fl (wl). (76)
k=1 k=1
By (71), (75) and (76), we always have some
0 # 1°%°Qey € Pi(wy), a# —¢, o, #0. (77)
Furthermore,
Pi(w) > a7 Plgh=e0 005,
2n
= ()l Y (B = a)s(DBi(vm — Bn) 2" Tem
I,m=1
2n
+oss)al Y il — an)a ey, (78)
I,m=1

Assume vy # {0}. Then by considering the coefficients of 32 in (78), we get
2" Qey € Pi(wy) for any (y,i) € I' x J. (79)
If v = {0}, then we have

Pi(w) 3 27 OP D 0ty 2070

2n
= iaZ()_(m — an)a"PBe, + > praP ey,
k=1 ks’

+ (py — i+ Da"P 11 Rey). (80)
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Considering the coefficients of i in (80), we also get (79). Forany 1 < s’ # k < 2n,
we have
270 pPO0Re, = Blo(s) T T0Re; € Pi(wy), (81)

201 2Pl Rey = ¢(s)) Bl Rey, € Py(wr). (82)
From (78)-(82), we can obtain P;(w;) = V(w;)/U(w;).
Let Py(w) be any nonzero submodule of U(w;)/W (w;). By (20) and (21),

we claim that

B Ug + W((A}l) = 1'5’0@ Z as,txs,t(ﬂ7 0) + Z bS,th/,t/ (ﬁ’ O)

1<s<t<n 1<s<t<n
+ Z CotTsp(3,0) + W (wy) € Paywy),
1<s,t<n
where ug € U(wy)\W (w1), B # —€. (83)

For 1 < s < n, denote

s: 31_1 Zaksﬁk/+ Z askﬂk/"i_zcskﬁka (84)

k=s+1

= Z bs o0k + Z bi 5By + Z Crys B (85)

n

Obviously, us = > (zses + xgey). Set

s=1
W = {(x1, - ,29,) € F2" | 2908 —xp Bl =0, x0, — 2,0, =0
V1<s<t<n); vy —x8, =0V 1<s,t<n)} (86)

By Gauss-Jordan elimination in solving homogeneous linear equations, we can
verify that dimgW’ =1 and (3, -- , 5),) is a basis of W’. Since us & W(wy), at
least one of the following statements holds:

J1<s<t<n st a0y —xpfy #0 or a0 —xf,#0;
or 3 1<s,t<n st zgf —x8, #0. (87)
Moreover, Lemma 2.6 implies that
z5+(3,0) € Pa(wr) ifxg By —avf, #0, 1 <s <t <n;

T5(3,0) € Pa(wr) if woff — 20, #0, 1 < s,t <n;
2y 4 (3,0) € Pay(w) if 2,0, — 20, #0, 1<s<t<n. (88)

Since the coefficients of a? or ¢ in x?7"*P~4.z2 Py ,(8,0) is (i) 37ws:(v,P)
( where ¢ € {s,t}, 1 < s <t < 2n), (87) and (83) imply there exists some
1 < s <t<2n such that

zs1(7,P) € Py(w;) for any (v,p) €T xJ. (89)
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Then applying Lemma 2.6, we can prove that Po(w;) = U(w;)/W (wy).

Let P3(w;) be any nonzero submodule of W (w;). By (20), (21) and similar
argument as in the proof of Theorem 2.2, we can prove that

3 2(8,0) € Ps(wy), B # —¢. (90)

Since the coefficients of a? or p? in 27~*P~9.x=54 1(3,0) is (V') 3z (v,q) (where
1 <i<2n), we have

z(7,p) € P3(w1), V (v,p) € T x J. (91)

Thus we get Ps(w;) = W(w;). ]

5. Proof of Theorem 2.4

In this section, we will give the proof of Theorem 2.4.

Proof. Denote

7 Ulws) if £¢ 7T,
Ulws) = { U(ws) if £€T. (92)

Let P;(wy) be any nonzero submodule of V(wy)/U(wy). Then by (10), (11) and
similar argument as in the proof of Theorem 2.2, we can prove that there exists
some

uz + U(wy)

270 @ [arer A ey + ager A ey + asey A es + ages A ey

as(e; A es — ey Aeg)] + U(ws)

P1i(wy), where uz € V(wo)\U(wa), B # —¢€. (93)

m +

Set
f1(a) = ax85 — asBy — aa(B1 05 + B38)) — 2a5330,

fo(a) = —a1 85 + as (838, — B18%) + a3y + 2a5330,
fs(a) = a187 + ax (3135 — ByB)) — aufy — 255154,
fi(a) = —a1 (8155 + 330}) + ax 5 — asBy + 2a5061 55 (94)

Assume fi(a) = 0 (1 < i < 4). By Gauss-Jordan elimination in solving ho-
mogeneous linear equations, we can verify that wug is a linear combination of

y;(8,0), ye(B3,0), yi(5,0) if B, # 0, where (s, j, k, 1) € {(1, 4, 6, 8), (2, 2, 7, 8),
(3 1 2, 3) (4, 1 4, 5)}. This contradlcts uz ¢ U(ws). Hence fi(a) # 0 for

some i € 1,4. Moreover, Lemma 2.6 implies that
270 @ e; Aej + Ulws) if fr(a) # 0, (95)
where (7, 7, k) € {(1, 2, 1), (1, 4, 2), (2, 3, 3), (3, 4, 4)}.Since the coefficients of

a2 or p? in 277P 227 FA7P (200¢e; Ae; + U (w)) is <(s') B2 (2P @e; Aej+Ulws))
(where s € {i, j}), there exists some (i, j) € {(1, 2), (1, 4), (2, 3), (3, 4)}
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such that 27P ® e; A e; + U(wy) € El (wz) for any (v,p) € I' x J. Then applying
Lemma 2.6 repeatedly, we can get Pi(ws) = V(wq)/U(ws).

Let Py(wy) be any nonzero submodule of U(w,)/W (wy). We can also prove
that

10
30#£270%® Zakyk(ﬁ, 0) + W(ws) € Py(wy), B # —€. (96)
k=1
Denote

fa) = aifB50) + aaf305 + asfBs + asB1 8y + as By + ag(B1 55
+  338%) + azfy + asf105 + agBy + aro(B506 — B155). (97)

The fact 270 @ 3% aryr(3,0) & W(wy) yields f(a) # 0. By Lemma 2.6, we
have

0 g % F(@)y;(8,0) + W(ws) € Plen), (98)

where (i, j) € {(4, 5), (3, 3), (2, 7), (1, 9)}.The fact 8 # —¢ shows that 2°°®
i (3,0)+W (wy) € P(wy) for some i € {3, 5, 7, 9}. Since the coefficients of a? or
g3 in a7 P~ g0 (2P0 @ (B, 0) + Wiw)) s (s) 87 (27P @ yi(y, p) + W (w2))
(where (s, i) € {(1, 3), (2, 5), (3, 9), (4,

7)}), there exists some i € {3, 5, 7, 9} such that 27P@y;(y,p) + W (w2) € Py(wy)

for any (v,p) € T' x J. Using Lemma 2.6 repeatedly, we obtain Py(w,) =
U(WQ)/W(WQ).

Let P3(w;) be any nonzero submodule of W (w;). We can prove that

3 0#£2"°®)  awzk(8.0) € Ps(ws), B # €. (99)
k=1

Denote

fi(a) = —axB + a3y — au (B35 + B33)),
f3(@) = ai B + as(B8185 — B381) — a7,
f3(@) = —a1 5" + ax(=5185 + B3)) + asfBy’,
fi(@) = —ai (8185 + B38) — azfB7 + asBy. (100)

By Gauss-Jordan elimination in solving homogeneous linear equations, we can

verify that fi(a) = 0 (1 < k < 4) implies that > ;_; az2(5,0) = 0. Hence fi(a) #
0 for some 1 < k < 4. Moreover, Lemma 2.6 yields

270 @ 2,(6,0) € Ps(wy) if fi(a) #0, 1 <k < 4. (101)

Since the coefficients of a2 or ¢2 in 27~“P~4 A4 180 @ 2,(3,0) is ¢(s')B227P
©(1,p) (where (5, 1) € {{1, 2} x {1}, {2, 3}x{2}, {1, 4}x {3}, {3, 4= {1}}),
there exists some 1 < i < 4 such that 2P ® z;(v,p) € P3(ws) for any (v,p) €
[ x J. Using Lemma 2.6 repeatedly, we can finally obtain Ps(wq) = W (wp). ®
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6. Proof of Theorem 2.5

In this section, we will give the proof of Theorem 2.5.

Proof. Denote

- {43 4es

Let El (w3) be any nonzero submodule of V(w3)/U(ws). Denote P ® e; A ej A
ex + U(ws) by 2“PRe; Aej Aey for (o, p) € I' x J. Then by (20), (21) and similar
argument as in the proof of Theorem 2.2, we can prove that there exists some

Uy + U(w;g)
m’B’()@[alel Nea N\es+ aser Aeg N\eg+ azep N\egAes

ase; Nes N\ eg + asea Nes N\eg+ agea Neg/N\eg+ ares N\eg /N es

ageq N\ es A eg + ag(er Aes Aes —ep Aes A eg)

ajo(ea Neg ANeg+ep ANeg Aey) +ai(er Aes Aeg—ex Aeg Aes)

aja(er Aeg ANes+es Nes Aeg) +aps(es Aeg Aes — ez Aeg A eg)

arsler Aeg Neg —ex Aes Aeg)| € Pr(ws), (103)

+ + + 4+

where uy € V(w3)\U(ws), B # —&. Denote
() = afbf —asbs + a5 — as(B18y + Bas + 3555)
+  2a1234 06 + 201305 B — 20143155,

@) = a3 — asB8 + az(B16; + B35 — B556) + asfy
- 26L115§;5§, - 261125:/),5:1 - zal?ﬁéﬁéa

gs(a) = aff + asB§ + as(B13) — B35 + B355) — asBy
—  2a100484 + 2130535 — 2a14550;,

gi(a) = a1Bf +as(—B18, + B35 + B365) + agBy — a7 Py
— 2a10050; + 2a11 0503, + 2a135505,

g5(a) = aofy — azf§ + as(B18y — ByBE — By55) — asBy
2a9 3505 + 201201 B — 2014031 5,

gs(a) = —ai1BY + as(B13) — B305 + B365) + asBy + ar By
+  2a90505 — 2a1101 05 — 2a12031 5,

gr(a) = alﬁé2 + ax (615, + B335 — B305s) — a45§2 + aﬁﬁf
- QCLQﬂéﬁé - 2a10515€; - 2a14ﬁiﬁé,
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gs(a) = —ar(B18, + o0 + B40%) + asfs — asBy + aspy
—+ 2@95&5& + 2@10616;; — 2(111ﬁ16§. (104)

gi(a) = 0 implies uy is a linear combination of 0;(3,0), 0x(3,0), 0,(3, 0), 0,,,(3, 0),
on(53,0),04(0,0),0.(3,0),0:(5,0),0,(5,0) if [5.7#0, where 1 < i <8, (j,k,l,m,n,
g, t,u,5)€{(6,8,10,11,13, 14, 15,16, 38, 1), (4,9, 10,12, 17, 18, 19, 20, 39, 2), (5, 7,
11,12, 21,22, 23,24, 40,3), (1,2, 4, 5,25, 26, 27, 28,41, 4), (1,3, 6,7, 29, 30, 31, 32, 42,
5),(2,3,8,9,33,34,35,36,37,6)}. This contradicts uy & U(ws). So g;(a) # 0 for
some 1 <7 < 8. Moreover, Lemma 2.6 implies that

7%%e; Aej A ey € Pi(ws) if gi(a) # 0, (105)

where(i, j, k, ) e { (1, 2, 3, 1), (1, 2, 6, 2), (1,3, 5, 3), (1, 5, 6, 4), (2, 3,
4, 5), (2, 4, 6, 6), (3, 4, 5, 7), (4, 5, 6, 8) }. Since the coefficients of a? (or ¢?
) in 7" OP4 207 Fa pB0Re; Ae; A ey is o(s)BE2TPRe; Aej Aey (s € {i, j, k}),
there exists some (4,7, k) € {(1, 2, 3), (1, 2, 6), (1, 3, 5), (1, 5,6),

(2, 3, 4), (2, 4, 6), (3, 4, 5), (4, 5, 6)} such that

2"PRe; Nej Aey € Pr(ws), V (7,p) €T x J. (106)

Then applying Lemma 2.6 repeatedly, we get P;(ws) = V (ws3)/U(ws).

Let Py(ws) be any nonzero submodule of U(ws)/W (ws3). By (2.10), (2.11)
and similar argument as in the proof of Theorem 2.2, we can prove that there
exists some

us + W(ws)

0 %9 [a161 Nex Aes+aser ANeg N\ eg+ aszer N\ eges

agse1 N\ es N\ eg+ asea N\ eg N\ eqg+ agea N\ eq N g

azes N eg N\ es+ageg Nes Aeg+ ag(e; Aea Aes —ep Aeg A eg)

ajo(ea Neg ANeg+er Aea Aey) +ajr(er Aes Aeg— ey AesAes)

ajz(er Aeg ANes+ ez Nes Aeg) + aps(es Aeg Aes —es Aeg A eg)

+ anler ANeg Aeg—ea Aes Aeg)] € Polws), (107)

+ o+ 4

where us € U(ws)\W (ws), B # =€, gi(a) =0 (1 <i < 8). Denote
hi(a) = —arf + asfBy — a128) — awzfy, ha(a) = —aefs — asfy + arzfs — a1y,

h3(a) = a3y — agfl) + 1285 — awaf5, ha(a) = —asBs — asfs + a108; — a1z,
hs(a) = asfy — arfy + anfy + awzfy, he(a) = asfs + aafBs + agfs — a1y,
hz(a) = —asfBy — arfy + anfs + arofs, hs(a) = —azfs + asfy + agfs + arafdy,
he(a) = —axB) — asf) + aloﬁé + 1403, hio(a) = alﬁé - 02% — agf3y — arf3,
hi(a) = —a1 85 —asBy+agfs—anf), hia(a) = —a1fy+as6) +ai06;5—a11 5y (108)

By Gauss-Jordan elimination in solving homogeneous linear equations, h;(a) =
0 (1 <¢<12) implies uz € W(ws). So h;(a) # 0 for some 1 < i < 12. Moreover,
it follows from Lemma 2.6 that

0;(3,0) + W (ws3) € Pa(ws) if hy(a) #0. (109)
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Since the coefficients of a? (or ¢? ) in z7~%P~9.397A4 (0;(5,0) + W (ws)) is
<(8)85(0i(7, p) + W(ws)) (where (s,i) € { {1, 2, 3, 6} x {1}, {1, 2, 3, 5} x
12}, {1, 2,3, 4} x {3}, {1, 3, 5, 6} x {4}, {1, 2, 5, 6} x {5}, {2, 3, 4, 6} x
{6}, {1, 2, 4, 6} x {7}, {2, 3, 4, 5} x {8}, {1, 3, 4, 5} x {9}, {3, 4, 5, 6} x
{10}, {2, 4, 5, 6} x {11}, {1, 4, 5, 6} x {12} }), there exists some 1 < i < 12
such that

OZ(’)/,p) + W(Wg) € ?2(6&3)7 A (*771)) el xJ. (110)

Then applying Lemma 2.6 repeatedly, we can obtain Ps(ws) = U(ws)/W (ws).

Let P3(ws3) be any nonzero submodule of W (ws). By (20), (21) and similar
argument as in the proof of Theorem 2.2, we can prove that there exists some

0420 f;aipm, 0) € Psy(ws), f# €. (111)
Denote

ki(a) = —asB — as(81 6 + 0505 + B365) + asBs + arfg,
ka(a) = —asfs + as(815) — Bafs — B30) + asf — asf,
ks(a) = —asf3 + as 5 + a7 (B8; + BaB5 — B585) — asfy,

ka(a) = a1 B + aa(B18y — BaB5 — B355) + asfy + ar By,

ks(a) = ai(B16) + 8305 + B365) + as B + a5 + asfy’,

ke(a) = 105 — sy + a7 By — as(B15) — Bl + B555),
ke(a) = a1 0§ + as(=B18) — Bay + B5) — aafBy + ag 7,

ks(a) = —azﬁg — a3y + asBy + as(B 8, — G305 + B50). (112)

By Gauss-Jordan elimination in solving homogeneous linear equations, k;(a) =
0 (1 <i < 8) implies that °° | a;ps(3,0) = 0. Hence k;(a) # 0 for some
1 <@ < 8. Moreover, Lemma 2.6 implies that

770 ® pi(3,0) € Ps(ws) if k;(a) # 0. (113)

Since the coefficients of a? (or ¢? ) in 27~*P~4z2= P 2000 p, (3,0) is ¢(i') f227VP®
pe(7,p) (where (i, k) € {{4, 5, 6} x {1}}, {1, 5, 6} x {2}}, {3, 4, 5,} x

{3}}, {2, 3, 4} x {4}}, {1, 2, 3} x {5}}, {1, 3, 5} x {6}}, {1, 2, 6} x
{7}}, {2, 4, 6} x {8}}), there exists some 1 < k < 8 such that

7P @ pp(7,P) € Ps(ws), ¥ (7,p) €' x J. (114)

Then applying Lemma 2.6 repeatedly, we get Ps(ws) = Ws(ws). n

From Lemma 2.1, Theorem 2.2, Theorem 2.3, Theorem 2.4 and Theorem
2.5, we finally get Theorem 1.1.
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