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Abstract. Nongraded infinite-dimensional simple Lie algebras of Hamiltonial
type were constructed by Xu related to pairs of locally-finite derivations on cer-
tain commutative associative algebras. In this paper, we construct a family of
modules with parameters for nongraded Hamiltonial type Lie algebras based on
finite-dimensional irreducible modules of symplectic Lie algebras. When the cor-
responding modules of symplectic Lie algebras are finite-dimensional irreducible
weight modules whose weight spaces are all one-dimensional, we get a compo-
sition series for these modules and an explicit construction of the composition
series are also given by means of the exterior algebra powers.
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1. Introduction

A Lie algebra G is called graded by an abelian group ∆ if

G =
⊕
x∈∆

Gx, [Gy,Gz] ⊆ Gy+z, ∀ y, z ∈ ∆. (1)

A composition series for a Lie algebra G - module M is a series of submodules

{0} = M0 ⊂M1 ⊂ · · · ⊂ Mn = M (2)

with Mi/Mi−1 irreducible.

The Lie algebras associated with vertex algebras ([3], [4]) and the Lie alge-
bras generated by conformal algebras are in general nongraded Lie algebras. The
algebraic aspect of quantum field theory is a certain new representation theory
of the Lie algebras generated by conformal algebras. However, not much work
has been done on the representation theory of nongraded Lie algebras. Kac and
Radul ([5], [6]) classified all the quasifinite irreducible highest weight modules for
the W1+∞ Lie algebra, a nongraded Lie algebra of differential operators. Xu [20]
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constructed irreducible modules of centrally-extended classical Lie algebras over
left ideals of the algebra of differential operators on the circle, through certain
irreducible modules of centrally-extended classical Lie algebras of infinite matri-
ces with finite number of nonzero entries. Motivated from his classification of
quadratic conformal algebras corresponding to certain Hamiltonian pairs in inte-
grable systems, Xu ([16-19]) found seven types of nongraded infinite-dimensional
simple Lie algebras related to a finite set of locally-finite derivations on certain
commutative associative algebras. Su and Zhou [15] classified all the irreducible
generalized weight modules with multiplicity one for nongraded Lie algebras of
Witt type. In [21], we have constructed a family of irreducible generalized weight
modules from finite-dimensional irreducible modules of general linear Lie algebra
for nongraded Witt type Lie algebras, which are nongraded generalizations of Rao’s
work on irreducible representations of the derivation Lie algebra of the algebra of
Laurent polynomials in several variables ([10], [11]) and Lin-Tan’ work on irre-
ducible representations of the Lie algebra of derivations for quantum torus [7]. We
[22] have also constructed a large family of irreducible modules for two-derivation
nongraded Block type Lie algebras via imbedding into the corresponding algebras
of Weyl type. In this paper, we construct a family of modules with parameters for
nongraded Hamiltonial type Lie algebras based on finite-dimensional irreducible
modules of symplectic Lie algebras. When the corresponding modules of symplec-
tic Lie algebras are finite-dimensional irreducible weight modules whose weight
spaces are all one-dimensional, we get a composition series for these modules and
an explicit construction of the composition series are also given by means of the
exterior algebra powers. Below we will give more details of the backgrounds and
our results.

Throughout this paper, let F be a field with characteristic 0. All the vector
spaces are assumed over F . Denote by Z the ring of integers and by N the
additive semigroup of nonnegative integers. Let n be a positive integer. For any
1 ≤ s ≤ 2n , let

ς(s) =

{
1, if 1 ≤ s ≤ n,
−1, if n+ 1 ≤ s ≤ 2n.

s′ = s+ ς(s)n. (3)

Assume A is a commutative associative algebra over F and {∂1, · · · , ∂2n}
is a set of mutually commutative derivations of A . We define the following Lie
bracket [·, ·] on A :

[u, v] =
n∑

i=1

[∂i(u)∂i′(v)− ∂i′(u)∂i(v)] for u, v ∈ A. (4)

The vector space

H = {
2n∑
i=1

ai∂i | ai ∈ A,
2n∑
i=1

∂i(ai) = 0} (5)

is an associative subalgebra of the associative algebra EndA of linear transforma-
tions on A , which can be viewed as a Lie algebra with the commutator as the Lie
bracket. We call H a Lie algebra of Hamiltonial type (cf. [8], [9], [12]).
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Let Ei,j be the 2n×2n matrix with (i, j)-th entry 1 and 0 elsewhere. Then
the symplectic Lie algebra sp(2n,F) is a vector space with a basis {Ei,i−Ei′,i′(1 ≤
i ≤ n), Ei,j−Ei′,j′(1 ≤ i 6= j ≤ n), Ei,i′(1 ≤ i ≤ 2n), Ei,j′ +Ej,i′(1 ≤ i 6= j ≤ 2n)}
and the Lie bracket:

[Ei,j, Ek,l] = δj,kEi,l − δl,iEk,j. (6)

Note that the subspace η with a basis {hi = Ei,i − Ei′,i′ | 1 ≤ i ≤ n} is a
Cartan subalgebra of sp(2n,F). Denote the dual vector space of η by η∗ and let
ω1, · · · , ωn be the fundamental dominant weights in η∗ defined by ωi(hj) = δi,j.

Now we assume V (ψ) is a finite-dimensional irreducible module with highest
weight ψ for symplectic Lie algebra sp(2n,F). Set

V (ψ) = A
⊗

F

V (ψ) (7)

and define the following H-module structure on V (ψ) by:

ρ : H → gl(V (ψ))

ρ(
2n∑
i=1

ai∂i)(f ⊗ v) =
2n∑
i=1

(ai∂i(f) + ξiaif)⊗ v +
2n∑

i,j=1

f∂i(aj)⊗ Ei,jv, (8)

for f, ai ∈ A, v ∈ V (ψ), where ξ = (ξ1, · · · , ξ2n) ∈ F2n is a fixed vector. Fur-
thermore, we define the following imbedding σ of the Lie algebra (A, [·, ·]) into H
by:

σ : A → H; u 7→
n∑

i=1

[∂i(u)∂i′ − ∂i′(u)∂i] for any u ∈ A (9)

and set
% = ρ ◦ σ. (10)

It is easy to verify that (%, V (ψ)) is a representation for Lie algebra (A, [·, ·]). The
following result is our main theorem in this paper:

Theorem 1.1. Assume that A is the semigroup algebra defined in [16] and
∂i (1 ≤ i ≤ 2n) are the locally-finite derivations in [16]. Then (A, [·, ·])-module
V (ψ) has a composition series if sp(2n,F)- module V (ψ) is a finite-dimensional
irreducible module whose weight spaces are all one-dimensional.

Remark 1.2. Via the imbedding σ defined by (9), (A, [·, ·])-module V (ψ)
can be viewed as restricted module of H-module V (ψ). When the locally-finite
derivations ∂i (1 ≤ i ≤ 2n) are all graded operators, graded H-module V (ψ) has
been studied by Shen in ([12-14]).

The paper is organized as follows. In Section 2, we will first give detailed
construction of nongraded Lie algebra of Hamiltonial type. Then we will explicitly
construct the composition series for its modules defined by (10) under the condition
that the corresponding modules of symplectic Lie algebras are finite-dimensional
irreducible weight modules whose weight spaces are all one-dimensional. In section
3, 4, 5 and 6, we will prove Theorem 1.1 in four cases respectively.
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2. Constructions of nongraded Hamiltonial type Lie algebra and
composition series for its modules

In this section, we will first give detailed construction of nongraded Lie algebra
of Hamiltonial type. Then we will explicitly construct the composition series for
its modules defined by (10) under the condition that the corresponding modules
of symplectic Lie algebras are finite-dimensional irreducible weight modules with
multiplicity one.

A linear transformation T on a vector space V is called locally-finite if
dim(

∑∞
i=0 FT i(v)) is finite for any v ∈ V. Let {ϕp | 1 ≤ p ≤ 2n} be the coordinate

mapping from F2n to F . Pick

Jp ∈ {{0}, N} for 1 ≤ p ≤ 2n (11)

and set

J = J1 × J2 × · · · × J2n, (12)

where the addition on J is defined componentwisely. Take an additive subgroup
Γ of F2n such that

Γ
⋂

(
⋂

1≤p6=q≤2n

kerϕq\kerϕp) 6= Ø if Jp = {0} for 1 ≤ p ≤ 2n. (13)

Denote by A the semigroup algebra of Γ× J with a basis {xα,i | (α, i) ∈ Γ× J}
and the algebraic operation defined by

xα,i.xβ,j = xα+β,i+j for (α, i), (β, j) ∈ Γ× J. (14)

Moreover, we denote

i[p] = (0, · · · ,
p

i, 0, · · · 0) for i ∈ Jp; τ[s] = (0, · · · , s
τ , · · · , 0) for τ ∈ ϕs(Γ). (15)

For 1 ≤ p ≤ 2n , we define ∂p ∈ EndA by :

∂p(x
α,i) = αpx

α,i + ipx
α,i−1[p] for (α, i) ∈ Γ× J. (16)

It can be verified that {∂p | 1 ≤ p ≤ 2n} are linearly independent and commuting
locally-finite derivations on A . Xu (cf. [17]) introduced the following Lie bracket
[·, ·] on A :

[u, v] =
n∑

i=1

[∂i(u)∂i′(v)− ∂i′(u)∂i(v)] for u, v ∈ A. (17)

We call (A, [·, ·]) a nongraded Lie algera of Hamiltonial type.

For convenience, we denote

β′i = βi + ξi for β = (β1, · · · , β2n) ∈ Γ. (18)
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By (8-10), (A, [·, ·])-module V (ψ) can be explicitly given by:

xα,p.xβ,q ⊗ v

=
n∑

i=1

[(αiβ
′
i′ − αi′β

′
i)x

α+β,p+q + (piβ
′
i′ − qiαi′)x

α+β,p+q−1[i]

+ (qi′αi − pi′β
′
i)x

α+β,p+q−1[i′] + (piqi′ − qipi′)x
α+β,p+q−1[i]−1[i′] ]⊗ v

+
n∑

i,j=1

[xα+β,p+q ⊗ (−αiαj′Ei,j.v + αiαjEi,j′ .v − αi′αj′Ei′,j.v

+ αi′αjEi′,j′ .v) + xα+β,p+q−1[i] ⊗ (piαjEi,j′ .v − piαj′Ei,j.v)

+ xα+β,p+q−1[j] ⊗ (pjαiEi,j′ .v + pjαi′Ei′,j′ .v)

+ xα+β,p+q−1[j′] ⊗ (−pj′αiEi,j.v − pj′αi′Ei′,j.v)

+ xα+β,p+q−1[i′] ⊗ (−pi′αj′Ei′,j.v + pi′αjEi′,j′ .v)

+ xα+β,p+q−1[j]−1[i′] ⊗ pjpi′Ei′,j′ .v − xα+β,p+q−1[i]−1[j′] ⊗ pipj′Ei,j.v

+ xα+β,p+q−1[i]−1[j] ⊗ pj(pi − δi,j)Ei,j′ .v

− xα+β,p+q−1[i′]−1[j′] ⊗ pj′(pi′ − δi,j)Ei′,j.v], (19)

for (α,p), (β,q) ∈ Γ× J, v ∈ V (ψ). In particular, we have

x0,1[s] .xβ,q ⊗ v = ς(s)(β′s′xβ,q ⊗ v + qs′xβ,q−1[s′] ⊗ v) if Js = N. (20)

And

x−2τ[s],0.xτ[s],0.xτ[s],0.xβ,q ⊗ v

= 2τ 3ς(s′)[xβ,q ⊗ (β′3s′v − 3τ 2β′s′E2
s,s′ .v − 2τ 3E3

s,s′ .v)

+ 3qs′(qs′ − 1)xβ,q−2[s′] ⊗ βs′v + 3qs′xβ,q−1[s′] ⊗ (β′2s′v − τ 2E2
s,s′ .v)

+ qs′(qs′ − 1)(qs′ − 2)xβ,q−3[s′] ⊗ v] if Js = {0}. (21)

Lemma 2.1. (cf. Proposition 3.6 in [1] ) The highest weight module V (ψ) for
symplectic Lie algebra sp(2n,F) is an irreducible finite-dimensional module whose
weight spaces are all one-dimensional if and only if ψ = 0, ω1, or ωn when n =
2 or 3, where ωi are the fundamental dominant weights of sp(2n,F).

In the rest of this section, we will construct the composition series for A-
module V (ψ) explicitly under the condition ψ = 0, ω1, or ωn when n = 2 or 3
respectively.

Suppose v is a nonzero vector of V (0). It is straightforward to verify that
F(x−ξ,0 ⊗ v) is a submodule of V (0) if ξ ∈ Γ.

Theorem 2.2. If ξ ∈ Γ, then A-module V (0)/(Fx−ξ,0 ⊗ v) is irreducible. If
ξ 6∈ Γ, then A-module V (0) is irreducible.

It is known that sp(2n,F) -module V (ω1) is isomorphic to the natural 2n-

dimensional module F2n with standard basis {e1, · · · , e2n} , i.e. ei = (0, · · · ,
i

1
, · · · , 0) for 1 ≤ i ≤ 2n (cf. Proposition 13.24 in [2]). For any (α, i) ∈ Γ × J , we
denote

∂′s(x
α,i ⊗ v) = (α′sx

α,i + isx
α,i−1[s])⊗ v, for 1 ≤ s ≤ 2n, v ∈ V (ψ), (22)
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x(α, i) =
2n∑

s=1

∂′s(x
α,i ⊗ es); (23)

xs,t(α, i) = ∂′t′(x
α,i ⊗ es)− ∂′s′(xα,i ⊗ et),

xs′,t′(α, i) = ∂′t(x
α,i ⊗ es′)− ∂′s(x

α,i ⊗ et′), 1 ≤ s < t ≤ n;

xs,t′(α, i) = ∂′t(x
α,i ⊗ es) + ∂′s′(xα,i ⊗ et′), 1 ≤ s, t ≤ n. (24)

Set
U(ω1) =

∑
(α,i)∈Γ×J, 1≤s<t≤2n

Fxs,t(α, i),

Ũ(ω1) = U(ω1)
⋃

(x−ξ,0 ⊗ V (ω1)) if ξ ∈ Γ;

W (ω1) =
∑

(α,i)∈Γ×J

Fx(α, i),

W̃ (ω1) = W (ω1)
⋃

(x−ξ,0 ⊗ V (ω1)) if ξ ∈ Γ. (25)

It is straightforward to verify that A-module V (ω1) has the following series of
submodules:

{0} ⊂ W (ω1) ⊂ W̃ (ω1) ⊂ Ũ(ω1) ⊂ V (ω1) if ξ ∈ Γ; (26)

{0} ⊂ W (ω1) ⊂ U(ω1) ⊂ V (ω1) if ξ 6∈ Γ. (27)

Theorem 2.3. If ξ ∈ Γ ( resp. ξ 6∈ Γ), then (26) (resp. (27) ) is a composition
series for A-module V (ω1).

Consider the exterior product

Ek(F2n) = F2n ∧ F2n ∧ · · · ∧ F2n (k copies ). (28)

From Proposition 13.28 in [2], we know that sp(4,F) -module V (ω2) is isomorphic
to SpanF{e1 ∧ e2, e1 ∧ e4, e2 ∧ e3, e3 ∧ e4, e1 ∧ e3 − e2 ∧ e4} with the action
X.(ei1 ∧ ei2) = (X.ei1)∧ ei2 + ei1 ∧ (X.ei2), ∀ X ∈ sp(4,F). For any (α, i) ∈ Γ×J ,
we denote

y1(α, i) = (∂′2∂
′
4 − ∂′1∂

′
3)(x

α,i ⊗ e1 ∧ e2) + ∂′24 (xα,i ⊗ e1 ∧ e4) + ∂′23 (xα,i ⊗ e2 ∧ e3),

y2(α, i) = ∂′22 (xα,i ⊗ e1 ∧ e2) + (∂′1∂
′
3 + ∂′2∂

′
4)(x

α,i ⊗ e1 ∧ e4) + ∂′23 (xα,i ⊗ e3 ∧ e4),
y3(α, i) = 2∂′2(x

α,i ⊗ e1 ∧ e2) + 2∂′4(x
α,i ⊗ e1 ∧ e4) + ∂′3(x

α,i ⊗ (e1 ∧ e3 − e2 ∧ e4)),
y4(α, i) = −∂′21 (xα,i ⊗ e1 ∧ e2) + (∂′1∂

′
3 + ∂′2∂

′
4)(x

α,i ⊗ e2 ∧ e3)− ∂′24 (xα,i ⊗ e3 ∧ e4),
y5(α, i) = −2∂′1(x

α,i ⊗ e1 ∧ e2) + 2∂′3(x
α,i ⊗ e2 ∧ e3)− ∂′4(x

α,i ⊗ (e1 ∧ e3 − e2 ∧ e4)),
y6(α, i) = 2∂′2(x

α,i ⊗ e2 ∧ e3)− 2∂′4(x
α,i ⊗ e3 ∧ e4) + ∂′1(x

α,i ⊗ (e1 ∧ e3 − e2 ∧ e4)),
y7(α, i) = 2∂′1(x

α,i ⊗ e1 ∧ e4) + 2∂′3(x
α,i ⊗ e3 ∧ e4)− ∂′2(x

α,i ⊗ (e1 ∧ e3 − e2 ∧ e4)),
y8(α, i) = ∂′21 (xα,i ⊗ e1 ∧ e4) + ∂′22 (xα,i ⊗ e2 ∧ e3) + (∂′1∂

′
3 − ∂′2∂

′
4)(x

α,i ⊗ e3 ∧ e4),

y9(α, i) = 2∂′1∂
′
4(x

α,i ⊗ e1 ∧ e4) + 2∂′2∂
′
3(x

α,i ⊗ e2 ∧ e3)
− (∂′2∂

′
4 − ∂′1∂

′
3)(x

α,i ⊗ (e1 ∧ e3 − e2 ∧ e4)),
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y10(α, i) = −2∂′1∂2(x
α,i ⊗ e1 ∧ e2) + 2∂′3∂

′
4(x

α,i ⊗ e3 ∧ e4)
− (∂′1∂

′
3 + ∂′2∂

′
4)(x

α,i ⊗ (e1 ∧ e3 − e2 ∧ e4));

z1(α, i) = (∂′1∂
′
3 + ∂′2∂

′
4)(x

α,i ⊗ e1 ∧ e2) + ∂′24 (xα,i ⊗ e1 ∧ e4)
− ∂′23 (xα,i ⊗ e2 ∧ e3) + ∂′3∂

′
4(x

α,i ⊗ (e1 ∧ e3 − e2 ∧ e4)),

z2(α, i) = ∂′21 (xα,i ⊗ e1 ∧ e2)− (∂′1∂
′
3 − ∂′2∂

′
4)(x

α,i ⊗ e2 ∧ e3)
− ∂′24 (xα,i ⊗ e3 ∧ e4) + ∂′1∂

′
4(x

α,i ⊗ (e1 ∧ e3 − e2 ∧ e4)),

z3(α, i) = −∂′22 (xα,i ⊗ e1 ∧ e2) + (∂′1∂
′
3 − ∂′2∂

′
4)(x

α,i ⊗ e1 ∧ e4)
+ ∂′23 (xα,i ⊗ e3 ∧ e4)− ∂′2∂

′
3(x

α,i ⊗ (e1 ∧ e3 − e2 ∧ e4)),

z4(α, i) = −∂′21 (xα,i ⊗ e1 ∧ e4)− (∂′1∂
′
3 + ∂′2∂

′
4)(x

α,i ⊗ e3 ∧ e4)
+ ∂′22 (xα,i ⊗ e2 ∧ e3) + ∂′1∂

′
2(x

α,i ⊗ (e1 ∧ e3 − e2 ∧ e4)).

(29)

Set
U(ω2) =

∑
1≤k≤10, (α,i)∈Γ×J

Fyk(α, i),

Ũ(ω2) = U(ω2)
⋃

(x−ξ,0 ⊗ V (ω2)) if ξ ∈ Γ;

W (ω2) =
∑

1≤k≤4, (α,i)∈Γ×J

zk(α, i),

W̃ (ω2) = W (ω2)
⋃

(x−ξ,0 ⊗ V (ω2)) if ξ ∈ Γ. (30)

It is straightforward to verify that A-module V (ω2) has the following series of
submodules:

{0} ⊂ W (ω2) ⊂ W̃ (ω2) ⊂ Ũ(ω2) ⊂ V (ω2) if ξ ∈ Γ; (31)

{0} ⊂ W (ω2) ⊂ U(ω2) ⊂ V (ω2) if ξ 6∈ Γ. (32)

Theorem 2.4. If ξ ∈ Γ ( resp. ξ 6∈ Γ) , then (31) (resp. (32) ) is a
composition series for A-module V (ω2).

It is known from Proposition 13.28 in [2] that sp(6,F) -module V (ω3) is
isomorphic to SpanF{e1∧e2∧e3, e1∧e2∧e6, e1∧e3∧e5, e1∧e5∧e6, e2∧e3∧e4, e2∧e4∧
e6, e3∧e4∧e5, e4∧e5∧e6, e1∧e2∧e5−e1∧e3∧e6, e2∧e3∧e6+e1∧e2∧e4, e1∧e3∧e4−
e2∧e3∧e5, e1∧e4∧e5+e3∧e5∧e6, e2∧e4∧e5−e3∧e4∧e6, e1∧e4∧e6−e2∧e5∧e6} with
the action X.(ei1∧ei2∧ei3) = (X.ei1)∧ei2∧ei3 +ei1∧(X.ei2)∧ei3 +ei1∧ei2∧(X.ei3),
∀ X ∈ sp(6,F). For any (α, i) ∈ Γ× J , we denote

o1(α, i)

= 2∂′3(x
α,i ⊗ e1 ∧ e2 ∧ e3) + ∂′5(x

α,i ⊗ (e1 ∧ e2 ∧ e5 − e1 ∧ e3 ∧ e6))
+2∂′6(x

α,i ⊗ e1 ∧ e2 ∧ e6) + ∂′4(x
α,i ⊗ (e2 ∧ e3 ∧ e6 + e1 ∧ e2 ∧ e4)),
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o2(α, i)

= −2∂′2(x
α,i ⊗ e1 ∧ e2 ∧ e3)− ∂′6(x

α,i ⊗ (e1 ∧ e2 ∧ e5 − e1 ∧ e3 ∧ e6))
+2∂′5(x

α,i ⊗ e1 ∧ e3 ∧ e5) + ∂′4(x
α,i ⊗ (e1 ∧ e3 ∧ e4 − e2 ∧ e3 ∧ e5)),

o3(α, i)

= −2∂′1(x
α,i ⊗ e1 ∧ e2 ∧ e3)− ∂′6(x

α,i ⊗ (e2 ∧ e3 ∧ e6 + e1 ∧ e2 ∧ e4))
−2∂′4(x

α,i ⊗ e2 ∧ e3 ∧ e4) + ∂′5(x
α,i ⊗ (e1 ∧ e3 ∧ e4 − e2 ∧ e3 ∧ e5)),

o4(α, i)

= 2∂′3(x
α,i ⊗ e1 ∧ e3 ∧ e5) + ∂′2(x

α,i ⊗ (e1 ∧ e2 ∧ e5 − e1 ∧ e3 ∧ e6))
−2∂′6(x

α,i ⊗ e1 ∧ e5 ∧ e6) + ∂′4(x
α,i ⊗ (e1 ∧ e4 ∧ e5 + e3 ∧ e5 ∧ e6)),

o5(α, i)

= −2∂′2(x
α,i ⊗ e1 ∧ e2 ∧ e6) + ∂′3(x

α,i ⊗ (e1 ∧ e2 ∧ e5 − e1 ∧ e3 ∧ e6))
−2∂′5(x

α,i ⊗ e1 ∧ e5 ∧ e6)− ∂′4(x
α,i ⊗ (e1 ∧ e4 ∧ e6 − e2 ∧ e5 ∧ e6)),

o6(α, i)

= −2∂′3(x
α,i ⊗ e2 ∧ e3 ∧ e4) + ∂′1(x

α,i ⊗ (e2 ∧ e3 ∧ e6 + e1 ∧ e2 ∧ e4))
+2∂′6(x

α,i ⊗ e2 ∧ e4 ∧ e6) + ∂′5(x
α,i ⊗ (e2 ∧ e4 ∧ e5 − e3 ∧ e4 ∧ e6)),

o7(α, i)

= −2∂′1(x
α,i ⊗ e1 ∧ e2 ∧ e6) + ∂′3(x

α,i ⊗ (e2 ∧ e3 ∧ e6 + e1 ∧ e2 ∧ e4))
+2∂′4(x

α,i ⊗ e2 ∧ e4 ∧ e6)− ∂′5(x
α,i ⊗ (e1 ∧ e4 ∧ e6 − e2 ∧ e5 ∧ e6)),

o8(α, i)

= 2∂′2(x
α,i ⊗ e2 ∧ e3 ∧ e4) + ∂′1(x

α,i ⊗ (e1 ∧ e3 ∧ e4 − e2 ∧ e3 ∧ e5))
+2∂′5(x

α,i ⊗ e3 ∧ e4 ∧ e5)− ∂′6(x
α,i ⊗ (e2 ∧ e4 ∧ e5 − e3 ∧ e4 ∧ e6)),

o9(α, i)

= −2∂′1(x
α,i ⊗ e1 ∧ e3 ∧ e5) + ∂′2(x

α,i ⊗ (e1 ∧ e3 ∧ e4 − e2 ∧ e3 ∧ e5))
+2∂′4(x

α,i ⊗ e3 ∧ e4 ∧ e5)− ∂′6(x
α,i ⊗ (e1 ∧ e4 ∧ e5 + e3 ∧ e5 ∧ e6)),

o10(α, i)

= 2∂′3(x
α,i ⊗ e3 ∧ e4 ∧ e5) + ∂′1(x

α,i ⊗ (e1 ∧ e4 ∧ e5 + e3 ∧ e5 ∧ e6))
+2∂′6(x

α,i ⊗ e4 ∧ e5 ∧ e6) + ∂′2(x
α,i ⊗ (e2 ∧ e4 ∧ e5 − e3 ∧ e4 ∧ e6)),

o11(α, i)

= 2∂′2(x
α,i ⊗ e2 ∧ e4 ∧ e6)− ∂′3(x

α,i ⊗ (e2 ∧ e4 ∧ e5 − e3 ∧ e4 ∧ e6))
−2∂′5(x

α,i ⊗ e4 ∧ e5 ∧ e6) + ∂′1(x
α,i ⊗ (e1 ∧ e4 ∧ e6 − e2 ∧ e5 ∧ e6)),
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o12(α, i)

= −2∂′1(x
α,i ⊗ e1 ∧ e5 ∧ e6)− ∂′3(x

α,i ⊗ (e1 ∧ e4 ∧ e5 + e3 ∧ e5 ∧ e6))
−2∂′4(x

α,i ⊗ e4 ∧ e5 ∧ e6) + ∂′2(x
α,i ⊗ (e1 ∧ e4 ∧ e6 − e2 ∧ e5 ∧ e6)),

o13(α, i)

= ∂′21 (xα,i ⊗ e1 ∧ e2 ∧ e3)− ∂′26 (xα,i ⊗ e2 ∧ e4 ∧ e6)
+∂′25 (xα,i ⊗ e3 ∧ e4 ∧ e5)− ∂′5∂

′
6(x

α,i ⊗ (e2 ∧ e4 ∧ e5 − e3 ∧ e4 ∧ e6))
+(∂′1∂

′
4 + ∂′2∂

′
5 + ∂′3∂

′
6)(x

α,i ⊗ e2 ∧ e3 ∧ e4),

o14(α, i)

= ∂′21 (xα,i ⊗ e1 ∧ e2 ∧ e6)− ∂′23 (xα,i ⊗ e2 ∧ e3 ∧ e4)
+∂′25 (xα,i ⊗ e4 ∧ e5 ∧ e6) + ∂′3∂

′
5(x

α,i ⊗ (e2 ∧ e4 ∧ e5 − e3 ∧ e4 ∧ e6))
+(−∂′1∂′4 − ∂′2∂

′
5 + ∂′3∂

′
6)(x

α,i ⊗ e2 ∧ e4 ∧ e6),

o15(α, i)

= ∂′21 (xα,i ⊗ e1 ∧ e3 ∧ e5) + ∂′22 (xα,i ⊗ e2 ∧ e3 ∧ e4)
−∂′26 (xα,i ⊗ e4 ∧ e5 ∧ e6)− ∂′2∂

′
6(x

α,i ⊗ (e2 ∧ e4 ∧ e5 − e3 ∧ e4 ∧ e6))
+(−∂′1∂′4 + ∂′2∂

′
5 − ∂′3∂

′
6)(x

α,i ⊗ e3 ∧ e4 ∧ e5),

o16(α, i)

= ∂′21 (xα,i ⊗ e1 ∧ e5 ∧ e6) + ∂′22 (xα,i ⊗ e2 ∧ e4 ∧ e6)
−∂′23 (xα,i ⊗ e3 ∧ e4 ∧ e5)− ∂′2∂

′
3(x

α,i ⊗ (e2 ∧ e4 ∧ e5 − e3 ∧ e4 ∧ e6))
+(∂′1∂

′
4 − ∂′2∂

′
5 − ∂′3∂

′
6)(x

α,i ⊗ e4 ∧ e5 ∧ e6),

o17(α, i)

= ∂′22 (xα,i ⊗ e1 ∧ e2 ∧ e3) + ∂′26 (xα,i ⊗ e1 ∧ e5 ∧ e6)
+∂′24 (xα,i ⊗ e3 ∧ e4 ∧ e5)− ∂′4∂

′
6(x

α,i ⊗ (e1 ∧ e4 ∧ e5 + e3 ∧ e5 ∧ e6))
−(∂′1∂

′
4 + ∂′2∂

′
5 + ∂′3∂

′
6)(x

α,i ⊗ e1 ∧ e3 ∧ e5),

o18(α, i)

= ∂′22 (xα,i ⊗ e1 ∧ e2 ∧ e6) + ∂′23 (xα,i ⊗ e1 ∧ e3 ∧ e5)
+∂′24 (xα,i ⊗ e4 ∧ e5 ∧ e6) + ∂′3∂

′
4(x

α,i ⊗ (e1 ∧ e4 ∧ e5 + e3 ∧ e5 ∧ e6))
+(∂′1∂

′
4 + ∂′2∂

′
5 − ∂′3∂

′
6)(x

α,i ⊗ e1 ∧ e5 ∧ e6),

o19(α, i)

= ∂′21 (xα,i ⊗ e1 ∧ e3 ∧ e5) + ∂′22 (xα,i ⊗ e2 ∧ e3 ∧ e4)
+∂′26 (xα,i ⊗ e4 ∧ e5 ∧ e6) + ∂′1∂

′
6(x

α,i ⊗ (e1 ∧ e4 ∧ e5 + e3 ∧ e5 ∧ e6))
+(−∂′1∂′4 + ∂′2∂

′
5 + ∂′3∂

′
6)(x

α,i ⊗ e3 ∧ e4 ∧ e5),
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o20(α, i)

= ∂′21 (xα,i ⊗ e1 ∧ e5 ∧ e6) + ∂′22 (xα,i ⊗ e2 ∧ e4 ∧ e6)
+∂′23 (xα,i ⊗ e3 ∧ e4 ∧ e5) + ∂′1∂

′
3(x

α,i ⊗ (e1 ∧ e4 ∧ e5 + e3 ∧ e5 ∧ e6))
+(∂′1∂

′
4 − ∂′2∂

′
5 + ∂′3∂

′
6)(x

α,i ⊗ e4 ∧ e5 ∧ e6),

o21(α, i)

= ∂′23 (xα,i ⊗ e1 ∧ e2 ∧ e3) + ∂′25 (xα,i ⊗ e1 ∧ e5 ∧ e6)
−∂′24 (xα,i ⊗ e2 ∧ e4 ∧ e6) + ∂′4∂

′
5(x

α,i ⊗ (e1 ∧ e4 ∧ e6 − e2 ∧ e5 ∧ e6))
+(∂′1∂

′
4 + ∂′2∂

′
5 + ∂′3∂

′
6)(x

α,i ⊗ e1 ∧ e2 ∧ e6),

o22(α, i)

= ∂′22 (xα,i ⊗ e1 ∧ e2 ∧ e6) + ∂′23 (xα,i ⊗ e1 ∧ e3 ∧ e5)
−∂′24 (xα,i ⊗ e4 ∧ e5 ∧ e6) + ∂′2∂

′
4(x

α,i ⊗ (e1 ∧ e4 ∧ e6 − e2 ∧ e5 ∧ e6))
+(−∂′1∂′4 + ∂′2∂

′
5 − ∂′3∂

′
6)(x

α,i ⊗ e1 ∧ e5 ∧ e6),

o23(α, i)

= −∂′21 (xα,i ⊗ e1 ∧ e2 ∧ e6) + ∂′23 (xα,i ⊗ e2 ∧ e3 ∧ e4)
+∂′25 (xα,i ⊗ e4 ∧ e5 ∧ e6)− ∂′1∂

′
5(x

α,i ⊗ (e1 ∧ e4 ∧ e6 − e2 ∧ e5 ∧ e6))
+(∂′1∂

′
4 − ∂′2∂

′
5 − ∂′3∂

′
6)(x

α,i ⊗ e2 ∧ e4 ∧ e6),

o24(α, i)

= −∂′21 (xα,i ⊗ e1 ∧ e5 ∧ e6) + ∂′22 (xα,i ⊗ e2 ∧ e4 ∧ e6)
+∂′23 (xα,i ⊗ e3 ∧ e4 ∧ e5) + ∂′1∂

′
2(x

α,i ⊗ (e1 ∧ e4 ∧ e6 − e2 ∧ e5 ∧ e6))
+(−∂′1∂′4 − ∂′2∂

′
5 + ∂′3∂

′
6)(x

α,i ⊗ e4 ∧ e5 ∧ e6),

o25(α, i)

= −∂′23 (xα,i ⊗ e1 ∧ e2 ∧ e3) + ∂′25 (xα,i ⊗ e1 ∧ e5 ∧ e6)
+∂′24 (xα,i ⊗ e2 ∧ e4 ∧ e6)− ∂′3∂

′
5(x

α,i ⊗ (e1 ∧ e2 ∧ e5 − e1 ∧ e3 ∧ e6))
+(−∂′1∂′4 + ∂′2∂

′
5 − ∂′3∂

′
6)(x

α,i ⊗ e1 ∧ e2 ∧ e6),

o26(α, i)

= ∂′22 (xα,i ⊗ e1 ∧ e2 ∧ e3)− ∂′26 (xα,i ⊗ e1 ∧ e5 ∧ e6)
+∂′24 (xα,i ⊗ e3 ∧ e4 ∧ e5) + ∂′2∂

′
6(x

α,i ⊗ (e1 ∧ e2 ∧ e5 − e1 ∧ e3 ∧ e6))
+(−∂′1∂′4 − ∂′2∂

′
5 + ∂′3∂

′
6)(x

α,i ⊗ e1 ∧ e3 ∧ e5),

o27(α, i)

= ∂′22 (xα,i ⊗ e1 ∧ e2 ∧ e6)− ∂′23 (xα,i ⊗ e1 ∧ e3 ∧ e5)
+∂′24 (xα,i ⊗ e4 ∧ e5 ∧ e6)− ∂′2∂

′
3(x

α,i ⊗ (e1 ∧ e2 ∧ e5 − e1 ∧ e3 ∧ e6))
+(∂′1∂

′
4 + ∂′2∂

′
5 + ∂′3∂

′
6)(x

α,i ⊗ e1 ∧ e5 ∧ e6),
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o28(α, i)

= ∂′25 (xα,i ⊗ e1 ∧ e3 ∧ e5)− ∂′26 (xα,i ⊗ e1 ∧ e2 ∧ e6)
+∂′24 (xα,i ⊗ e2 ∧ e3 ∧ e4)− ∂′5∂

′
6(x

α,i ⊗ (e1 ∧ e2 ∧ e5 − e1 ∧ e3 ∧ e6))
+(∂′1∂

′
4 − ∂′2∂

′
5 − ∂′3∂

′
6)(x

α,i ⊗ e1 ∧ e2 ∧ e3),

o29(α, i)

= ∂′26 (xα,i ⊗ e1 ∧ e2 ∧ e6) + ∂′25 (xα,i ⊗ e1 ∧ e3 ∧ e5)
+∂′24 (xα,i ⊗ e2 ∧ e3 ∧ e4) + ∂′4∂

′
6(x

α,i ⊗ (e2 ∧ e3 ∧ e6 + e1 ∧ e2 ∧ e4))
+(∂′1∂

′
4 − ∂′2∂

′
5 + ∂′3∂

′
6)(x

α,i ⊗ e1 ∧ e2 ∧ e3),

o30(α, i)

= ∂′23 (xα,i ⊗ e1 ∧ e2 ∧ e3) + ∂′25 (xα,i ⊗ e1 ∧ e5 ∧ e6)
+∂′24 (xα,i ⊗ e2 ∧ e4 ∧ e6) + ∂′3∂

′
4(x

α,i ⊗ (e2 ∧ e3 ∧ e6 + e1 ∧ e2 ∧ e4))
+(−∂′1∂′4 + ∂′2∂

′
5 + ∂′3∂

′
6)(x

α,i ⊗ e1 ∧ e2 ∧ e6),

o31(α, i)

= ∂′21 (xα,i ⊗ e1 ∧ e2 ∧ e3) + ∂′26 (xα,i ⊗ e2 ∧ e4 ∧ e6)
+∂′25 (xα,i ⊗ e3 ∧ e4 ∧ e5) + ∂′1∂

′
6(x

α,i ⊗ (e2 ∧ e3 ∧ e6 + e1 ∧ e2 ∧ e4))
+(∂′1∂

′
4 + ∂′2∂

′
5 − ∂′3∂

′
6)(x

α,i ⊗ e2 ∧ e3 ∧ e4),

o32(α, i)

= ∂′21 (xα,i ⊗ e1 ∧ e2 ∧ e6) + ∂′23 (xα,i ⊗ e2 ∧ e3 ∧ e4)
+∂′25 (xα,i ⊗ e4 ∧ e5 ∧ e6)− ∂′1∂

′
3(x

α,i ⊗ (e2 ∧ e3 ∧ e6 + e1 ∧ e2 ∧ e4))
−(∂′1∂

′
4 + ∂′2∂

′
5 + ∂′3∂

′
6)(x

α,i ⊗ e2 ∧ e4 ∧ e6),

o33(α, i)

= ∂′24 (xα,i ⊗ e2 ∧ e3 ∧ e4)
−∂′26 (xα,i ⊗ e1 ∧ e2 ∧ e6)
−∂′25 (xα,i ⊗ e1 ∧ e3 ∧ e5)− ∂′4∂

′
5(x

α,i ⊗ (e1 ∧ e3 ∧ e4 − e2 ∧ e3 ∧ e5))
+(∂′1∂

′
4 + ∂′2∂

′
5 − ∂′3∂

′
6)(x

α,i ⊗ e1 ∧ e2 ∧ e3),

o34(α, i)

= ∂′22 (xα,i ⊗ e1 ∧ e2 ∧ e3) + ∂′26 (xα,i ⊗ e1 ∧ e5 ∧ e6)
−∂′24 (xα,i ⊗ e3 ∧ e4 ∧ e5)− ∂′2∂

′
4(x

α,i ⊗ (e1 ∧ e3 ∧ e4 − e2 ∧ e3 ∧ e5))
+(∂′1∂

′
4 − ∂′2∂

′
5 − ∂′3∂

′
6)(x

α,i ⊗ e1 ∧ e3 ∧ e5),

o35(α, i)

= ∂′21 (xα,i ⊗ e1 ∧ e2 ∧ e3)− ∂′26 (xα,i ⊗ e2 ∧ e4 ∧ e6)
−∂′25 (xα,i ⊗ e3 ∧ e4 ∧ e5)− ∂′1∂

′
5(x

α,i ⊗ (e1 ∧ e3 ∧ e4 − e2 ∧ e3 ∧ e5))
+(∂′1∂

′
4 − ∂′2∂

′
5 + ∂′3∂

′
6)(x

α,i ⊗ e2 ∧ e3 ∧ e4),
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o36(α, i)

= ∂′22 (xα,i ⊗ e2 ∧ e3 ∧ e4)− ∂′21 (xα,i ⊗ e1 ∧ e3 ∧ e5)
+∂′26 (xα,i ⊗ e4 ∧ e5 ∧ e6) + ∂′1∂

′
2(x

α,i ⊗ (e1 ∧ e3 ∧ e4 − e2 ∧ e3 ∧ e5))
+(∂′1∂

′
4 + ∂′2∂

′
5 + ∂′3∂

′
6)(x

α,i ⊗ e3 ∧ e4 ∧ e5),

o37(α, i)

= 2∂′1∂
′
2(x

α,i ⊗ e1 ∧ e2 ∧ e3)− 2∂′1∂
′
5(x

α,i ⊗ e1 ∧ e3 ∧ e5)
−∂′3∂′6(xα,i ⊗ (e1 ∧ e3 ∧ e4 − e2 ∧ e3 ∧ e5)) + 2∂′2∂

′
4(x

α,i ⊗ e2 ∧ e3 ∧ e4)
+2∂′4∂

′
5(x

α,i ⊗ e3 ∧ e4 ∧ e5) + ∂′26 (xα,i ⊗ (e1 ∧ e4 ∧ e6 − e2 ∧ e5 ∧ e6)),

o38(α, i)

= 2∂′2∂
′
6(x

α,i ⊗ e2 ∧ e4 ∧ e6)− 2∂′3∂
′
5(x

α,i ⊗ e3 ∧ e4 ∧ e5)
−∂′1∂′4(xα,i ⊗ (e2 ∧ e4 ∧ e5 − e3 ∧ e4 ∧ e6))− 2∂′2∂

′
3(x

α,i ⊗ e2 ∧ e3 ∧ e4)
−2∂′5∂

′
6(x

α,i ⊗ e4 ∧ e5 ∧ e6) + ∂′21 (xα,i ⊗ (e1 ∧ e2 ∧ e5 − e1 ∧ e3 ∧ e6)),

o39(α, i)

= 2∂′1∂
′
3(x

α,i ⊗ e1 ∧ e3 ∧ e5)− 2∂′1∂
′
6(x

α,i ⊗ e1 ∧ e5 ∧ e6)
−∂′2∂′5(xα,i ⊗ (e1 ∧ e4 ∧ e5 + e3 ∧ e5 ∧ e6))− 2∂′3∂

′
4(x

α,i ⊗ e3 ∧ e4 ∧ e5)
−2∂′4∂

′
6(x

α,i ⊗ e4 ∧ e5 ∧ e6) + ∂′22 (xα,i ⊗ (e2 ∧ e3 ∧ e6 + e1 ∧ e2 ∧ e4)),

o40(α, i) = 2∂′1∂
′
2(x

α,i ⊗ e1 ∧ e2 ∧ e6) + 2∂′1∂
′
5(x

α,i ⊗ e1 ∧ e5 ∧ e6)
−∂′3∂′6(xα,i ⊗ (e1 ∧ e4 ∧ e6 − e2 ∧ e5 ∧ e6))− 2∂′2∂

′
4(x

α,i ⊗ e2 ∧ e4 ∧ e6)
+2∂′4∂

′
5(x

α,i ⊗ e4 ∧ e5 ∧ e6) + ∂′23 (xα,i ⊗ (e1 ∧ e3 ∧ e4 − e2 ∧ e3 ∧ e5)),

o41(α, i)

= −2∂′2∂
′
3(x

α,i ⊗ e1 ∧ e2 ∧ e3)− 2∂′2∂
′
6(x

α,i ⊗ e1 ∧ e2 ∧ e6)
−∂′1∂′4(xα,i ⊗ (e1 ∧ e2 ∧ e5 − e1 ∧ e3 ∧ e6)) + 2∂′3∂

′
5(x

α,i ⊗ e1 ∧ e3 ∧ e5))
−2∂′5∂

′
6(x

α,i ⊗ e1 ∧ e5 ∧ e6) + ∂′24 (xα,i ⊗ (e2 ∧ e4 ∧ e5 − e3 ∧ e4 ∧ e6)),

o42(α, i) = −2∂′1∂
′
3(x

α,i ⊗ e1 ∧ e2 ∧ e3)− 2∂′1∂
′
6(x

α,i ⊗ e1 ∧ e2 ∧ e6)
−∂′1∂′5(xα,i ⊗ (e2 ∧ e3 ∧ e6 + e1 ∧ e2 ∧ e4))− 2∂′3∂

′
4(x

α,i ⊗ e2 ∧ e3 ∧ e4)
+2∂′4∂

′
6(x

α,i ⊗ e2 ∧ e4 ∧ e6) + ∂′25 (xα,i ⊗ (e1 ∧ e4 ∧ e5 + e3 ∧ e5 ∧ e6));

p1(α, i)

= (∂′1∂
′
4 + ∂′2∂

′
5 + ∂′3∂

′
6)(x

α,i ⊗ e1 ∧ e2 ∧ e3) + ∂′26 (xα,i ⊗ e1 ∧ e2 ∧ e6)
−∂′25 (xα,i ⊗ e1 ∧ e3 ∧ e5) + ∂′5∂

′
6(x

α,i ⊗ (e1 ∧ e2 ∧ e5 − e1 ∧ e3 ∧ e6))
+∂′24 (xα,i ⊗ e2 ∧ e3 ∧ e4) + ∂′4∂

′
6(x

α,i ⊗ e2 ∧ e3 ∧ e6 + e1 ∧ e2 ∧ e4)
−∂′4∂′5(xα,i ⊗ (e1 ∧ e3 ∧ e4 − e2 ∧ e3 ∧ e5)),
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p2(α, i)

= (∂′1∂
′
4 − ∂′2∂

′
5 − ∂′3∂

′
6)(x

α,i ⊗ e2 ∧ e3 ∧ e4) + ∂′21 (xα,i ⊗ e1 ∧ e2 ∧ e3)
+∂′26 (xα,i ⊗ e2 ∧ e4 ∧ e6) + ∂′1∂

′
6(x

α,i ⊗ (e2 ∧ e3 ∧ e6 + e1 ∧ e2 ∧ e4))
−∂′25 (xα,i ⊗ e3 ∧ e4 ∧ e5) + ∂′5∂

′
6(x

α,i ⊗ (e2 ∧ e4 ∧ e6 − e3 ∧ e4 ∧ e6))
−∂′1∂′5(xα,i ⊗ (e1 ∧ e3 ∧ e4 − e2 ∧ e3 ∧ e5)),

p3(α, i)

= (∂′3∂
′
6 − ∂′2∂

′
5 − ∂′1∂

′
4)(x

α,i ⊗ e1 ∧ e2 ∧ e6) + ∂′23 (xα,i ⊗ e1 ∧ e2 ∧ e3)
+∂′24 (xα,i ⊗ e2 ∧ e4 ∧ e6) + ∂′3∂

′
5(x

α,i ⊗ (e1 ∧ e2 ∧ e5 − e1 ∧ e3 ∧ e6))
−∂′25 (xα,i ⊗ e1 ∧ e5 ∧ e6) + ∂′3∂

′
4(x

α,i ⊗ (e2 ∧ e3 ∧ e6 + e1 ∧ e2 ∧ e4))
−∂′4∂′5(xα,i ⊗ (e1 ∧ e4 ∧ e6 − e2 ∧ e5 ∧ e6)),

p4(α, i)

= (∂′1∂
′
4 − ∂′2∂

′
5 − ∂′3∂

′
6)(x

α,i ⊗ e1 ∧ e5 ∧ e6) + ∂′23 (xα,i ⊗ e1 ∧ e3 ∧ e5)
−∂′22 (xα,i ⊗ e1 ∧ e2 ∧ e6) + ∂′2∂

′
3(x

α,i ⊗ (e1 ∧ e2 ∧ e5 − e1 ∧ e3 ∧ e6))
+∂′24 (xα,i ⊗ e4 ∧ e5 ∧ e6) + ∂′3∂

′
4(x

α,i ⊗ (e1 ∧ e4 ∧ e5 + e3 ∧ e5 ∧ e6))
−∂′2∂′4(xα,i ⊗ (e1 ∧ e4 ∧ e6 − e2 ∧ e5 ∧ e6)),

p5(α, i)

= (∂′1∂
′
4 + ∂′2∂

′
5 + ∂′3∂

′
6)(x

α,i ⊗ e4 ∧ e5 ∧ e6) + ∂′23 (xα,i ⊗ e3 ∧ e4 ∧ e5)
−∂′22 (xα,i ⊗ e2 ∧ e4 ∧ e6) + ∂′1∂

′
3(x

α,i ⊗ (e1 ∧ e4 ∧ e5 + e3 ∧ e5 ∧ e6))
+∂′21 (xα,i ⊗ e1 ∧ e5 ∧ e6) + ∂′2∂

′
3(x

α,i ⊗ (e2 ∧ e4 ∧ e6 − e3 ∧ e4 ∧ e6))
−∂′1∂′2(xα,i ⊗ (e1 ∧ e4 ∧ e6 − e2 ∧ e5 ∧ e6)),

p6(α, i)

= (∂′2∂
′
5 − ∂′1∂

′
4 − ∂′3∂

′
6)(x

α,i ⊗ e2 ∧ e4 ∧ e6) + ∂′23 (xα,i ⊗ e2 ∧ e3 ∧ e4)
−∂′25 (xα,i ⊗ e4 ∧ e5 ∧ e6) + ∂′1∂

′
5(x

α,i ⊗ (e1 ∧ e4 ∧ e6 − e2 ∧ e5 ∧ e6))
+∂′21 (xα,i ⊗ e1 ∧ e2 ∧ e6)− ∂′1∂

′
3(x

α,i ⊗ (e2 ∧ e3 ∧ e6 + e1 ∧ e2 ∧ e4))
−∂′3∂′5(xα,i ⊗ (e2 ∧ e4 ∧ e6 − e3 ∧ e4 ∧ e6)),

p7(α, i)

= (∂′2∂
′
5 + ∂′1∂

′
4 − ∂′3∂

′
6)(x

α,i ⊗ e3 ∧ e4 ∧ e5) + ∂′22 (xα,i ⊗ e2 ∧ e3 ∧ e4)
−∂′21 (xα,i ⊗ e1 ∧ e3 ∧ e5) + ∂′1∂

′
2(x

α,i ⊗ (e1 ∧ e3 ∧ e4 − e2 ∧ e3 ∧ e5))
−∂′26 (xα,i ⊗ e4 ∧ e5 ∧ e6)− ∂′1∂

′
6(x

α,i ⊗ (e1 ∧ e2 ∧ e5 + e3 ∧ e5 ∧ e6))
−∂′2∂′6(xα,i ⊗ (e2 ∧ e4 ∧ e6 − e3 ∧ e4 ∧ e6)),

p8(α, i)

= (∂′1∂
′
4 + ∂′3∂

′
6 − ∂′2∂

′
5)(x

α,i ⊗ e1 ∧ e3 ∧ e5) + ∂′22 (xα,i ⊗ e1 ∧ e2 ∧ e3)
−∂′26 (xα,i ⊗ e1 ∧ e5 ∧ e6) + ∂′2∂

′
6(x

α,i ⊗ (e1 ∧ e2 ∧ e5 − e1 ∧ e3 ∧ e6))
−∂′24 (xα,i ⊗ e3 ∧ e4 ∧ e5)− ∂′2∂

′
4(x

α,i ⊗ (e1 ∧ e3 ∧ e4 − e2 ∧ e3 ∧ e5))
+∂′4∂

′
6(x

α,i ⊗ (e1 ∧ e4 ∧ e5 + e3 ∧ e5 ∧ e6)). (33)
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Set

U(ω3) =
∑

1≤k≤42, (α,i)∈Γ×J

Fok(α, i),

Ũ(ω3) = U(ω3)
⋃

(x−ξ,0 ⊗ V (ω3)) if ξ ∈ Γ;

W (ω3) =
∑

1≤k≤8, (α,i)∈Γ×J

Fpk(α, i),

W̃ (ω3) = W (ω3)
⋃

(x−ξ,0 ⊗ V (ω3)) if ξ ∈ Γ. (34)

It is straightforward to verify that A-module V (ω3) has the following series of
submodules:

{0} ⊂ W (ω3) ⊂ W̃ (ω3) ⊂ Ũ(ω3) ⊂ V (ω3) if ξ ∈ Γ; (35)

{0} ⊂ W (ω3) ⊂ U(ω3) ⊂ V (ω3) if ξ 6∈ Γ. (36)

Theorem 2.5. If ξ ∈ Γ ( resp. ξ 6∈ Γ), then (35) (resp. (36)) is a composition
series for A-module V (ω3).

The following fact will be used in the proof of Theorem 2.3, Theorem 2.4
and Theorem 2.5:

Lemma 2.6. Suppose W is any nonzero submodule of A-module V (ψ). If
0 6= xβ,0 ⊗ ω ∈ W, ω ∈ V (ψ), then W contains the following vectors:

(i) xβ,0⊗ [β′2s′Et,t′ .ω− β′t′β′s′(Es,t′ +Et,s′).ω+ β′2t′Es,s′ .ω], ∀ 1 ≤ s < t ≤ n;

(ii) xβ,0 ⊗ [β′2t Es,s′ .ω − β′2s′Et′,s.ω − β′s′β′t(Es,t − Et′,s′).ω], ∀ 1 ≤ s, t ≤ n;

(iii) xβ,0 ⊗ [β′2s Et′,t.ω − β′tβ
′
s(Et′,s + Es′,t).ω + β′2t Es′,s.ω] ∈ W, ∀ 1 ≤ s <

t ≤ n.

Proof. Choose any 1 ≤ s < t ≤ n . We will first prove (i) in the following three
cases:

Case 1. Js = Jt = N.

By (19), we have

W 3 x0,1[s]+1[t] .xβ,0 ⊗ ω

= β′s′xβ,1[t] ⊗ ω + β′t′x
β,1[s] ⊗ ω + xβ,0 ⊗ (Es,t′ + Et,s′).ω, (37)

W 3 x0,2[s] .xβ,0 ⊗ ω = 2(β′s′xβ,1[s] ⊗ ω + xβ,0 ⊗ Es,s′ .ω). (38)

Eliminating xβ,1[t] ⊗ ω and xβ,1[s] ⊗ ω in (37) through (38), we finally get (i).

Case 2. Js = Jt = {0}.
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For any 0 6= τ[s] ∈ Γ, 0 6= τ ′[t] ∈ Γ and a ∈ Z , we have

W 3 xτ[s]+aτ ′
[t]

,0.x(1−a)τ ′
[t]

,0.xβ,0 ⊗ ω

= xβ+τ[s]+τ ′
[t]

,0 ⊗ [(1− a)τ ′β′t′(τβ
′
s′ + aτ ′β′t′)ω

+ a(1− a)ττ ′2β′t′(Es,t′ + Et,s′).ω

+ (1− a)τ ′2((1− a)τβ′s′ + aτ ′β′t′)Et,t′ .ω

+ a(1− a)2ττ ′3(Es,t′ + Et,s′).Et,t′ .ω

+ (1− a)τ ′τ 2β′t′Es,s′ .ω

+ (1− a)2τ 2τ ′2Es,s′ .Et,t′ .ω + (1− a)2a2τ ′4E2
t,t′ .ω]; (39)

W 3 xaτ[1]+τ ′
[2]

,0.x(1−a)τ ′
[1]

,0.xβ,0 ⊗ ω

= xβ+τ[s]+τ ′
[t]

,0 ⊗ [(1− a)τβ′3(τ
′β′t′ + aτβ′s′)ω

+ a(1− a)τ ′τ 2β′s′(Es,t′ + Et,s′).ω

+ (1− a)τ 2((1− a)τ ′β′t′ + aτβ′s′)Es,s′ .ω

+ a(1− a)2τ ′τ 3(Es,t′ + Et,s′).Es,s′ .ω

+ (1− a)ττ ′2β′s′Et,t′ .ω + (1− a)2τ 2τ ′2Es,s′ .Et,t′ .ω

+ (1− a)2a2τ 4E2
t,t′ .ω]; (40)

The coefficients of a2 in (39) and (40) imply that

xβ+τ[s]+τ ′
[t]

,0 ⊗ [−β′2t′ ω − τβ′t′(Es,t′ + Et,s′).ω

+ (τβ′s′ − τ ′β′t′)Et,t′ .ω + τ 2Es,s′ .Et,t′ .ω] ∈ W, (41)

xβ+τ[s]+τ ′
[t]

,0 ⊗ [−β′2s′ω − τ ′β′s′(Es,t′ + Et,s′).ω

− (τβ′s′ − τ ′β′t′)Es,s′ .ω + τ ′2Es,s′ .Et,t′ .ω] ∈ W. (42)

Letting a = 0 in (39) and eliminating xβ+τ[s]+τ ′
[t]

,0 ⊗ ω through (41) and (42), we
finally obtain

xβ+τ[s]+τ ′
[t]

,0 ⊗ ω′ = xβ+τ[s]+τ ′
[t]

,0 ⊗ [β′2s′Et,t′ .ω − β′s′β′t′(Es,t′ + Et,s′).ω

+ β′2t′Es,s′ .ω + (τβ′s′ + τ ′β′t′)Es,s′ .Et,t′ .ω] ∈ W. (43)

Moreover,

x−τ[s]−τ ′
[t]

,0.xβ+τ[s]+τ ′
[t]

,0 ⊗ ω′

= xβ,0 ⊗ [(−τβ′s′ − τ ′β′t′)ω
′ + τ 2Es,s′ .ω′ + ττ ′(Es,t′ + Et,s′).ω′ + τ ′2Et,t′ .ω

′],

(44)

From considering the coefficients of τ 2 or τ ′2 in (44), we can also get (i).

Case 3. Js = N, Jt = {0}.

For any a ∈ Z and 0 6= τ[t] ∈ Γ, we have

W 3 xτ[t],0.xβ,0 ⊗ w = xβ+τ[t],0 ⊗ τ(β′t′w + τEt,t′ .w), (45)
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W 3 xaτ[t],0.x(1−a)τ[t],2[s] .xβ,0 ⊗ w

= xβ+τ[t],2[s] ⊗ [a(1− a)τ 2β′2t′w + (1− a)aτ 3β′t′Et,t′ .w

+ (1− a)2a2τ 4E2
t,t′ .w] + xβ+τ[t],1[s] ⊗ [2aβ′s′β′t′τw

+ 2a2τ 2β′s′Et,t′ .w + 2a(1− a)τ 2β′t′(Es,t′ + Et,s′).w

+ 2(1− a)a2τ 3Et,t′(Es,t′ + Et,s′).w]

+ xβ+τ[t],0 ⊗ (2aτβ′t′Es,s′ + 2a2τ 2Et,t′ .Es,s′ .w), (46)

W 3 x(1−a)τ[t],1[s] .xaτ[t],1[s] .xβ,0 ⊗ w

= xβ+τ[t],2[s] ⊗ [(1− a)aτ 2β′2t′w + a(1− a)τ 3β′t′Et,t′ .w

+ (1− a)2a2τ 4E2
t,t′ .w] + xβ+τ[t],1[s] ⊗ [β′s′β′t′τw

+ (1− 2a+ 2a2)τ 2β′n+sEt,n+t.w + 2a(1− a)τ 2β′t′(Es,t′ + Et,s′).w

+ (1− a)aτ 3Et,t′(Es,t′ + Et,s′).w] + xβ+τ[t],0 ⊗ [β′2s′w + τβ′s′(Es,t′

+ Et,s′).w + a(1− a)τ 2(Es,t′ + Et,s′)2.w], (47)

Subtracting equation (46) from (47), we obtain

W 3 xβ+τ[t],1[s] ⊗ [(1− 2a)τβ′s′β′t′w + (1− 2a)τ 2β′s′Et,t′ .w

+ a(1− a)(1− 2a)τ 3Et,t′ .(Es,t′ + Et,s′).w]

+ xβ+τ[t],0 ⊗ [−2aτβ′t′Es,s′ .w − 2a2τ 2Et,t′ .Es,s′ .w + β′2s′w

+ τβ′s′(Es,t′ + Et,s′).w + a(1− a)τ 2(Es,t′ + Et,s′)2.w], (48)

The coefficients of a3 , a2 and a in (48) imply

W 3 −xβ+τ[t],1[s] ⊗ 2τβ′s′(β′t′ω + τEt,t′ .ω)

+ xβ+τ[t],0 ⊗ [τ 2(Es,t′ + Et,s′)2.w − 2τβ′t′Es,s′ .ω], (49)

W 3 xβ+τ[t],1[s] ⊗ τβ′s′(β′t′ω + τEt,t′ .ω)

+ xβ+τ[t],0 ⊗ [β′2s′ .ω + τβ′s′(Es,t′ + Et,s′).w], (50)

Hence

W 3 xβ+τ[t],0 ⊗ [2β′2s′ .ω − 2τβ′t′Es,s′

+ 2τβ′s′(Es,t′ + Et,s′).w + τ 2(Es,t′ + Et,s′)2.w], (51)

Eliminating xβ+τ[t],0 ⊗ ω in (51) through (45), we finally get

xβ+τ[t],0 ⊗ ω′ = xβ+τ[t],0 ⊗ [2β′2t′Es,s′ .ω − 2β′s′β′t′(Es,t′ + Et,s′).w

+ 2β′2s′Et,t′ .ω − τβ′t′(Es,t′ + Et,s′)2.w] ∈ W. (52)

Furthermore,

x−τ[t],0.xβ+τ[t],0 ⊗ ω′ = xβ,0 ⊗ (−τβ′t′ω′ + τ 2Et,t′ .ω
′), (53)

x−τ[t],1[1] .xβ+τ[t],0 ⊗ ω′ = xβ,1[1] ⊗ (−τβ′t′ω′ + τ 2Et,t′ .ω
′)

+ xβ,0 ⊗ [β′s′ω′ − τ(Es,t′ + Et,s′).w] ∈ W. (54)

From consider the coefficients of τ in (53) or (54), we finally get (i). The case
Js = {0}, Jt = N is similar with Case 3. When 1 ≤ s ≤ n < t ≤ 2n (resp.
n+ 1 ≤ s < t ≤ 2n), we can prove (ii) (resp. (iii)) by the similar arguments as in
Case 1, Case 2 and Case 3.
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3. Proof of Theorem 2.2

In this section, we will give the proof of Theorem 2.2.

Proof. Suppose v is a nonzero vector of V (0). By (19), A-module V (0) is
explicitly given by:

xα,p.xβ,q ⊗ v

=
n∑

i=1

[(αiβ
′
i′ − αi′β

′
i)x

α+β,p+q + (piβ
′
i′ − qiαi′)x

α+β,p+q−1[i]

+ (qi′αi − pi′β
′
i)x

α+β,p+q−1[i]−1[i′] + (piqi′ − qipi′)x
α+β,p+q−1[i′] ]⊗ v, (55)

for (α,p), (β,q) ∈ Γ×J . Let W be any nonzero submodule of V (0) that strictly
contains Fx−ξ,0 ⊗ v . We treat x−ξ,0 ⊗ v as 0 if ξ 6∈ Γ. For any i ∈ J , we define

|i| =
2n∑

p=1

ip. (56)

Set
V k = span{xα,i ⊗ v | α ∈ Γ, |i| ≤ k} for k ∈ N. (57)

Moreover, we define

k̂ = min{k ∈ N | (V k

⋂
W )\F(x−ξ,0 ⊗ v) 6= Ø}. (58)

For any 0 6= u ∈ (V k

⋂
W )\F(x−ξ,0 ⊗ v), we can write it in the following form:

u =
∑

(−ξ,0) 6=(α,i)∈Γ×J, |i|=k̂

aα,ix
α,i ⊗ v + u′, (59)

where aα,i ∈ F, u′ ∈ V k̂−1 + F(x−ξ,0 ⊗ v), and define

l(u) = |{α ∈ Γ | aα,i 6= 0 for i ∈ J, |i| = k̂}|. (60)

Set
l = min{l(v) | 0 6= v ∈ (V k

⋂
W )\F(x−ξ,0 ⊗ v)}. (61)

Choose 0 6= u1 ∈ (V k

⋂
W )\F(x−ξ,0 ⊗ v) such that l(u1) = l and write it in the

form (59). For any 1 ≤ s ≤ 2n . Assume Js = {0} . By (13) and (21), we have

x−2τ[s],0.xτ[s],0.xτ[s],0.u1

=
∑

(−ξ,0) 6=(α,i)∈Γ×J, |i|=k̂

2ς(s′)aα,iα
′3
s′τ 3xα,i ⊗ v(modV k̂−1), (62)

Since τ takes an infinite number of elements in F for 0 6= τ[s] ∈ Γ, the coefficients
of τ 3 show

α′s′ = β′s′ whenever aα,i.aβ,j 6= 0 (63)

by the minimality of l(u1). Suppose Js = N . Then we have

x0,1[s] .u1 =
∑

(−ξ,0) 6=(α,i)∈Γ×J, |i|=k̂

aα,iς(s)α
′
s′xα,i ⊗ v(modV k̂−1). (64)
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Thus we can also get (63). Therefore u1 must take the following form

u1 =
∑

(−ξ,0) 6=(α,i)∈Γ×J, |i|=k̂

aix
α,i ⊗ v(modV k̂−1). (65)

Suppose k̂ > 0. Assume ip > 0 for some ai 6= 0. If Jp′ = N , then

0 6= x0,1[p′] .u1 − ς(p′)α′pu1 ∈ (V k̂−1

⋂
W )\F(x−ξ,0 ⊗ v). (66)

Assume Jp′ = {0} . If α′p = 0 and ip = 1, we have

x−τ[p′],0.xτ[p′],2[p] .u1 =
∑

(−ξ,0) 6=(α,i)∈Γ×J, |i|=k̂

2τ(2α′p′ − τ)aix
α,i ⊗ v(modV k̂−1). (67)

If α′p 6= 0 or ip 6= 1, we have

x−τ[p′],0.xτ[p′],0.u1 =
∑

(−ξ,0) 6=(α,i)∈Γ×J, |i|=k̂

−τ 2ai∂
′2
p (xα,i ⊗ v)(modV k̂−1). (68)

It follows from (67) and (68) that (V k̂−1

⋂
W )\F(x−ξ,0⊗v) 6= {0} . This contradicts

the definition of k̂ . Hence, k̂ = 0, i.e. ∃ xβ,0 ⊗ v ∈ W, β 6= −ξ . Since
the coefficients of α2

i or q2
i in xγ−α,p−q.xα−β,q.xβ,0 ⊗ v is ς(i′)β′i′(γ

′
i′x

γ,q ⊗ v +
qi′x

γ,q−1[i′] ⊗ v) ( 1 ≤ i ≤ 2n ), we have

γ′i′x
γ,p ⊗ v + pi′x

γ,p−1[i′] ⊗ v ∈ W, ∀ (γ,p) ∈ Γ× J.

Thus we get Theorem 2.2.

4. Proof of Theorem 2.3

In this section, we will give the proof of Theorem 2.3.

Proof. Denote

U(ω1) =

{
U(ω1) if ξ 6∈ Γ,

Ũ(ω1), if ξ ∈ Γ.
(69)

Let P 1(ω1) be any nonzero submodule of V (ω1)/U(ω1). Denote xα,p⊗ ek +U(ω1)
by xα,p⊗ek for (α,p) ∈ Γ× J . Then by (19), we have

xα,p.xβ,q⊗ek

= ς(k)β′k′(
2n∑

s=1

αsx
α+β,p+q⊗es +

2n∑
s=1

psx
α+β,p+q−1[s]⊗es)

+ ς(k)qk′(
2n∑

s=1

αsx
α+β,p+q−1[k′]⊗es +

2n∑
s=1

psx
α+β,p+q−1[k′]−1[s]⊗es), (70)

for (α,p), (β,q) ∈ Γ × J, 1 ≤ k ≤ 2n . By (21), (22) and similar argument as in
the proof of Theorem 2.2, we can prove that

∃ 0 6= xβ,0⊗
2n∑

k=1

akek ∈ P 1(ω1), β 6= −ξ. (71)
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We may assume β′s 6= 0 for some 1 ≤ s ≤ 2n , since β 6= −ξ . Denote

W = {(x1, · · · , x2n) ∈ F2n|
2n∑

k=1

xkς(k)β
′
k′ = 0}. (72)

Gauss-Jordan elimination in solving homogeneous linear equations implies that
dimFW = 2n− 1 and {β′sei + ς(s)ς(i)β′i′es′ | 1 ≤ s′ 6= i ≤ 2n} is a basis of W . If
2n∑

k=1

akς(k)β
′
k′ = 0, then

(a1, · · · , a2n) =
∑

1≤s′ 6=i≤2n

bi(β
′
sei + ς(s)ς(i)β′i′es′) for some bi ∈ F. (73)

Therefore
2n∑

k=1

akek =
∑

1≤s′ 6=i≤2n

bi(β
′
sei + ς(s)ς(i)β′i′es′) ∈ U(ω1), (74)

which contradicts (71). So
∑2n

k=1 akς(k)β
′
k′ 6= 0. If Js′ = {0} , then we choose

0 6= τ[s′] ∈ Γ and have

0 6= xτ[s′],0.xβ,0⊗
2n∑

k=1

akek = τ
2n∑

k=1

akς(k)β
′
k′xβ+τ[s′],0⊗es′ ∈ P 1(ω1). (75)

If Js′ = N , then we have

x0,1[s′] .xβ,0⊗
2n∑

k=1

akek =
2n∑

k=1

akς(k)β
′
k′xβ,0⊗es′ ∈ P 1(ω1). (76)

By (71), (75) and (76), we always have some

0 6= xα,0⊗es′ ∈ P 1(ω1), α 6= −ξ, α′s 6= 0. (77)

Furthermore,

P 1(ω1) 3 xγ−β,i.xβ−α,0.xα,0⊗es′

= ς(s)α′s′

2n∑
l,m=1

(βl − αl)ς(l)β
′
l′(γm − βm)xγ,i⊗em

+ ς(s)α′s′

2n∑
l,m=1

im(βl − αl)x
γ,i−1[m]⊗em. (78)

Assume γs′ 6= {0} . Then by considering the coefficients of β2
s′ in (78), we get

xγ,i⊗es′ ∈ P 1(ω1) for any (γ, i) ∈ Γ× J. (79)

If γs′ = {0} , then we have

P 1(ω1) 3 xγ−α,p−(i−1)[s′] .x0,i[s′] .xα,0⊗es′

= iα′2s (
2n∑

k=1

(γk − αk)x
γ,p⊗ek +

∑
k 6=s′

pkx
γ,p−1[k]⊗ek

+ (ps′ − i+ 1)xγ,p−1[s′]⊗es′). (80)
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Considering the coefficients of i2 in (80), we also get (79). For any 1 ≤ s′ 6= k ≤ 2n ,
we have

xτ[k],0.xβ,0⊗es′ = β′sς(s
′)τxτ[k]+β,0⊗ek ∈ P 1(ω1), (81)

x0,1[k] .xβ,1[k′]⊗es′ = ς(s′)β′sx
β,1[k′]⊗ek ∈ P 1(ω1). (82)

From (78)-(82), we can obtain P 1(ω1) = V (ω1)/U(ω1).

Let P 2(ω1) be any nonzero submodule of U(ω1)/W (ω1). By (20) and (21),
we claim that

∃ u2 +W (ω1) = xβ,0⊗
∑

1≤s<t≤n

as,txs,t(β,0) +
∑

1≤s<t≤n

bs,txs′,t′(β,0)

+
∑

1≤s,t≤n

cs,txs,t′(β,0) +W (ω1) ∈ P 2(ω1),

where u2 ∈ U(ω1)\W (ω1), β 6= −ξ. (83)

For 1 ≤ s ≤ n , denote

xs = (δs,1 − 1)
s−1∑
k=1

ak,sβ
′
k′ +

n∑
k=s+1

as,kβ
′
k′ +

n∑
k=1

cs,kβ
′
k, (84)

xs′ =
n∑

k=1

bs,kβ
′
k + (δs,1 − 1)

s−1∑
k=1

bk,sβ
′
k +

n∑
k=1

ck,sβ
′
k′ . (85)

Obviously, u2 =
n∑

s=1

(xses + xs′es′). Set

W ′ = {(x1, · · · , x2n) ∈ F2n | xs′β′t′ − xt′β
′
s′ = 0, xsβ

′
t − xtβ

′
s = 0

(∀ 1 ≤ s < t ≤ n); xs′β′t − xtβ
′
s′ = 0 (∀ 1 ≤ s, t ≤ n) }. (86)

By Gauss-Jordan elimination in solving homogeneous linear equations, we can
verify that dimFW ′ = 1 and (β′1, · · · , β′2n) is a basis of W ′ . Since u2 6∈ W (ω1), at
least one of the following statements holds:

∃ 1 ≤ s < t ≤ n s. t. xs′β′t′ − xt′β
′
s′ 6= 0 or xsβ

′
t − xtβ

′
s 6= 0;

or ∃ 1 ≤ s, t ≤ n s. t. xs′β′t − xtβ
′
s′ 6= 0. (87)

Moreover, Lemma 2.6 implies that

xs,t(β,0) ∈ P 2(ω1) if xs′β′t′ − xt′β
′
s′ 6= 0, 1 ≤ s < t ≤ n;

xs,t′(β,0) ∈ P 2(ω1) if xs′β′t − xtβ
′
s′ 6= 0, 1 ≤ s, t ≤ n;

xt′,s′(β,0) ∈ P 2(ω1) if xsβ
′
t − xtβ

′
s 6= 0, 1 ≤ s < t ≤ n. (88)

Since the coefficients of α2
i or q2

i in xγ−α,p−q.xα−β,q.xs,t(β,0) is ς(i′)β′2i′ xs,t(γ,p)
( where i ∈ {s, t}, 1 ≤ s < t ≤ 2n), (87) and (88) imply there exists some
1 ≤ s < t ≤ 2n such that

xs,t(γ,p) ∈ P 2(ω1) for any (γ,p) ∈ Γ× J. (89)
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Then applying Lemma 2.6, we can prove that P 2(ω1) = U(ω1)/W (ω1).

Let P 3(ω1) be any nonzero submodule of W (ω1). By (20), (21) and similar
argument as in the proof of Theorem 2.2, we can prove that

∃ x(β,0) ∈ P 3(ω1), β 6= −ξ. (90)

Since the coefficients of α2
i or p2

i in xγ−α,p−q.xα−β,q.x(β,0) is ς(i′)β′2i′ x(γ,q) (where
1 ≤ i ≤ 2n), we have

x(γ,p) ∈ P 3(ω1), ∀ (γ,p) ∈ Γ× J. (91)

Thus we get P 3(ω1) = W (ω1).

5. Proof of Theorem 2.4

In this section, we will give the proof of Theorem 2.4.

Proof. Denote

U(ω2) =

{
U(ω2) if ξ 6∈ Γ,

Ũ(ω2) if ξ ∈ Γ.
(92)

Let P 1(ω2) be any nonzero submodule of V (ω2)/U(ω2). Then by (10), (11) and
similar argument as in the proof of Theorem 2.2, we can prove that there exists
some

u3 + U(ω2)

= xβ,0 ⊗ [a1e1 ∧ e2 + a2e1 ∧ e4 + a3e2 ∧ e3 + a4e3 ∧ e4
+ a5(e1 ∧ e3 − e2 ∧ e4)] + U(ω2)

∈ P 1(ω2), where u3 ∈ V (ω2)\U(ω2), β 6= −ξ. (93)

Set
f1(a) = a2β

′2
3 − a3β

′2
4 − a4(β

′
1β

′
3 + β′2β

′
4)− 2a5β

′
3β

′
4,

f2(a) = −a1β
′2
3 + a3(β

′
2β

′
4 − β′1β

′
3) + a4β

′2
2 + 2a5β

′
2β

′
3,

f3(a) = a1β
′2
4 + a2(β

′
1β

′
3 − β′2β

′
4)− a4β

′2
1 − 2a5β

′
1β

′
4,

f4(a) = −a1(β
′
1β

′
3 + β′2β

′
4) + a2β

′2
2 − a3β

′2
1 + 2a5β

′
1β

′
2. (94)

Assume fi(a) = 0 (1 ≤ i ≤ 4). By Gauss-Jordan elimination in solving ho-
mogeneous linear equations, we can verify that u3 is a linear combination of
yj(β,0), yk(β,0), yl(β,0) if β′s 6= 0, where (s, j, k, l) ∈ {(1, 4, 6, 8), (2, 2, 7, 8),
(3, 1, 2, 3), (4, 1, 4, 5)} . This contradicts u3 6∈ U(ω2). Hence fi(a) 6= 0 for
some i ∈ 1, 4. Moreover, Lemma 2.6 implies that

xβ,0 ⊗ ei ∧ ej + U(ω2) if fk(a) 6= 0, (95)

where (i, j, k) ∈ {(1, 2, 1), (1, 4, 2), (2, 3, 3), (3, 4, 4)}.Since the coefficients of
α2

s or p2
s in xγ−α,p.xα−β,q−p.(xβ,0⊗ei∧ej +U(ω2)) is ς(s′)β′2s′ (xγ,p⊗ei∧ej +U(ω2))

(where s ∈ {i, j}), there exists some (i, j) ∈ {(1, 2), (1, 4), (2, 3), (3, 4)}
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such that xγ,p ⊗ ei ∧ ej + U(ω2) ∈ P 1(ω2) for any (γ,p) ∈ Γ× J . Then applying
Lemma 2.6 repeatedly, we can get P 1(ω2) = V (ω2)/U(ω2).

Let P 2(ω2) be any nonzero submodule of U(ω2)/W (ω2). We can also prove
that

∃ 0 6= xβ,0 ⊗
10∑

k=1

akyk(β,0) +W (ω2) ∈ P 2(ω2), β 6= −ξ. (96)

Denote

f(a) = a1β
′
3β

′
4 + a2β

′
2β

′
3 + a3β

′
3 + a4β

′
1β

′
4 + a5β

′
4 + a6(β

′
1β

′
3

+ β′2β
′
4) + a7β

′
2 + a8β

′
1β

′
2 + a9β

′
1 + a10(β

′
2β

′
4 − β′1β

′
3). (97)

The fact xβ,0 ⊗
∑10

k=1 akyk(β,0) 6∈ W (ω2) yields f(a) 6= 0. By Lemma 2.6, we
have

xβ,0 ⊗ 1

β′i
f(a)yj(β,0) +W (ω2) ∈ P (ω2), (98)

where (i, j) ∈ {(4, 5), (3, 3), (2, 7), (1, 9)}.The fact β 6= −ξ shows that xβ,0⊗
yi(β,0)+W (ω2) ∈ P (ω2) for some i ∈ {3, 5, 7, 9} . Since the coefficients of α2

s or
q2
s in xγ−α,p−q.xα−β,q.(xβ,0⊗ yi(β,0)+W (ω2)) is ς(s′)β′2s′ (xγ,p⊗ yi(γ,p)+W (ω2))

(where (s, i) ∈ {(1, 3), (2, 5), (3, 9), (4,
7)}), there exists some i ∈ {3, 5, 7, 9} such that xγ,p⊗yi(γ,p)+W (ω2) ∈ P 2(ω2)
for any (γ,p) ∈ Γ × J . Using Lemma 2.6 repeatedly, we obtain P 2(ω2) =
U(ω2)/W (ω2).

Let P 3(ω2) be any nonzero submodule of W (ω2). We can prove that

∃ 0 6= xβ,0 ⊗
4∑

k=1

akzk(β,0) ∈ P 3(ω2), β 6= −ξ. (99)

Denote

f ′1(a) = −a2β
′2
4 + a3β

′2
3 − a4(β

′
1β

′
3 + β′2β

′
4),

f ′2(a) = a1β
′2
4 + a3(β

′
1β

′
3 − β′2β

′
4)− a4β

′2
1 ,

f ′3(a) = −a1β
′2
3 + a2(−β′1β′3 + β′2β

′
4) + a4β

′2
2 ,

f ′4(a) = −a1(β
′
1β

′
3 + β′2β

′
4)− a2β

′2
1 + a3β

′2
2 . (100)

By Gauss-Jordan elimination in solving homogeneous linear equations, we can
verify that f ′k(a) = 0 (1 ≤ k ≤ 4) implies that

∑4
k=1 akzk(β,0) = 0. Hencef ′k(a) 6=

0 for some 1 ≤ k ≤ 4. Moreover, Lemma 2.6 yields

xβ,0 ⊗ zk(β,0) ∈ P 3(ω2) if f ′k(a) 6= 0, 1 ≤ k ≤ 4. (101)

Since the coefficients of α2
s or q2

s in xγ−α,p−q.xα−β,q.xβ,0 ⊗ zi(β,0) is ς(s′)β′2s′xγ,p

⊗zi(γ,p) (where (s, i) ∈ {{1, 2}×{1}, {2, 3}×{2}, {1, 4}×{3}, {3, 4}×{4}}),
there exists some 1 ≤ i ≤ 4 such that xγ,p ⊗ zi(γ,p) ∈ P 3(ω2) for any (γ,p) ∈
Γ× J . Using Lemma 2.6 repeatedly, we can finally obtain P 3(ω2) = W (ω2).
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6. Proof of Theorem 2.5

In this section, we will give the proof of Theorem 2.5.

Proof. Denote

U(ω3) =

{
U(ω3) if ξ 6∈ Γ,

Ũ(ω3), if ξ ∈ Γ.
(102)

Let P 1(ω3) be any nonzero submodule of V (ω3)/U(ω3). Denote xα,p ⊗ ei ∧ ej ∧
ek +U(ω3) by xα,p⊗ei ∧ ej ∧ ek for (α,p) ∈ Γ×J . Then by (20), (21) and similar
argument as in the proof of Theorem 2.2, we can prove that there exists some

u4 + U(ω3)

= xβ,0⊗[a1e1 ∧ e2 ∧ e3 + a2e1 ∧ e2 ∧ e6 + a3e1 ∧ e3 ∧ e5
+ a4e1 ∧ e5 ∧ e6 + a5e2 ∧ e3 ∧ e4 + a6e2 ∧ e4 ∧ e6 + a7e3 ∧ e4 ∧ e5
+ a8e4 ∧ e5 ∧ e6 + a9(e1 ∧ e2 ∧ e5 − e1 ∧ e3 ∧ e6)
+ a10(e2 ∧ e3 ∧ e6 + e1 ∧ e2 ∧ e4) + a11(e1 ∧ e3 ∧ e4 − e2 ∧ e3 ∧ e5)
+ a12(e1 ∧ e4 ∧ e5 + e3 ∧ e5 ∧ e6) + a13(e2 ∧ e4 ∧ e5 − e3 ∧ e4 ∧ e6)
+ a14(e1 ∧ e4 ∧ e6 − e2 ∧ e5 ∧ e6)] ∈ P 1(ω3), (103)

where u4 ∈ V (ω3)\U(ω3), β 6= −ξ. Denote

g1(a) = a4β
′2
4 − a6β

′2
5 + a7β

′2
6 − a8(β

′
1β

′
4 + β′2β

′
5 + β′3β

′
6)

+ 2a12β
′
4β

′
6 + 2a13β

′
5β

′
6 − 2a14β

′
4β

′
5,

g2(a) = a3β
′2
4 − a5β

′2
5 + a7(β

′
1β

′
4 + β′2β

′
5 − β′3β

′
6) + a8β

′2
3

− 2a11β
′
4β

′
5 − 2a12β

′
3β

′
4 − 2a13β

′
3β

′
5,

g3(a) = a2β
′2
4 + a5β

′2
6 + a6(β

′
1β

′
4 − β′2β

′
5 + β′3β

′
6)− a8β

′2
2

− 2a10β
′
4β

′
6 + 2a13β

′
2β

′
6 − 2a14β

′
2β

′
4,

g4(a) = a1β
′2
4 + a5(−β′1β′4 + β′2β

′
5 + β′3β

′
6) + a6β

′2
3 − a7β

′2
2

− 2a10β
′
3β

′
4 + 2a11β

′
2β

′
4 + 2a13β

′
2β

′
3,

g5(a) = a2β
′2
5 − a3β

′2
6 + a4(β

′
1β

′
4 − β′2β

′
5 − β′3β

′
6)− a8β

′2
1

− 2a9β
′
5β

′
6 + 2a12β

′
1β

′
6 − 2a14β

′
1β

′
5,

g6(a) = −a1β
′2
5 + a3(β

′
1β

′
4 − β′2β

′
5 + β′3β

′
6) + a4β

′2
3 + a7β

′2
1

+ 2a9β
′
3β

′
5 − 2a11β

′
1β

′
5 − 2a12β

′
1β

′
3,

g7(a) = a1β
′2
6 + a2(β

′
1β

′
4 + β′2β

′
5 − β′3β

′
6)− a4β

′2
2 + a6β

′2
1

− 2a9β
′
2β

′
6 − 2a10β

′
1β

′
6 − 2a14β

′
1β

′
2,
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g8(a) = −a1(β
′
1β

′
4 + β′2β

′
5 + β′3β

′
6) + a2β

′2
3 − a3β

′2
2 + a5β

′2
1

+ 2a9β
′
2β

′
3 + 2a10β

′
1β

′
3 − 2a11β

′
1β

′
2. (104)

gi(a) = 0 implies u4 is a linear combination of oj(β,0), ok(β,0), ol(β,0), om(β,0),
on(β,0), oq(β,0), or(β,0), ot(β,0), ou(β,0) if β′s 6=0, where 1 ≤ i ≤ 8, (j, k, l,m, n,
q, r, t, u, s)∈{(6, 8, 10, 11, 13, 14, 15, 16, 38, 1), (4, 9, 10, 12, 17, 18, 19, 20, 39, 2), (5, 7,
11, 12, 21, 22, 23, 24, 40, 3), (1, 2, 4, 5, 25, 26, 27, 28, 41, 4), (1, 3, 6, 7, 29, 30, 31, 32, 42,
5), (2, 3, 8, 9, 33, 34, 35, 36, 37, 6)} . This contradicts u4 6∈ U(ω3). So gi(a) 6= 0 for
some 1 ≤ i ≤ 8. Moreover, Lemma 2.6 implies that

xβ,0⊗ei ∧ ej ∧ ek ∈ P 1(ω3) if gl(a) 6= 0, (105)

where(i, j, k, l) ∈ { (1, 2, 3, 1), (1, 2, 6, 2), (1, 3, 5, 3), (1, 5, 6, 4), (2, 3,
4, 5), (2, 4, 6, 6), (3, 4, 5, 7), (4, 5, 6, 8) } . Since the coefficients of α2

s (or q2
s

) in xγ−α,p−q.xα−β,q.xβ,0⊗ei ∧ ej ∧ ek is ς(s′)β′2s′xγ,p⊗ei ∧ ej ∧ ek (s ∈ {i, j, k}),
there exists some (i, j, k) ∈ {(1, 2, 3), (1, 2, 6), (1, 3, 5), (1, 5, 6),
(2, 3, 4), (2, 4, 6), (3, 4, 5), (4, 5, 6)} such that

xγ,p⊗ei ∧ ej ∧ ek ∈ P 1(ω3), ∀ (γ,p) ∈ Γ× J. (106)

Then applying Lemma 2.6 repeatedly, we get P 1(ω3) = V (ω3)/U(ω3).

Let P 2(ω3) be any nonzero submodule of U(ω3)/W (ω3). By (2.10), (2.11)
and similar argument as in the proof of Theorem 2.2, we can prove that there
exists some

u5 +W (ω3)

= xβ,0 ⊗ [a1e1 ∧ e2 ∧ e3 + a2e1 ∧ e2 ∧ e6 + a3e1 ∧ e3 ∧ e5
+ a4e1 ∧ e5 ∧ e6 + a5e2 ∧ e3 ∧ e4 + a6e2 ∧ e4 ∧ e6
+ a7e3 ∧ e4 ∧ e5 + a8e4 ∧ e5 ∧ e6 + a9(e1 ∧ e2 ∧ e5 − e1 ∧ e3 ∧ e6)
+ a10(e2 ∧ e3 ∧ e6 + e1 ∧ e2 ∧ e4) + a11(e1 ∧ e3 ∧ e4 − e2 ∧ e3 ∧ e5)
+ a12(e1 ∧ e4 ∧ e5 + e3 ∧ e5 ∧ e6) + a13(e2 ∧ e4 ∧ e5 − e3 ∧ e4 ∧ e6)
+ a14(e1 ∧ e4 ∧ e6 − e2 ∧ e5 ∧ e6)] ∈ P 2(ω3), (107)

where u5 ∈ U(ω3)\W (ω3), β 6= −ξ, gi(a) = 0 (1 ≤ i ≤ 8). Denote

h1(a) = −a7β
′
6 + a8β

′
3 − a12β

′
4 − a13β

′
5, h2(a) = −a6β

′
5 − a8β

′
2 + a13β

′
6 − a14β

′
4,

h3(a) = a4β
′
4 − a8β

′
1 + a12β

′
6 − a14β

′
5, h4(a) = −a5β

′
6 − a6β

′
3 + a10β

′
4 − a13β

′
2,

h5(a) = a5β
′
5 − a7β

′
2 + a11β

′
4 + a13β

′
3, h6(a) = a3β

′
6 + a4β

′
3 + a9β

′
5 − a12β

′
1,

h7(a) = −a3β
′
4 − a7β

′
1 + a11β

′
5 + a12β

′
3, h8(a) = −a2β

′
5 + a4β

′
2 + a9β

′
6 + a14β

′
1,

h9(a) = −a2β
′
4 − a6β

′
1 + a10β

′
6 + a14β

′
2, h10(a) = a1β

′
6 − a2β

′
3 − a9β

′
2 − a10β

′
1,

h11(a) = −a1β
′
5−a3β

′
2+a9β

′
3−a11β

′
1, h12(a) = −a1β

′
4+a5β

′
1+a10β

′
3−a11β

′
2. (108)

By Gauss-Jordan elimination in solving homogeneous linear equations, hi(a) =
0 (1 ≤ i ≤ 12) implies u5 ∈ W (ω3). So hi(a) 6= 0 for some 1 ≤ i ≤ 12. Moreover,
it follows from Lemma 2.6 that

oi(β,0) +W (ω3) ∈ P 2(ω3) if hi(a) 6= 0. (109)
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Since the coefficients of α2
s (or q2

s ) in xγ−α,p−q.xα−β,q.(oi(β,0) + W (ω3)) is
ς(s′)β′2s′ (oi(γ,p) + W (ω3)) (where (s, i) ∈ { {1, 2, 3, 6} × {1}, {1, 2, 3, 5} ×
{2}, {1, 2, 3, 4} × {3}, {1, 3, 5, 6} × {4}, {1, 2, 5, 6} × {5}, {2, 3, 4, 6} ×
{6}, {1, 2, 4, 6} × {7}, {2, 3, 4, 5} × {8}, {1, 3, 4, 5} × {9}, {3, 4, 5, 6} ×
{10}, {2, 4, 5, 6} × {11}, {1, 4, 5, 6} × {12} }), there exists some 1 ≤ i ≤ 12
such that

oi(γ,p) +W (ω3) ∈ P 2(ω3), ∀ (γ,p) ∈ Γ× J. (110)

Then applying Lemma 2.6 repeatedly, we can obtain P 2(ω3) = U(ω3)/W (ω3).

Let P 3(ω3) be any nonzero submodule of W (ω3). By (20), (21) and similar
argument as in the proof of Theorem 2.2, we can prove that there exists some

0 6= xβ,0 ⊗
8∑

i=1

aipi(β,0) ∈ P 3(ω3), β 6= −ξ. (111)

Denote

k1(a) = −a4β
′2
4 − a5(β

′
1β

′
4 + β′2β

′
5 + β′3β

′
6) + a6β

′2
5 + a7β

′2
6 ,

k2(a) = −a3β
′2
5 + a4(β

′
1β

′
4 − β′2β

′
5 − β′3β

′
6) + a5β

′2
1 − a8β

′2
6 ,

k3(a) = −a2β
′2
5 + a5β

′2
3 + a7(β

′
1β

′
4 + β′2β

′
5 − β′3β

′
6)− a8β

′2
4 ,

k4(a) = a1β
′2
4 + a2(β

′
1β

′
4 − β′2β

′
5 − β′3β

′
6) + a6β

′2
3 + a7β

′2
2 ,

k5(a) = a1(β
′
1β

′
4 + β′2β

′
5 + β′3β

′
6) + a2β

′2
1 + a3β

′2
3 + a8β

′2
2 ,

k6(a) = a1β
′2
5 − a4β

′2
3 + a7β

′2
1 − a8(β

′
1β

′
4 − β′2β

′
5 + β′3β

′
6),

k7(a) = a1β
′2
6 + a3(−β′1β′4 − β′2β

′
5 + β′3β

′
6)− a4β

′2
2 + a6β

′2
1 ,

k8(a) = −a2β
′2
6 − a3β

′2
4 + a5β

′2
2 + a6(β

′
1β

′
4 − β′2β

′
5 + β′3β

′
6). (112)

By Gauss-Jordan elimination in solving homogeneous linear equations, ki(a) =
0 (1 ≤ i ≤ 8) implies that

∑8
i=1 aipi(β,0) = 0. Hence ki(a) 6= 0 for some

1 ≤ i ≤ 8. Moreover, Lemma 2.6 implies that

xβ,0 ⊗ pi(β,0) ∈ P 3(ω3) if ki(a) 6= 0. (113)

Since the coefficients of α2
i (or q2

i ) in xγ−α,p−q.xα−β,q.xβ,0⊗pk(β,0) is ς(i′)β2
i′x

γ,p⊗
pk(γ,p) (where (i, k) ∈ {{4, 5, 6} × {1}}, {1, 5, 6} × {2}}, {3, 4, 5, } ×
{3}}, {2, 3, 4} × {4}}, {1, 2, 3} × {5}}, {1, 3, 5} × {6}}, {1, 2, 6} ×
{7}}, {2, 4, 6} × {8}}), there exists some 1 ≤ k ≤ 8 such that

xγ,p ⊗ pk(γ,p) ∈ P 3(ω3), ∀ (γ,p) ∈ Γ× J. (114)

Then applying Lemma 2.6 repeatedly, we get P 3(ω3) = W3(ω3).

From Lemma 2.1, Theorem 2.2, Theorem 2.3, Theorem 2.4 and Theorem
2.5, we finally get Theorem 1.1.
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