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1. Introduction

Surely the finite dimensional irreducible representations of complex simple Lie algebras
are one of the most fascinating and studied subjects in the theory of representations.
Their beautiful and complicate structure still presents unknown aspects worth to be
studied (see [1] and [4] for recent examples). This paper concerns with one of these,
namely the restriction of such representations to some subalgebras. More precisely we
shall show that any finite dimensional irreducible representation of a complex simple
Lie algebra of type A remains indecomposable if restricted to some abelian subalgebras
(Theorem 3.9). Such abelian subalgebra a can be constructed as follows. Let g be
the complex simple Lie algebra A,, h C g its Cartan subalgebra and A = A(g,D)
the corresponding set of roots. Further for any @ € A let X, be a basis of g, =
{X € gl [HX] = a(H)X VH € b}, Il = {ay,...,a,} a set of simple roots in A and
set Yo, = X_,,, then a is the abelian subalgebra of g spanned by the vectors {Y,,,,}
(i=0,..., [g]) and {X,,} (j=1,..., [%]), where [x] denotes the integer part of x.

Theorem 3.9 is almost trivial for the Lie algebra A;, while for the Lie algebra A,
was proved by Douglas and Premat in [5], and for the remaining simple Lie algebras of
rank two B, and G, by Premat in [13]. These two papers have played an inspiring role
in our work. As far as we know Theorem 3.9 is still unknown for A, with n > 3.

The paper is organized as follows. In section 2 we recall some known facts
about the simple Lie algebras of type A and their finite dimensional modules, and
describe the abelian Lie algebra a. This section also devoted to present basis of the
finite dimensional irreducible A,—modules found by Littelmann in [10]. In section 3 we
find a minimal set of generators for the restriction to the abelian subalgebra a, of the
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finite dimensional representations of the Lie algebra A,, and prove the main result of
this paper: the indecomposableness of such restricted representations.

The author wishes to thank Alejandra Premat for sending her preprint [13],
which plays a crucial role in the present work, and Veronica Magenes for discussions
about the case concerning the Lie algebra sl(4, C). The author is also grateful to the
referee for carefully reading the paper, the welcomed suggestions and for pointing out
the reference [11].

2. Irreducible finite dimensional sl(n + 1, C)—modules

In this section we recall some basic facts on sl(n + 1,C) and its irreducible finite
dimensional representations, and describe the basis of such representations constructed
by Littelmann in [10]. It is worth to mention that a similar basis for such modules was
alraedy considered by Sai-Ping Li, R.V.Moody, M.Nocolescu, J.Patera in [11]. Good
references on the structure and representation theory of the complex simple Lie groups
and Lie algebras are, for instance, the books [6, 7].

Let g = sl(n + 1, C) be the simple Lie algebra of all (n + 1) X (n + 1) complex
matrices of zero trace, let ) be its Cartan subalgebra given by all diagonal matrices in
slin + 1,C), b* its complex dual, and A = A(sl(n + 1,C),h) C b* the corresponding
set of roots. Let g = n* @) @ n~ be its decomposition into the direct sum of strictly
upper triangular, diagonal, and strictly lower triangular matrices, and A = A* U —A" the
decomposition of the set of root such that

n+:zgﬁ, no= ZQ,B

BeA* Be—A*

where g5 = {X € ¢g| [H,X] = B(H)X VH € bh}. We denote by II = {ay,...,@,} the
corresponding set of simple roots and accordingly we fix a Chevalley basis of g: X3 € g5
and Ys € g4 for B € A", and H, € §) for @ simple, in such a way that [X,,Y,] = H,.
The Weyl group of sl(n + 1, C) is denoted by W, as subgroup of GL(}") it is generated
by the hyperplane reflections s, : A — A — A(H,)a forany A € h* and @ € A.

Denote by U(g), UM™), U(n™) the universal enveloping algebras of g, n*, n~
respectively. (More in general U(a) will denote the universal enveloping algebra of a
given subalgebra a of g.) Following Littelmann [10] we use the following abbrevia-
tions:

k k
Y(k) o— E X(k) o— ﬁ Hfl/ — H(Z(Ha’ - 1) U (Ha/ -k + 1)
B k! B k! k| k! '
Fix an ordering {y),...,yy} of the positive roots (N = n(n + 1)/2). For (n) € NV we
set:
N) ._ y(np) (nn) N) ._ y(n) (nn)
X=X X0, Y =Y Y
Fix an ordering {ay, ..., @,} of the simple roots. For (k) € N" we set:

H H
H® = (7). ™)
()

(we shall sometime write X;, Y;, H; respectively for X,, Y,., H,,, for a simple root ;).
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Recall that the monomials Y™ H®X™ form a Poincaré—Birkhoff-Witt basis of
the universal enveloping algebra U(g), and the monomials X™ and Y™ form a P-B-W
basis of U* = U(n*) respectively U™ = UM7).

An element of b* is called a weight. The set P = {1 € b*| A(h,) € Z, Ya € A}
is said the set of integral weights of g. A weight A of P is said dominant if A(H,) > 0
for any simple root @. The complex finite dimensional irreducible representations of
sl(n+1, C) are parameterized by the dominant integral weights. We denote by V(1) the
finite dimensional irreducible sl(n + 1, C)—module corresponding to the integral domi-
nant weight 4. A element u of h* is said a weight of an irreducible finite dimensional
module V(1) if the weight space V,, = {v € V(1)| Hv = u(H)v YH € b} is different from
zero. Denote by P(A) the set of all weights of V(1) then V(1) may be decomposed as
the direct sum of its weight spaces:

V) = P Vi 2.1)

HEP(R)

Let IT = Ily U [Ix a decomposition of the set of simple roots Il such that the n—
dimensional subalgebra spanned by the elements {X,, Ys}qery gern, 1S an abelian subal-
gebra. If oy = &1 —&,,...,@, = &, — €,41 1s the usual ordering of the simple roots of
slin + 1,C), where g : h — C denotes the projection of a diagonal matrix onto its
i—th entry, then it easy to see that this decomposition of the set of simple roots Il can
be achieved in two ways: either Ily = {@i1};—_ 1 and Iy = {az}i.; [2] where [x]
denote the integer part of x or the converse case. Since the two choices are equivalent,
let us for the sake of concreteness choose in this paper the first one and give the

Definition 2.1.  Let q, be the abelian subalgebra of sl(n+1, C) spanned by the simple
root-vectors {Xy,, Yo, }, 1 <i < [g], 0<j< [g]

The aim of this paper is to show how any irreducible sl(n + 1, C)-module V(1)
restricted to the abelian subalgebra a, remains indecomposable.

Further since any of such abelian algebra a, may be imbedded in a solvable Lie
algebra endowed with a non singular ad—invariant bilinear form [12] [3] which is still
a subalgebra of sl(n + 1, C), this result provides a way to construct a fairly wide class
of indecomposable (and therefore not trivial) finite dimensional modules of solvable
quadratic Lie algebras [2]. In order to achieve such result we need to consider the basis
of the irreducible sl(n + 1, C)—modules discovered by Littelmann in [10] (but see also
[9] [8]). First we introduce the following concepts

Definition 2.2. A monomial in the Y,, is called semi-standard if it is of the form:
@) (@) (ad) (@), (d_)) (@) (@) (d3) (@}
Y(a):YII(YZZYll)(...)(Yl_ Yi_ll...yll)(...)(yn ...yzzyll)

_ (122
where a = (a,,a5,ay,...,qa,

,at,...,a") € N". The tuple a and the monomial Y® are
called standard if:

_ ny 2 2 3 3 3 i i i n i n
aeS={@eN'ay2aj,a32a,2a),....,a;2a,_; 2 2a\,...a,2a, ; > 2>d}

Then we can formulate the following important result due to Littelman.
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Theorem 2.3. [10] For a dominant weight A of g, let V(1) be the corresponding
irreducible finite dimensional g—module of highest weight A and u, € V(1) be a highest
weight vector.

Denote by A/ the weight of

@ ) @ (@) (@
(Y . Yll)(...)(yn ...Y22Y11)u/1

and set . .
A=A, and /l{)_l := A} for 1 < j < n. Then the elements of V(A)

Y@, = ¥V (Y(“z)Y(a ))( )(Y(“ Ty <' ;a'ﬂ) ( . ) (r - vy u,

h<

with a € S such that

A(H) zd! V(Hy)>d V(Hy)>dl ... U (H)=d' ... U_(H)>ad

A(H) > ] o ML H) 2]

A(Hy) > al A(Hy) > d

/l(l)(Hl) > (l}
form a basis £, of V(A).

Remark 2.4. Let A; i = 1,...n be the elements of h* defined by the relations
Ai(aj) = 0;; where 0;; is the usual Kronecker delta. Then if we write the dominant
weight A in the form: A = 77, m;A; (with m; € N, i = 1,...n), the conditions (2.3)
become:

OS 22] i+1 1+ZJ H—l l:1,...,n

i a P _ _
a,_, <a 22]1+1 k+zjl kl+2”+1ak+1 i=1,....n—k+1 2<k<n-1
a_,<ay<m,+a, .

Finally observe that we can not find for any complex simple Lie algebra sl(n +
1,C) a subalgebra of dimension strictly less then n such that any irreducible finite
dimensional sl(n + 1, C)-module remanins indecomposable if restricted to it.
Let us indeed consider the first non trivial case, namely the Lie algebra sI(3,C). In
this case it is easy to show that there is no an one dimensional subalgebra such that the
restriction on it of any irreducible finite dimensional representation of sl(3, C) remains
indecomposable. Let X be indeed a basis for such algebra. Then X must act as a
single Jordan block in any irreducible finite dimensional representation of sl(3, C). In
particular if 7 : sI(3, C) — End(C?) is the irreducible representation with V(1) = V(41,)



CASATI 397

(so that dimg(V(Q))
Aut(C?) such that

3) then, since the trace of m(X) is zero, it must exist a & €

000 010
X)E'=110 0 oreq. &n(X)E' =0 0 1
010 000

Le., X can be take equal to Y; + Y, (or eq. to X; + X;). But the restriction to these
one-dimensional subalgebras of the module V(1) = V(/ll + Ay) is not indecomposable
because on it in both cases X° = 0 while dim(V(Q)) =

3.  V(A) as indecomposable a,-module

Let us fix a dominant integral weight A of sl(n + 1, C). We shall show in this section
that the sl(n + 1, C)-module V(1) viewed as a,—modules is indecomposable.
We first need to find a (minimal) set of generators for the a,—modules V(1).

Definition 3.1. Let V be a a,—module, a subset of elements {v;,...v,,} in V is said
to be a set of generators of V if V = U(a,){vy,...v,}. The setis called a minimal set of
generators if fewer than m vectors will not generate V. In the case of the a,—modules
V(A) a set of generators 2 is a set of homogeneous generators if any element in 2 is a
sl(n + 1, C)—weight vector.

Theorem 3.2.  Let G, be the subset of L, ={a € S| Y®u, € L,} given by: G, =

@)= 1) (Hy)) j=1..4]

2]+1¢O:>a N jzl,...[%

geLly | a'=0 j=0....[%]

[S—

2

L (Hy) #0and 7V (H) = 0, B (Hy) = a3/, 1<r<i

iah{_l :/lzf_z(HZi—l) i= 1,2]—1 j: 1,...,

—_—

n+1
]
then the corresponding subset &, = {Y®u,| a € G} of the Littelmann basis L, is a set
of homogeneous a,—generators of V().

Proof.  Set L) ={ac £y al =0}. Since X; belongs to a,, we have of course only
to prove that acting with a, we may construct the subset 23 = {Y®yla € Lg} of £,.
We divide the proof in four steps.

1. First, if we define L} =

@ =0, 0= a0 #0 hzl,...[%]
acLly | AN (Hy) #0and X (Hy) =0, BN (Hy) = a2, 1 <r<i

=a =2 (Hyy) i=1,..2j-1 IERNNES
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and set ¢! = {Y®|a € L1}, then €} c U(a,)(6,).
Let us consider indeed for any 1 < j < [ ] the subsets 81 of £! given by:

ho _ ok
(ag)yy = dyp,>

i, 2+1<hs<n

1=0,...,
@) ={Y®u, € )| Y, € 6 [
(ag), = dl, k=ji...[3 2d<h<n,

and the corresponding filtration of £}:

®y=L)C--C e cLé[]cﬂé[ e =

Obviously it suffices to show that Qéj C ﬂ(a,,)(ﬁéj_z) forany 1 < j< [g] We shall do
it (for a fixed index j) by induction over the partial ordering “<;” of £} (and of €9 as
well) given by the relations

=gl

i i i i . .
as;boay,—ay,, <by—by,, i=2j+1,....n

With respect to this ordering the minimal elements in €). are those Y®u; with

] = —/l;j(szH), 2j+1 <i < n. For any of this element there exists a
(H,;)) such that the element Y©&®)y,
with g(a)y} = a3} + k and g(a)] = a} if (i,]) # (2,2)) belongs to &, and ( using the
sl(2, C)-representation theory and [10])

i i
yj — Ay

positive integer number k (namely k = aij: 2} »

k-1 (n=2j n-2j n-2j
k| ye@),, —.2J (@, _ 2j+h 2]+h 2j+h @)
X5 Yo up=c;’ (@)Y bu—l | E Ay, =2 azj ‘12]1 a2]+k+z Y*¥u,
i=1 \h=1 h=

hence, since in our Hypothesis the coefficients cij (a) are always different from zero, any
minimal element of Qéj belongs to U (an)(ﬂéj_z). Suppose now by induction hypothesis

that we have constructed any elements Y®™u, € ¢, for any b <; a. Since there exists a

we have

)
tupleag_ suchthat(a£1 )l—al,lf(l D #(2j,2)) andY Zfzbuei’,z o>

k @p ) 2j b
X5, Y 2wy = ckj(aiéj_z)Y(a)uﬂ + Z e Y®u,
b<,—a

which shows (again being cij (ag ) #0)thatalso Y @y, belongs to U (an)(ﬂéj_z).
2. Define now £2 =

a%lﬁl :O, h = 1,[%]
aeL) 2]+1(H2,) # 0 and /lzjﬂ(Hl) =0, /@fi([_[zr) _ a21+1’ l<r<i
= al =, (Hy) i=1,...2j-1 j=1 ]

and set £2 = {Y(a)uﬁl ac £ﬁ}) then €2 ¢ U(a,)(LY).
Forany 1 < s < [%] let €2 be the set

~1
e? :{Y(a)u et £0=2dk  #0 k=s,. ["2 ]}
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and consider the corresponding filtration of £2:
g=c...cc... cﬁz% CQ%%]H = g,
Again it will suffice to show that €2 ¢ U(a,)(2! ) forany 2 < s < [%] +1. We
shall still do it by induction. Indeed consider first an element in £2 of the form Y®u, =
2 a2s a2s a25+1 .

(Y;az) - )( - ) (Y;S*)Y;SZ_S;) e ) (Yésff‘)st - ) ( - )uA then the element Y®®)y, with
the tuple b(a) given by the relations b(a);* = a3* + 1, b(a);*!} = a5’} — 1, b(a);**' =0
and b(a); = ai. otherwise, belongs to £2 . Further from the relation [10]

Yogi1 - Y (b(a))ua

_ 2 2s+1 (@ +1) (@53 ,) (@) @ty (@13

= p(l,a3; + 1,a2j+1,0)(~- ')(st o gt Lor - [\Yaes L Jua

25 2s+1 (@) a3 ) (@) (@13

+p(1, a3 + 1, 4577, 1)( T )(st2 Y, 250 Nl Yos - )\ Yogs™ o L Juas

where

a+c—b>b
a—d

and to have binomial coefficients also available for negative integers, following Littel-

mann we used the definition:

a ~ lim I'a+1+1) .
bl —0T(b-a+1+00(B+1+1)

p(a,b,c,d):( ) a,b,c,de N d<b

it follows that Y®u, belongs to U(a,) (8?_1) because p(1,a3* + 1,a5%t1,1) = 1 (but
also see [10] remark 7) and both Y®®y, and
@) (@21 ek (@) :

(' ’ ')(stz o ')(still Y252—12 o ')(stizz T )( ) ')”ﬁ are in U(ay) (83—1)'
Let us now consider an element in £2 of the type

2 2s 2s 2s+1 25+2
() (- ) (v ) (P ) () (- s sine by induction
Hypothesis Y®u,, with b3* = a3+1, b3*t = a3**1 -1, b3**! = k and b; = a; otherwise,

2s+1 2s5+1

belongs to U(a,) (Lf_l) from Yoy, - Y®u,

_ 25 25+1 (a33+D) (@D @) yi (@373)

—p(l,a23+1,a25+1,0)(---)(Y2S "')(Yzm £ CTRERN L D AR | MR L1
2 25+1 R @5 yhrl (@33

+p(l, a5, + 1"’2§+1’1)("')(st N [\l g (s )L

it follows that also

(@) (@3) a3} _) @1 yke1 (@)
(Yz )()(st EPwSEEN | REVED CORREEN 1 R £3vil) | RN LU

belongs to (L{(a,,)( ?—1)-
3. Let us now define £3 as: €0 =
I (Hy) # 0 and 47 (HY) = 0, B (Hy) = a5, 1 <r<i

2r—1 2
act, "

= ad | = () i=1,..2j-1 =[]
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and set &3 = {Y®u,|a € L3} then €3 c U(a,)(L3).
Defining for any 1 < s < [”7_1] the sets

: -1
2? = {Y(a)MAEEiIa?’H =0 j: S,...[n ]}

we have the filtration of £3:

G=¢c..c®c.-cl, W =23

] T

Once again it suffices to prove that €3 ¢ U(a,)(£>_)) for any fixed s. We proceed by
induction. Let us first consider an element of €3 of the type

2 2s 2s 2s+1 2s5+1
Y®u, = (Y;az) T )( . -)(Y;iz‘) e Yl(a1 ))(Y;ii’l”) .. Yéaz )Yl)(~ . -)ug then the element

Y®@)y,, with b(a)%j_l = a%j_l+ 1,0<1<2s5-1, b(a %ii} = a%if} -1,-1<1<2s—-1,
b(a)! = al' otherwise, belongs to € |, and we have

2s 1 2s5+1 2x+1_1
Yager - YOy = p(1,a2 + 1,a2%1 — 1,0)( . -)(Y(”Zf+ ’---)(Y(“zm)y‘“zs )---)(---)uﬁ

2s5+1 2s 2s5+1 2s
1.a> +1.a51 - 1.1 Y(a%;“) Y(aiﬁﬂ ) Y. Y(a%Ll +1) Y(aﬁi“ -D
+p( 7a2_y+ ’a25+1 -1, ) 2s 25+1 2s 25—1 2 R 751

= i pi( - ) (1 v ) (Mt v ) (i v ) (i v ™) (- e
rqp@(-+ ) (M 1) (M BEE) (s o ™)

(st ) (st ) (- =

= 52 pi@ ¢ (T vy ) (M2t vy ™) (Mg v ) (s vty ) (-
+45,@)Y ¥y

where

i@ = p(l’a%iﬂ—k + 1,a§§f,1<+2 -1,0) H;(:_l1 p(l’agiﬂ—l + 1,a§§f}+2 - L1

i@ =TIl p(hagy,  + Lagt, - 11,

which show that Y®u, € U(a,)(L} ) because g5 (a) # 0 and all other elements belong
to U(a,)(L3_)). If we now consider an element Y®u, of the type

y@ _ Y(ag) Y(a%‘i) Y(af‘) Y(agiﬂ ) Y(‘Z%Hl) Yk hen by ind
TN DAEETE | RN | DACTTINS 4 LY, “I| -+ Jua then by induc-
tion Hypothesis the element Y®®u, with b(a);} , = a3* ,+1, 0 <1 < 2s—-1,

b(a)3t =a3** -1, -1 <1< 2s—1, b(a)! = a] otherwise, belongs to £? |, and with
the same computations done before we have

Yagir - Y@y,
_2s J2 @58 25-1 a3 +D) -1 plaii) 251 il =D
=27 p;(a)( e )(Hz=0 Y, Wi Yo 1=0 Vasrims JWILZ; Yooy T Ma

+q5, (@)Y Pu,,
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which implies (by induction) Y®u, € U(a,)(L3 ).

4. Finally we can show that 83 cUu (an)(i’,i). The computations are similar to those
done in the previous step. We define indeed forany 1 < s < [”7_1] the sets €9 =

LI (Hy) # 0and A (H) = 0, B (Hy) = a3, 1<r<i

0 2r-1 2r
Y(a)u/l c 2/1

= a§{+l = A;{(HZH']), i= 1, .. 2]_ 1’ j: Syeeny [%]

and consider the corresponding filtration of £

K=c...cc...ce, c = ).

sl el
2 5]+

Again, we need only to prove (always by induction) that 532 - (Ll(an)(ﬁ(s)_l) for any
1<s< 5.
Forafixed i, 1 <i<2j—1,let Y®u, € €% be of the type

@, _ (y@ Ny @\ (@) G a4 )
Y ”ﬂ—(Yz o 1 G I R T 6 i Yy U Ma

tl;en1 the element Y®®y, with b(a);’ , = a3* ,+1, 0 < [ < 25 - 2i, b(a);’!} , =
S+

ay’t ,—1,0<1<25-2i+1, b(a)! = da otherwise, belongs to £° | and we have with
the same computations of the previous step and the results of [10]:

Yase1 - YO,

_ o2s-2ix1 k=2 @D\ (1r2s—1 v @Gt DY (k-1 G0 (1725-1 v @it~ D
=it Pi(a)("')(H,:o Y )(lesk—1Y23—l 186D Syt | 11 s i B L]

+p§s—2i+z(a)Y(a)”ﬂ
2s 2s 2s+1
s s 2k—3 /(455 p) 25—1 (agy_+1) 225551
+ Dhesmiva sz—1(a)( o ) (H1=o Yy )(Hl=2k—1 Yy 5 Y0
25-1 @i~
(lezk—lyzsﬁ—z B L

which implies that Y®u, belongs to U (a,,)(ﬁg_ 1)- Now suppose by induction Hypoth-
esis that we have already constructed all the elements of 28 with a%f“ = /lgfle (Hymy) +
as¥ | + k. Then for any element Y®u, € £7 of the type

@, (@ @) @) @) (2 (Hoio a3y +her 1)
Y Ma—(Yz RN | EERR | DA Y, Y, ol g

the element Y®®y, with b(a);* , =a3* ,+1,0<1<2s-2i, bla)s* ,=a3’"] -1,

0<1<2s-2i+1, ba)] =a} otherwise, belongs to £  and we have

Yagi - YO®u,

 w25=2i+1 s k=20 [rzs—1 v tD (k. v @i )\ (12s-1 @i~
= Die1 Pi(a)('”)(nlzo Y )(lesk—lYZS—l oY 0 W Yoy T Ma
P32 @Y Pty
s =3y G D (1125-1 v Gt (1y26-2 @051 )
+Zk:s—i+2 p;k—l(a)(”')(nl:O Y 2s—1 )(HI:SZk—ly 25—1 leo Y 2s+f—1

2s+1
25-1 yl D[
(Hl=2k—1 Yy U
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which once again implies that Y®*®u, € (a,)(£°_|). This closes the proof of the
Theorem. u

In the first non trivial case beyond that treated by Douglas and Premat [5] namely
the restriction of irreducible finite dimensional sl(4, C)-module V(1), A = nA|+mA,+
PpA; to the abelian three dimensional Lie algebra spanned by the element Y, X, Y5 the
set of generators ®, is:

G, = {Vy YY" e, 0<j<m 0<h<p 0<i<j+n j#0=i%0|

if A =nA; +mA; + pA; with n > 0 and:

6, = (Y3 V VI Yyu, Y YiYou, 0 < h < pif A= mA; + pA;.

Although we do not need this fact in order to prove that the a,—module V(1) are
indecomposable, let us first show that the set of generators ® is a minimal set of
generators. We begin with

Lemma 3.3.  No proper subset ®', of ©, (60 € ©,) generates ©,.

Proof. It suffices to show that any expression of the form

D Py Vo )Yy Po(Xoj, Yaju )Y 20 Vg € 6, 3.1
gE(‘v))L
where P,(X,;,Y,,1) are non trivial polynomials in the operators X,;, j = 1,---, [g],

Yoiii,i=1,... [%], does not belong to the linear span (®,) of ®,.

Let us denote by V(A)~ the linear span of all element of the Littelmann basis with
(ak)gj: < /lgj:_l(HQ i), since for every element of ®, yields aif = /lgj:_ \(H3j), we have
V(D)™ N(G,) = {0}.

Now from the proof of Theorem 3.2 point 1. for any element Y®u, in £, and any
operator X,;, we have Xp;Y®u, = Y, ¢, Y™ u, € V(1)~. Therefore it remains only to
consider those combinations of the type (3.1) where there exists at least a monomial
which contains only operators of odd index. For any such monomial P if V(1) is
a subspace of V(1) such that V(1) = V()" & (V(1)~ & (®,)), then from the proof
of Theorem 3.2 points 3. and 4, it follows that for any g € &, Pg = v/ + w, with
vi € V(O*, wi € (V) ®(6,)) and v] # 0, moreover if g’ # g, g,¢’ € 6,, or
P # Q then vé’,’ is linear independent from Vzg . But then for any expression of type (3.1)
where there exist at least a monomial which is a product of only the operators Y5j

(i = 1,...["—;1]) we have

D PolXa, Yo )Y uy ¢ (V) @(6,))

geG
[
Theorem 3.4.  The set ®, is a minimal set of a,—generators.
Proof. Let {wy,...w;} be another set of generators, then for all 1 <[/ < k, choosing

any ordering G, = {1,...,#(G,)} (where #(S) denotes the number of elements in the
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set §) of the set G,, we have:

wp = Z Cl[gY(ag)I/t/l + Z Plg(XZja Y2j+1)Y(ag)u/1
geG, 8€G,

where a;, € C and P,(X5j, Y2j.1) are polynomials in the operators X5;, j=1,---, [ﬂ]

2
Yo, i=1,... [";21] without constant term. Since the set {wy,...w;} generates V(A)

we may obtain acting on it the elements of ®,. Let 7" = {w,| a,, # 0 for some g € G,;}
and T ={j|1<j<k|w,eS}. Let g € G,. Then

Y®u, = Z bgi [ Z iy Y(ag’)uﬂ] + Z P (X, Y)Y 1y

leT g'eG, g'eG,

with polynomials P;g, in the variables X,;, j=1,---, [%] Yoirr,i=1,..., [%] with-
out constant term. From the proof of Lemma 3.3 it follows that the sum

Yeec, P . (X2j, Y2j1)Y @)y, can not be equal to any combination of elements of ;.

Hence Y@y, = Z by [ Z aig Y(ag')ua]-

leT g'€G,

This implies that if we put B = (bgi)gecd and A = (aig) r then BA is the identity
[ geG
matrix. Hence k > #(T') > rank(B) > #(e(h), so ®, isa minirilal set of generators. The

argument of this proof is due to Premat [13]. [ |

Corollary 3.5. Let W = {wy,...wy} be a set (non necessarily minimal) of a,—

generators, then there exist a injective map ¢y : ©, — W, such that for every Y®u, €
(5/1 N

Y®u, 5 wyag,, = du(Y®uy) = a,Y®u, + Z Pue(Xo;, Yo )Y®u,  (32)
8'€G,

for some a, € C, a, # 0, where P,y are polynomials in the variables X,;, j =
1,---, [g], Yo, i=1,... [”T_l] and the polynomial P,, has no constant term.
Proof. In the proof of Theorem 3.4 we have shown that the elements of W can be

written in the form

wy = Z a Y u, + Z P (Xaj, Yoji1) Y uy
g€G, g'€G,
,,,,, #a) 18 a matrix of rank at least #(G,) (recall that #(2B) < #(G))).

1=1,..#(G)
This implies that for arfy g €{l,...#(G,)} we can constructamap ¢ : {1,...#(G)} —

{1,...#(G)} such that forany g € {1,...#(G1)}, ay() 1s different from zero and g # g’
implies ¢(g) # ¢(g’). Then the map &, — W

Y, 5 (Y1) = Wy = ayiY “Pua + Lye, Aoy Yt
g#g’

+ Zg,EGA Py)g (X2j, Y2j+1)(Y(ag')MA)

is the wanted map. ]
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Proposition 3.6.  Any set W = {wy,...w,} of homogeneous a,—generators contains
an element wg such that:
w§:a§§ ag;éOE(D.

where g is the element of the set of a,—generators &, given by

3] .
z = YEEZ[]g]l(H[S])] N Yéjzj,l(ﬂz_/)) .

A2(H.
Y; 1 2))u4.

Proof.  The sl(n + 1, C)-weight uz of the element g is uz = A — Zl.[:%l] L (Ho)a
since
ME = Saz[%] “ e Saz(/l)

we have dim(V,.) = 1, but then the claim follows from Corollary 3.5 and the first part
of this proposition. ]

Observe that we do not need the fact that ®, is a minimal set of generators in
order to prove Proposition 3.6. The simple fact that ® is a set of generators implies

Lemma3.7. Let W = {wy,...wy} be a set (non necessarily minimal) of a,—generators
then there exists a wy in W such that

wr=ag+ Z P (X2, Yaju1)Y®u,

8€0,.8#8

with a complex number different from zero.

Proof. Since:

-1
3¢ X,(V(D) j:1,...,[g] 3 ¢ Yo, (V(A)) i:1,...[”2 ]

the set W is a set of generators of V(A1) only if it contains an element w of the form

w=ag+ Z P(Xs;, Y2j+1)Y(ag)u/l

8€0,,8#g
with @ complex number different from zero. ]

Using Lemma 3.7 is obviously possible to prove directly Proposition 3.6.

Let s, = b > a, be the subalgebra of sl(n, C) given by the semidirect product of
the Cartan subalgebra b and the subalgebra a,. The sl(n + 1, C)—module (a,—module)
V(A4) is also a s,—module, on which the subalgebra b acts diagonally. Obviously any
set of generators of the a,—module V(A1) is also a set of generators of the s,—module
V(4). Moreover for what said above any s,—submodule of V(1) is a sl(n+ 1, C)—weight
module, i.e., it can decomposed as a direct sum of sl(n + 1, C)—weight spaces. From
these facts it follows the

Proposition 3.8.  Ifthe s,—module V(1) decomposes in a direct sum of two subsmod-
ules: V() =U @ T, then g belongs either to U orto T.
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Proof. Let Wy = {wy,...w;} and Wy = {wj,q,...w;,} be respectively a set of
generators of U and of W. Since U and T are sl(n + 1, C)—weight modules we
may suppose that both 2, and W, are made by homogeneous elements, and therefore
W =Wy UWr = {wy,...w;,wj,1,...w,} is a set of homogeneous generators of V(A4).
Then form proposition 3.6 it follows that there exists an index /, 1 < [ < & such that
g = cgw;. Hence g belongs either to U orto T'. [

Theorem 3.9.  The a,—module V(Q) is indecomposable.

Proof.  Letus first show that the s,—module V(1) is indecomposable. Let us suppose
that V() is the direct sum V(1) = U & T of two s,—modules U and T and let
Wy = {wy,...w;} (res. Wy = {wy,...w,}) be a set of homogeneous generators of
U (res. of T')). We know from Proposition 3.8 that either g belongs to U or to T. Say
g € U, then we shall show that V(1) = U

We say that an element Y®u, of the Littelmann basis is of level [ if [ is the
minimal nonnegative integer such that Y®u, = P;--- Pju, and any monomial P; 1 <
J < lis a product of elements Y; of index either odd or even.

It is immediate to see that all the elements of the Littelmann basis of length 1
and O are in U(a)(g) and therefore in U. Let now us suppose by induction that any
element in ®, of level less or equal / is in U. We need to show that any element in ®,
of level [ + 1 also belongs to U. First, since any element Y®u, in &, is of the type

2h
Y@y, = Ygih(' .. )uﬂ with agz #0,0<h< [%], %, decomposes as

®, = Ulsjls-éj,;S[%] URN"

2/1

Ay < v "
g= Y(a)u/l /1( )Y 21 Yz;l; "u
(5/1,j1 ,,,,, js = 8 € (5/1

with ayh > 0i=1,...5 a1 # 0,k < j,, r>2j,.

Therefore it is enough to show that for any fixed set {j;,... j} (1 < j; <--- < ji < [g])
the elements of length /+ 1 in ®,; ., belong to U. We shall do it by induction over

the orderings {<; ,...,<; } defined in the proof of Theorem 3.2. If g € ¢, is minimal

with respect all the ordering {<;,...,<; } then
ay)! @l 2j10n2j 212
iy . 2js Jloeees Js (a) Jlseess Js v %1
Xoi ( )ij §=0y 0 = Cojimzis Yaics1 Ua

with ch1 2" #0, a5, #0and Y®u, = Yzi’”ll( )u/l element of € of level /. Since

2j1

2]3
ijl"( -~)X 2”g has been obtained from an element of the set ®, of level [ + 1 by

erasing the operators Y5;,, 1 <h < s, and it is of the type Yzik;l'( )uﬂ with a}, , >0,

0<k< [%], by the very definition of the set ®, it can be generated by an element
of ®, of level / — 1 and it is therefore by induction hypothesis a non trivial element in
U. We can now decompose g as g = gy + gr with gy = Z};zl Pi(Xos, Yo, i1)wi € U and
gr = ZZ:,- +1 PiXas, Yose1)wr € T and since all the elements w; are homogeneous, gy
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and g7 are of the same sl(n + 1, C)—weight of g. Now

a2 2” &N A2 2N 2“ el zjg
(i = e s cv = i =
But the fact that gy and g7 has the same sl(n + 1, C)—weight of g implies that they
have also the same weight of g with respect any subalgebra g,; spanned by the vector
Hy;,X5;,Y>j, 1 < r < s and equivalent to the complex simple Lie algebra sl(2, C).

Since H,; g = —aij’g with azj' > 0 for 1 < r < s the theory of the sl(2, C)-finite

2]r

dimensional modules implies that for 1 < r < s, X, 2 gr = 0 if and only if gr = 0.
Hence g = gy € U. Now, since for any element g in (5 Aji....j. Which is not a minimal

~~~~~ K

element for at least one of the ordering <; (1 <r < s ) we have

2]1
2y 2is 2jtse2ds o [ ~  y(b)
ijl( )ijcg_czjl 2st2k++1( )”ﬂ+ Z C(b)Y U
(d)<,(a)

s=1,..r

a2 2js
by induction over the orderings <; (1 < r < s ) we have that X 2”( -v)XaZ”g eU.
Then from the same argument used above g € U. We have therefore proved that any
element of ®, of length / + 1 belong to U, if any element of ®, of length / does.
Therefore by induction the set of generators %, belongs to U. Since ®, generates V(A1)
under the action of a,, we have V(1) = U also as a,—module. Hence the a,—module
V(A) is indecomposable for any integer dominant weight A. [
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