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1. Introduction

In this paper, we analyze degenerate principal series for p-adic Fy. More precisely,
let F be a p-adic field with charF' # 2. We let G be the F-points of a split
simply connected p-adic group of type Fy. For degenerate principal series, we
take a maximal proper parabolic subgroup P = MU and a one-dimensional
representation y of M, extended trivially to P. The induced representation
Indg(x) is then a degenerate principal series. In this paper, we determine when
Ind$(x) is reducible, and when reducible, determine the number of irreducible
subrepresentations and quotients which occur, as well as showing they are distinct.
We note that for p-adic Fjy, the reducibility points for the case where y is
unramified with real infinitesimal character were known by [8], but done using
different methods.

An understanding of degenerate principal series is helpful in understanding
the representation theory of a group, as well as having applications to automorphic
forms (e.g., via the associated Eisenstein series). The reducibility points and
composition series of degenerate principal series are already known for p-adic
general linear groups ([21]), symplectic and orthogonal groups ([11],[3]), and the
exceptional group of type Gy ([14]).

Our analysis uses Jacquet module methods. The systematic use of Jacquet
modules to study induced representations has its roots in the work of Tadié¢
([18],[16],]20]), which in turn have their roots in the work of Zelevinsky ([21],[22]).
We remark that the situation at hand is more difficult in one important respect:
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unlike the case of classical or general linear groups, the structure of Fj does
not allow for a convenient explicit realization, so we must work via root data.
The approach used is therefore more general, and could be applied to other
exceptional groups. In practical terms, to deal with larger exceptional groups,
it seems likely that either a greater use of computer calculations or a shift in
emphasis to Jacquet modules with respect to maximal parabolic subgroups would
be needed to efficiently carry out the analysis.

We close by briefly describing how this paper is laid out. The next section
reviews the structure of Fj, as well as recalling some results on Jacquet modules
which are needed later. The third section contains the main result on reducibility
of degenerate principal series for F; (Theorem 3.1). The fourth and fifth sections
contain the proof of this result; the fourth section covers the regular case, while
the fifth section covers the non-regular case. We note that the nonregular cases are
subtler and done on a case-by-case basis. In the last section, we give some results
on the structure of composition series for reducible degenerate principal series. In
particular, Theorem 6.1 gives the number of irreducible subrepresentations and
quotients for the reducible degenerate principal series. We close with an appendix
giving double-coset representatives used in the Jacquet module arguments.

Some of the material from this paper is based on the first author’s thesis
([7]), and he would like to thank Allen Moy for his guidance. The second author
would like to thank Salman Abdulali and Mahdi Asgari for answering questions
which arose during this work. Finally, the authors would like to thank the referees
for comments and corrections which were helpful in the revision of this paper.

2. Preliminaries and Methodology

We begin this section with a discussion of Fy. We then review results needed to
do the Jacquet module arguments in this paper.

Let F be a p-adic field with char F' # 2, w a uniformizer. Let G be the
F-points of a split group of type F, defined over F. Fix a minimal parabolic
subgroup B = AU,,;, for G. We denote the simple roots by A = {ay, as, as, as}
where o and «ay are the short roots while a3 and a4 are the long roots. Since G
is simply connected, every element h € A can be written uniquely as

h(ty,ta, t3,ta) = o (t1) o (t2)ay (t3)ovy ()

where «a; is the coroot associated with «;. Note that this allows us to write a
character of A in the form y = x1 ® x2 ® x3 ® x4, where y; is a character of F*
and

X(h(t1,ta,t3, 1)) = X1 (t)x2(t2)xs(ts) xa(ta)-

Let W denote the Weyl group for G. To describe the action of W on
characters, it suffices to describe the action of simple reflections. For «; € A, let
s; denote the corresponding simple reflection. The action of the simple reflections
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on characters is summarized below:

sIX1®@ 2@ X3 ® X4) =X @ X1X2 ® X3 @ Xa
$5(X1 @ X2 @ X3 ® X1) = X1X2 @ X5 @ X2X3 ® X4
$3(X1 @ X2 @ X3 ® X4) = X1 ® XaX2 ® X3 @ X3X4

si(X1 ®X2 @ X3 ®Xa) = X1 X2 ® XaXa @ Xg -

Note that we often write a character x of F'* in the form y = v®yg, where
v=|-], s € R and x( unitary.

To each © C A, we associate the standard parabolic subgroup Py =
MoUg = (B, s; | a; € ©) (identifying s; with a representative in G). We let Mg
denote the Levi factor of Pg. There are four maximal standard Levi subgroups
in G'. For each 1 = 1,2,3,4, we define P, = M;U; = Pa_{q,3. We note that the
following isomorphisms are used later (cf. [1]):

M,, = GL(2,F) x F* x F*
for i =1,2,3,4, and
M, = GSpin(7, F), M, = GSp(6, F).

We review results need for our Jacquet module arguments in a more general
setting. Let M, N be Levi factors of standard parabolic subgroups of GG. We
let i§, and r§, denote the functors for (normalized) parabolic induction and the
(normalized) Jacquet module, respectively (cf. [4]). Set

WMN = Ly e W | w(®}),) C ®T,w H(df) C &T},
where @1 denotes the set of positive roots. The following is a theorem of Bernstein-
Zelevinsky [4], Casselman [6]:

Theorem 2.1.  Let Q be an admissible representation of M. Then, r§ 0i§(Q)

has a composition series with factors i, o w o 3L (Q), w € WMN where M’ =

MAw ' (N), N =w(M)NN.

Let s1, ..., s, be the simple reflections in W. Let B = AU,,;, be the minimal
parabolic, and N; the Levi factor of Py,y. For m = i§(2), we denote by BZy()
the collection of representations iY,owor as 7 runs over the components of r44,(€2)
and w runs over WY We use the following theorem to determine reducibility
points in regular cases. This theorem requires three hypotheses. First, we want
Q) to be irreducible. Second, we want r4/(Q) # 0. Third, we require a regularity
condition on Q: if 1 is a character in 7 (Q), we require that 1 be regular with

respect to W. The following is Theorem 3.1.2 of [9]:

Theorem 2.2. Under the three conditions above, the following are equivalent :
1. 7 is wrreducible
2. o is irreducible for any i and o € BZy, ().
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Theorem 2.2 provides a criterion to determine the reducibility points in
regular cases.

We remark that in much of this paper, we work in the Grothendieck group
setting. In particular, we have write 7 = m + m if mult(p, 7) = mult(p, m;) +
mult(p, me) for any irreducible p, where mult(p, 7) denotes the multiplicity of p
in 7. Similarly, 7 < 7’ if mult(p, 7) < mult(p, 7") for every irreducible p. When
we mean an equivalence rather than just an equality in the Grothendieck group,
we write m = 7’ instead of m = 7’.

The Langlands classification is used to deal with some of the nonregular
cases; we take a moment to note some relevant facts ([5], [17], [13]). We note
that we use the subrepresentation version of the Langlands classification as it is
a bit more amenable to Jacquet module arguments (by Frobenius reciprocity, the
inducing representation appears in the corresponding Jacquet module). In this
setting, the Langlands subrepresentation is the unique irreducible subrepresenta-
tion of some i{;(expp ® 7), with 7 an irreducible tempered representation of M
and p € (a3;)_ (cf. [5], [17], [13] for notation). Note that if M = A, expu @ 7
has the form v"'y; ® 1™y, ® V™3 x5 ® vy, with x; < 0 and x; unitary for all
i. In our applications, we have either M = A and exppu ® 7 of this form, or
there is some I C {1,2,3,4} such that x; = 0 for i € I, M = M, |iecry and
exppu@7 = i (V¥ @2\, @ VP33 @ ¥ yy) (with the irreducibility of exp u® T
known).

3. Main Results

The following contains the main results on reducibility. The proof is done in
sections 4 (regular cases) and 5 (nonregular cases). We note that in the case of
real infinitesimal character—yo = 1 in the theorem below-this recovers the results
of [8] using a different approach.

Theorem 3.1.  Let G be a split group of type Fy and ) a character of the Levi
factor M of a mazximal parabolic subgroup of G, which is defined by a character
X of F* as described below. We write x = v°xo, where v =|-|, s € R and x¢ is
a unitary character.

(1) Let M = M, and ) be defined by Q(h(ty,ts,t3,t4)) = x(t1). Then i§,(Q) is
reducible if and only if s = £11/2,45/2,+1/2 with xo = 1, or s = £1/2, xo
with of order two.

(2) Let M = My and Q be defined by Q(h(ty,ts,t3,t4)) = x(t2). Then i§,(Q) is
reducible if and only if s = £7/2,+£5/2,£3/2, £1/2 with xo =1, s = £3/2,£1/2
with xo of order two, or s = £1/2 with xo of order three.

(3) Let M = M3 and Q) be defined by Q(h(t1,ta,t3,t4)) = x(t3). Then i§,(Q) is re-
ducible if and only if s = £5/2,+3/2, 41, £1/2 with xo =1, s = £3/2,+1,+1/2
with xo of order two, s = £1/2 with xo of order three, or s = £1/2, xo of order
four.

(4) Let M = My and ) be defined by Q(h(ty,ts,t3,t4)) = x(ts). Then i§,(Q) is
reducible if and only if s = £4,4£2,+1 with xo =1, or s = £2 with xo of order
two.
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4. Regular Cases

For each maximal standard Levi subgroup of G, we determine the regularity
conditions on r4 () and the reducibility points of BZy,(7) (i=1,2,3,4). We apply
Theorem 2.2 with this computation to find the reducibility points for the regular
cases.

We use the following result for Gy = GL(2,F) in [21]: iig(Xo) is re-
ducible if and if yo/x{’(diag(a,b)) = v*(a/b) where diag(a,b) € Ay and sg
is a simple reflection in Gy. To use this result for GL(2, F), we need to de-
scribe diag(p, q) inside GL(2, F') of Ny, Ny, N3, and N, which are isomorphic to
GL(1,F)xGL(1,F)xGL(2,F) [1]: diag(p,q) in Ny is expressed as h(p, pq, 7, s);
diag(q,r) in Ny is expressed as h(p,q,qr/p,s); diag(r,s) in N3 is expressed as
h(p,q,7m,rs/q*); and diag(r,s) in Ny is expressed as h(p,q,rs,s). Combining
these observations, we see that zﬁ"(xl ® Y2 ® Y3 ® x4) is reducible if and only if
i = VAL

Lemma 4.1.  Let x be a character of F*.

1. Let Q2 be a character of My defined by Q(h(t1,ts,t3,t4)) = x(t1). Then

rAN(Q) is nonregular if and only if x = vFY/2ETZE2E2EL2 op 2 —

2. Let Q be a character of My defined by Q(h(t1,ta,t3,t4)) = x(t2). Then

T%Q(Q) is nonreqular if and only if x = Vi5/2’i3/2’i1/2, X2 = yE2ELO o
3 _ 412
X° = vH/E,
3. Let Q be a character of Ms defined by Q(h(ty,ta,t3,t4)) = x(t3). Then
N3 (Q) is nonregular if and only if x = vF/PEUZ N2 = pE2ELO 43 —
VEL2 op A = ELO.

4. Let Q be a character of My defined by Q(h(tq,ts,t3,t4)) = x(ts). Then

My : : : _ 4342410 2 4342410
rat(Q) is nonregular if and only if x = v or x* =v .

Proof.  We start with (1). Set ¢ = 74" (Q), so that ¢ = 1"?y@v v 'er .
For w = sy,
weh = @y @l @ !

(see section 2). Then, ¢ = w - implies that y = v~%/2. Similar calculations

for the other elements of W check the regularity of ¢ and give us the regularity
condition on ri ().

For (2), we use ¢ = v ' @ v*?y @ v @ v=' = r?(Q), and argue as
above. For (3), we have ¢ = v ' @ v ' @132y @ v = ri3(Q). For (4), we use
Yp=vlev!ieurv ey =ri*Q). n

Lemma 4.2.  Let x be a character of F*.

1. Let Q be a character of My defined by Q(h(ty,ta,t3,t4)) = x(t1). All the

BZ composition factors of r§ (w) (i=1,2,3,4) are irreducible except when

Y = pEI/2E2ET/245/283/241/2 o (2 L
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2. Let Q2 be a character of My defined by Q(h(ty,ta,t3,t4)) = x(t2). All the

BZ composition factors of T’]C\T;i(Tf) (i=1,2,3,4) are irreducible except when
Y = pET/2EB/248/21/2 2 A8 A2 10 +3/2.41/2

3. Let Q) be a character of Ms defined by Q(h(ty,te,ts,t4)) = x(t3). All the

BZ composition factors of rﬁi(ﬂ) (1=1,2,3,4) are irreducible except when
Y = pES/2EB/2E1/2 (2 ABEDEI0 (B B/2E1/2 o 4 E2E10

4. Let Q be a character of My defined by Q(h(ty,ta,t3,t4)) = x(ts). All the

BZ composition factors of T‘]C\T;i(ﬂ') (i=1,2,3,4) are irreducible except when
Y = pELEBERELO o (2 A EBE2E10

3 _
,or X° =V

Proof.  We start with (1). In case of N = Ny,

WM1N1 = {1, $981, 5352851, 82535251, 54535951, 5459535251, §354525359S571,
52835452535251, 52535451525835251, 535253545152535251,
54535253545152535251, 5253515253545152535251, 545253515253545152535251,
53545253515253545152535251, 5283545283815233345152335251}

(see the appendix). For w = s951, $35251, S4S35251, S253515253545152535251,
545953515253545152535251, S3545253515253545182535251 in WMN N’ = N; and
M' = w™'(N;) imply that i%} o w o1 is irreducible. In the remaining cases
of w € WMiNMi ' N’ = M’ = A and i%} o w o 1 is irreducible except when
x = pHUR2ETZER2E2 o 42 — pFL - For example, consider w = 1. Then
Nt owoy =i (1 2x@v ' @r @) is reducible if and only if v%/?y = v
ie, x = v /27112 Similarly, we check the reducibility of the remaining BZ
composition factors of rf\;,i (), i=1,2,3,4.

Cases (2),(3), and (4) are similar. ]

Corollary 4.3.  Let x be a character of F*.

1. Let Q be a character of M, defined by QUh(t1,ta,t3,ts)) = x(t1). Under
the regularity condition on r\*(Q), © = i§,(Q) is reducible if and only if
x = vEY2 or v = v 2y with xo of order two.

2. Let Q be a character of My defined by Q(h(ty,te,t3,t4)) = x(t2). Under
the regularity condition on r\*(Q), © = i§,(Q) is reducible if and only if
x = vy = v 2y with xo of order two, or x = vT'/?x, with xo of
order three.

3. Let Q0 be a character of Mz defined by QUh(t1,ta,t3,t4)) = x(t3). Under
the regularity condition on r\*(Q), © = i§,(Q) is reducible if and only if
x = v = v 2y with xo of order two, x = vFY?yy with xo of order
three, or x = v'/2xq with xo of order four.

4. Let Q be a character of My defined by Q(h(ty,ta,t3,t4)) = x(t4). Under
the regularity condition on r\*(Q), © = i§,(Q) is reducible if and only if
x = v or x = vy with xo of order two.

Proof. This follows from Theorem 2.2 and the two preceding lemmas. |
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5. Nonregular cases

In this section, we use Jacquet module methods to determine reducibility in the
nonregular cases. We remark that in [7], this is done for those cases not having
real infinitesimal character—the case of real infinitesimal character being known
from [8]-using the Hecke algebra results of [15] to reduce the problem to simpler
groups. We take a different approach here to correct certain errors in [7], give a
more stylistically consistent approach, and drop certain restrictions on F' required
by [15].

In the following lemma, we use the shorthand of [21] and [19] (and its
obvious extension to GSpin groups, cf.[2]) for induced representations. The
realizations of GSp(6, F') and GSpin(7, F') are the usual ones (e.g., [19],[2]). We
note that some of these results are not used until the next section.

Lemma 5.1.  For GSp(2n, F) we let triv,(x) denote the one-dimensional sub-
representation of v x v "t x ... x v~ x . Let xo denote a character of order
two. We have the following results on degenerate principal series for GSp(6, F):

1. 1gpay X trive(v™1) = oy @ 09 with

Slo)=1oviervievi+r?elereov! and
o) =1lev?eorieorvi+rv?oleovier i+ 2er el vl

2. vio detgr) % trivi(v) has a unique irreducible quotient oy and unique
wrreducible subrepresentation oo. We have

Slo)=a'oriolel+w'@wleorv!'el+r'ieolerveor ! and
r$(oy) = v ®ler 'ol+2-1or ' er iol+lover tor T+Hler T ever L.
3. xo 0 detgra) X trivi(v=1) is irreducible.

L s irreducible.

4. Xoodetgr@) X v~
5. ]-GL(3) X V2 = o B 09, with
o) =rvieleover?+wioleoriervi+a ' eoricoleor?

and r§(0r) =rv '@ 1®ve v

For GSpin(2n+1, F) we let triv,(x) denote the one-dimensional subrepre-

sentation of v 2+1X XV 2+3X XX V_%X xx2. Let xo denote a character of order
two. We have the following results on degenerate principal series for GSpin(7, F):

1. v o detgriay X trivy(v=2) is irreducible.

2. v7to detgr(z) X =2y s irreducible.
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1

3. 1/71)(0 o detGL(g) XNy - =01+ 09+ 03.

We have 7§ (01) = 20 2xo @ v xo @ v lxo @ vt
H X0 @V X ® X0 ® YT+ T X0 @V X ® Y X0 @V,
r$(02) = v 2x0@ v o @ xo®@v Y, and r§(03) = v Xo @V X0 @ xo @V
0o @ x0 Qo @V M+ o @ xo ® v o @ v

Further, o, & oy appears as a subrepresentation and o3 as the unique irre-
ducible quotient.

Proof. The arguments are like those used in [10]; the composition series
structure follows easily from the Jacquet modules and Frobenius reciprocity. Note
that the results on reducibility for GSp(4, F') = GSpin(5, F) (resp., GL(3, F))
needed to do these may be found in [16] (resp., [21]). n

Remark 5.2.  Consider the character x; ® y2 ® x3 ® x4 of A C F,; (which is
also the maximal split torus for M; and My). Now, we have My = My, 4y.a5 =
GSp(6,F) and My = My as.0, = GSpin(7,F). With the usual realizations
of GSp(6,F) and GSpin(7,F) (e.g., those used by Tadi¢ and Asgari, resp.),
X1 ® X2 ® x3 ® x4 may be identified with the following:

1. under My = GSp(6, F), it is identified with A\ ® Ay ® A3 ® A, where

Al = X1X2X3: A2 = X2X3, A3 = X3, A= X4.

Note that in this case, the simple roots aq, as, a3 of M, correspond to the
simple roots o}, o), o, resp., of (the usual realization of) GSp(6, F'). In the
opposite direction,

i=MA e = A3 xa=As = A
2. under M; = GSpin(7, F), it is identified with A\ ® Ay ® A3 ® A, where

A= X06XEXT, A2 = X3BXEX4, Az = XIX3XEXa, A = XIXaXixT-

Note that in this case, the simple roots as, az, ay of M; correspond to the
simple roots of, ab, o), resp., of (the usual realization of) GSpin(7, F). In
the opposite direction,

X1 = AT X = A2 s = At xa = Ak

Proposition 5.3. With notation as in Theorem 3.1, the reducibility for i§,(Q)
for nonregular cases (cf. Lemma 4.1) is as follows:

]. M:Ml

We have reducibility for s = £5/2,£1/2 with xo = 1. We have irreducibility
for s =+£9/2 +£7/2,43/2.0 with xo =1, and s =0 with xo of order two.
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2. M = M,

We have reducibility for s = £5/2,4£3/2,+1/2 with xo =1, and s = £1/2
with xo of order two. We have irreducibility for s = +1,41/6,0 with
Xo = 1, and s = £1,0 with xo of order two, and s = +£1/6 with xo of
order three.

3. M = Mj

We have reducibility for s = +£3/2,£1,+1/2 with xo =1, and s = +1,+1/2
with xo of order two. We have irreducibility for s = +1/4,4+1/6,0 with
Xo = 1; s = 0 with xo of order two; s = £1/6 with xo of order three;
s ==+1/4,0 with xo of order four.

4. M =M,

We have reducibility for s = £2,+1 with xo = 1. We have irreducibility for
s = +3,4£3/2,£1/2,0 with xo = 1, and s = £3/2,+1,+1/2,0 with xo of
order two.

Proof. By contragredience, it suffices to restrict our attention to s < 0.

We first address the reducibility cases. The basic strategy for proving
reducibility is the same for each case. One finds an induced representation i¥(\)
such that the following hold: (1) i§;(€2) and i¥()\) have an irreducible subquotient
71 in common, and (2) 7§(i§;(Q)) is not contained in r§(i¥()\)). This clearly
suffices; were i§;(Q) irreducible, (1) would force i§;(Q) < i¥(\), from which it
would follow that 7§ (i§,(Q)) < r§(i¥()\)), contradicting (2).

Consider the case M = M3, s = —1, and Yo of order two. We note that
4 (15, (Q)) may be calculated using Theorem 2.1 and the results in the appendix.
Doing so, one sees that v ®1® v 2yo ® v 2xy < G (15, (Q)). Let m be an
irreducible subquotient of i§;, (€2) which contains 1 ®@ v~! ® V3o @ V2 in its
Jacquet module. By central character considerations,

T =i STl V_%Xo ® V_%XO) = z'%% (i%’” 'Rl I/_%XO ® V_%X0)> )

Now, ii\{az v lel® VT ax ® y2 Xo) is an irreducible representation of M,, and
satisfies the requirements for Langlands data in the subrepresentation setting of
the Langlands classification. In particular, L(z’%"2 (' @1Qv 2y, ®r2yg)) is
the unique irreducible subrepresentation of i]\GhQ (ii\f‘” (s V_%Xo ® V_%Xo)),

hence m = L(z’f‘y2 (V'®1@r 2@ 2xo)). A similar argument shows that

also appears in i§; (A), where A is the character of M, corresponding to 2 having
s = —3 and yo of order two. One can calculate 7§(i§;, (\)) similarly to see that

it does not contain 7§ (i, (€2)) (or simply observe that this holds from cardinality

considerations). Thus i{, (€2) is reducible.
The arguments in the other cases of nontrivial x( are similar; we just remark
on the necessary changes. For M = M5, s = —% with yo of order two, we compare

with i§;, (A), where A = oy is the irreducible subquotient of V2 0 detar2) X
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trivi(xo) given in Lemma 5.1, (7). We remark that by Remark 5.2,

) = e @r i@+ rterx@r i@l + xo ® vie ® Xo ® Xo
+x0 @V X0 ® X0 ®1+ X0V TR X0 Q@ Xo+ X0 ® Vv ® xo® 1,

which can then be used to calculate r§ (i, (X)). We take

m = L(i*(xo ® v ® x0 ® x0))
for the common irreducible subquotient. In the case M = M3, s = —% with xo of
order two, we compare with i, (A), where A\ = o1 corresponds to the irreducible

subquotient of v~! odetgy sy ¥ vxo given in Lemma 5.1 (6). Again, by Lemma 5.1
(6) and Remark 5.2, we have

ri\l/[‘*)\: W lerltelevy+riereriouy+rrerter ! ®@vy.

We take m; = L(i}2(1® v™! ® xo ® 1)) as the common irreducible subquotient.
Reducibility in the case yo = 1 is similar but a bit easier as one can show
reducibility by comparing degenerate principal series from different parabolic sub-
groups. In this case, the degenerate principal series g, () for s = =2 ig ar (Q3)
for s = —g, and iga,(Q4) with s = —2-using 2; to indicate the character
is attached to M;-have m = L(iy,, aA(v"' @ 1@ v ®v7")) as a common ir-
reducible subquotient, from which the reducibility of all three may be deduced.
Similarly, ic,a (1) for s = —3,ig () for s = =3, and ig,, () with s = —1
have m = L(ing,, ., a(1 @ v ' ®@1®@v7")) as a common irreducible subquotient,
from which the reducibility of all three of these may be deduced. The degener-
ate principal series igap(€) with s = —2 and iga(Q3) with s = —1 have
m = Llipp A(1®r ' ®1®1)) as a common irreducible subquotient, which can be
used to show the reducibility of both. Finally, 71 = L(ip,, a(v '@ 1@v '@v™))

(resp., m = L(iy,, (1@ 07 ® v~2 @u2))) appears in both igar, (1) for s = -1
and iy, () for s = =2 (resp., ig () for s = —1 and ig a, () for s = —3).
This directly implies the reducibility of ig,az,(Q2) for s = —2 and iga,(Qs)
s = —1 as their Jacquet modules contain more terms than those of i, (€
s =—1 and ig () for s = —1 (which are are irreducible-see below).
We now turn to showing irreducibility in remaining cases. The basic idea
is to start with an irreducible subquotient 7 of i§;(€2) and show that r§(m) =
rG(i5,(Q)). This may be effected as follows: suppose we know 7§ (1) > x1 ® Y2 ®

X3 ® xa. If, e.g., x1 # v+, then ii\{al (X1 ® X2 ® x3 ® x4) is irreducible and is the
only irreducible representation of M, containing x; ® y2 ® x3® x4 in its Jacquet
module. Thus,

M,
7"1(\;4&1 (m1) =i ™ (X1 @ X2 ® X3 ® X4)
(2
rG(m) > X1 ® X2 ® X3 @ Xa + X1 @ X1X2 ® X3 @ Xa.

In particular, if y; # v*!, we have
X1 ® X2 ®Xx3® x4 < 7’3(71'1) = X1 ®X2®X3®X4+X1_1®X1X2®X3®X4 < Tﬁ(ﬂl)

as well (suitably interpreted for multiplicities). Similar considerations apply if
X2, X3, X4 are different than v*!.
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While the above observation is often enough to prove irreducibility (e.g.,
in the regular case), for the cases at hand, a bit more is needed. We claim the
following:

rGr) > 1 1@ xu=r5(m)>2-19v '@ u+rerev iy
rg(ﬂ'l)Z1®V®X3®X4$7’§(7ﬁ)Z2'1®V®X3®X4+V®V71®VX3®X4
Gm) > ®xe@r ' @l=r(m) 22 i@ xe@r ' @l+ v iperor!

Tg(“) 2X1®X2®V®1:>7"§(7T1) >2- 1@ x20rv @1+ e @v i@
Using the isomorphisms My, o, = GL(3,F) x F* and My, ., = F* x GL(3, F)

1,02
(which may be realized, e.g., by viewing M,, o, inside M, and using Remark 5.2),
the claims follow immediately from the fact that in GL(3,F), one has V3o
detgri) x v (resp., Vs o detcr)Stare) x v1) irreducible, and it is the only
irreducible representation containing v ! @ v! @ 1 (resp.,, 1@ v ® v7!) in
its Jacquet module (see [21]). The same argument using the irreducibility of

V3o detgrey x 1 (resp., V3o Stare) x 1) gives

r{r) > @103 xu=r(m) >2- v 11 u+trer ey ®
rG(m) > vl xu=r5m)>2- vl xs@u+rioreyxs®
rG(r) > x1®xe®@1@v1=r{(m)>2- i1l r !+ 1@ x@rv gy

rG(m) > x1®e®1ler=r5m)>2- 1Rl v+ Q@ @vev L

Similarly, using M, «, = GSp(4, F) and the irreducibility of v~ x trivi(x) (see
[16])—which is then the only irreducible representation of GSp(4, F') containing
v '@ vl ®y in its Jacquet module-we see that

rGm) > x1®1eov ! ®x
I3
rG(m) >2x1@1levieowut+tyeorieverivy+tringerrer oty

We need one additional such fact for the case M = My, s = 0 with xq of order two.
In GSp(4,F), let 71 denote the unique irreducible subquotient common to both
1 x trivi(xo) and V730 detgr(z) X Xo; it is the unique irreducible representation
containing v ® 1 ® xo in its Jacquet module (see [16], noting that Sally-Tadié
have 77 = L(v,1 X xo) using the quotient version of the Langlands classification).
Note that the Jacquet module of 7, consists of 1®v '@ xo+2r 1 ®1®Yo. Under
Moy, .0y = F* x GSp(4, F), this implies that

rG(m) > v ierleoleyx
\
r(m) > @rtelex+riorer ! .

Using the observations above, one can show irreducibility for the remaining
cases. u
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6. Subrepresentations and Quotients

In this section, we determine the number of irreducible subrepresentations and
quotients for the reducible degenerate principal series from the previous sections.

Theorem 6.1.  With notation as in Theorem 3.1, we consider the following
cases of reducibility of i, () :

]. M:Ml

We consider (a) s = - and xo =1, (b) s=—-2 and xo=1, (c) s =—13

and xo =1, and (d) s = —% and xq of order two.

2. M = M,
We consider (a) s = =% and xo =1, (b)) s=—2 and xo =1, (¢c) s = -3
and xo =1, (d) s=—% and xo =1, (¢) s = —2 and xo of order two, (f)

2 2
s=—1 and Xo of order two, and (g) s =—3 and xo of order three.

3. M = M;j
We consider (a) s = =32 and xo =1, (b) s = —% and xo =1, (¢) s = —1
and xo =1, (d) s=—1 and xo =1, (¢) s=—2 and xo of order two, (f)
s=—1 cmd Xo of order two, (g9) s = —% and xo of order two, (h) s = —1%
and xo of order three, and (i) s = —= and Xo of order four.

4. M= M,

We consider (a) s = —4 and xo =1, (b) s=—-2 and xo =1, (¢) s =—1
and xo =1, and (d) s = —2 and xo of order two.

In cases (1)(a),(c),(d); (2)(a),(b),(c),(e),(g); (3) all cases; and (4)(a),(b),(d),
i57(Q) has a unique irreducible quotient and a unique irreducible subrepresentation,

and they are inequivalent. In cases (1)(b),(2)(d),(2)(f) and (4)(c), i$,(?) has a
unique irreducible quotient and a subrepresentation of the form m @® my, ™ ¥ T,
with no other irreducible subrepresentations. Again, the irreducible quotient is
imequivalent to either irreducible subrepresentation.

The cases of s > 0 are contragredient to those above.

Proof.  Cases (1)(a), (1)(d), (2)(a), (2)(e), (2)(g), 3)(a), (3)(e), (3)(h), (3)(i),
(4)(a), and (4)(d) are regular; the existence of unique irreducible subrepresenta-
tions and unique irreducible quotients follows directly from Frobenius reciprocity.
The fact that the irreducible subrepresentation and irreducible quotient are in-
equivalent is immediate from regularity.

We organize the remaining cases based on the nature of the result and style
of argument. We start with (1)(c). To show that there is a unique irreducible
subrepresentation, it suffices (by Frobenius reciprocity) to show that €2 appears
with multiplicity one in r§; (i§;,(Q2)). For this, it is enough to show that v*@v ' ®
v ®@v~" appears with multiplicity one in r§ (i§;, (Q2)). That this holds may easily
be seen by using the tables in the appendix and Theorem 2.1. To show these have
unique irreducible quotients, it suffices to show their contragredients have unique
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irreducible subrepresentations. This is essentially the same argument, replacing s
by —s, i.e., using 1°® r1®@v-t®@vr~!. The multiplicity one of ’@v'@vtor!
in the Jacquet module shows that the irreducible quotient is inequivalent to the
irreducible subrepresentation (or any other irreducible subquotient).

For (2)(b), we observe that since v™!' ® 1° ® v™! ® v~ appears with
multiplicity one in rg(ifb (€2)), there is a unique irreducible quotient which appears
with multiplicity one. On the other hand, »™' ® 1 ® v™! ® v=! appears with
multiplicity two (one copy associated to w = 1, the other to w = s5). However,
since iy (v @1 v!orl) < r]%% (i§,(€)) is irreducible, both copies are
associated to the same irreducible subquotient of Z%Q(Q) Thus we have a unique
irreducible subrepresentation as well.

For (3)(b), the fact that there is a unique irreducible quotient, and that it
appears with multiplicity one, follows immediately from the fact that v '®@v~!'®
v3 ® v~ appears with multiplicity one in 7§ 0§, (Q2). To see there is a unique
irreducible subrepresentation, observe that

G, =G ervteler )2 ot ertelar).

Noting that iy"* (v ® 1! ® 1 ® 1) is irreducible, we see that

ii\{% vleviglev?)
constitutes Langlands data. It then follows from the Langlands classification that
iAG4a3 o if"%(zj—l ®@ v ' ®1® vt has a unique irreducible subrepresentation, as
needed.

For (4)(b), the fact that there is a unique irreducible quotient, and that it
appears with multiplicity one, follows immediately from the fact that v '®@v~!'®
v~' ® v° appears with multiplicity one in 7§ 0§, (). The fact that there is a
unique irreducible subrepresentation follows from the fact that v '®@v'@rteov
appears with multiplicity one in 7§ (i, ().

For (2)(c), the uniqueness of the irreducible quotient, as well as the fact
that it appears with multiplicity one, follows from the observation that v ' ® 14 ®

v~ ® v appears with multiplicity one in 7§ 0§ (Q). Now, let ' = 7"1\]‘1211 (Q),

so that Tf‘” )=viovevrv®v ! Then,

Q— z%il (Q)
4

. . . .Mq NeY
i, (Q) = iy, (V) =Gy, o i ().

As a representation of M,, ., = GL(3,F) x F* (viewed as a standard Levi of
M, = GSp(6,F), e.g.), we have i%ﬁ’” (V) =2 (r2o detaro X v @ v -
irreducible by the results of Zelevinsky. Now,

Ti\{al,az o Z‘%CILOLZ ) =viever'er'+2-1ev'ieler

a1
Therefore, by central character considerations and Frobenius reciprocity,

e () =S v e1er).
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Therefore,
, . Mo, o
i5,(Q) =i, ., © i ()

= i ta (1R @ 1RV

~ifloriolev?)

~ ;G ap,ag -1 -1
i Ola (IO @1IRYT).

The representation zﬁ{al P (1@r'®1®v!) is an irreducible representation of

M,, o, satistying the requirements of Langlands data. In particular, Z‘J\G4a1 wy ©

Mal “(1®@r'®1®v 1) has a unique irreducible subrepresentation (Langlands
subrepresentatlon) 7. It then follows that this is the unique irreducible subrep-
resentation of i (€2).

Cases (3)(c) and (3)(f) may be addressed simultaneously. Letting x; be

1

either trivial or of order two, we see that v ' ® v @ v3 Xo ® v~ appears with
GG

multiplicity one in r 0% (€2), from which the uniqueness and multiplicity one of
the irreducible quotient follows. To address the subrepresentation claim, we argue
as in 2(c). First, observe that by irreducibility, iy (v"! @ v @ viy, @ 1) =
ifa?’(V*l ®1@v 2y, ®v2y,). Thus,
1y -1\ ~ ;G Moy 1 -1 -1
G =G evteviyer ) 2 o v @1l v ixg®r i),

Since i%ai” (v l@ler 2y,®@v 2Y}) satisfies the requirements for Langlands data,
it follows from the Langlands classification that i]\G@S oz'ﬁfa?’ (v '® lQu~2 X{)®z/*%xg
has a unique irreducible subrepresentation, hence so does i§;(€2).

For (3)(d), the fact that there is a unique irreducible quotient, and that it

appears with multiplicity one, follows immediately from the fact that v ' ®@v~' ®

v? ® v~ appears with multiplicity one in 7§ o ZAGJJ(Q) For the uniqueness of the

irreducible subrepresentation, observe that

G (Q) = i (@) =i, 0l (),

where Q' = r%‘” (Q) (so that Q' is a character of M,, , satisfying rMaQ“” (V) =
vigus 1®I/®I/ ). Under the isomorphism M1 GSpin(7, F), iy} 4(Q’) cor-

responds to the degenerate principal series v~ 3o detgr(a) X trivy (v~ 3); irreducible
by Lemma 5.1. Since 1@ v'®@1®1 <r)"o z'%lwzl (), central character con-
siderations tell us

iy, () =i (lovielel).

Therefore,

i, (Q) = i oiy) () =i o' lerielel) 2iGler'elel).

Now, i§(1®u’1®1®1) ~ i§, 0iy?(1@v '®1®1), noting that i}*(1er®1®1)
is irreducible. Since i}?(1®v~'® 1 ® 1) constitutes Langlands data, we see that
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i§(1® v ' ®1®1) admits a unique irreducible subrepresentation, from which it
follows immediately that §;, (Q2) does as well.

For (3)(g), the fact that there is a unique irreducible quotient, and that it
appears with multiplicity one, follows immediately from the fact that v '@ v 1 ®
v*xo ® v~! appears with multiplicity one in 7§ o ZJC('/IJ(Q) For the uniqueness of

the irreducible subrepresentation, observe that

i () = ify,, ., () 2=y, 0y (),
where Q' = r%in (Q) (so that € is a character of M,, o, satisfying ri‘{al’” () =
v1euvt®@rvxo®v!). Now, under the isomorphism M; = GSp(6,F), 6 =

i]\]\/ﬁlw () corresponds to the degenerate principal series xo o detgr)y x v 1,

hence is irreducible by Lemma 5.1. Now, 1 ® v ' ® xo ® xo < rY*(0), so by
central character considerations, we have 6 — i}*(1 ® =" ® yo ® x0). Hence,

th(Q) s 26\;44(0) — ig(l QU ® xo® Xo) & ifb o iﬁl@(l QU ®xo® X0)-

Since 1%2(1 @v @Yo ®X0) satisfies the requirements of Langlands data, it follows
that i§, 0i}*(1 ® v™1 ® xo ® o) has a unique irreducible subrepresentation, so
i, (€2) must as well.

In (1)(b), the fact that there is a unique irreducible quotient, and that
it appears with multiplicity one, follows immediately from the fact that v ®
v ®@v ! @ vt appears with multiplicity one in 7§ o i, (). For irreducible
subrepresentations, observe that 1? ® v™! ® v~! ® v~ appears in the Jacquet
module with multiplicity two (with the second copy associated to s189538951).
Therefore, the above argument then shows that there are at most two irreducible
subrepresentations. To see that there are two irreducible subrepresentations,

consider 2%4&2 o (Q), where Q' = r%; oy (2) (a character of M,, .,). Recall that

M, = GSp(6, F) and My, 0y = F* x GSp(4, F). In particular, i%‘;’%(Q’) is the
representation 11y xtrive(v—1) of GSp(6, F). By Lemma 5.1, 1gp ) xtrive(v=1)
decomposes as a direct sum of two inequivalent irreducible representations; write
i%;’% (Q) 2 01 @ oy. Then,

G (Q) = i, (@) =i, (01 @ ).

We argue that each ifh(ai) has an irreducible subrepresentation in common with
i§,(Q), accounting for the two irreducible subrepresentations of i§; ().

To this end, recall that r§(i§;, () contains 1 @ v ! @ v ® v~! with
multiplicity two. Now, observe that (o)) = *@v'@v-ler ' +r2@rer '@
vt and ri*(0y) = Pevtovier v lovertor v ier i e lor
One can then directly check (using Theorem 2.1) that r§(i§,(0y)), i = 1,2
each contains 1? ® v ™! @ v! @ v~! with multiplicity one. Let m; denote the
irreducible subrepresentation of i, (;) (noting that it is the unique irreducible
subrepresentation of if&(ai) by Frobenius reciprocity). Without loss of generality,
we may let 7 be the one having r§(m) > 2v ' ®@ v ' ® 1 ® v~ ! (and the
fact that this is true for only one of the m; shows that they are inequivalent).
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Note that by Jacquet module considerations, m; appears with multiplicity one in

i§, (o) (and not in i§;, (03-;)). It then follows that m and m must also appear

as subrepresentations of i}, (Q)—consider the subspace (Vi & Vi) N Vie (@) in
1

Vi (@ - The result follows.

"Mag,a3

For (2)(d), we observe that since v™' @ 13 @ v™! ® v=! appears with
multiplicity one in 7§ (i§;, (Q2)), there is a unique irreducible quotient and it appears
with multiplicity one. To show there are two irreducible subrepresentations, first
let 7 be the representation with Langlands data i%*(1 ® v™! ® 1 ® 1). Since
r§(m) contains all 12 copies of 1 ® ™' ® 1 ® 1, we see that 7§ (m1) contains
both copies of 6;, where under the isomorphism M; = GSpin(7,F), 6; = V3o
detrz) X trivy(v=2) (irreducible by Lemma 5.1). Therefore, 7§ () must contain
(at least) 8 of the 10 copies of v ' @v@ v ®1 in r§ 04§, (). In the notation of
Lemma 5.1 (2), r{j, (m1) > 301 + 202 (noting that the 30y and 405 in 7§, 0i§, ()
account for all 10 copies of v ' @ v ®@ v~ ®1). In particular, this forces r§(m) >
o) >vierre viov

By central character considerations,

m =i tererteorl)
J (Lemma 5.5 [12])
T — Z%2<)\)

for some irreducible A < ¥*(r '@ 12 @ v @ v1). Since r§ o i§,(Q) >
12:1@vt®1®1,and r§oi§(r ' ®@v?@v ! @) contains only 12 copies of
1® r'!®1®1, we see that A = ), as needed.

Next, a comparison with the case s = —3 from My shows that r§(m)
contains only 8 copies of v ' @ v ®@ v~! ® 1, while 7§ 0§, () has a total of ten
copies. Since z'i\{a‘* (v '@r@vrt®l) is irreducible, the two remaining copies of
v 1 @r®rt®1 are associated to the same irreducible subquotient of i§ (€2); let
T denote this subquotient. In the notation of Lemma 5.1 (2), we have 7§, ()
contains two copies of g5. Now, let A\ be the irreducible representation of M,,
having r}2(\) = v '@v@r'®1. We have (e.g., from the Langlands classification
for My = GSp(6, F') and induction in stages)

gy — iqgt (N)
\U/ M,
i§1,(02) = i, () =iy, odn ™ (V).

a2

We note that i%zz’““()\) is irreducible. Further, we claim that i%zz’““(k) is the
Langlands data for 5. In particular, by central character considerations, we have

m—i{rlererlel) i]\G/[% o i%ﬂz v leorerv!iel)
J (Lemma 5.5 [12])
Ty < i]\GhQ (A) or mg — iﬁ’;f% (1),

where r\2(7) = 1®v'®1®1. However, Z‘JC\T‘/IQQ (1) = if(1@r1®1® v1) contains
7 as unique irreducible subrepresentation (by the Langlands classification). Thus,



CHOI AND JANTZEN 801

Ty < zﬁaz (M), as claimed. Now, (from the Langlands classification for My, e.g.),

we have
o = iyt (M)
|l (induction in stages)
. . ~ - Mo NeY
iy, (02) = iy, (A) =iy, (02" (V).
M

Since i%az o (ia 2" (A)) is the standard module containing m as unique irre-
’ 2

ducible subrepresentation, we see that 7y is the unique irreducible subrepresenta-
tion of i%ag (M), hence also the unique irreducible subrepresentation of i, (o).

Next, let €' denote the character of M,, ,, having rf‘”’% ) =rv'e®
v*@v'@v~!. Note that under the isomorphism M, = GSp(6, F') (Remark 5.2),
we have i%il,ag () = vz o detgrz) x trivi(v™'). By Lemma 5.1, this induced
representation has o, and oy as its irreducible subquotients. Since r4*(o3) con-
tains a copy of v ! ®@ 12 @ v @ v™! (using Remark 5.2 to convert the results
in Lemma 5.1), but r}#(0y) does not, we see that oy is the unique irreducible

subrepresentation of z%‘; . (©). Therefore,

02 — Z%il as (€')

o = i, (00) = iy o iyt () =i, 0ing ()
|} (Lemma 5.5 [12])
Ty — iAG42 (77)

for some irreducible n < z%‘il a3(Q/ ). Now, observe that

i%ipag (Q/) =M + 12,

where 71 = Q, so that r32(m) = v '@ 2 @v' @ v~!, and 1, has r)\?(n,) =
vierrerter+rier2erier . Calculating WM2A. (v 12 @r2@u+
v er?@rl@ut), we see that 7§ 0if, (n2) does not contain v ' @re@rt®1.
(In fact, i§,(Q) accounts for 10 copies of ¥ ' ® ¥ ® v ® 1; the remaining two
copies from i§(r ' @12 ®@ v ! ®@v!) occur in if@(, where ( is the irreducible

representation of M, having 74?(() = v ® v ® v~ @ v~!.) Therefore, we have
T2 — Z%z (01) = Z%Q(Q)’

as needed. We remark that m; and 7y are clearly inequivalent.

We now show that there are no other irreducible subrepresentations of
Z%Z(Q) Now, suppose 7 is an irreducible subrepresentation. Then, in the notation
of Lemma 5.1,

T iy, (Q) = Sy, () Z Sy, odyl ()
I (Lemma 5.5 [12])
T 1§, (01) or i§y, (02).
As noted above, i (02) has 7 as unique irreducible subrepresentation. Since

r%“(al) contains copies of 1 ® ! ® 1 ® 1, by central character considerations,
o —iMt(lerlelel)
\
S (o) —i§, 0 (leorvielel) =i (Y (lertelel)),
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which (by the Langlands classification) has m; as unique irreducible subrepresen-
tation. Therefore, the only possibilities are m = m; or my. Further, we note that
by Jacquet module considerations, 7, and my each appear only once in z'%Q(Q), SO
cannot appear more than once as subrepresentations.

In (2)(f), the fact that there is a unique irreducible quotient, and that
it appears with multiplicity one, follows immediately from the fact that v! @
¥xo ®@ v @ v~! appears with multiplicity one in r§ o ZJ%Q(Q) For irreducible
subrepresentations, observe that

5, () = i, ., (0) =5, (il (0)),

where 0 is the character of M,,a, having 7y (0) = v™! ® v2xo ® v~ @ v~}

Under M; = GSpin(7,F), @%1 (0) corresponds to the degenerate principal
series v~ ! o detgr(s) X v X0 (see Note 5.2). As this representation is irreducible
(see Lemma 5.1), we have v~ odetgrsy X v 2x0 = v~ xoodetars X v ?Xo (noting
that v~y o detgr@) @ v 2x0 = wh(v~! o detgrs) ® v2Xo), where w) is the long
double-coset representative). This translates to @'%}13’%(9) &~ @%; o ), where 6’
is the character of M, o, having rMes.ea(0') = vy @12y 0@V~ 1®V 1. Therefore,

i,(Q) < i, (30 (0)) =G, (138 (0) 2 i), (M Mo, ,(6).

Since Z%Q ,(0') is irreducible, we have Z%Q [(0) = 21\1‘23 o, (07), where 6”7 = 5,0’

(so that 7’%"3 MO =vxoQURVvTI QU ) Thus,
G,(Q) > G, (10 (@) 2iG,0 (0) =G, (@ (6").

We note that under the isomorphism M, = GSpin(7,F) (see Note 5.2), we

have z%l (0’ ) corresponds to v~'xg o detgrsy X v, hence has two irreducible

Subrepresentations, which we also denote by oy and o2 (see Lemma 5.1). Using
Note 5.2 to translate back to the M, setting, we have 73" (1) = 12y 0@ v ' ®1®
vl rxe@rerter i+ 12 @rerter! and (o) = vxe@rvertor!

Since r§ 0i§(rxo@v@vt@v~!) decomposes with multiplicity two—in particular,
contains vxo ® v ® v~' @ v~ with multiplicity two-we see that 4§ () must
have nontrivial intersection with both i (o1) and i}, (02). More precisely, if we
let m (resp., m) denote the irreducible subquotient of §; (o1) (resp., 5, (02))
containing vy, ®@v®r-'®vr~! in its Jacquet module, we see that m; and 7, appear
as subquotients of i§;, (). Note that m = L(iy(xo ® v X0 ® X0 ® X0)) appears
with multiplicity one in i§(vxo®@v®@rt@v1), so m % m and also appears with
multiplicity one in i§(vxo ®@ v @ v ' @ v7!). Since m (resp., my) is the unique
irreducible subrepresentation of i (1) (resp., i}, (02))-an easy consequence of

Frobenius reciprocity—we have

T — @AG4 (07) — ZGM o 21\]‘23 o 6").

Since i§,(Q) — 4§, o i%l3,a4<9/,)’ it then follows that m; and m, appear as
subrepresentations of iy (Q) (consider the subspace Vie (@) N (Va, + Vz,) inside
2

VG (9//))

"Moag, 0y
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In (4)(c), the fact that there is a unique irreducible quotient, and that it ap-
pears with multiplicity one, follows immediately from the fact that v '@v—'@r—1®
v* appears with multiplicity one in 7§ 0§, (€2). For irreducible subrepresentations,
observe that v !®@v ' @v ! ®v? appears in the Jacquet module with multiplicity
two (with the second copy associated to $453528351525354). Therefore, the above
argument shows that there are at most two irreducible subrepresentations. We
now check that there are two irreducible subrepresentations. To this end, let €’
and " be the characters of M,, o, defined by r%‘”‘” ) =vieviorviev?
and ri\{”l’” () =v'@r'®@r®vr2. Under the isomorphism M, = GSp(6, F),
i, o, () = lare) ¥ v*. By Lemma 5.1, write i%iwz () = 01 @ 0y. Since

i%ibw () = i]\]\f[zlm (") (by irreducibility), we have
i§,(Q) =i, (i, ()

i, (@)

~ M.
~ G (i (@)

I

~ i, (i)

= Z']C\:44(0'1 D 0'2).

We argue that each if@(ai) has an irreducible subrepresentation in common with
i§,(Q), accounting for the two irreducible subrepresentations of i§;, ().

To this end, recall that r§(i§,(Q)) contains v ' @ v ™' @ v @ v™2 with
multiplicity two. Now, observe that ri*(o)) = v '@rv'i@ver2+2.-v '
verter !l +4-10v ' @1ler ! and i (o) = v ler v v ? (use
Note 5.2). One can then directly check (using Theorem 2.1) that r§ (i, (0y)),
i = 1,2 each contain vy !'®@ v ' ®@r ! ®v? with multiplicity one. Let 7; denote the
irreducible subrepresentation of i§; (c;) (noting that it is the unique irreducible
subrepresentation of if@ (0;) by Frobenius reciprocity). Without loss of generality,
we may let 7 be the one having r§(m) > 4-1® v 1 ®1® v ! (and the
fact that this is true for only one of the m; shows that they are inequivalent).
Note that by Jacquet module considerations, m; appears with multiplicity one in
i§, (o) (and not in i§;, (03-;)). It then follows that m and m must also appear

as subrepresentations of i (€2) (consider the subspace (Vi + Vi,) N ‘/7;%[4(9) in

Ve (@) The proposition follows. [
May,ag

Remark 6.2. The proof shows a bit more-one also sees that the unique irre-
ducible quotient appears with multiplicity one in the induced representation.

A. Double-coset representatives

We give the double coset representatives from W4 below. For WMiMi | we first
note that WM = {w= |w € WM} We have WMieMi = WwMiAd n wAM; - To
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compare elements of WMo4 and W4Mi | one may need to use the relations on
W 515281 = S285182, 52535953 = 853525352, 535453 = 545354, and SESy — S¢Sk if
|k — ¢ > 1. For WMNi as in section 4, consider an element w € W4, There
are two possibilities: either (1) s;w ¢ W™Mo4 | in which case w € WMiNi | or (2)
sjw € WMiA “in which case only the shorter of w, s;w is in WMiNi | Again, the

relations on the generators may be needed to check this.

WMLA = (id 1,21,321,2321,4321, 12321, 42321, 142321, 342321, 1342321,
2342321, 12342321, 23412321, 123412321, 323412321, 1323412321,
4323412321, 14323412321, 23123412321, 423123412321,
3423123412321, 23423123412321, 123423123412321}

WM2A = fid 212,32, 432,312,232, 4312, 4232, 2312, 1232, 42312, 41232,
12312, 32312, 34232, 412312, 432312, 312312, 342312, 341232,
234232, 4312312, 4342312, 2312312, 3412312, 2342312, 2341232,
1234232, 42312312, 43412312, 42342312, 23412312, 12342312,
12341232, 32341232, 423412312, 412342312, 432341232,
342312312, 123412312, 323412312, 323432312, 312341232,
4123412312, 4323412312, 4312341232, 2342312312, 3234312312,
3123412312, 3123432312, 2312341232, 43234312312, 43123412312,
2312341232, 12342312312, 32342312312, 31234312312,
23123412312, 23123432312, 432342312312, 431234312312,
423123412312, 312342312312, 231234312312, 323123432312,
342312341232, 4312342312312, 4231234312312, 4323123432312,
2312342312312, 3231234312312, 3423123412312, 2342312341232,
42312342312312, 43231234312312, 32312342312312,
34231234312312, 23423123412312, 12342312341232,
432312342312312, 434231234312312, 342312342312312,
234231234312312, 123423123412312, 4342312342312312,
4234231234312312, 2342312342312312, 1234231234312312,
42342312342312312, 41234231234312312, 12342312342312312,
412342312342312312, 323432312342312312,
3123432312342312312, 23123432312342312312}



CHOI AND JANTZEN 805

WMsA — (34 323, 43,123,323, 423, 1323, 1423, 4323, 3423, 14323, 13423,

23123, 34323, 23423, 134323, 123423, 323123, 423123, 234123,
234323,1234123,1234323, 4323123, 3423123, 2343123, 3234123,
3234323, 12343123, 13234123, 13234323, 34323123, 23423123,
32343123,43234123, 123423123, 132343123, 143234123,
234323123, 323423123, 432343123, 231234123, 231234323,
1234323123, 1323423123, 1432343123, 3234323123, 4323423123,
2312343123,4231234123, 3231234323, 13234323123, 14323423123,
12312343123, 43234323123, 32312343123, 42312343123,
34231234123, 43231234323, 143234323123, 132312343123,
142312343123, 231234323123, 432312343123, 342312343123,
234231234123, 1432312343123, 1342312343123, 1234231234123,
3231234323123,4231234323123, 3432312343123, 2342312343123,
13432312343123, 12342312343123, 43231234323123,
34231234323123,23423123423123, 23432312343123,
123423123423123,123432312343123, 343231234323123,
234231234323123, 234323123423123, 1234231234323123,
1234323123423123, 2343231234323123, 3234323123423123,
12343231234323123,13234323123423123, 32343231234323123,
132343231234323123, 231234323123423123,
2312343231234323123, 32312343231234323123}

WMiA = {id 434,234, 1234, 3234, 13234, 43234, 143234, 231234, 3231234,

4231234, 43231234, 34231234, 343231234, 234231234, 1234231234,
2343231234, 12343231234, 32343231234, 132343231234,
2312343231234, 32312343231234, 432312343231234}
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