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Abstract. In this paper, we find sharp conditions on X,Y € a for the
existence of the density of the measure 65X * 6E:Y intervening in the product
formula for the spherical functions on the symmetric spaces of noncompact type
X =SL(n,F)/SU(n,F) where F =R, C or H. Our results also apply to the
symmetric space Eg/Fy.
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1. Introduction

Let G be a semisimple noncompact connected Lie group with finite centre, K a
maximal compact subgroup of G and X = G/K the corresponding Riemannian
symmetric space of noncompact type.

We have a Cartan decomposition g = ¢+p and we choose a maximal Abelian
subalgebra a of p. In what follows, ¥ corresponds to the root system of the pair
(g,a) and X7 to a choice of positive roots. This implies that we have chosen a set
of simple positive roots ay, ..., o, where r = dima is the rank of the symmetric
space. We have the root space decomposition g = gy + ) 5, 8- Recall that ¢,
the Lie algebra of K, can be described as

t=span{X, +0X,: X, € g,, € ZTU{0}}

where 6 is the Cartan involution. Let n = ) .. g, and denote the groups
corresponding to the Lie algebras a and n by A and N respectively.

Let W = M’'/M be the Weyl group (M’ C K is the normalizer of a in
K ie. ke M if Ad(k)a C a while M C K is its centralizer i.e. k € M if
Ad(k)H = H for all H € a).

When appropriate we will not distinguish between w € W and w € M’ C
K. On the other hand, to denote the action of w on X € a, we will write w - X .
We then have e*X = Ad(w) e* ([6, Chapter VII, Proposition 2.2]).
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Letat ={H €a: a(H) >0Va € Xt} and A" = exp(a™). Forany g € G,
g = ky ek, (Cartan decomposition) where a(g) € at is uniquely determined
by g. Note that a(k; gks) = a(g) for all k; € K and all g € G. We also have
g = ke n (Iwasawa decomposition).

If X\ is a complex-valued linear form on a, the corresponding spherical
function is

ba(eH) = /K AP HE K) . (1)

where p = (1/2) > o+ Ma @ (M, denotes the multiplicity of the root a). A
spherical function, like any K -biinvariant function, can also be considered as a
K -invariant function on the Riemannian symmetric space of noncompact type
X = G/K. Naturally, such a function is completely determined by its values on
A (or on A™). The books [6, 7] constitute a standard reference on these topics.

In [7, (32), page 480], Helgason shows that, given XY € a, a Weyl-invariant
measure pxy exists on the Lie algebra a such that

Cb,\(ex)%(ey) :/Clcb/\(@H) d/vLX,Y(H)‘

It is known [7] that

or(e™) pa(e") = /K oxa(e® ke¥) dk.

Consequently, the measure pyy satisfies

/K fla(e® keV))dk = /a f(H) dux.y(H) (2)

for all continuous functions f on a which are invariant under the action of W'.
We define the kernel k(H, X,Y) in the product formula via the equation

N 0r(e) = [ onleM kX Y) 800 diE ®)

where ¢ is the density of the invariant measure on a in polar coordinates, i.e.,

| orda= [ ntemystm an

for any K -biinvariant function h integrable on . The existence of this kernel,
i.e. the absolute continuity of the measure pxy with respect to the Lebesgue
measure, has been shown previously ([1] in rank one case, [2] in the complex case
and [3] in the general case) provided that X, Y € a™.

Let mg denote the Haar measure of the group K and let x be the con-
volution on the group G. For X € a we define 65X = mg * 0.x x mg. Then
mxy = 62X * 623’ is a K -biinvariant measure on G such that its transport mea-
sure on at by the map g — a(g) is MX,y‘aj, multiplied by |W| for the sake of
normalization.
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Remark 1.1.

1. The density k(H,X,Y) exists if and only if Sxy = a(e® K e), the support
of the measure MX:Y‘F7 has nonempty interior (refer to [2, 3]). Since the

problem is clearly symmetric in X and Y, we note that a(eX Ke¥) =
a(e¥ K e¥X).

2. The existence of the density of the measure pxy on a is equivalent to
the existence of the density of mxy on G, with respect to the invariant
measure dg. The density of the measure myy exists if and only if its
support KeX Ke¥ K has nonempty interior.

In [3], we prove that pxy is absolutely continuous with respect to the
Lebesgue measure on a provided X, Y € at. We were able to relax these
conditions somewhat; for example, we show that pxy is absolutely continuous
provided one of X or Y isin at as long as the other is nonzero.

Except in the rank one case (see [1]) and in the complex case (see [2]), little
was known about the properties of the density of uxy. The articles [4, 5] provide
more information about the density k(H, X,Y).

The objective of this paper is to give sharp conditions on X and Y for
the existence of the density k(H,X,Y) in the case of the symmetric spaces
SL(n,F)/SU(n,F) where F = R, C or H (real, complex or quaternion num-
bers); in other words, in the case of the root system A,_;.

In this setup, the Weyl group is the symmetric group S,. The vector
space a is the space of diagonal real matrices with trace 0 and is common for
the three cases F = R, C, H. If X = diag[Xy,...,X,] and o € 5, then
o-X = diag[XU(l), c. ,XU(H)].

From the examples of [3], it emerges that the further away (in a heuristic
sense) we are from X and Y to belong to a™, the least likely it is that the density
k will exist. This observation is consistent with the Definition 1.3 below.

We will show that in the case of the symmetric spaces of noncompact type
SL(n,F)/SU(n,F), the definitive criterion for the existence of the density k is
given by the following definition of eligible X and Y:

Definition 1.2.  We say that p = [p1, pa, ..., p,] is a partition of n if p; > py >

- >p, >0 and ) p; =n. We also write the partition 1" = [1,...,1].
For any X € a, there exists o € 5, such that

pP1 p2 DPr

A A

o\
. Ve N - Ve ~N
o- X =diag[T1, ..., 21, T, X2y oo Ty oo, Ty ]

and p; > py > -+ > p, (we suppose that the z;’s are real and distinct; naturally,
pi > 1 for all 7). The partition p = [p1,ps,...,pr] will be said to be associated to
X . We then say that p is the configuration of X and that X is a realization of
the configuration p.
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Definition 1.3. Let G = SL(n,F) and let X, Y € a. Let p, respectively g,
be the partitions associated to X and Y. We say that X and Y are eligible if

prtq<n (4)

and, if n > 2,
p2t+q <n-—1L (5)

Remark 1.4. Conditions (4) and (5) are equivalent to (4) together with the
condition:

for n > 2 even, X and Y are not both associated to the partition [n/2,n/2].
This means that if X and Y are both in the Weyl orbit of elements such as
a { I%/z 0 } , n > 2, then they are not eligible.

—1in/2

Remark 1.5. X and Y are clearly eligible if one of X or Y belongs to a* and
the other is nonzero. Note that when n =2 and a, b # 0 then

a O b 0
X[O —a} andY{O —b}

are eligible.

The main result of this paper is the following:

Theorem 1.6. Let G = SL(n,F) where F =R, C or H and let X, Y € a.

Then the measure j1xy is absolutely continuous if and only if X and Y are eligible.

Remark 1.7.  Our result also applies to the symmetric space Eg/F, which can
be realized as SL(3,0)/SU(3,0) where O corresponds to the octonions.

The theorem is proven in Proposition 2.2 (necessity of the eligibility condi-
tion) and in Theorem 3.5 (sufficiency of the eligibility condition).

One can hope that the configurations and the eligibility property can be
rephrased in terms of more general notions common for all Riemannian symmetric
spaces, e.g. facets or parabolic root sub-systems. This would be useful in view of
a possible generalization of Theorem 1.6 to other symmetric spaces.

2. A necessary condition for the existence of the density

In this section, we will show (Proposition 2.2) that if X and Y are not eligible then
ftx,y does not have a density with respect to the Lebesgue measure. The heuristic
behind the proof is simple: when we decompose properly the factor K which
appears in a(e® K V), a good portion may commute with either eX or e¥ if X or
Y have blocks of repeated diagonal values (noting that a(k g) = a(g) = a(g k) for
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every k € K). Indeed, what is left may not be enough to ensure that a(eX K eY)
has dimension equal to the rank n — 1.

We will therefore decompose K in two ways; one that is justified by Lemma
2.1 and one that corresponds to the Cartan decomposition of K = SU(n,F) (see
equation (9)).

Lemma 2.1.  Suppose that 1 < ¢ <n. We have SU(n,F) = Ky Ky K3 where

K= M O o esumsi—gm), (6)
L 0 Iq—l
107

K, = » | i ky€eSUMn—-1,F) ¢, (7)
0 K

Ks=4 M 0k esuml. (8)
0 I,

Proof. Let k£ € SU(n,F). For i > g+ 1, let v; = ke; where e; is the i-th

vector of the standard basis. There exists k; = {]El IO } € K, such that
q—1
01 e ) )
ki[Vgs1, - V] = [ C’(%S ? } where the notation M;; means that the matrix
n—1,n—q

M is of size i x j. Indeed, it suffices that the first row of k| be a unitary vector
in F*1=4 perpendicular to the n — ¢ vectors v;, i > ¢+ 1, where v, contains the
first n + 1 — ¢ entries of v;.

We can then find kzél) = [

[ Oln—q

[1) ]S, } € K5 such that kgl)kl [Vgt1s - V] =
2

C(Z)

n—2,n—q

] . Indeed, it suffices that the first row of k, be a unitary vector

perpendicular to all the columns in C. In the same fashion, we can find

O30
B = {102 ]32} € K, such that k2 kY ky [V, .. va) = { C(g?;; ‘ } (the

n—3,n—q
first row of ky being perpendicular to the columns of C®).
Finally, we obtain

ko

— 0
-1 1 e
k?éq ).;.ké)kl[vq-‘rl).'-yvn]:[C(g) ! :|
with k$ €Ky roand

that is, ko k1 k [€g41, ..., €n] = [ g 1 , where C' = C@).

A 0 A 0 I 0 A 0 .
Hence, ko ki k = {B C’] = [0 C’] = {O C][O [} since

kokik € SU(n,F). This means that ko ki k € Ky K3 and the lemma follows. |

We now prove a necessary condition for the existence of the density of the
measure pxy -
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Proposition 2.2.  If X and Y are not eligible (Definition 1.3) then the measure
Lx,y s not absolutely continuous with respect to the Lebesque measure on a.

Proof. If one of X or Y is zero then Sxy = X +Y and the density does not
exist. If n =2 then X and Y are eligible if and only if they are nonzero. In this
case, the result is clear. We can therefore assume that n > 2 and that X and Y
are nonzero.

Suppose first that n > 2 is even and that X = a { Uk U } , Y =

0 —4in/2
b I%/z 0 For £k € SU(n,F), we have the Cartan decomposition of
—dn/2
SU(p+ ¢, F)/S(U(p,F) x U(q,F)) with p =q =n/2 (refer to [7, Page 518])
b
_ | A 0 —R 0 As 0
k‘[o Ag]e {0 Ay (9)

where R is a real diagonal matrix of size (n/2) x (n/2) and A; € SU(n/2,F),
i=1,...4.
Therefore, with X, Y as above, we have

o]
a(eke’) =a 6x[1‘(1)1 j}e -R 0 {1%312161/
2 1
o]
_ A 0 x| —-R 0| vyv| A3 O
- [§ & e T A

As R varies along all real diagonal matrices of size (n/2) x (n/2), we can only
obtain a set of dimension at most n/2 < n— 1. Hence, the interior of a (¥ K e¥)
is empty.

Suppose now that p; + ¢; > n for some i and j. We can assume that
1 < p; < g¢; (from Remark 1.1). Choose wy, wy € W such that the first p;
diagonal entries of w; - X are X; and the first ¢; diagonal entries of wy - Y are
Y;. By applying Lemma 2.1 to the matrix k below, we have

k

/_/H ~
a (eXk;eY) =a | wile" N wikwy e w, | =a (ewl'Xk;e“’?'Y)

A 0 1 0 A 0
_ w1-X 1 3 waY
G AN  E | A Gy
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(with 4; e SU(n+1—g¢;,F), A, € SU(n—1,F) and A3 € SU(¢;,F))

_ A 0 wex | 10 wey | A3 0
—¢ ([ 0 Ifb'*l ] ‘ [ 0 A } ‘ 0 ["*fb' 10)

=a (ewl'x [ (1] 22 } ew2'Y> . (11)

In (10), we used the fact that n + 1 — ¢; < p; and therefore that [ z‘(l)1 ; 0 }
q;—1

commutes with e** . Similarly, [ } commutes with e*2Y. The for-

3

0 Iy,
mula (11) implies that all the elements H € a (eX K ey) have a diagonal entry
equal to X; 4+ Y and therefore that a (eX K ey) has empty interior. |

3. Sufficiency of the eligibility condition
We will first discuss how proving the case F = R will suffice. Let S)]’;Y =
a(e®* SU(n,F)eY). The inclusions
SO(n) =SU(n,R) € SU(n) =SU(n,C) C SU(n,H)
imply that
Sy C 8%y C SYy Cat.

By Remark 1.1, if we show that for eligible X,Y € a, the set S)P}VY has a nonempty

interior, it follows that the measure pxy is absolutely continuous in all three cases
m=1,24.

Remark 3.1. In [5, Remark 2.15], we argued that the three sets S%, are
actually equal. An important ingredient in that result was the convexity of the
set a(eX K e¥'), a consequence of [9, Theorem 1.3]. The equality of the three sets
S¥X.y also follows from [9, Theorem 1.2].

From now on, we consider the symmetric spaces SL(n,R)/SO(n). Let E; ;
be the matrix of size n X n which is zero everywhere except for the entry (i, 7)
where it is 1. Define
Ux =so(n) + e~ so(n) e
VX = span{Ei’j: Xz 7é Xj}, it X = diag[Xl, e ,Xn]

Lemma 3.2.  The following inclusion holds:
Vx C Ux.

Proof. Let 3 7é j Then Ei,j — Ej,i S 5o(n) and €X(Ei,j — E‘m’)e_x =
eXimNi B, — eXim X E; ;. Tt follows that when X; # X, we have F;; € Ux. [
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We will also need the following property:
Lemma 3.3. Let we W. Then

Ad(w)VX == Vw.X.

Proof. The proof is clear using the fact that Vx = @ O - [
a€X,a(X)#0

Proposition 3.4.  If there exists k € SO(n) such that
Wxy (k) :=so(n) + Vx + Ad(k) Vy =sl(n,R) (12)

then the measure pxy s absolutely continuous with respect to the Lebesgue mea-
sure on a.

Proof.  Consider the analytic map T: K x K x K — SL(n,R) defined by
T(k’l, k’g, ]{33) = k’l 6X k’g 6Y kg.

Observe that T(K x K x K) is equal to the support of the measure
mxy = 55X * 5iy. We want to show that the derivative of T is surjective for
some choice of k = (ky, ko, k3). The existence of k ensures that T(K x K x K)
contains a nonempty open set (refer to [7, p. 479]), and it follows that mxy and
pxy are absolutely continuous (see part 2. of Remark 1.1).

Let A, B,C € so(n). The derivative of T" at k in the direction of (A, B, C)
equals

d
dT(A,B,C) = pr ‘t:O ek X ePly ey eCks

= AkieXkye¥ ks +kie* Bkye' ks +kieX kye’ Chs. (13)

We now transform the space of all matrices of the form (13) without mod-
ifying its dimension:
dim{Ak; e kye' ks +kieX Bkye ks + ke kye Chs: A, B,C € so(n)}
= dim{k; ' Ak eX kye¥ +e* Bhye' +eXkye¥ C: A B,C € so0(n)}
= dim{AeX kye¥ +e* Bhye' +eXkye¥ C: A B,C € so(n)}
=dim{e ™ AeX + B+ ke Ce k' A B,C € s0(n)}.
The vector space in the last line equals
e X so(n) eX +so(n) +kye¥ so(n)e Yky' = U_x + Ad(ky)Uy .
Note that Uy = U_x, so our problem is equivalent to showing that

Ux + Ad(k)Uy = si(n,R) for some k € K.
By Lemma 3.2, the result follows from (12). [

The following theorem is the crucial result of this section:
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Theorem 3.5. Let G =SL(n,R) and let X, Y €a. If X and Y are eligible
then there exists a matriz k € SO(n) such that Wy y (k) = so(n)+Vx+Ad(k) Vy =
si(n,R).

Before we proceed with the proof of Theorem 3.5, we point out a few useful
reductions to the problem.

Reductions

1. The result of Theorem 3.5 only depends on the configurations of X and Y,
i.e., on the partitions p and ¢ associated to X and Y.

Indeed, suppose that we have (12) for X and Y fixed. Let wy,wy € W.
Then, using Lemma 3.3, we get

Ad(w:)so(n) + Vi, .x + Ad(wikw; M) Vy,y = Ad(w:)sl(n, R)
which gives Wi, x v (wikwy ') = si(n, R).
2. Suppose that Wx y (k) = sl(n, R) for some k& and that X has the configura-
tion p = [p1,...,pr]. Suppose that X has the configuration
p=I[p1, 00l . D]
where p; = p; + p;’. Then Wk (k) = si(n,R). This is a consequence of the

inclusion Vx C Vz. The same observation holds for Y.

3. Without loss of generality, we may assume that p; < ¢; (see part 1. of
Remark 1.1).

4. We can always assume that the configuration of Y consists of two blocks.
Indeed, suppose that X and Y corresponding to partitions p and ¢ are
eligible and that p; < ¢;. Then p1+ @+ +¢ < g+ @+ ---+qg =n.
Therefore, using the reduction 2 above, we can consider instead of p and ¢,
the partitions p and ¢ = [g,n —qi] if @ > n—q or ¢ =[n—q,q] if
q1 < n — q1, which are also eligible, except in the case

p= [n/27n/2]7 q= [n/27q27"'aQS]7 s > 3.
In that situation, we will exchange the roles of X and Y.

5. In order to simplify the proof, it is convenient to consider symmetrized
matrices Fj; ;. Let EZS] =L, +E;; if ¢ # j and let EfZ = F;;. We
shall denote by Vi the subspace of symmetric matrices in Vy

Ve = Span{Efj: X, # X;}, it X =diag[Xy, ..., X,

Similarly we define Vi and si°(n, R) (the space of real symmetric matrices
of trace 0). If we show that

W3y (k) = Vi +Ad(k) Vy? =s1°(n,R)

then (12) follows by V¥ C Vx,Vi? C Vy,so(n) C Wxy(k) and so(n) @
s5(n,R) =ed®p =si(n,R).
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Taking into account all the reductions we will prove by induction the following
result:

Theorem 3.6. Let G = SL(n,R) and let X, Y € a with respective configura-
tions p and q, where ¢ = [q1,q2] and p1 < q1. If X and Y are eligible then there
exists a matriz k € SO(n) such that

Ve + Ad(k) VP = st%(n, R). (14)

In the proof we will use the following definition and properties of total
matrices and technical Lemma 3.10:

Definition 3.7. We will say that the n x n matrix A is total if all the
submatrices

Ar = (aij)ijer, 0#1C{l1,2,...,n}

are nonsingular.

Proposition 3.8.  The matrices which are total in K = SO(n) form an open
dense subset of K with Haar measure 1.

Proof. Let I C {1,2,...,n}. Wedefine f;(A) = det A; and f(A) =[], fi(4).
Then f:SO(n) — R is a non-vanishing analytic function ( f(1,) = 1). The zeros
of f form a closed set of zero Haar measure in K (refer to [3, Proposition 2.2]). =

Lemma 3.9. Let 1 <r <n and S =span{E} ,,...,E} }. Denote

ms : s1°(n,R) — S the orthogonal projection. If k = [(1) ]S/] € K where
k' € SO(n — 1) is total then
s(Ad(k)S) = S.

1 0 0 0 0 Uipr
Proof. Let k= |0 A_1,-1 Br_ipr | and s = 0 0 0 €

0 Cn—r,’r‘—l Dn—r,n—r Uljjnfr 0 0
S.

Then we compute easily that
0 0 UDT
mg(ksk') = 0o 0 O
DUT 0 0

Since k' is total, we have det(D) # 0 and therefore the rank of mg equals n—r. =
For i # j, let e; j(f) € SO(n) be defined as
el-,j(Q) = cosf (Em + Ej,j) + sin 6 (Ej,i — Ei,j) + Z Ek,k-
k#i,j
Note that €ij (6’) = ej,,»(—ﬁ) .
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Lemma 3.10.  The following formulas hold (different letters are assumed to
represent different values):

E?, = —sin@Eﬁl + cos O E7

)

) 7,0
) EY, = cosb E7) + sin@Efl,

)

)

ES = — sin(26) (E;; — E; ;) + cos(26) E

Z?]’

17‘7,

1
Ad(e; ;(0)) Ei; = cos® 0 B ; + sin® 0 E; ; + 5 sin(26) B

1
Ad(e;;(0)) Ej; = sin® 0 By + cos® 0 Ej; — o sin(26) Ej.

Proof. The formulas of the lemma follow by direct elementary computations.
[

Proof of Theorem 3.6: We will show a slightly more general version of the
formulas (12) and (14). We will not suppose that the traces tr X and trY are
zero. Let Diag(n) = R"™ denote the space of all diagonal n x n real matrices.
For any X,Y € Diag(n), the definition of eligibility, of the spaces Vy,Vy, the
statement of Lemma 3.3 and all the preceding reductions remain valid.
We will prove the following statement:
For all eligible X,Y € Diag(n), there exists k € SO(n) such that

Ve + Ad(k) V¥ = s(n, R) (15)

using induction with respect to n > 2. In particular, this provides a new proof for
the cases X, Y €a™, X €a” and Y #0 or X # 0 and Y € o', a result that is
known for all Riemannian symmetric spaces from [3].

Case n = 2. The configurations of eligible X and Y are p = ¢ = [1,1]. We
then have Vy = V4 = span{E},}. By Lemma 3.10, if we take k = e;5(f) with
0 € (0,7/2), we have

WX7y<k3) = span{Efz, El,l — EQ,Q} = 5[3(27 R)

Choice of predecessors X', Y' for eligible X,Y € Diag(n). Suppose that X Y
have configurations p = [p1,ps,...,p:,q¢ = [q1, 2] respectively, with p; < ¢.
Denote by z; the p; equal diagonal components of X, ¢ =1,...,r, and by y; the
¢; equal diagonal components of Y, ¢ = 1,2. We will prove the formula (15) for
the following orderings of elements of X and Y:

p1—1 Q1 n—qi

X = diaglxy, z9, ..., 20,20, .., 21, Y =diagly, y1, -,y Y2, - - Y2)- (16)
We define X' Y’ € Diag(n — 1) by suppressing the first elements of X and

p1—1 q1—1 n—qi
-

X' =diag[ra, ..., 20, 71, ..., x1), Y =diagGr, ..., y0 Y2, - -5 Yo)-
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We apply this procedure as long as p; > 1, ¢ > 1 and n > 2. It can be described
as the shortening by 1 of the longest blocks of X and Y. After a finite number
of such shortenings, one or both of reduced vectors will have a configuration 1™,
m > 2. Shortening of 1™ then leads to 1™~ !. In the last step of the reductions,
we will end up with the configurations [1,1] and [1,1] for X and Y, considered
in the first step of the induction.

X' and Y are eligible. In order to show this, we consider several possible cases.
We call p’ and ¢ the configurations of X’ and Y’ and p), ¢] their maximal
elements.

o If p > py and ¢ > @9, then p} = p; — 1 and ¢} = ¢¢ — 1. We have
Pi+d =p+q —2 < n—2. The last inequality guarantees that p’ =
[(n—1)/2,(n—1)/2] = ¢ does not happen.

o If py > py and ¢ = go = n/2 then pj; = p; — 1 and ¢} = ¢ = n/2. The
sum p} + ¢ =p1+q¢ —1 <n—1. Note that we then have configuration

¢ =[n/2,(n/2) 1] # [(n = 1)/2,(n = 1)/2].

o If pp = py and ¢ > qo, then p; = pp = p; and ¢ = ¢ — 1. We get
Pi+q =pi+q@—1<n—1.1If py > 1, then the configuration p’ contains two
different bloc lengths ps —1 and po, so it is not equal to [(n—1)/2, (n—1)/2].
If py =1, then p=1" and p’ =1""! or n = 2.

o If py = py and ¢1 = ¢ = n/2 then p; < n/2 unless n = 2. We have
Pitai=p+a<nand ¢ #[(n—-1)/2,(n—1)/2.

From si(n—1,R) to sl(n,R). The induction hypothesis can be applied to X" and
Y’. Let k' € SO(n — 1) be such that

VY + Ad(E)VS = st°(n — 1, R). (17)

It is easy to see that (17) remains true in an open neighbourhood containing
k'. Using Proposition 3.8, this allows to assume that &’ is total.
Recall that X = diag[xy, X'] and Y = diag[y:, Y’']. We “shift” and embed
the spaces V¢, and Vi in s1°(n, R) in the following way:
V)§’:SPan{Ef+1,j+1 € 5[<n7R'>:Xz{7éX]/'}7 Vf/:span{EﬁrLjHEs[(n,R):YZ#Y;’},
and we define kg € SO(n) by

o 1 Ol,n—l
kO N |: On—l,l k/ :| '

Then (17) implies that

(18)

VS + Ad(ko)Vy = { 0 VL1 } .

011 s%(n—1,R)

New elements in Vx and Vy . In order to prove (15), we must now use the elements
of V¢ and V4? which do not come from V¥, or Vi5,. We define

Ny = {Eﬁg, e Eﬁn,plﬂ}, Ny = {Eﬁq1+l, . ,Eﬁn}.
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We have Vi = span(Nx) @ V£, and V¥ = span(Ny) @ Vi. Let P = Nx N Ny.
Observe that n —p; +1 > ¢ + 1, since n > p; + qi1, thus EF; 4,41 € P. Note that
(Nx \ P)UNy ={E?,,...,E}}. Define

Vi = span(Nx \ P) @ V..

We shall prove (15) in three steps.
Step 1. We have

0 Rn—l

V),( + Ad(k)g)‘/f - |: R~ S[S(TL -1 R)

} Nst®(n,R). (19)

Proof of Step 1. By matrix multiplication we check that

0 R! }

Rn—l Onfl,nfl (20)

Ad(ko)Ny C {
We use Lemma 3.9 with = ¢; and S = span(Ny). Given that {E7,,... E{  } C
V%, it follows that

S =ms(Ad(ko)S) C span{Ey,, ... By, } + Ad(ko)S C Vi + Ad(ko) V52

and the equation (18) gives (19).
Step 2. For 6 > 0 sufficiently small, we have

0 Rnfl

Ad(ewn@)Vi + Ad)VE = | gy o) )

} Ns(n,R).  (21)
Proof of Step 2. The formula (21) holds for # = 0 by (19). By Lemma 3.10 and
by (20), for any 6 we have the inclusion

O Rn—l

Ad(er,,41(0))Vy + Ad(ko)Vy? C { R" ! &°(n—1,R)

} Nst®(n,R).  (22)
Let d(6) := dim(Ad(ey 4,41(0)) Vi + Ad(ko)V5?).

We have d(0) = n—1+dim(st°(n — 1, R)). The equality d() = d(0) is equivalent
to non-nullity of an appropriate determinant continuous in €. Thus d(f) =
n — 1+ dim(st®(n — 1,R) holds for # in a neighborhood of 0. Together with
(22), this implies that formula (21) holds for 6 small enough.

Step 3. Fix 6 € (0,7/2) for which formula (21) holds and denote k; = ey 4,4+1(0).
Then

Ad(k)VE + Ad(ko)Vy? = si(n, R). (23)
Proof of Step 3. Recall that F; 441 € P C Nx C V)*?. By Lemma 3.10,
Ad(k))E7, 1 = —sin(26) (11 — Egq1,g41) + cos(20) BV 4,
so the following inclusion deduced from (21) is strict:

0 Rn—l

R o5(n - 1.R) Nst®(n,R) C Ad(k)V + Ad(ko)Vy2.



764 GRACZYK AND SAWYER

Consequently,
dim (| Y R 0 imR) ) < dim(Ad(k)VE + Ad(k)VE)
R" s%(n—1,R) ’ VX oY

This implies that dim(Ad(k,)VE + Ad(ko)V5?) = dim(st®(n, R)) and the
formula (23) follows.
Proof of (15). From the formula (23) we get

VE 4+ Ad(ky ko) V= s1°(n, R),

thus (15) is true for k;'ky. This ends the proof of Theorem 3.6. Together with

the necessity condition proved in Section 2, the proof of the main Theorem 1.6 is

completed. [ ]
We illustrate the proof with an example.

Example 3.11. Let n = 5. Consider X and Y with configurations [2, 2, 1] and
[3,1,1] respectively. The vectors X and Y are eligible. By reduction 2, we can
suppose that the configurations of X and Y are [2,2,1] and [3,2] respectively.
We order X and Y in the following way:

X = diag[xh T2, T2, T3, $1]7 Y = diag[ybyh Y1, yz,yﬂ-

The predecessors of X and Y in the induction procedure are

X/ = diag[xg, 132,.733,1’1], Y, - diag[yla Y1, y27?/2]

and their configurations are [2,1,1] and [2,2] respectively.
Using induction, we know that there exists k£’ € SO(4) which can be chosen
to be total such that

Vi +Ad(K) VP2 = s°(4,R).

1 0

Define kg = { Y

} . We shift the spaces V¢, and V3,

7S S S S @S S 7S S S S S
Vi = span{EQA, E2,5= E3,4a E3,5’ E4,5}’ Vy, = span{EQA, E2,57 E3,47 E3,5}

and we deduce from the induction hypothesis the analogue of the formula (18),
namely

~ ~ 0 0
S S _
Vi + Ad(ko)Vy = { 0 s5(4,R) ] )
The “new” elements in Vx and V4 are
Nx ={FEi1, Er3,E14}, Ny ={FEi4, E15}
and their intersection P = Nx N Ny = {Fy4}. The space V¥ is defined by

Vi = span{FE1 ., E1 3} ® V.
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In Step 1 of the proof of Theorem 3.6 we show that

Ola b c d
el
Vi + Ad(ko) V5 = b . a,b,c,d € R
c|s¥(4,R)
d

In Step 2, we justify the fact that acting with e; 4(f) on V§ does not affect the
last equality if 8 is small enough

Ola b c d
a
Ad(e;4(0))Vy + Ad(ko) Vi? = b . a,b,c,d € R
c| s1”(4,R)
d

Finally, in the Step 3, we adjoin the element E; 4 to Vi . Observing that
Ad(€174(0))E15:4 = — sin(2 0) (E171 — E474) + COS(2 0) Ef4’
we justify the fact that a diagonal element missing in Ad(e; 4(6))Vi+Ad (ko) V5? to

make it equal to si°(5, R) is now generated in Ad(e; 4(0))VE + Ad(ko) V4?. Finally
we get

Vi + Ad(e1a(—0)ko) Vy = s1°(5,R)

for the vectors X = diag[zy, xe, x2, z3, 1] and Y = diaglys, v1,y1, Yo, y2]. If we
want X to be ordered X = [x1, 21, T2, T, 23], we use w; € W exchanging the first
and the fifth coordinates when acting on X. We can write w; as the following
matrix of SO(5):

wyp = 61’2(71'/2) 6273(71'/2) 6374(77'/2) 6475(71'/2).
Finally
VE+ Ad(w; ! e a(—0)ko) Vi = s1° (5, R).

If we go deeper in this induction procedure, in order to get the case X’ and
Y’, we order their components as follows

diag|xe, x5, x1,22] and  diag[yi, y1, Yo, yo]
and we boil down to

X" = diag[xg, X1, 5U2] and Y = diag[?/b Y2, yz]

with configurations [1,1,1] and [2,1]. One more reduction of ” and ” with their
components ordered as diag[zy, e, x3] and diaglys, yo, y1] leads to the initial case
with configurations p = ¢ = [1,1].

If we go forward in the induction procedure, the case of configurations
[2,2,1],[3,2] that we have proved, implies Theorem 3.6 for configurations [3,2, 1]
and [3, 3], etc.
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