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Abstract. Let g be a simple Lie algebra of finite dimension over K € {R, C}
and Aut(g) the finite-dimensional Lie group of its automorphisms. We will
calculate the component group mo(Aut(g)) = Aut(g)/ Aut(g)o, the number of
its conjugacy classes and will show that the corresponding short exact sequence

1 — Aut(g)o — Aut(g) — mo(Aut(g)) — 1

is split or, equivalently, there is an isomorphism Aut(g) = Aut(g)o % mo(Aut(g)).
Indeed, since Aut(g)p is open in Aut(g), the quotient group mo(Aut(g)) is
discrete. Hence a section mo(Aut(g)) — Aut(g) is automatically continuous
giving rise to an isomorphism of Lie groups Aut(g) = Aut(g)o X mo(Aut(g)).
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Introduction

The component group m(Aut(g)) and the number of its conjugacy classes occur in
the classification of Lie algebras of smooth sections (cf. [11] and [5] for a definition
and basic properties), a natural generalization of smooth loop algebras: If g is
complex simple or real central simple, then the Lie algebras I'(IL) of sections of
the bundle 7 : . — S! of Lie algebras with fiber g are classified by the homotopy
class {S'; B Aut(g)}. which is bijectively mapped to # Conj(m(Aut(g))), the
number of conjugacy classes of the component group.
The splitting of the sequence

1 — Aut(g)o — Aut(g) — mo(Aut(g)) — 1 (1)

is a classical fact for complex simple g, and 7y(Aut(g)) is realized in Aut(g) as the
symmetry group of the corresponding Dynkin diagram. By the close connection of
real simple compact Lie algebras to their complexifications, it is no surprise, and it
has been shown (see f.i. [8]), that the sequence (1) is split for real simple compact
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g. However, this result in the two other cases, i.e. g being real non-central! simple
and g being real central simple non-compact has not been shown by now.2

In this paper, firstly the well-known results for complex simple and real
simple compact g are stated. Then we present some important tools (Cartan and
Polar Decompositon) and lemmas from Heintze’s and Grof’ structural discussion
of involutions of compact Lie algebras in [4]. Following Loos’ book on symmetric
spaces [12], making use of the classification of symmetric spaces by Helgason
(cf. [6]) and using the correspondence of non-compact Lie algebras with Cartan
involution (g,7) to compact Lie algebras with non-trivial involution (u,o), we
prove the important Proposition 2.14. As one corollary, we obtain all component
groups mo(Aut(g)) for real central simple non-compact g and have also shown the
splitting of the short exact sequence (1) in some cases. The proof of the splitting
for the remaining non-compact Lie algebras is then done case-by-case: Corollary
2.17 for the remaining non-compact real forms of the so(n, C)’s, Theorem 2.18 for
hermitian Lie algebras with an involution w from Kobayashi’s paper [10], Theorem
2.19 for split Lie algebras and Theorem 2.20 for g = sp(n, n, H). Finally, we treat
real non-central simple Lie algebras g, using results from Djokovi¢’s paper [2],
where he calculated my(Aut(g)), and prove the splitting of the sequence (1) by
applying the splitting of (1) for a real split form s of g©, i.e. the Lie algebra g
regarded as a complex Lie algebra.

The exceptional complex simple Lie algebras are denoted by ¢g, ¢7, ¢s, {4, g2,
respectively. The real forms of an exceptional complex simple Lie algebra r, are
denoted by t,(n), where n € Z is the characteristic difference dim(p) — dim(€) for
a Cartan decoposition g,y = g = €@}, p. In particular, we have n < 0 for a
compact real form g,(,).

1. The complex simple case

For complex simple Lie algebras g, the splitting of the short exact sequence (1) is
a classical result (cf. f.i. Theorem 10.6.10 of [14]):

Theorem 1.1.  If g is a complex simple Lie algebra, then mo(Aut(g)) is isomor-
phic to the symmetry group of g’s Dynkin diagram and there is an isomorphism
Aut(g) = Aut(g)o x mo(Aut(g)). The following table provides all possibilities® for
mo(Aut(g)).

2. The real simple case
In the real case, things are more complicated. From now on g denotes a real simple

Lie algebra.

Remark 2.1. It is a well-known fact (cf. Proposition X.1.5 of [6]) that each
real simple Lie algebra fulfills exactly one of the two following conditions:

'An R-Lie algebra g is called central, if Cent(g) := { f € End(g)|[f,ad,] =0 for all z € g} =
R -1 and non-central otherwise.

2In §4 of [13], Murakami calculated the component group mo(Aut(g)) for the real forms g
of the su(n + 1,C)’s and named typical outer automorphisms. However, he did not show that
these representatives form a subgroup isomorphic to mo(Aut(g)) in Aut(g).

3The Lie algebras listed in this and the next tables exhaust all possibilities up to isomorphism.
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complex simple g mo(Aut(g)) | # Conj(mo(Aut(g)))

0

sl(n+1,C) forn > 2 Cy 2
50(8,C) Ss3 3
s50(2n,C) forn > 5 Cy 2
(4] CQ 2

all others 1 1

Table 1: Component group my (Aut(g)) for complex simple g

A. g admits a complex structure J and the complex Lie algebra g = g©(J) is
simple.* The complexification gc is the direct sum of two simple isomorphic
ideals, hence g¢ is not a complex simple Lie algebra.

B. gc is a complex simple Lie algebra. This is equivalent to the condition that
g is central simple, i.e. if Cent(g) =R - 1.

2.1. The real central simple case. Now let g be real central simple. We
need the following lemma to determine mo(Aut(g)) in two distinct subcases: the
compact and the non-compact case.

Lemma 2.2.  Let g be a real semisimple Lie algebra of finite dimension with
Cartan decomposition g = €@ p and u = €+ ip the corresponding compact real
Lie algebra with involution o = id¢® — id;,. Then we have the following: ®

1. The map B, : g x g — R, (z,y) — —k(x,Ty) is a euclidean scalar product.
Note that B, = —k for compact g.

2. The B, -transposition operator End(g) — End(g), f — fT defined by
B, (fo,y) = B, (z, fy) leaves Aut(g) invariant. More precisely, fT =
777 for all f € Aut(g). The subgroup Aut(g)” = {f € Aut(g)|7f7 = f}
is equal to Aut(g) N O(g, B;) = {f € Aut(g)| 7! = fT} and smoothly iso-
morphic to Aut(u)?.

3. The space ad(p) = {ad(z):g — glz € p} is included in Sym(g, B;) =
{f €End(g)| f = f*} and the space ad(€) = {ad(z): g — g|z €t} is in-
cluded in L(O(g, B;)) = { f € End(g)| f = —f"}.

Proof. 1. + 3. These are the statements of Lemma 12.1.3 of [7].
2. Let 2,y € g and f € Aut(g). Then:

B.(fTx,y) = B;(z, fy) = —k(z, 7f77(y)) = —K (Tf_lT(iL’),Ty)
= B, (Tf’lT(x),y) )

4If g is real simple with a complex structure .J, then the only other complex structure is —J
and the corresponding simple complex Lie algebras g©(J) and g©(—J) are isomorphic.

5The statements are also true in the rather trivial case of g being compact. Then g has the
Cartan decomposition g =g ®L 0 and (u,0) = (g,1).
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Furthermore, we have: f € Aut(g)” <= 7f 't =f! < ="
Now let f € Aut(g)”, k¥ € € and p € p. Then f preserves the Cartan
decomposition:

fk)=71fr(k) =7(f(k)) = f(k)eg =t
f(p) =7fr(p) = —7(f(p)) = f(p)€g ™ =p

So we may define 7 : Aut(g)” — Aut(u) by n(f)(k+ip) := f(k)+if(p). Its

image is in Aut(u)”:

on(f)o(k +ip) = on(f)(k —ip) = o(f(k) —if(p)) = f(k) +if(p)
=n(f)(k +ip).

The map 7 : Aut(g)” — Aut(u)? is a smooth group morphism and has an
inverse defined by n7*(g)(k + ip) = g(k) + ig(p), thus is an isomorphism of
Lie groups.

n

Remark 2.3. By a classical result (cf. Proposition 1.122 of [9]), for any al-
gebraic subgroup H' < GL(N,R) with (H')T = H’, the map (H' N O(N,R)) x
(LH' N Sym(N,R)) — H', (K',2') — Kk'e is a diffeomorphism. We can transfer
this to the case of a euclidean scalar product B on a finite-dimensional vector
space V' and an algebraic subgroup H < GL(V') stable under B-transpositon and
obtain a diffeomorphism (H NO(V, B)) x (LH NSym(V, B)) — H, (k,x) — ke®.

If g is a real semisimple Lie algebra with Cartan decomposition g = ¢®] p,
we have a euclidean scalar product B, on g such that Aut(g) < GL(g) is stable
under B,-transposition (cf. Lemma 2.2), thus we obtain, for algebraic and B,-
transposition stable subgroup H < Aut(g), the diffeomorphism

@ :(HNO(g,B,)) x (L(H) N Sym(g, B,)) — H
(k. 2) — kexp g (@)

Hence we obtain Hy N O(g, B;) = (H N O(g, B;)), and, as an application
of the Second Isomorphism Theorem, a group isomorphism

7o (H A O(g, B,)) — Ho- (HO(g, B,)) /Ho = H/Hy = molH),
h-(HNO(g, B,))y — h- Hy.

The complexification of a real simple compact Lie algebra is always a
complex simple Lie algebra, so any real simple compact Lie algebra is central
simple. We want to show that mo(Aut(g)) is then isomorphic to mo(Aut(gc)).

Theorem 2.4.  If g is a real simple compact Lie algebra, then there exists a
group isomorphism mo(Aut(g)) = mo(Aut(ge)). Since we know the latter group by
Theorem 1.1, we can list all possibilities for mo(Aut(g)) in the following table.
Furthemore, the embedding Aut(g) — Aut(gc,9) = Aut(ge)?, where
o: gc — gc 18 the conjugation with respect to g (cf. Proposition 2.1 of [2]),
leads to an isomorphism Aut(g) = Aut(g)o X mo(Aut(g)) (¢f. Theorem 6.61.(vi)

of [8]).
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real simple compact g | mo(Aut(g)) | # Conj(mo(Aut(g)))

0
su(n +1,C) for n > 2 Cy 2
50(8,R) Ss3 3
s0(2n,R) forn > 5 Cy 2
€6(—78) Cy 2

all others 1 1

Table 2: Component group my (Aut(g)) for real simple compact g

Proof. A Cartan decomposition of the real semisimple Lie algebra (gc)® is
g ®ig with the involution 7 : gc — gc, v+ iy — x —iy. The following calculation
for f € Aut(gc) and y € g shows the B, -stability of Aut(gc):

fry) = 1fr(iy) = 7fN=iy) = —7if ' (y) = irf () =irf 7 (y) = if (v).

We apply Remark 2.3 to the algebraic subgroup H = Aut(ge) < Aut <(gC)R),
obtaining the isomorphism 7y(Aut(gc)) = 7 (Aut(ge) N O(ge, B;r)). By

Aut(gc) N O(gc, Br) = {f € Aut(gc)|7f7 = [},
there is a smooth isomorphism of this group and Aut(g) by f > fig, so
mo(Aut(gc)) = mo(Aut(g)). u

We need the following statements for the calculation of 7y (Aut(g)) for real
central simple non-compact g. The first four lemmas are due to Grofl and Heintze
(cf. Appendix A of [4]), the fourth is Theorem IX.5.6 of [6]. Lemma 2.11° is proven
analogously to Proposition 1.1.9 of [7].

Lemma 2.5.  Let u be a real simple compact Lie algebra and o € Aut(u) a
non-trivial involution. Then the group morphism w : my (Aut(u)?) — 7o (Aut(u?))
induced by restriction is injective for inner o € Aut(u) and ker(w) = {[idy], [0]}
for outer o € Aut(u).

Lemma 2.6.  The so-called triality automorphism 6 € Aut(so(8,R)) is outer,

commutes with Ad (_014 10) and is of order 3.
4
Remark 2.7. We want to give an explicit description of (one realization of)

the triality automorphism:

For the conjugation 7 : s0(8,C) = s0(8,R)®is0(8,R) — s0(8,C), z+iy —
& — iy, the map Aut(so(8,C))” — Aut(so(8,R)), f +— fisos,r) is an isomorphism
of Lie groups. We define an automorphism by means of the standard Chevalley
generators’, i.e. let h := Chy @ Chy ® Chs ® Chy for hy := Ey9 — Fo1, hy =
Fsy — Ey3, hy := Es¢ — Fgs5, hy := Ezg — Eg; be a Cartan subalgebra in s0(8,C),
where the E;; — FE;;’s denote the elementary skew-symmetric 8 x 8-matrices. With
the dual elements h} : h — C, h; — d;; there is a root basis

IT:=1l(s0(8,C),h) := {ey := h] — h},ay := hi — h}, a3 :== hi — h},aq := hi + h}}

6Note that this lemma is proven for both, real and complex matrices. It is a generalization
of Schur’s Lemma applied to the canonical action of so(n,C).

"By f.i. Theorem 3.2.1 of [3], an automorphism of a simple complex Lie algebra is uniquely
determined by its values on Chevalley generators.
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with corresponding root spaces Cx; = s0(8,C)*, Cy; = s0(8,C)~* for the matri-
0O AO00O 0O 0 00O 00 0 O
cos 11 -AT 0 0 0 x'ZO 0O A O x':OO 0O o0
b 0 000" |0 -A" 00”7 |00 0 Al
0O 00O 0O 0 00O 0 0 -AT o
00 O O
Ty = 8 8 8 g , where A := <1 _12), B = C _Zl) and y; 1= 7(x;)
0 0 -BTO0
for i« = 1,2,3,4. The triality automorphism corresponds to a cyclic permu-
tation of the simple roots i, ay, az, which leads to the following definition of
1 1 1 1
, 11 1 -1 -1 . ,
0" € Aut(s0(8,C)): Let T := 3 1 1 1 -1 be the map matrix of
-1 1 1 -1

with respect to the basis (hy, ha, hg, hy) and 0(z1) 1= 3, 0(23) := x9, O(x3) := 24,
O(xy) = x1, O(y1) := y3, 0(y2) := y2, O(y3) := ys, O(ys) := y1. The entries of T
and of the h;’s are real and for z € C, 1 = 1,2,3,4 we have:

70'1(22;) = T(Z0(1(23))) = 27(0' () = 27(x;) = 2y; = 0'(22;).

Analogously, we have 70'7(zy;) = 0'(zy;) for z € C, i = 1,2,3,4. So 0" €
Aut(s0(8,C))". Set 0 := 0/ s -

Lemma 2.8. The four conjugacy classes of involutions of the real simple com-
pact Lie algebra eq_7s) are represented by commuting elements. More precisely,
if we fix a mazimal torus t < eg_7g) and py is the corresponding Dynkin diagram
involution, then there is an X € t such that py = p1eX is a representative for
the second conjugacy class of outer involutions. The two conjugacy class of inner
involutions are represented by ps == ¥ and py := € for some elements Y, Z € t°*.

Lemma 2.9. The non-trivial element of mg (Aut(e7(_133))097(7)) s represented

by e24X) for any non-zero element X € 27_(0_7;2) such that ad(X)? = —r?ad(X).

Lemma 2.10.  Let u be a real simple compact Lie algebra and o € Aut(u)
a non-trivial involution. Then o s inner if and only if the ranks of u’ and u
conincide. Here, the rank of a real compact Lie algebra is the dimension of any
mazimal abelian subalgebra or, equivalently, of any Cartan subalgebra.

Lemma 2.11.  Forn > 3 a matriz X € M(n,K) commutes with all elementary
skew-symmetric matrices F,, — Ey., 1 <r < s <mn, if and only if X € K1,,.

Proof. Let E§S(m) := {E,s — Es|1 <r < s <m} be the set of elementary
skew-symmetric m X m-matrices for m € N. For ¢ = 1,...,n there is an
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embedding
Je: ESS(n—1) — ESS(n)

Y11 v yie—r 0 ye - Yin—1
Yoe—11 - Ye—10-1 : Yo—14 - Ye—1n—1
Ye1 Yeo—1 : Yoo - Yon—1
Yn—11  Yn—1p-1 0 Un—1e - Yn—1n—1

Note that (), cessm_1) 10 € K"[je(y) - v =0} = Ke for (e1, ..., €,), the canonical
basis of K". So the condition 2X = Xz for all x € E5§5(n) leads to ji/(y)Xe, =
Xje(y)ee = 0 for all y € ESS(n — 1), yielding X (Key) € Ke,. Thus X is
diagonal. Furthermore, commuting with £SS(n), the matrix X does not have
distinct eigenvalues. Thus X € K1,,. The other implication is trivial. ]

Corollary 2.12. If ¢ > 2 and X € O(2¢,R) with det(X) = —1, then
Ad(X) € Aut(so(2¢,R)) is outer. If ¢ > 5, then, since m (Aut(so(2¢,R))) = Cy
by Theorem 2.4, the map Ad : O(2¢,R) — Aut(so(2q,R)) is surjective.

0 ) is in O(2¢,R)\ SO(2, R).
0 12q—1

Furthermore, Ad(/) # Ad(Q) as maps on so(2¢,R) for all @ € SO(2¢,R), since
else, by Lemma 2.11 in the case K = R, there would exist » € R* such that
Q7' = rly, and det(I) = r??det(Q) = r?¢ # —1 = det([). Hence, the image of
the map Ad : O(2¢,R) — Aut(so(2¢,R)) is strictly larger than Ad(SO(2¢,R)) =
Aut(s0(2¢,R))g. We know that [Aut(so(2¢,R)) : Aut(so(2¢,R))s] = 2 by Theo-
rem 2.4, hence the surjectivity of Ad follows. |

Proof. The matrix I = I 9,1 =

Let g be real simple non-compact with Cartan involution 7 and ¢ = g",
p=g 7, u==%t+ip, o =ide® —id;,. We will calculate m (Aut(u)?) and see
that it is isomorphic to m (Aut(g)) by using the classification of simply connected
symmetric spaces.

Remark 2.13.  Aut(u) preserves the negative definite Cartan-Killing form &,
so it is compact and so are Uy := Inn(u) = Aut(u)y and U := Uy because
of Weyl’s Theorem (cf. Theorem 11.1.17 of [7]) and the (semi)simplicity of
Der(u) = ad(u) = u. Weidentify u with ad(u) and in this sense and since the expo-
nential map of any connected Lie group with compact Lie algebra is surjective (cf.
Proposition I1.6.10 of [6]), the map Ady : U — U,g, Ady(expy(y))(z) = ¥ (z)
is the universal cover of U,q.

Let @ : U — U be the unique Lie group morphism such that Lo = o. The
compact subgroup K := U? = {g € U|5(g) = g} is connected with Lie algebra
LK = u” = ¢ and the homogeneous space M := U/K is a simply connected
compact Riemannian symmetric space (cf. Theorem VII.8.2 of [6]) with compact
group of displacements Uy := U/I" for T := Z(U) N K < Z(U), the maximal
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normal subgroup contained in K. So Z(Ugs) = Z(U)/I'. Furthermore, Uy;s is, by
Proposition IV.1.7 of [12], isomorphic to the connected component of the isometry
group of M and there is also an isomorphism of symmetric spaces M = Uy;s/K',
where (Uj,), € K' C U, for an involution ¢ € Aut(Uy;s) such that L¢ = L. The
homotopy sequence 1 = (M) — mo(K3) — mo(Uais) = 1 is exact, so K’ = (Ug,),
and LK = LK.

Let po : U — Ugs be the universal covering morphism of Ugs. Since
I' = ker(ps) C ker(Ady) = Z(U), the map Ady,, : Ugis — U,a is the unique
morphism such that the diagram

commutes, ker(Ady,, ) = Z(Uss) = Z(U)/T = Z(U)/ (Z(U) N K) and Ady,, is a
covering morphism, implying Ady,, oexpy,. = expy -

Tables 3 and 4 provide all possibilities for g, ¢ and (u,0) except for
isomorphy of the Lie algebras and except for conjugation by automorphisms of the
involutions. Furthermore, we make use of Loos’ classification symbol X, where
X, is the root system of the corresponding complex simple Lie algebra gc = uc
and we list the groups U, Uy;s with corresponding centers (cf. Chapter VII of [12]
and Table 4 of [3]) and Z(M), the center of M, an abelian discrete group acting
on M (cf. Exercise X.C.4 of [6]: The group i (Inn(u)/Inn(u)y) mentioned there
is equal to Z(M) by Proposition III.2.4 and the corollary of Theorem VI.3.6 of
12)).

We also use the following symbols: c¢j is the complex conjugation, qj is

- . . . -1, O
the quarternionic conjugation and we have the matrices I, , := ( Op 1 ) and
q
o 1, . . . . : .
I = 1 0 If g is exceptional, then we write oy for the unique involution

of u such that gc — gc, = + iy — o4(x) + iog(y) fixes g pointwise, ie. it is
the complex conjugation with respect to the real form g. The unique simply
connected real simple compact Lie groups with exceptional compact Lie algebras
€6(—78)s €7(—133), €8(—248); ](4(—52), g2(—14) ale denoted by E6(—78)7 E?(—133)7 ES(—248)7
F4(_52), GQ(_14), respectively.
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We prove our key proposition by slightly modifying Loos’ proof of Theorem

VIL4.4 of [12).

Proposition 2.14.  Let u be a real simple compact Lie algebra, o € Aut(u) a
non-trivial involution, i.e. o # id, and 0% =id,, set € :=u° and p :=u=° and let
g = t+ip be the corresponding real simple non-compact Lie algebra with Cartan
involution 7 = ide¢ ® — id;p. Then:

1.

The group mo((Aut(u)o)?) is elementary abelian, i.e. isomorphic to Cy for
some k € Ny.

The identity components of Aut(u)? and (Aut(u)y)” conincide.

The inclusion Aut(u)? = Aut(g)” — Aut(g) induces an isomorphism of
groups my (Aut(u)?) — m (Aut(g)) and Aut(u)? = (Aut(u)?),xm (Aut(u)?)
if and only if Aut(g) = Aut(g)o x mo (Aut(g)).

There ezists a finite group F such that Aut(u)” = (Aut(u)g)? x F' and
mo (Aut(u)?) 2 Ck x F.

The following table provides all possibilities for 28, F and mo (Aut(u)?).

(u,0) 28 | F | mo (Aut(u)?)
(su(2,C), ¢j) 2 11 Cy
(su(n +1,C),cj) for even n > 2 1 |Cy Cy
(su(n+ 1,C),cj) for odd n >3 2 | G Cy x Co
(su(n +1,C),Ad(Jn41-44)) forg <™ >1] 1 | G, Co
(su(2n +2,C), Ad(L41,n+1)) forn >1 2 | C Cy x Co
(su(2n +2,C),cjo Ad(J,11)) forn >1 1| Cy Cy
(s0(2n + 1,R), Ad(Ion41-q4)) forg<n>2] 2 | 1 Co
(sp(n,H),qj) forn >3 2 11 Cy
(sp(2n,H),Ad(I,,)) forn>1 2 |1 Cy
(s0(2n,R), Ad(13,—_q4)) foroddqg<n>4 | 1 | Cy Co
(s0(2n,R), Ad(13,_qq)) for eveng<n>4 | 2 | Cy Cy x Cy
(so(2n,R),Ad(1,,)) for oddn >5 2 | Cy Co x Cy
(so(2n,R), Ad(1,,)) for even n > 6 4| Cy D,
(50(8, R), Ad([4’4)) 4 83 84
(so(4n,R), Ad(Js,)) for n >3 2 11 Cy
(s0(4n +2,R), Ad(Jop+1)) for n > 2 1 |Gy Co
<e6(f78),ae6(j)> for j = 6,2, —14, —26 1] ¢, C,
<€7(_133), 0'270.)) fOT' j = 7, —25 2 CQ
all others 1 1

Proof. We use the notation of Remark 2.13.

1.

The closed subgroup U2, = { f € Uaa| o fo = f} is compact and so is mo(UZ,).
In addition, the latter group is discrete, hence finite. We will show that every
element in m(UZ,) is self-inverse: The Lie algebra of U7, is LU, = LK = ¢,
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thus the identity component (Ug)o is expya (8) = expy,,(£), so by using the
surjectivity of

D :expy  (B) x p — expy, (4) = Uaa

(f7 'T) — f ' eXpUad(x),
(cf. Remark 2.3), we have UZ, = (UZ)o- (U Nexpy,,(p)) and every element
of mo(Ug,) takes the form expy () - (U%)o = [expy,, (¢)] for some z € p.
Thus the calculation
-1
[eXpUad (35)] = [eXPUad(_I>] = [eprad(a(x))] = [U eXpUad@)U}
= [expy,, (@)]

shows that every element of mo(UZ;) is self-inverse, hence mo(UZ;) = C5 for
some k € Nj.

In order to derive a formula for k, we consider the following commutative
diagram of pointed spaces:

UdiS/K/\ Tr /ljdiS/p1 (Ugd)
@ P
Uais/p~ (UZ)o),

where 7, ¢, 1 are induced by the identity on Ugs and p := Ady,, . As a
first step, we calculate:

P (U)o) = {g € Ugis| 3z € 8) : p(g) = expyy, (37)}
= {9 € Uais| Gz € 8) : p(g) = poexpy, ()}
={g€Usys| Gh e K') : gh™" € Z(Usss)} = Z(Uais) K.

So we have ker(¢) = Z(Uqis) K'/ K" = Z(Uais) / (Z(Uqis) NK') = Z(Ugis) , where
the last isomorphism follows from the fact that Z(Ugs) N K’ acts trivially on
M = Uy /K.

There exists a bijective group morphism p~'(UZ)/p~! (U%)0) — m0(UZ)
by [g] — [p(g)]: The map is obviously well-defined and its kernel is:

{19l p(9) € (Uga)o} =1 € p™ (U7 /™" (Uga)o) -
Its surjectivity follows from the surjectivity of p};]jf‘i (ve)” This shows ker(¢)) =
ad

mo(Usa)-
In order to calculate ker(w) we use the bijective map Ugs/p 1 (UZ)) —

Uad/Ugy, 9] = [p(9)], leading to 7 : Ugis/K' — Uaa/UZy, [9] = [p(9)]
and, by Proposition II1.2.4 and the corollary of Theorem VI.3.6 of [12], the
[1]-fiber of this map is Z(M).

We thus obtain the following formula for the order of the group mo(UZ;):
S #Z00)
# Z(Udis) ’

leading to the following preliminary result:
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[\
By

X;
AR oddn > 1
Aty g > 1
B g<n>2
Cﬁlf, n>3
C’leg’q, q>2
D}f’q, n>4 even g <n
D9, even g > 4
D;9, odd ¢ > 5
DY even n > 6
L)
L7 (—95)
all others

NN NN DN DN

2. Any element in Ug,; is of the form exp;; (z) for some x € &. If f € Aut(u)”
is arbitrary, then fexpy (2)f™" = expy  (f(z)) is again in Ung, so in UZ,,
hence UZ; < Aut(u)?. The Lie algebra of Aut(u)? is L Aut(u)? = LUZ, = ¢
and Aut(u)”, UZ; are closed subgroups of Aut(u), so (Aut(u)?), = (U%),-
The short exact sequence

1— U Indl, Aut(u)? R ARENY
induces the short exact sequence

1— 71 (U%) 2% o (Aut(u)?) &5 F — 1

and if the former sequence is split, then the latter is split, too.

3. We apply Remark 2.3 to H = Aut(g). So we obtain Aut(g), N Aut(g)” =
(Aut(g)™), and Aut(g)o-Aut(g)” = Aut(g) and 7 (Aut(g)™) — mo (Aut(g)),

[w] — [w] is a group isomorphism.

Furthermore, the isomorphism 7 : Aut(g)” — Aut(u)’ from Lemma 2.2.2
induces the isomorphism

mo(n) : mo (Aut(g)”) — mo (Aut(w)”), [f] — [n(f)],

yielding mo(Aut(g)) = m (Aut(u)?).

If there are representatives of the elements in 7y (Aut(u)?) forming a sub-
group of Aut(u)? isomorphic to my (Aut(u)?), we may apply n~! to them
and they turn into representatives in m (Aut(g)”™) and thus in 7y (Aut(g)),
showing that m (Aut(g)) can be injectively embedded into Aut(g) with its
image intersecting Aut(g)o trivially, i.e. Aut(g) = Aut(g)e ¥ mo(Aut(g)).

This argument works, conversely, by applying 1 to the elements in 7y (Aut(g)")
forming a subgroup of Aut(g)” isomorphic to my (Aut(g)”).

.+ 5. We will prove Aut(u)? = U2 x F' |, where F' is some finite group, by a
case-by-case discussion:
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Case 1:

Case 2:

Case 3:

Case 4:
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If Aut(u) is connected, i.e.

X; E{A]F; Byiq<n>2 Cin>3; CMq< g > 1;
Er(7y; Er_s); Er(—2s); Ess); Es(—21); Fawy; Fy—20); Gy}

by Theorem 2.4, then Aut(u)? = U2, x F' follows for trivial F'. In these
cases, Z (Ugs) is trivial, so my (Aut(u)?) has order #7Z(M) € {1,2},
thus m (Aut(u)?) € {1,Ca} (cf. Table 4).

Let the automorphism o € Aut(u) be outer and u # s0(8,R). The
former condition is fulfilled if and only if the ranks of u and € do not
conincide by Lemma 2.10, so we obtain:

X e {Aﬁ,n > 1; Agﬂnﬂ,n >1; D odd ¢ < n > 4 Ege); E6(_26)} )

In all these cases, we have k = 0, except for the case X* = AR odd
n > 1, and D¢, odd ¢ > 4, where k = 1. Then ¢ ¢ Aut(u), =
Usa 2 UZ) 2 (UZ) = (Aut(w)?),, 50 [0] € mo (Aut(w)?) \mo (U5 has
order two. We define F' := {[idy,[0]} < 7o (Aut(u)?) and a map
p: Aut(u)” — F by p(#) := [id,] if and only if 6 € U2, and p(f) := [o]
otherwise. If 6,0 € Aut(u)?\UZ,, then the equivalence classes of
6= 0" in m (Aut(u)) are different from [id,|, so, by Theorem 2.4,
the equivalence classes conincide and 66" € Aut(u)y N Aut(u)? = UZ,.
So p(A9) = [id,) = [0]* = p(@)p(¢') and hence p is a morphism of
groups. This morphism has a natural section s : F' — Aut(u)?, thus
Aut(u)? = UZ x4 F with o([o])(f) := ofc = f for all f € U7, so
Aut(u)? =2 U2 x Cy.

¥ R1 R3\| - o (s0(8,R),Ad(l7,1)), or
X e {D4 , D, }, ie. (u,0)= {(50(8,R),Ad([573)).

The automorphism group of the compact subalgebra € = u? is
Aut(so(1,R)) x Aut(so(7,R)) = Aut(so(7,R))

or

Aut(so(3,R)) x Aut(so(5,R)),

but in both cases Aut(£) is connected, because the Dynkin diagrams A,
By and Bj have no non-trivial symmetries. Since o € Aut(u) is outer,
Lemma 2.5 implies that m (Aut(u)?) = {[idy], [¢]} and, since UZ; is
connected in both cases, we have a short exact sequence as follows:

1— U7 2% Aut(w)” 2 {[idy], [0]} — 1,

where p(#) = [id,] if and only if 0 € UZ = (UL), = (Aut(u)?),
and p(f) := [o] otherwise. The sequence possesses a natural section
s @ {[idy],[o]} — Aut(u)?, thus Aut(u)? = U2 %, {[id,],[0]} with
a([o])(f) =ofo = f forall feUZ, so Aut(u)? = UZ x Cy.

It remains to consider the case where Aut(u) is disconnected, but o is
inner. We have the following subcases:
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i Xr=A% ie (u,0)=(su(n+1,C),Ad(I,11_44)), for an integer
g <™t >1:
Let ¢j : su(n 4+ 1,C) — su(n + 1,C) be the complex conjugation.
It commutes with o because I,;11_4, is real. The rank of ud =
so(n+1,R) is § for even n and "TH for odd n, so never equal to n,
the rank of u. Lemma 2.10 implies that [cj] € 7o (Aut(u)?) \mo (UZ)
has order two. We define F' := {[id,], [cj]} < m (Aut(u)?) and a
map p : Aut(u)? — F by p() := [id,] if and only if § € UZ; and
p(0) = [c¢j] otherwise. If 6,6 € Aut(u)?\UZ,, then the equiv-
alence classes of 0716 in my (Aut(u)) are different from [id,],
so, by Theorem 2.4, the equivalence classes conincide and 60" €
Aut(u)o N Aut(u)? = U%,. So p(8') = [idy] = [cj]* = p(A)p(¢') and
hence p is a morphism of groups. This morphism has a natural
section s : F' — Aut(u)?, thus Aut(u)? = UZ, x F.

ii. X7 =D, ie (u,0) = (s0(2¢,R),Ad(I,,)), for an even integer
q=>6:
By Corollary 2.12 we have:

Aut(u)? = {Ad(X)| X € O(2¢,R) and [,,XI,, = £X}

- {Ad(X) ‘X - <§ g) or X = (g ’g)
with A, B € O(¢,R)}.

Since Inn(u) = Uyg = {Ad(X)|X € SO(2¢,R)}, it follows that

e = {Ad(X) ’X - (’3 g) or X = (2 é)

with A, B € O(¢q,R),det(A) = det(B) } .

By u” = s0(q,R) ® s0(¢q, R) and the surjectivity of the exponential
maps u’ — (UZ)o and so(q,R) — SO(q,R) we have:

o e A O
(U)o = (Aut(u)7)o = {Ad(X) ‘X _ (0 B)
with A, B € SO(¢,R)}.
The short exact sequence

11— (Uad)o — Ugq

a

— 7o (Ua) = {[Ad(X1)], [Ad(X2)], [Ad(X5)], [Ad(X)]} =€) — 1

with the representatives X; = (1‘1 O>, X, = (11,8—1 ; 0 )
1,g—1

_ 0o 1, _ 0 L g1

and X3 = 1, 0 and X, = Ty 0 ) has the sec-
tion mo (Aut(u)?) — Aut(u)?, [Ad(X;)] — Ad(X;). T

ponents of Aut(u)? are represented by Ad(X;), i = 1,...,8 with

Xi,..., X, asabove and X5 = ([1"11 0)7)(6: <1‘1 0 >7

he eight com-

0o 1, 0 —li,
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X; = <10 11,(@,)1> , Xg = < 0 10q> . The group m (Aut(u)?)

—1 4

q 1,g—1

of eight elements has exactly two elements of order four, [Ad(X7)]
and [Ad(Xg)], and, by [Ad(X3X5)] = [Ad(Xg)] # [Ad(X7)] =
[Ad(X5X3)], it is not abelian, hence is isomorphic to Dy. We ob-
tain the split short exact seqence

1— U — Aut(u)? — Aut(u)? /U = {[Ad(X1)], [Ad(X5)]}
= CQ — 1.
Xy = D" ie. (w,0) = (50(2¢,R), Ad(J2n—qq)), for an even

integer ¢ < n > 5:
In analogy with the previous subcase we have:

Aut(u)? = {Ad(X)| X € O(2n,R) and I, qXon—gq = £X}

- (29)
with A € O(2n — ¢,R), B € O(¢q,R) },

where the second equality follows from the fact that a matrix of

the form X = (g é for A € My, q4(R),B € M,2,—(R) is

singular if ¢ < n. By U, = {Ad(X)|X € SO(2n,R)}, it follows

that
A 0
(o 5)

with A € O(2g —n,R), B € O(q,R),det(A) = det(B) }.

U, = {Ad(X)

By u? = s0(2n — ¢,R) @ so(q,R) and the surjectivity of the ex-
ponential maps u” — (UZ%)o, s0(2n — ¢,R) — SO(2n — ¢,R) and

s0(q,R) — SO(g, R) we have:
(Ug)o = (Aut(u))o = {Ad<x> X = (g g)

with A € SO(2n — ¢,R), B € SO(¢,R) }.

The short exact sequence

1= (U)o = Uy — mo (Ugg) = {[Ad(X1)], [Ad(X2)]} = C; — 1

0 1,
has the section 7y (Aut(u)?) — Aut(u)?, [Ad(X;)] — Ad
The four components of Aut(u)? are represented by Ad(X;), i

1,...,4 with X;,X, as above and X3 = <]1’2’6_q_1 10> and
q

with representatives X; = <12n—q 0 , Xo = ([1 2n—g-1 )
19—
(Xi)-

X, = <128‘1 7 0 ) The group 7 (Aut(u)?) of four elements
1,9—1
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has no element of order four, hence is isomorphic to Cy x Cy. We
obtain the split short exact seqence

1= Ul — Aut(w)” — Aut(u)?/Ug = {[Ad(Xy)], [Ad(X3)]}
= CQ — 1.
Xr=DE ie. (u,0)=(s0(2n,R),Ad(J,)), for n > 5:
In analogy with the two previous subcases we have:
Aut(u)” = {Ad(X)| X € O(2n,R) and J, X J,; ' = +X}
= {Ad(X) |X € O(2n,R)" = U(n,C)
or X € O(2n,R)™ =1,,U(n,C) },

where we consider U(n,C) as the subgroup of O(2n,R) fixed by
the conjugation with .J,. The relation detg(X) = |dete(X)|* tells
us that the matrices in U(n,C) have real determinant 1, whereas

the matrices in I, , U(n,C) have real determinant (—1)", so we
have the following decomposition into closed open subsets:

Aut(u)? = {Ad(X)|X € Un,C) } U{Ad(X)|X € ,, U(n,C) }
Since Uyq = {Ad(X)|X € SO(2n,R)}, it follows that
aa = {Ad(X) |XV€ U(n,C)}

=(Uga)o=(Aut(1)7)o

U {Ad(X) ’X € Ly U(n, ©), det(X) = 1 } .

If n is odd, then k = 0 and UZ; = (UZ)o. We obtain the split
short exact seqence
1 — Uz — Aut(u)” — Aut(w)” /U7 = {[idu], [Ad(Lnn)]}

gCg—>]_

If n is even, then k =1 and Aut(u)? = UZ,.

X* =Dy ie (u,0) = (s0(8,R), Ad(Ig5)):

The automorphism group of the compact subalgebra & = u? is
Aut(s0(2,R) @ s50(6,R)) = Aut(R @ su(4,C)), so mo(Aut(t)) =
Cy x Cy, since the Dynkin diagram Aj only has one non-trivial
symmetry. Since o € Aut(u) is inner, Lemma 2.5 implies that
7o (Aut(ut)?) is isomorphic to a subgroup of Co XxCy and since k =1,
we either have m (Aut(u)?) = Cy or mp (Aut(u)?) = Cy x Cs.

By Aut(s0(8,C)) 2 Ad(O(8,C)), we have at least:

A0
(o 5)
with A € O(6,R), B € O(2,R)},
Since Uyq = {Ad(X)|X € SO(8,R)}, it follows that

o = {Ad(X) X = <§ g)

with A € O(6,R), B € O(2,R), det(A) = det(B)} .

Aut(u)” D {Ad(X)
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By u? = 50(6,R) @ s0(2,R) and the surjectivity of the exponential
maps u? — (U%)o, s0(6,R) — SO(6,R) and s0(2,R) — SO(2,R)

we have:
W = (o = a0 [ = (3 9)
with A € SO(6,R), B € SO(2,R) }.

But we already know that m (UZ;) = Co, implying the equality

_ (A O
ad {Ad(X> X = <0 B)
with A € O(6,R), B € O(2,R),det(A) = det(B) }.
1 0 O
We consider X' = | 0 0 1 Hence Ad(X') € Aut(u)\UZ,
0 10

and we calculate:

O'Ad(X/)O'<l') = Ad<]672X/1672)(x)

~15, 0 0 ~15, 0 0
= Ad o 1 0|lx[ o 1 0]]|@)
0 01 0 01

= Ad(X")()

So we see that [Aut(u)? : UZ] > 1, so [Aut(u)? : UZ] = 2, yielding

the equality
A0
(o )

with A € O(6,R), B € O(2,R)} .

Aut(u)” = {Ad(X)

We obtain the split short exact seqence
1— U — Aut(w)” — Aut(u)?/UZ, = {[id,], [Ad(X")]} = C; — 1.

X =Dy? ie. (u,0) = (50(8,R),Ad(I,4)):
The automorphism group of the compact subalgebra ¢ = u? is

Aut(so(4,R) & s0(4,R))
>~ Aut(su(2,C) @ su(2,C) @ su(2,C) @ su(2,C)),

so mo(Aut()) is isomorphic the symmetry group of the Dynkin
diagram with four disconnected nodes, hence isomorphic to Sy.
Since o € Aut(u) is inner, Lemma 2.5 implies that m (Aut(u)?) is
isomorphic to a subgroup of S;. Furthermore, we know that C3 =
o (UZ) < mo (Aut(u)?), thus the Third Isomorphism Theorem
yields that the order of Aut(u)?/UZ = my (Aut(u)?) /m (UZ) is
at most six.
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By Lemma 2.6, there is an element [0] of order three in the quotient
Aut(u)?/U% = 7o (Aut(u)?) /mo (UZ,) of order three. The automor-

phism Ad(Y) with Y = Ly

0 —13’1
and the rank of u*d(Y) = 50(7,R) is different from the rank of u,
thus, by Lemma 2.10, the order of [Ad(Y')] € Aut(u)?/UZ, is two.
Hence Aut(u)?/UZ, is a group of six elements and 7y (Aut(u)?) has
24 elements, so m (Aut(u)?) = Sy.

The Second Isomorphism Theorem yields

Aut(u)? /U = Aut(u)?/ (Uag N Aut(u)?) = (Uaq - Aut(u)?)/Uag
< 7o (Aut(u)).

commutes with o = Ad(l4)

Since o (Aut(u)) = S3 by Theorem 2.4, we even have Aut(u)?/UZ,
= 7 (Aut(u)) = S3. We obtain the short exact sequence

1— UZ — Aut(u)?
— Aut(u)"/U;’d
= {[idy], 6], [6°] . [AA(Y)], [0 Ad(Y)], [0* Ad(Y)] } = S5 — 1,

which is split: We take 6" € Aut(so(8,C)) and 6 € Aut(so(8,R))
as described in and with the notation of Remark 2.7. The subgroup
[' < Aut(u)? generated by Ad(Y') and 6 is mapped onto S3 by a
group morphism. So the First Isomorphism Theorem yields that
83 is isomorphic to a quotiemt of I', thus it suffices to show that
the order of T" is at most six.

We calculate, for the standard Chevalley generators h;, x;, y;, where
i=1,2,3,4, of 50(8,C) and r:= Cx; ® Cxy ® Cxz ® Cxy:

1 1 1 1
11 1 1 -1 -1
T —
T1 T |: |bj| (h1,..eyha) - 5 1 —1 1 -1 ’
11 1 -1
000 1
o o100
T2' |:|F:|(:E1 ,,,,, 14)_ 1 000 ’
0010
100 0O
010 0
Y= [AdY )l =10 01 o |
000 —1
1000
010 0
Yor= [AAMi 2o = 10 0 0 1
0010

The identities T1 Y1 T, = Y7 and TyY5Ty = Y, show® that 0" Ad(Y)0' =

8The automorphisms are uniquely determined by their values on the h;’ s and z;’s and by
commuting with the conjugation 7 : s50(8, R) 4 is0(8,R) = s0(8,C) — s0(8,C).
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Ad(Y) on ug, so also # Ad(Y)0 = Ad(Y) on u, hence
Ad(Y){1,6,6°} Ad(Y) = {1,0,6%},

thus {1,60,6?} ST and {1,Ad(Y)}-{1,0,60%} is a subgroup of T,

yielding {1,Ad(Y)}-{1,0,0*} = T, showing #I' < 6 and hence

F g 83 .
vii. X: S {E6(2)7E6(_14)}:

We use the the notation of Lemma 2.8. The involution o is in-

ner, so we have 0 = €' = expyyy(ady(Y)) or 0 = 7 =
eXPayg(u) (adu(Z)), respectively. Since Aut(u)?/UyZ; is isomorphic
to a subgroup of 7y (Aut(u)), which is isomorphic to Cy by Theo-
rem 2.4, and the non-trivial Dynkin diagram involution p; is outer
and commutes with e¥ and e?, we obtain the split short exact
seqence

1 — U — Aut(w)” — Aut(w)”/Uz = {idu], [pa]} = C2 — 1.

[
Corollary 2.15.  If g is a real central simple non-compact Lie algebra, then the
following table provides all possibilities for mo(Aut(g)).
: mo(Aui(g)) [ # Conj(ma(Aut(g)))

sI(2,R) Cs 2
sl(n + 1,R) for even n > 2 Cy 2
sl(n + 1,R) for odd n >3 Cy x Cy 4
su(gn+1—q,C) forqg< " >1 C, 2
su(n+1,n+1,C) forn>1 Cy x Cy 4
sl(n + 1,H) =su*(2n+2,C) forn >1 Co 2
s0(q,2n+1—¢q,R) forq<n>2 Cy 2
sp(2n,R) forn >3 Cy 2
sp(n,n,H) forn >1 Cy 2
s0(q,2n — q,R) for odd g <n >4 Cy 2
s0(q,2n — q,R) for even ¢ <n >4 Cy x Cy 4
so(n,n,R) for odd n >5 Cy X Cy 4
so(n,n,R) for evenn > 6 Dy 5
s0(4,4,R) Sy 5
s0*(4n,R) forn >3 Cy 2
s0*(4n + 2,R) forn > 2 Cy 2
€6(5) fO?“j = 6, 2, —14, —26 CQ 2
€7(5) fO’I"j = 7, —25 CQ 2
all others 1 1

Corollary 2.16.  If g is a real central simple non-compact Lie algebra such that

mo(Aut(g)) =1 or g is isomorphic to one of the following:
1. sl(n+1,R) for even n > 2,

2. 5u<Q7n+1_Q7C) fOTq< nTH > 17
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3. sl(n+1,H) =su*(2n+2,C) for n > 1,
4. 50(q,2n — q,R) for odd ¢ <n >4,

5. s0*(dn+ 2,R) for n > 2,

6. eg() for j=16,2,—14,-26,

then there is an isomorphism Aut(g) = Aut(g)o x mo(Aut(g)).

Proof. By Proposition 2.14, we have (Aut(u)y)? = ((Aut(u)o)?), = (Aut(u)?),
in the mentioned cases, yielding Aut(g) = Aut(g)o X mo(Aut(g)). n

Corollary 2.17.  If g s a real central simple non-compact Lie algebra isomor-
phic to one of the following:
1. so(q,2n+1—¢q,R) for q<n>2,

50(q,2n — q,R) for even ¢ <mn >4,

(g
(

so(n,n,R) for odd n > 5,
so(n,n,R) for even n > 6,
50(

4,4,R),

036‘*\9@1@

s50*(4n,R) for n > 3,

then Aut(g) = Aut(g)o x mo(Aut(g)).

Proof. We will see that, in the mentioned cases and with the notation of
Remark 2.13, there are representatives of the elements in 7y (Aut(u)?) which form
a subgroup of Aut(u)? isomorphic to m (Aut(u)?). Hence, by Proposition 2.14.3,
we have Aut(g) = Aut(g)o X mo(Aut(g)).

1. g=so0(¢,2n+1—¢q,R) for g <n > 2:
Aut(so(2n + 1,R)) is connected by Theorem 2.4, so Ad (SO(2n+ 1,R)) =
Aut(so(2n + 1,R)). Thus, in analogy with the proof of Proposition 2.14.4,
Case 4, iii, we know that

7o (Aut(s0(2n + 1,R))?) = {1, [Ad(X2)]} = C,

for X2 = (Il’z(;q 110 1)'
qd—

2. g=so(q,2n —q,R) for even ¢ <n > 4:
By the proof of Proposition 2.14.4, Case 4, iii and v, we know that

7o (Aut(so0(2n,R))7) = {1, [Ad(X2)], [Ad(X3)] , [AA(X,)]} 22 Co % Co

for XQ = ([1’2"0(11 [10 1) , X3 = (Il,Qanl ](_)) , X4 = X2X3.
qd— q
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3. g = so(n,n,R) for odd n > 5:

d.

In analogy with the proof of Proposition 2.14.4, Case 4, ii, we have:

Aut(so(2n,R))°

— {Ad(X)| X € O@2n,R) and I, X1, = +X}

:{Ad( ) x (fg g) Orxz(g ‘g) withA,BEO(n,R)},
(Aut(so(2n,

_ {Ad( |x = (A g) with A, B € O(n, R), det(A) = det(B)}

U{ )| X = (g ‘3) with A, B € O(n,R), det(A) = —det(B)},

((Aut(so(2n,R)))7), = (Aut(so(2n,R))7),

{Ad( )| x (0 B) with A, B € SO(n, ]R)}

We know that n is odd, Ad(A) = Ad(—A) for each A € O(n,R) and
SO(n,R) — O(n,R)\ SO(n,R), A — —A is a bijection, so we can also

write:

(Aut(s0(2n, R))o)”
_ {Ad(X) 'X - (’g g) or X = (_OB ’g) with A, B € SO(n, R) }

Thus we have

7o (Aut(so(2n,R))?) = {1, [Ad(X3)], [Ad(X5)], [Ad(Xs)]} = Co x Co

forX?’:(—l 0)’)(5’:(1’01 1)’X8:(—11 1 0)'

g = so(n,n,R) for even n > 6:
By the proof of Proposition 2.14.4, Case 4, ii, we know that

7o (Aut(s0(2n, R))7) = {1,[Ad(X5)], ..., [Ad(Xs)]} = D,

_ Il,n—l 0 o 0 1n o 0 Il,n—l
for Xz = ( 0 Il,n_l)’ A = (—1n 0)’ t= (—Il,n_l 0 )
_ Il,nfl 0 _ ]-n 0 _ 0 Il,nfl _

o 1,
_Il,n—l 0 .

g =s0(4,4,R):
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In analogy with the proof of Proposition 2.14.4, Case 4, ii, we have:

Aut(so(8,R))”
D) {Ad(X)| X e O(8,]R) and ]474X]474 = :|:X}

:{Ad(X) X:(’g g) orX:(g ‘3) withA,Beo(4,R)},

(Aut(so(8,R))o)”

_ {Ad(X) X = (g‘ g) or X = (g ﬁ)
with A, B € O(4,R), det(A) = det(B)},

((Aut(s0(8,R))o)?), = (Aut(so(8,R))7),

_ {Ad(X) ‘X: (‘3 g) with A, B eSO(4,R)},

7o ((Aut(s0(8,R))o)?)
= {1, [Ad(X?)], [Ad(X5)], [Ad(X4)]} = C3

for Xp = (131 131 » Xa = —014 1()4>7 X = <—?31 ]?61). By the

proof of Proposition 2.14.4, Case 4, vi, we know that
Aut(s0(8,R))?/ (Aut(so(8,R))o)”
=~ {1,[0], [0°] ,[AA(Y)], [0 AA(Y)], [0 Ad(Y)] } = S;

1, O
0 —I3;
scribed in and with the notation of Remark 2.7 and that the corresponding
short exact sequence is split. Furthermore, 7y (Aut(so(8,R))7) = S;.

for the matrix Y = and the triality automorphism 6 as de-

We will show that also the short exact sequence
1 — (Aut(so(8,R))?), — Aut(s0(8,R))” — m (Aut(s0(8,R))?) =S, — 1

is split by showing that the subgroup I' of Aut(so(8,R))? generated by
{Ad(X>),Ad(X3),Ad(Y),0} is isomorphic to S;. We already know that T’
is mapped onto S4 by a group morphism. So the First Isomorphism Theorem
yields that Sy is isomorphic to a quotiemt of I'; thus it suffices to show that
the order of T" is at most 24.

First consider the subgroup S < T' generated by {Ad(X3), Ad(X3),Ad(Y)}.
With a = Ad(X2), b := Ad(X3), ¢ := Ad(Y) we see that ab = ba and
ac = ca and hence each product of three different elements is equal to abc
or acb. We calculate:

B 1, O 0o 1
B 0 14 . 0 13,1 13,1 0 _ _
_Ad(lg,,l 0)—Ad((14 0) (0 IgJ))—bca—abc.

Multiplying by a from the left yields: acb = be. So the fact that also b, c are
of order two yields: S = {1,a,b,c,ab,ac,bc,cb}. In S, the elements d := ab
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and e := bc are of order two and four, respectively, and fulfill the relation
de = (ab)(bc) = ac = ca = (cb)(ba) = (cabbecab)(ab) = e3d, hence S = Dy is
of order eight.

We calculate, for the standard Chevalley generators h;,x;,y;, where i =
1,2,3,4, of 50(8,C) and x5 := § [y1, [y2, yal], z6 == 15 [[@1, 2] , [w3, [24, 22]]],
v7 = 1 [ys, [y2. 0], @5 == § [va, [y2, 5] and p:=Cz1 & ... & Ca:

1 1 1 1 0 0 1 0
11 1 -1 -1 0 0 0 —1
T1:§1—11—1’D1:1000’
-1 1 1 -1 0 -1 0 0

00010000

01000000

001 0 10000000

000 —1 00100000

E=1100 o' loooo0oo000 1]

010 0 00000100

00001000

0000O0O0T1O0

00010000 00010000

00001000 00001000

0000O0T1O00 10000000

po_|t0o000000f . f00000100

2 01 00000O0f "™ 0000O0O0OGO0T1)|°

00100000 00100000

000000O01 01000000

000000T10 00000O0T1O0

J— / e e —
where T1 = [Q‘h] N h4)’ D1 = |:d|h](h1 ..... ha)’ E1 = [e‘h} (h1sesha) ® TQ =

77777
-----

[Q\IJ , Dy o= [Q\IJ , B = [%] . The identities Ty D, =
(Z1,e.28) (21,e,78) (z1,.,78)

DyE?T, and TyE, = DyE,T} for £ = 1,2 show that d = de?d and fe = deh?
hold on s0(8,R), hence:

I'={de0":ie{0,1},j€{0,1,2,3} ke {0,1,2}},
showing #I" < 24 and thus I' = S,.

g = s0*(4n,R) for n > 3:
By the proof of Proposition 2.14.4, Case 4, iv, we have:
(Aut(so(4n,R))?)o = {Ad(X) | X € U(2n,C)},
Aut(so(4n,R))? = (Aut(so(4n,R))y)”
= (Aut(so(4n,R))7)o
U {Ad(X) ‘X € Iz U(2n, ), det(X) = 1 } .
Thus we have:

7o (Aut(so(4n, R))?) = {1, [Ad(Isn20)]} = Co.
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The split real forms of complex simple Lie algebras and the hermitian Lie
algebras both form important classes of real central simple Lie algebras. We treat
them in the next two theorems.

Theorem 2.18.  If g is a hermitian Lie algebra, i.e. isomorphic to one of
sl(2,R), su(g,n+1—¢,C) for ¢ <2 > 1, s0*(2n + 6,R), s0(2,n+ 2,R) o
sp(2n + 4,R) for some n € N or zsomorphzc to €6(—14) OT e7(—25), then Aut(g) =
Aut(g)o ¥ mo(Aut(g)).

Proof. Let g=¢®] p be a Cartan decomposition, G a Lie simply connected
Lie group with Lie algebra g and K < G a connected compact subalgebra
with Lie algebra €. Since g is hermitian, 3(¢) = R -z for some 0 # z € ¢.
Kobayashi has shown (cf. Lemma 2.4 of [10]) the existence of an involutive Lie
group automorphism of G such that its derivative in 1 € G is a Lie algebra
automorphism w : g — g with w(z) = —z and wr = Tw.

By Corollary 2.16 and Corollary 2.17, we have to prove the statement of
the theorem only if g is isomorphic to one of s[(2,R), ez(_25) or sp(2n +4,R) for
some n € N. By m(Aut(g)) = Cs, it suffices to show that w € Aut(g) is outer.

Supposing w inner, there are n € N, ky,...,k, € € and p € p such that
w = ePeadalkn) ... cads(k) (cf  Cartan Decomposition Theorem 12.1.7 of [7]),
thus w(z) = 2@ (2).

Let B, : g X g — R be the euclidean scalar product from Lemma 2.2. Then
(ad(p))*™ (2) € p = £15- for all £ € Ny, so B.(z,w(z)) = B:(2,u/(2)) for the

map

Wig—g, T Z )% (2) = cosh (ad(p)) (z).

The B,-symmetry of ad(p) yields:

B, (. (ad(p))” (2)) = B, ((ad(p))’ (2), (ad(p))’ (x)) = 0

for all z € g and ¢ € Ny. So we know that B.(z,w(z)) = B;(z,0'(2)) > B.(z, 2)
is positive, contradicting the fact that w(z) = —z. So w is outer. [

Theorem 2.19.  If g is a split real forms of its complexification, i.e. isomorphic
to one of sl(n+ 1,R), so(n+1,n+2,R), sp(2n +4,R), so(n +3,n+3,R) for
some n € N or isomorphic to ege), e7(7), ess), faa) 0T @2(2), then Aut(g) =
Aut(g)o x mo(Aut(g))-

Proof. By Corollary 2.16, Corollary 2.17 and Theorem 2.18, we have to prove
the statement of the theorem only if g is isomorphic to sl(n + 1,R) for some odd
n > 3 or ery. We will show this by finding, with the notation of Remark 2.13,
representatives of the elements in 7 (Aut(u)?) forming a subgroup of Aut(u)”
isomorphic to my (Aut(u)?).
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1. g=sl(n+1,R) for odd n > 3:

By the proof of Proposition 2.14.1 and 2.14.4, Case 2, we know that the
group (Aut(su(n +1,C))o)? has two connected components and there is a
short exact sequence

1 — (Aut(su(n +1,C))o) — Aut(su(n + 1,C))9— {1, [¢j]} — 1

which is split because cj is of order two in Aut(su(n + 1,C))%. Since
SU(n+ 1,C) is compact and connected, we know that Aut(su(n+1,C))y =
{Ad(X)| X € SU(n+1,C)}, so we can write:

(Aut(su(n +1,C))o)9 = {Ad(X)| X € SU(n +1,C)}¥
= {Ad(X)| X € Un +1,C)}"
={Ad(X)|X €U(n+1,C)and X "Xz =aX'X
for all z € su(n+ 1,C) D so(n+ 1,R)}.

By Lemma 2.11 in the case K = C, we may write:

(Aut(su(n +1,C))o)? = {Ad(X)| X € U(n+1,C) and X 'X € Cl,,4,}
={Ad(X)| X € Un+1,C)
and X = \X for some \ € (C}.

For X € U(n + 1,C) the condition X = —X implies X = iR and hence
Ad(X) = Ad(R) for some real-valued matrix R which is then orthogo-
nal. The condition 7 = AX for some A € C\{—1} yields that Ad(X) =
Ad(|p|Y) for p:= 1+_>\ and the real-valued matrix Y := X+X = 'X. But
also || Y is orthogonal:

(Y)Y (ulY) = [pYTY = (uY)" (1Y) = (X)'X = 145
So we have:
(Aut(su(n +1,C))o)9 = {Ad(X)| X € O(n+ 1,R)}.

By Corollary 2.12, the involution Ad(I;,,) € (Aut(su(n + 1,C))e)? is not in
the connected component of (Aut(su(n+ 1,C)))?. Since ¢j and Ad(I;,,)
commute, they form an elementary abelian subgroup of order four in the
group Aut(su(n + 1,C))9 and we have a split short exact sequence

— (Aut(su(n +1,0))), = ((Aut(su(n + 1,€))o)?)
— Aut(su(n + 1,C))9— {1, [cj] , [Ad(I1,n)] , [cj Ad(I1,)]} — 1.

g = ey
By the proof of Proposition 2.14.1, and 2.14.4, Case 2, we know that
(Aut(e7(,133))g)ae7(7> = Aut(er(—133))”"™ has two connected components.

By Lemma 2.9, the non-trivial element of (Aut(ey( 133))0°7<7)) is repre-

sented by ¢*™) for any non-zero element X € e, Igg) such that ad(X)? =
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—n?ad(X). So the minimal polynomial of ad(X) is p(A) = A(\? + 72),
yielding the existence of a basis of g with respect to which ad(X) is repre-

sented by a block diagonal matrix diag <O, ...,0, (_0 77) . ( 0 w)) |

m 0 -7 0
. -1 0 -1 0 ad(X) .
hence diag (1, . < 0 _1) . ( 0 _1>) represents e , which
is of order two in Aut(ez(_133))" 7™ .

There is only one isomorphism class of real central simple Lie algebras g left,
for which we have not yet proved the isomorphism Aut(g) = Aut(g)oxmo(Aut(g)).

Theorem 2.20. If g is a real central simple Lie algebra which is isomorphic
to sp(n,n,H) for some n € N, then Aut(g) = Aut(g)o x mo(Aut(g)).

Proof. We know that (Aut(sp(2n,H))o) ) = Aut(sp(2n, H))24Unn) has
two connected components by the proof of Proposition 2.14.1, and 2.14.4, Case
2. Since Sp(2n,H) is compact and connected, we know that Aut(sp(2n,H)), =
{Ad(X)| X € Sp(2n,H)}, so we can write:

(Aut(sp(2n, H))o)**") = {Ad(X)| X € Sp(2n, H)} ).

Note that X € Sp(2n,H) means that X preserves the standard hermitian form
()i (yi)i) == >_;dj(xi)y; on H*. Then also I,, € Sp(2n,H), thus also
X1, 2 X, € Sp(2n,H) and we can write:
(Aut(sp(2n, H))o) ) =
:Z(Sp(anﬂjp):{iIQn}

Ad(X)| X € Sp(2n, H) and Ad(XT,, X '1,,,) € ker (Adsp(an)

= {Ad )| X € Sp(2n,H) and Ad (X[n WXL n) :l:].gn}.

o 1,
-1, O
of order two. It remains to show that Ad(J,) ¢ ((Aut(ﬁp(Qn,H))O)Ad(ln’”)>
(Aut(sp(2n, H))A4Un)) . By Lemma 2.5, the map

So, for .J, = ( ) we have Ad(J,) € (Aut(sp(2n, H))o)* ") | which is

0

7o (Aut(sp(2n, H))Ad(l"’")) — 7o (Aut(sp(n, H) & sp(n, H)))
=~ 7o (Aut(sp(n, H)) x Aut(sp(n,H))) = Cy

induced by restriction is injective. But Ad(J)spm,m)@sp(n,m) represents the only
non-trivial class in 7y (Aut(sp(n, H) & sp(n,H))) because

Ad(J )|5p (n,H)@sp(n,H) (‘7:7 y) = (y7 $)
for all o,y € sp(n,H). So Ad(J,) € Aut(sp(2n, H))AdUnn) is outer. [

2.2. The real non-central simple case. We now turn to Case A of Lemma 2.1,
i.e. the real non-central simple case. Here, Theorem 2.21 due to Djokovié¢ (cf.
Proposition 4.1 and 7.1 of [2]), helps us to connect the group m(Aut(g)) to
mo(Aut(g®)).
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Theorem 2.21.  If g is a real simple Lie algebra admitting a complex structure
with conjugation o, then there are two isomorphisms of Lie groups as follows:

¢ = ¢, : Aut(g®) % C2 — Aut(g), (f,(~1)") = o'o f,
n =1y : mo(Aut(g)) — mo(Aut(g®)) x C,.

Corollary 2.22. If g is a real simple Lie algebra admitting a complex struc-
ture, then Aut(g) = Aut(g)o X mo(Aut(g)) and we have # Conj(mo(Aut(g))) =
# Conj(mo(Aut(g®))) - 2.

Proof.  The subgroups Aut(g®)p = (¢ : z € L (Aut(g‘c))>gmup and Aut(g)y =
(e” 1 € L(Aut(9))),,0n, ©f Aut(g) coincide, since L (Aut(g®)) = Der(g) =
L (Aut(g)) by the surjectivity of ad : g — Der(g).

We fix a split real form s of the complex simple Lie algebra g® and a
corresponding conjugation o, i.e. o: g% =sc =s+1is — g*, r+is > r—is. Let
¢ and n be given by Theorem 2.21 and w : mo (Aut(s)) = mo(Aut(g®)) — Aut(s)
be a section of the short exact sequence

1 — Aut(s)y — Aut(s) — m (Aut(s)) — 1

given by Theorem 2.19. Define a morphism ex, : Aut(s) — Aut(g®)? C Aut(g®)
by exs(g)(r +1is) := g(r) +ig(s) for g € Aut(s) and r,s € s. We will now show
that for the short exact sequence

1 — Aut(g)o — Aut(g) — m (Aut(g)) — 1

the map v := ¢ o (ex; X ide2) o (w X ides) 0 17 is a section:

Let f € Aut(g). Then ((w xidez)on)([f]) € Aut(s) x Cy is a homo-
morphic image of [f] € mo(Aut(g)) and can be written as (g, (—1)%) for some
g € Aut(s) and ¢ € {0,1}. Let, for f' € Aut(g), be (¢,(—1)") be a corre-
sponding pair. Then ([f]) = (¢ o (exs x ide2)) (9, (=1)) = ¢(exs(g), (1)) and
V(') = lexs(g'), (—1)") and so:

V(D) 0 () = dlexs(g), (1)) 0 dlexs(g), (—1)7) = 0’ 0 exa(g) 0 0" 0 exs(g)
= o o exe(99') = (U] [1]).

The second statement of the corollary immediately follows from Theorem 2.21. m
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