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Abstract.  Let %(n,R) be the universal covering of the symplectic group.
In this paper, we study the restrictions of the degenerate unitary principal
series I(e,t) of Sp(n,R) onto Sp(p,R)Sp(n — p,R). We prove that if n > 2p,
I(G’t)‘%(p,R)gij(n—p7R) is unitarily equivalent to an LZ-space of sections of a
homogeneous line bundle L2(Sp(n — p,R) X G (n—2p)N Ce,t+p) (see Theorem
1.1). We further study the restriction of complementary series C(e,t) onto
U (n — p)SA'g;(p, R). We prove that this restriction is unitarily equivalent to
I(e’t)‘ﬁ(n—p)s’;)(p,R) for t € iR. Our results suggest that the direct integral

decomposition of C(e,t) will produce certain complementary

o |§;7(p,R)§;7(n*p’R)
series for Sp(n —p,R) ([He09]).
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1. Introduction

Let §]/)(n, R) be the universal covering of Sp(n,R). §]/9(n, R) is a central extension
of Sp(n,R):
1—C— Sp(n,R) — Sp(n,R) — 1,

where C' = 7Z. The unitary dual of C is parametrized by a torus T. For each
k € T, denote the corresponding unitary character of C' by x*. We say that a
representation m of Sp(n,R) is of class x if 7|¢ = x*. Since C' commutes with

%(n,R), for any irreducible representation 7 of %(n,R), 7|l = x* for some k.

Denote the projection %(H,R) — Sp(n,R) by p. For any subgroup H of
Sp(n,R), denote the full inverse image p~*(H) by H. We adopt the notation
from [Sa]. Let P be the Siegel parabolic subgroup of Sp(n,R). One dimensional
characters of P can be parametrized by (e, t) where e € T and t € C. Let I(e,t)

be the representation of Sp(n, R) induced from the one dimensional character C,;
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parametrized by (e,t) of P. If t € iR and t # 0, I(e,t) is unitary and irreducible.
I(e,t) is called unitary degenerate principal series. If t is real, then I(e,t) has a
nontrivial invariant Hermitian form. Sahi gives a classification of all irreducible
unitarizable (e, t). If I(e,0) is irreducible, there are complementary series C/(e,t)
for ¢ in a suitable interval ([Sa]). Some of these complementary series are ob-
tained by Kudla-Rallis [KR], @sted-Zhang [OZ], Branson-Osted-Olafsson [BOO],
Lee [Lee]. Strictly speaking C(e,t) should be called degenerate complementary
series because there are complementary series associated with the principal series,
which should be called complementary series ([Kos|, [ABPTV]). Throughout this
paper, complementary series will mean C'(e,t).

Let (Sp(p,R),Sp(n — p,R)) be a pair of symplectic groups diagonally embed-
ded in Sp(n,R) (see Definition 5.1). Let U(n) be a maximal compact subgroup
such that Sp(n — p,R) N U(n) and Sp(p,R) N U(n) are maximal compact sub-
groups of Sp(n —p,R) and Sp(p,R) respectively. Denote Sp(n —p, R)NU(n) by
U(n —p) and Sp(p,R) N U(n) by U(p). The main results of this paper can be
stated as follows.

Theorem 1.1. Suppose p < n—p and t € iR. Let P,, 2, be a mazximal
parabolic subgroup of Sp(n —p,R) with Langlands decomposition Sp(p, R)GL(n —
2p)Npn—2p. Let M., be the homogeneous line bundle

(Cs,t-‘rp - Sp(n - D R)/GL(TL - 2p)NP,N—2p

(= Spp, R)U(n —p)/U(p)O(n — 219)),( )
1

. Let dgidlks] be an Sp(p,R)U(n — p)-invariant measure. Then

Np,n—2p

n+1

where p = "3

I(E,t) = L2<Me,t7dgld[k2])7

|§p(p,R)§p<n—p,R)

on which %(n —p,R) acts from the left and 5/71/7(]3, R) acts from the right.

Theorem 1.2.  Let C(e, t) be a complementary series representation. Suppose
that p <n —p. Then

Cl&,Dlon-n3pwm = 16 0lom-pdpr) = 16N on-pier (A ER).

p = [5] is the best possible value for such a statement. In particular, for

Sp(2m + 1, R)
I(E, 0) |§{)(m+1’R) % 0(67 t) ’%(m-{-LR)'

To see this, let L*(Sp(n,R)), be the set of functions with
f(z9) =Xx"(2)f(9) (2 € C.g € Sp(n,R));

112 = / WPl <o0 (g SpinR). o] € Spin. ).
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We say that a representation of class x is tempered if it is weakly contained in
L*(Sp(n,R)).. By studying the leading exponents of I(e,0) and C(e,t), it can
be shown that I(e,0) is tempered and C'(e, t) is not tempered.

‘%(mH,R)
Therefore

’%(m-{-l,R)

1(€,0)gpm+1,2) Z C(€ Ogpims1 my-
The author would like to thank Professors G. Olafsson and J. Lawson for very
helpful discussions.

2. A Lemma on Friedrichs Extension

Let S be a semibounded densely defined symmetric operator on a Hilbert space
H. S is said to be positive if (Su,u) > 0 for every nonzero u € D(S). Suppose
that S is positive. For u,v € D(S), define

(u,v)s = (u, Sv),

lulls = (u, Su).

Let Hg be the completion of D(S) under the norm || ||s. Clearly Hg,; C H and
Hg,r C Hg.

The operator S+1 has a unique self-adjoint extension (S+1)y in H, the Friedrichs
extension. (S + I)y has the following properties

e D(S) CD((S+1)o) € Hs1 € H;
o (u,v)str = (u,(S+1I)gv) for all u € Hgr and v € D((S + I)o)

(see Theorem in Page 335 [RS]). Now consider (S + I)o — I. It is an self-adjoint
extension of §. It is nonnegative. By the spectral decomposition and functional
calculus, (S + I)g — I has a unique square root T' (See Pg. 127. 128. [RS]).

Lemma 2.1.  Let S be a positive densely defined symmetric operator. Then the
square root of (S + 1)y — I extends to an isometry from Hg into H .

Proof. Clearly, the spectrum of 7' is contained in the nonnegative part of the
real line. By spectral decomposition D((S +I)g —I) =D((S+ I)o) € D(T') and
TT = (S+ 1)y — I. In addition for any u,v € D(S) C D((S + 1)o),

(Tu, Tv) = (u, TTv) = (u, (S + I)ov —v) = (u, Sv) = (u,v)s.

So T is an isometry from D(S) into H. Since D(S) is dense in Hg, T extends
to an isometry from Hg into H. [ |

3. Degenerate Principal Series of SA'j/o(n, R)
Fix the Lie algebra:

5p(n,R):{()Z( - ) Y =Y, 2 = 7}
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and the Siegel parabolic algebra:

=14 Ty )Iremy

Fix the Levi decomposition p = [ & n with

B X 0 B 0Y ¢
=13 Ly ) Ixemmr) w=(( g o)1=
Fix a Cartan subalgebra
a = {dlag(Hl, HQ, R >Hn; —Hl, —H2 cey —Hn) ‘ Hl S R}

Let Sp(n,R) be the symplectic group and P be the Siegel parabolic subgroup.
Set U(n) = Sp(n,R)NO(2n) where O(2n) is the standard orthogonal group. Let
LN be the Levi decomposition of P and A be the analytic group generated by
the Lie algebra a. Clearly, L = GL(n,R) and LNU(n) = O(n). On the covering
group, we have L N U(n) = O(n). Recall that

Un) = {(z,9) | g € U(n), exp 2miz = det g,z € R}.
Therefore 3
O(n) ={(x,9) | g € O(n),exp2riz = det g,x € R}.

Notice that for g € O(n), detg = £1 and = € %Z. We have the following exact
sequence

~ 1
1 —S0(n) — O(n) — §Z — 1.

Consequently, we have
~ 1
1 — GLy(n,R) —» L — §Z — 1.

In fact,

~ det
L=A{(z,9)| g € L,exp2miz = %,x

The one dimensional unitary characters of %Z are parametrized by the one dimen-
sional torus 7". Identify 7" with [0,1). Let u¢ be the character of 1Z corresponding

€ R}.

to € € [0,1) Now each character u¢ yields a character of L, Wthh in turn, yields
a character of P. For simplicity, we retain p¢ to denote the character on L and
P. Let v be the det-character on Ly, i.e.,

v(z,g) = |detg|  (z,9) € L. (2)
Let .
I(e,t) = Indép(n’mue @ v

be the normalized induced representation with € € [0,1) and ¢ € C. This is
Sahi’s notation in the case of the universal covering of the symplectic group ([Sa]).
I(e,t) is a degenerate principal series representation. Clearly, I(e,t) is unitary
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when t € iR.

When t is real and I(e,t) is unitarizable, the unitary representation, often denoted
by C(e,t), is called a complementary series representation. Various complemen-
tary series of Sp(n,R) and its metaplectic covering was determined explicitly or
implicitly by Kudla-Rallis, Orsted-Zhang, Brason-Olafsson-Orsted and others. See
[KR], [BOO], [OZ] and the references therein. The complete classification of the
complementary series of the universal covering is due to Sahi.

Theorem 3.1 (Thm A, [Sa]).  Suppose that t is real. For n even, I(e,t) is
irreducible and unitarizable if and only if 0 < [t| < |3 — [2e — 1||. For n odd and
n>1, I(e,t) is irreducible and unitarizable if and only if 0 < |t| < 3 —|3—[2e—1]|.

One can easily check that the complementary series exist if ¢ # O,% for
n odd and n > 1 ; if € # i,% for n even. It is interesting to note that com-
plementary series always exist unless I(e,¢) descends into a representation of the
metaplectic group. For the metaplectic group Mp(2n + 1,R), there are two com-
plementary series I(1,¢)(0 < ¢ < 1) and I(2,¢)(0 < ¢ < 1). For the metaplectic
group Mp(2n,R), there are two complementary series 1(0,¢)(0 < ¢ < %) and

2
I(3,t)(0 <t < 3). These four complementary series are the “longest”.

For n = 1, the situation is quite different. The difference was pointed out in
[KR]. For example, there are Bargmann’s complementary series representation for

1(0,¢) (t € (0,3)). The classification of the complementary series of Sp(1,R) can
be found in [Bar], [Puk|, [Howe].

Since our restriction theorem only makes sense for n > 2, we will assume n > 2
from now on. The parameters for the complementary series of Sp(n,R) are
illustrated in Fig. 1.

4. The generalized compact model and The Intertwining Operator

Recall that

I°(e,t) ={f € C=(Sp(n,R)) | fgln) = (u° @ v **)(I7") £(g),

— g (3)
(g € Sp(n,R),l € L,n € N)}

where p = 2. Let X = %(n,R)/ﬁ. Then I°°(e,t) consists of smooth sections
of the homogeneous line bundle L.,

—

Sp(n, R) ><15 Cue®yt+p — X.

Since X = U(n)/O(n), U(n) acts transitively on X . The function f € I*°(e,t) is
uniquely determined by f |[~](n) and vice versa. Moreover, the homogeneous vector
bundle L., can be identified with .,

U(”) X O(n) CME®Vt+p|O(n) — X
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Figure 1: Complementary Parameters (E,t)

naturally. Notice that the homogeneous line bundle K,; does not depend on the
parameter t. We denote this line bundle by K.. The representation I*(e,t) can
then be modeled on smooth sections of .. This model will be called the general-
ized compact model.

Let d[k] be the normalized U(n)-invariant measure on X . The generalized com-
pact model equips the smooth sections of K, ; with a natural pre-Hilbert structure

(Fro fa)x = /[ _ ST

where k € U(n) and [k] € X. It is easy to verify that fl(k)% is a function of
[k] and it does not depend on any particular choice of k. Notice that our situation
is different from the compact model since U(n) is not compact. We denote the
completion of I with respect to (, )x by Ix(e,t).

Secondly, the action of U(n) on K. induces an orthogonal decomposition of
IX (6, t) :
Ix(€,t) = DucaznV(a +€(2,2,...,2)),

where V(a + €(2,2,...,2)) is an irreducible finite dimensional representation of
U(n) with highest weight o+ €(2,2,...,2) and « satisfies

Qa1 2> Q> ... 2 Q.
This is essentially a consequence of Helgason’s theorem. Let

V(e t) = @acoznV(a +€(2,2,...,2)).
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V(e,t) possesses an action of the Lie algebra sp(n,R). It is the Harish-Chandra
module of I(e,t). Clearly, V (e, t) C I*®(e,t) C Ix(e,1).

For each ¢, there is an gg/o(n,R)—invariant sesquilinear pairing of Ix(e,t) and
Ix(e,—t), namely,

(flafZ):/Xfl(k)md[kL

where f; € Ix(e,t) and fy € Ix(e,—t). If t € iR, we obtain a %(n,R)—invariant
Hermitian form which is exactly (, )x. Since (, )x is positive definite, Ix(e,t) is
a unitary representation of Sp(n,R).

For each real ¢, the form (, ) gives an sp(n,R)-invariant sesquilinear pairing of
V(e,t) and V' (e, —t). In addition, there is an intertwining operator

A(e,t) - V(e t) — Ve, —t)

which preserves the action of sp(n, R) (see for example [BOO]). Define a Hermitian
structure (, ). on V(e t) by

(u,0)er = (A(e, t)u, v), (u,v € V(e,t)).

Clearly, (, )¢+ is sp(n,R)-invariant. So A(e,t) induces an invariant Hermitian
form on V(e ).

Now A(e,t) can also be realized as an unbounded operator on Ix(e t) as fol-
lows. For each f € V(e,t), define Ax(e,t)f to be the unique section of L.; such
that

(Ax(E, t)f)’(j(n) = (A<E7 t)f)’ﬁ(n)
Notice that Ax(e,t)f € I(e,t) and A(e, t)f € I(e, —t). They differ by a multiplier.

Now Ax (e, t) is an unbounded operator on the Hilbert space Ix(e,t). The follow-
ing fact is well-known in many different forms. I state it in a way that is convenient
for later use.

Lemma 4.1. Let t € R. I(e,t) is unitarizable if and only if Ax(e,t) extends
to a self-adjoint operator on Ix(e,t) with spectrum on the nonnegative part of the
real axis.

The spectrum of Ax (e, t) was computed in [BOO] and [OZ] explicitly for
special cases and in [Sa] implicitly. In particular, Ax(e,t) restricted onto each
U (n)-type is a scalar multiplication and the scalar is bounded by a polynomial on
the highest weight. We obtain

Lemma 4.2 ([WV]).  Ax(e,t) extends to an unbounded operator from I (e, t)
to 1°°(e,t).
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This lemma follows from a standard argument that the norm of each U(n)-
component in the Peter-Weyl expansion of any smooth section of K, decays rapidly
with respect to the highest weight. It is true in general (see [WV]).

5. Actions of S’;)(p, ]R)S’;)(q,R)
Suppose that p+ ¢ =n and p < ¢. Fix a standard basis

Lk % *
{er,e2,.. . epr€t, €5, .00}

for the symplectic form €, on R?. Fix a standard basis

{flanv"'afq;fikaf;v"wf;}
for the symplect form €, on R%.

Definition 5.1. Let Sp(p,R) be the symplectic group preserving €2, and
Sp(q,R) be the symplectic group preserving 2,. Let

0=0,-Q,

and Sp(n,R) be the symplectic group preserving 2. We say that the pair
(Sp(p,R), Sp(q,R)) is diagonally embedded in Sp(n,R).

We shall make a remark here. In [Henu|, Q@ = Q, + Q,. Sp(p,R)Sp(q,R) is em-
bedded differently there. The effect of this difference is an involution 7 on the
representation level.

Let P,,, be the subgroup of Sp(g, R) that preserves the linear span of
{fp41,---, fg}- Choose the Levi factor GL(q — p)Sp(p,R) to be the subgroup of
P, ,—p that preserves the span of
{fys1r---» fi}. In particular the Sp(p,R) factor can be identified with the sym-
plectic group of

span{fi,..., fp; f1,-- [}
which will be identified with the standard Sp(p,R). More precisely, for = €
Sp(p,R), by identify e; with f; and ef with f* and extending z trivially on
Jovty - Jos fyv1s -+ -5 J, we obtain the identification

z € Sp(p,R) — @ € Sp(q,R). (4)
Now fix a Lagrangian Grassmanian
Zo :Span{el+f17"'7ep+fp7€>{+f1*7"'7€;;+f;7fp+17"'fq}'

Then the stabilizer Sp(q,R),, = GL(q—p)N,4—p where N, ,_, is the nilradical of
P Put

A(Sp(p,R)) = {(u, ) | u € Sp(p,R)} € Sp(p,R)Sp(q, R)}

and
H = A(Sp(p,R))GL(q — p)Npg-p-
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Lemma 5.2 ([Henu]). Let p < q and p+q =n. Let X, be the Sp(p,R) x
Sp(q,R)-orbit generated by xo. Then Xy is open and dense in X and

[Sp(p,R)Sp(q,R)]., = H.

Notice here that X, depends on (p,q). Let P = Sp(n,R),,. The smooth
representation (e, t) consists of smooth sections of L., :

Sf?)(n, R) ><]5 Cue®yt+p — X.

Consider the subgroup %(p, R):S?)(q, R) in :5’\1/)(71, R). Notice that %(p, R) N
Sp(q,R) =2 Z. So Sp(p,R)Sp(¢q,R) is not a direct product, but rather the product
of the two groups as sets.

Definition 5.3. For any f € Ix(e,t), define

fxo = fapemser):

Let I35, (€,t) be the set of smooth sections of L., that are compactly supported
in XO .

Clearly fx, is a smooth section of
Sp(p,R)Sp(q,R) X g Cpegpitr — Xo.

Notice that A(Sp(p,R)) sits inside of SL(n,R) C GL(n,R) C P. The universal
covering of Sp(n,R) splits over SL(n,R) C P. Similarly the universal covering of
Sp(q,R) also splits over N, ,_,. So we have

H = A(Sp(p, R))GL(q — p) Ny g—p,

where Cfﬁ/(q—p)]\fp,q_p C :S;;)(q, R). In particular, y°®v"™*|a(spp.r))N,.,_, 1S trivial
and pf ® Vt+p|@i(q_p) is essentially the restriction from GL(p + q) to GL(q —p).
If p = ¢, then GL(0) will be the identity element. So GL(0) is just C'. We have

Lemma 5.4. The identification (4)
z € Sp(p,R) — ©5p(q, R)
lifts naturally to S?)(p,]R) — %(q,R). Let ¢ € I®°(e,t). Then
0(91.92) = 6(L.g21™") (91 € Sp(p. R). g2 € Sp(g. R)).
In addition

o1, g2h) = pf @ V(W (1, 95) (b € GL(q — p)Npgep)-

Now let us consider the action of gg/o(p, R) and %(Q,R) on I(e,t). By
Lemma 5.4, we obtain
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Lemma 5.5. Let ¢ € I°(e,t) and hy € Sp(p,R) and g» € Sp(q,R) . Then
[I(Ea t)(h1)¢](1792> = f(lag2hl>-

In particular the restriction map
¢ 6 ]m(67t> — ¢|,§;)(Q,R) E COO(Sp<q,R) Xaf(q—p)Np,qu C#€®Vt+ﬂ)

intertwines the left reqular action of §]3(p, R) on I*®(e,t) with the right reqular
action of Sp(p,R) on C*=(Sp(q,R) X G a—p)Ny o Cequtrr) .

Obviously, the restriction map also intertwines the left regular actions of

Sp(q,R).

6. Mixed Model

Now fix complex structures on R* and R* and inner products (, ),, (, ), such
that

Qp =S(, )p, Q= =S, ).
Let U(p) and U(q) be the unitary groups preserving (, ), and (, ), respectively.
U(p) and U(q) are maximal compact subgroups of Sp(p,R) and Sp(q,R). Let
U(n) be the unitary group preserving (, ), + (, );. Then U(n) is a maximal
compact subgroup of Sp(n,R). In addition,

U(p) = Sp(p,R)nU(n)  Ulg) = Sp(qg;R) N U(n).

Identify U(q) N P,,—, with O(¢ — p)U(p). Recall that Xy = Sp(¢,R)/GL(q —
P)Npg—p- The group Sp(p,R) acts on X, freely from the right. We obtain a
principal fibration

Sp(p,R) — Xo — Sp(q,R)/ Py 4—p = U(q)/O(q — p)U(p).

This fibration allows us to visualize the action of %(p, R)%(q, R) on I*°(e,t). Let
dg; be a Haar measure on Sp(p,R) and d[ks] be an invariant probability measure
on U(q)/ O(q—p)U(p). Then dg,d[ks] defines an U(q)Sp(p, R) invariant measure
on XO .

Definition 6.1. Let M = Sp(p,R)U(q) C Sp(p,R)Sp(q,R) C Sp(n,R). El-
ements in X, are parametrized by a pair (gi, [ke]) for (g1,ks) € M. For each

g € Sp(n,R), write g = @(g)p(g) where re u(g) € U(n) and p(g) € Fy, the identity
component of P. For each (g1, ks) € (Sp(]o7 R),U(q)), we have

gika = U(gika)p(g1k2) = k2ti(g1)p(g1)-

The component @ defines a map from M to U (n). In particular, @ induces a map
from M/O(q — p)U(p) to U(n)/O(n) which will be denoted by j. The map j
parametrizes the open dense subset X, in X by

([91]). [k]) € Sp(p,R)/C x U(q)/O(q — p)U(p).
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Change the variables on X, from M /O(q—p)U(p) to U(n)/O(n). Let J([g1], [k2])
be the Jacobian: .
dj([g1], [k2])

d[g1]d[k2] '

J can be regarded as a function on Sp(p, R)U(q) or Sp(p,R)U(q)/U(p)O(q —p),
even though it is defined as a function on the covering. Denote the line bundle

Sp(q, R) X@Z(q—p)Np,q,p CM6®Vt+p — XO.
by M¢;. Denote the line bundle
by M..
Clearly, I2%, (e,t) C I*(e,t). Consider the restriction of (, )x onto I (€,1).

We are interested in expressing (, )x as an integral on M [/ O(q — p)U(p). This
boils down to a change of variables from U(n)/O(n) to M /O(q—p)U(p). We have

Lemma 6.2.  Let Ay(g1,k2) = v(p(g1))"**J([g1], [ka]) (see Equ.(2)). Then
for every fi, fo € I*°(e,t) we have

(f1,f2)X:/~  fi(g1k2) fo(91k2) A(91, k2)d[g1]d[Ro]
M /O(q—p)U(p)

where g1 € SA’;)(p, R), ko € (~](q), [91] € Sp(p,R) and [ky] € U( )/O(q — )U(p)
Furthermore, Ay(g1,k2) is a nonnegative right O(q — p)U(p)-invariant function

on M.

Proof. We compute

/~  filgrke) f2(91k2) Av(gr, k2)d[g1]d]k]
M/O(q—p)U(p)
:/~ i ~ filalgiks)) fa(a(giks))v(p (gl))_t_i_szt(gl,kQ)d[gl]d[kz]
M/O(q—p)U(p)
:/M/O( - )f( W(g1ks)) f2(@(g1k2))v(p(91)) ™2 Al g1, ko) T (g1, k2)dj ([gn], [K2])

=/ fu(@) fo(@)d[a] = (f1, f2)x-
(5)

Since v(p(g1) and J([g1], [k2]) remain the same when we multiply &, on the right by
O(q—p)U(p), Ay(g1, k) is a nonnegative right O(q—p)U (p)-invariant function. m

Combining with Lemma 5.5, we obtain

Corollary 6.3. As representations of SA';)(p, R)%(q,R),
Ix(e,t) = L*(Mey, Ad[g]d[ks]).



42 HE

For each fy, fo € I2%, (€,t), define

(f1, f2) e :/ f1(g1k2) fo(g1k2) At (g1 k2)d[g1]d][ ko],

M /O(q—p)U (p)
(fl,fz)MZ/~ )  filgy, ko) f2(g1ka)d[g1 ] d] K.
M/O(a—p)U(p)
The completion of I% (e,t) under (, )ary is L*(Mey, Ayd[gr]d[ks]). We call

L*(M.y, Ayd[g1]d[ks]), the mixed model. We denote it by Iy (€,t). On Iy (e, t),
the actions of Sp(p,R) and Sp(q,R) are easy to manipulate.

7. Mixed Model for Unitary Principal Series

Lemma 7.1.  Ift € iR, then Ai(g1,k2) is a constant and (, e is a constant
multiple of (, )as-

Proof.  Let t € iR. Let fi,f, € I(c,t) and h € Sp(p,R). Recall that X,
is parametrized by a pair [¢1] € Sp(p,R)/C and [ky] € U(q)/O(q — p)U(p). By
Lemma 6.2, we have

(L(e,t)(h) f1, (e, £)(h) f2)x

=/ Ji(h™ giks) fo(h=1g1ka) Ai(g1, ka)d[g1]d (k] (6)

= N f1(g1k2) fa(g1, k2) A¢(hgr, k2)d[g1]d]ks]

Since (e, t) is unitary, (I(e,t)(h)f1, I(e,t)(h)fa)x = (f1, f2)x. We have

fi (glkZ)f2(glk2)At<hgla kQ)d[gl]d[kQ] = fi (glk2)f2(glk2)At(gla kQ)d[gl]d[kz]-

Xo XO

It follows that A;(hg, k2) = A¢(g1, k2) for any h € 3\]/9(]7, R). Similarly, we obtain
Ai(gr, kks) = A(gr, ko) for any k € U(q). Hence, A(g1,ks) is a constant for
purely imaginary ¢. [ |

Combining with Corollary. 6.3, we obtain

Theorem 7.2.  Let t € iR. The restriction map f — fx, induces an isometry
between I(e,t) and L*(M.y,d[g1]d[ks]). In addition, this isometry intertwines the
actions of Sp(p,R)Sp(q,R). So as Sp(p,R)Sp(q,R) representations,

I(e,t) = L} (Mg, dlgi]d[ka]);
and as gfj(p, R)U(q) representations,

I(e,t) = L (M., d[g1)d[ks)).
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Notice that L?(M., d[g1]d[ks]) does not depend on the parameter ¢. The
following corollary is automatical.

Corollary 7.3.  Suppose that p+q=n and p < q. For t real,
[(Evit”é}(p,u@)[}(q) = I(‘f» 0)|§},(p7R)U(q) = LQ(M d[ ] [1{52])

For t a nonzero real number, A;(g, k) is not a constant. So C/(e,t) cannot
be modeled naturally on L*(M.,, d[g:]d[k]). Nevertheless, we have

Theorem 7.4 (Main Theorem).  Suppose that p+q=mn and p < q. Given a
complementary series representation C(e,t),

CleDgerowm =16 0gero0 = L (M daldk).
In other words, there is an isometry between C(e,t) and I(e,0) that intertwines
the actions of U(q) and of Sp(p,R).

We shall postpone the proof of this theorem to the next section. We will
first derive some corollaries from Lemma 7.1 concerning A and v(g).

Corollary 7.5. J([g1], [k2]) = cv(p(g1))™% for a constant ¢ and Ai(g1, ks) =
cv(p(g))t. So both A, and J([g1], [ka]) do not depend on ky. Furthermore,

I(e,t) = LAMes, v(p(9)) M dlgi]d[ka]) = Du(e,t). (7)

v(p(g1)) is a function on %(p, R)/C'. So it can be regarded as a function
on Sp(p,R).

Corollary 7.6. v(p(g1))~” € L*(Sp(p,R)) and v(p(g1))~" is a bounded posi-
tive function.

Proof. Since X is compact,
[ vy an=c [ gl daddi=C [ dik<o
Sp(p,R) M/O(g—p)U(p) U(n)/O(n)
So v(p(g1))~" € L*(Sp(p,R)). Now we need to compute v(g;). Recall that P is
defined to be the stabilizer of
wo =span{e; + fi,...,ep + fp el + f1, . oep+ [ forts - fo)
So j(g1,1) is the following Lagrangian

span{gier + fi,....q1ep + fp, el + fi, .., qiep + fos forns o fo}

The action of U(n) will not change the volume of the n-dimensional cube spanned
by the basis above. So v(p(g1)), as the determinant character, is equal to the
volume of the n-dimensional cube, up to a constant. Hence

v(p(g1) = [27" det(gagi + D).
Clearly, v(p(g1))~" is bounded and positive. ]
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This corollary is easy to understand in terms of compactification. Notice
that the map j, without the covering,

Sp(p,R)U(q)/U(p)O(q — p) — U(n)/O(n)

is an analytic compactification. Hence the Jacobian J(gi, [k2]) should be posi-
tive and bounded above. Since J(gi, [k2]) = cv(p(g1))™%, v(p(g1))~! must also
be positive and bounded above. The situation here is similar to [He02] (see Ap-
pendix) and [He06] (Theorem 2.3). It is not clear that j(g1,1) gets mapped onto
U(2p)/O(2p) though.

If fe Iy(ety) and h > 0, by Cor. 7.6 and Equation (7), we have || f|as—n <
C||f||M,t1' So [M(G,t1) C IM(E,tl — h)

Corollary 7.7.  Suppose that h > 0. Then Ip (e, t1) C Iy(e,t — h).

8. “Square Root ”of the Intertwining Operator

Suppose from now on t € R. For f € I*(e,t)| 5, define a function on M,

(Anr(e,t) f)(gika) = Ale,t) f(g1k2) (g1 € :5?7(19’ R), ks € U(Q))

So Ap(e,t) is the “restriction ”of A(e,t) onto M. Ap(e,t) is not yet an un-
bounded operator on Ij/(e,t). In fact, for t > 0, Ap(e,t) does not behave well

and it is not clear whether Aj/(e,t) can be realized as an unbounded operator on
In(e,t). The function Ay(e,t)f differs from Ax (e, t)f.

Lemma 8.1.  Fort € R and f € I*(¢, 1),
(Anr(e,t) flir)(gr1kz) = (Ax(e,0) /) (91k2)v(p(91))* = (Ax(e,8) f)(91k2) Ar(g1, k2).
This Lemma is due to the fact that Ax(e,t)f € I(e,t) but A(e, t)f € I(e, —1).

Let f € I®(e,t). In terms of the mixed model, the invariant Hermitian form
(, )es can be written as follows:

(. Fer = (Ax(e.8)f, )x = / Ave(et) flir Flidlgi]dlks).

M/O(q—p)U(p)

This follows from Lemma 8.1 and Lemma 6.2. We obtain

Lemma 8.2. For fi, fo € I®(e,t), (f1, f2)er = (Anm(e, t) filig, folip) -

Theorem 8.3. Ift <0 and C(e,t) is a complementary series representation,
then Ay (e, t) is a positive and densely defined symmetric operator. Its self-adjoint-
extension (Ap(€,t)+1)o—1 has a unique square root which extends to an isometry
from C(e,t) onto

L*(M., d[g1]d[k2)).
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Proof. Let t < 0. Put
H= LQ(Ma d[gi]d[k]).

Let f € I®(e,t). Then An(et)(fly)(91k2) = v(p(91))* Ax(e.t)f(g1k2). By
Lemma8.1, Cor. 7.6 and Lemma 6.2, we have

[ AUl e DTl

M/O(q—p)U(p)

:/~ o vplg)[(Ax (e, 1) f)(gika) [Pv(p(gr))* dlgi|d[ks]
M/O(q—p)U(p)

=[x O Dok P k)l )
M/O(q—p)U(p)

<C |Ax (e,) f(g1k2)|?Ai(g1, k2 )d[g1]d[ks]

M /O(q—p)U(p)

=C<Ax(6, t)f, Ax<€, t)f)X < 0.

Therefore, An(e,t)(f|;7) € H. Let D = I°(e,t)|;;. Clearly, D is dense in H. So
Anr(€,t) is a densely defined unbounded operator. It is positive and symmetric by
Lemma 8.2.

Definition 8.4.  Define U(e, t) = ((An(e,t) + 1) — I)=.

Now (f,9)er = (Am(e,t)flis9li)m for any f,og € 1°(e,t). So Cle t) =
Ha,(er)- By Lemma 2.1, U(e, t), mapping from C(e,t) into H, is an isometry.

Suppose that U(e, t) is not onto. Let f € H such that for any u € D(U(e, 1)),

(f,U(e, t)u)py = 0.
Notice that
I7(e,t)| 5y C D((Apm(est) +1)og— 1) C DU(e ),

and
U(e,t)U(e,t) = (Ap(e,t) +1)g— 1.

In particular,

U(e, t) (e, t)| ;7 C DU(e, L)).
It follows that

(f, Ane (e, )17 (e, )] )

(- ((Aale. ) + Do~ DI (6,8 ) o
(fv U(E, t)Z/[(G, t>]oo(€7 t)|M)M

0.

Let f.: be a function such that f.:|; = f and

ferlgln) = (@ V")) forlg) (L€ L,n€N).
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By Lemma 8.2, V u € V(e t),

0= (f, An(e; ) (ul ) = (fer, Ax (€, u)x = (fer, w)es-

This equality is to be interpreted as an equality of integrals according to the
definitions of (, )a and (, )x. Since Ax(e,t) acts on U(n)-types in V(e t) as
scalars, Ax(e,t)V (e, t) = V(e,t). We now have

(fer; V(e 1))x = 0.

In particular, fe,t’U(n) € L'(X). By Peter-Weyl Theorem, f.;, = 0. We see that
U(e,t) is an isometry from C(e,t) onto L*(M.,d[g|d[ka]) m

The Hilbert space L*(M,,d[g]d[ks]) is the mixed model for I(e,0) re-
stricted to M. We now obtain an isometry from C(e,t) onto I(e,0). Within the
mixed model, the action of I(e,t)(g1kz) is simply the left regular action and it is
independent of ¢t. We obtain

Lemma 8.5. Suppose t < 0. Let g € U(q). Let L(g) be the left regular
action on L*(M,,d[g:|d[ks]). As an operator on I°°(e, )|, L(g) commutes with
An(e,t). Furthermore, L(g) commutes with (Ap(€,t)+1)o—1. Similar statement

holds for g € S?)(p, R).

Proof. Let g € M. Both Ap(e,t) and L(g) are well-defined operator on
I*(e,t)| ;- Regarding A(e, t)I(e,t)(g) = I(e,—t)(g)A(e, t) as operators on the
mixed model L*(M.,d[g1]d[ks]), we have

AM(€7 t>L<g) = L(Q)AM<€7 t)

It follows that
L(g)" (Am(e,t) + I)L(g) = (An(e, t) + 1)

Since L(g) is unitary, L(g) '(Au(e,t) + I)oL(g) = (Aum(e,t) + I)o. In fact,
(Apr(e,t) + I)o can be defined as the inverse of (A (e, t) —i— I)7', which exists and
is bounded. So L(g) commutes with both (A (e, t)+1)"! and (AM(E t)+1)y. =

Lemma 8.6.  We have, for g € M, U(e, t)I(e,t)(g) = I(e,0)(g)U(e, t).
Proof. Recall from Theorem 7.2 that the action of M on the mixed model is
independent of ¢. It suffices to show that on the mixed model, U(e, ) commutes
with L(g) for any g € M. By Lemma8.5,

L(g)" [(Am(e,t) + D)o — IL(g) = (Am(e,t) + T)o — I.

Since L(g) is unitary on L?(M,,d[gi]d[ks]), both sides are positive self-adjoint
operators. Taking square roots, we obtain L(g)™'U(e,t)L(g) = U(e, t). ]

Theorem 7.2 is proved.
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