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Abstract.  This paper is a continuation of our work [PS2] in which we prove
some general results about simple (g, £)-modules with bounded ¢-multiplicities
(or bounded simple (g, £)-modules). In the absence of a classification of bounded
simple (g, £)-modules in general, it is important to understand some special cases
as best as possible. Here we consider the case ¢ = sl(2). It turns out that in
order for an infinite-dimensional bounded simple (g,sl(2))-module to exist, g
must have rank 2, and, up to conjugation, there are five possible embeddings
sl(2) — g which yield infinite-dimensional bounded simple (g, sl(2))-modules.
Our main result is a detailed description of the bounded simple (g, s1(2))-
modules in all five cases. When g =~ sl(2) & sl(2) we reproduce in modern
terms some classical results from the 1940’s. When g ~ sl(3) and sl(2) is a
principal subalgebra, bounded simple (s1(3),sl(2))-modules are Harish-Chandra
modules and our result singles out all Harish-Chandra modules with bounded
sl(2)-multiplicities. A case where the result is entirely new is the case of a
principal sl(2)-subalgebra of g = sp(4).
Mathematics Subject Classification 2000: Primary 17B10, Secondary 22FE46.
Key Words and Phrases: Harish-Chandra modules, bounded sl(2)-multiplicities,
sl(2)-characters.

1. Introduction

The classification of simple Harish-Chandra modules is a celebrated result and
there is an extensive literature on the general topic of Harish-Chandra modules,
see for instance [KV] and the references therein. Algebraically, Harish-Chandra
modules are (g,®)-modules for a symmetric subalgebra ¢ of a semisimple Lie
algebra g, and in the last decade an intense exploration of more general (g, €)-
modules for not necessarily symmetric subalgebras ¢ has begun, [PS1],[PSZ], [PZ1],
[PZ2], [PZ3]. A most notable result in this direction is the classification of simple
(g, t)-modules of finite type and a generic minimal £-type carried out in [PZ2].
Nevertheless, the classification problem for (g, €)-modules of finite type with an
arbitrary minimal €-type is still open even when rkg = 2 and rkt = 1.

In the recent paper [PS2] we concentrated on the interesting subclass of
bounded (g, £)-modules (the definition see in Section 1 below) and proved some

ISSN 0949-5932 / $2.50 (©) Heldermann Verlag



H&2 PENKOV AND SERGANOVA

general results regarding the existence of such modules. In particular, we estab-
lished sufficient and necessary conditions on a reductive in g subalgebra € for the
existence of a simple infinite-dimensional bounded (g, £)-module. If € ~ sl(2), sim-
ple (g,sl(2))-modules of finite type exist for any simple g, see for instance [PSZ]
or [PZ3]. It turns out however, that bounded (g,sl(2))-modules are very special
and exist only for rkg = 2. The classification of such modules is rather intriguing
as they are the "smallest”, and thus highly non-generic, (g,sl(2))-modules.

This classification is carried out in the present paper. We show first that,
up to conjugation, there are precisely five possibilities for embedding sl(2) into a
Lie algebra of g of rank 2 so that bounded infinite-dimensional (g, sl(2))-modules
exist: sl(2) as the diagonal subalgebra of sl(2)®sl(2), sl(2) as a root subalgebra or
a principal sl(2) subalgebra of sl(3), and sl(2) as a root subalgebra corresponding
to a short root or as a principal subalgebra of sp(4).

We then give a classification and a detailed description (we compute charac-
ters and minimal sl(2)-types) of all bounded (g, sl(2))-modules. In the case when
g ~ sl(2) ®sl(2) our results are just a modern reproduction of classical results, in
all other cases they are new. The most interesting new case is that of a principal
sl(2)-subalgebra of sp(4).
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Gregg Zuckerman who has supported us on several occasions with valuable advice.
David Vogan, Jr. has also generously shared his knowledge of Harish-Chandra
modules with us. We thank T. Milev for reading the manuscript carefully and
checking some of the calculations. Finally, we acknowledge the hospitality and
support of the Max Planck Institute for Mathematics in Bonn.

2. General definitions and preliminary results

The ground field is C.

Let g be a semisimple (finite-dimensional) Lie algebra and ¢ C g be a
reductive in g subalgebra. U(-) stands for enveloping algebra, U = U(g) and Zy
is the center of U. A (g,)-module M is a g-module M on which ¢ acts locally
finitely, i.e. dimU(¥)-m < oo, Vm € M. A (g,€)-module M has finite type over
t if the Jordan—Holder multiplicity of any fixed simple finite-dimensional £-module
V' (such a V is called a £-type) in arbitrary finite-dimensional £-submodules of
M is bounded. A (g, ¥)-module is bounded if the above multiplicities are bounded
by a constant not depending on the £-type V. A reductive in g subalgebra € C g
is bounded if there exists an infinite-dimensional simple bounded (g, £)-module
M . A bounded subalgebra € C g is strictly bounded if there is a simple bounded
(g, €)-module M on which no simple ideal of g acts locally finitely. The following
necessary conditions on a subalgebra £ to be bounded, or strictly bounded, are
proved in [PS2] (Theorem 4.1 and Corollary 4.6).

Theorem 2.1. Let £ be a bounded reductive subalgebra of a semisimple Lie
algebra g = @;9; (g; being the simple ideals of g ).

a) If M is a simple bounded (g, )-module and the algebra of €-invariants
g5, is not abelian for some iy, then M ~ M; ® M,,, where M;, is a simple
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finite-dimensional g}, -module and M, is a simple bounded (B;zi,8i, (Dirin8:) (1 €) -
module.
b) If rq is the half-dimension of a nilpotent orbit of minimal positive di-
mension in g, then
g < be, (1)

where by 1s the dimension of a Borel subalgebra of g.
c) If € is strictly bounded, then

Z Tg; < b{g.
%

In [PS2] we also established the following sufficient condition for a reductive
in g subalgebra £ C g to be bounded. Recall that a finite-dimensional module W
over an algebraic group H is spherical if a Borel subgroup By has an open orbit
in W.

Theorem 2.2. Let K C G C GL(V) be a chain of reductive algebraic groups,
and let V' C V be a I1-dimensional space whose stabilizers in G and K are
parabolic subgroups P C G and Q C K. Then, if (V)*® (g-V'/t-V') is a
spherical module over a reductive part Qo of @, € is a bounded subalgebra of g.

3. Bounded subalgebras of a rank-2 Lie Algebra

Our main interest in this paper are infinite-dimensional bounded (g, £)-modules for
t ~ sl(2). Theorem 2.1 implies that if € ~ sl(2) is a strictly bounded subalgebra
of g = @®,g;, then ) .7y < 2. This is easily seen to imply rkg = 2. Therefore, in
the rest of the paper we restrict ourselves to the case when rkg = 2. The following
theorem classifies more generally all reductive in g bounded subalgebras ¢ C g
under the assumption that rkg = 2.

Theorem 3.1. Let g be a semisimple Lie algebra of rank 2 and € C g be a
reductive in g bounded subalgebra. The following is a complete list of such pairs
up to conjugation by inner automorphisms.

(1) g ~sl(2) ®sl(2): €~ gl(2) is a direct sum of a simple ideal and a Cartan
subalgebra of the other simple ideal, ¥ ~ s1(2) is a diagonal subalgebra, or ¢
15 any non-trivial toral subalgebra;

(2) g ~sl(3): tis aroot subalgebra isomorphic to sl(2) or gl(2), ¢ is a principal
sl(2) -subalgebra, or ¢ is a Cartan subalgebra;

(3) g ~ sp(4): & ~sl(2) ®&sl(2) is the subalgebra generated by the long roots,
t ~ gl(2) is any root subalgebra, € ~ sl(2) is a root subalgebra corresponding
to a short root, € is a principal sl(2)-subalgebra, or € is a Cartan subalgebra;

(4) g ~ Go: t is any subalgebra containing a Cartan subalgebra, in this case
t~sl(3), E~sl(2) @sl(2), or &~ gl(2).
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Proof. The inequality (1) implies that a 1-dimensional toral subalgebra is
not bounded in all cases but (1). In (1) any 1-dimensional toral subalgebra t is
bounded as the outer tensor product of a Verma module over a suitable ideal of
g with the trivial module of the complementary ideal of g is always bounded as a
(g, t)-module.

Similarly, (1) implies that a Cartan subalgebra is not bounded in Gs. In
all other cases it is well known to be bounded, see for instance [F].

If € ~sl(2) then ¢ is not bounded in G again by (1), and if £ is an ideal of
g = sl(2) @sl(2), it is not bounded by Theorem 2.1 a). Furthermore, if € ~ sl(2) is
a root subalgebra of g = sp(4) corresponding to a long root, then ¢ is not bounded
by Theorem 2.1 a). For the remaining five possible embeddings of sl(2) into a Lie
algebra of rank 2, the image £ is always a bounded subalgebra. This follows for
instance from the explicit description of bounded (g, £)-modules which we present
in Sections 4-7 of this paper.

For any embedding of gl(2) into a Lie algebra g of rank 2, g 2 Go,
any generalized Verma module, corresponding to a parabolic subalgebra p which
contains the image € of gl(2), is a bounded (g, £)-module.

Consider next the case € ~sl(2) ®sl(2) C g for g =sp(4) or Gy. Here the
pair (g,¥) is symmetric. In [V1] and [V2] ladder (g, ¥)-modules are constructed.
Fix a Borel subalgebra by C €. By definition, a ladder module M has the &
decomposition M = @neZ>0 Vi4ns, Where p is some integral be-dominant weight
and f3 is the bg-highest weight of g/€. Clearly, a ladder module is multiplicity-free
and hence bounded. Moreover, it remains bounded with respect to any gl(2)-
subalgebra of . Hence any image of gl(2) in sp(4) or Gy is bounded.

The only remaining case is g = G, € ~ sl(3). To show that ¢ is bounded we
use Theorem 2.2 with V' being the 7-dimensional Go-module. Then as a £-module
V' is isomorphic to V,,, @ V; @ C. One can fix a Borel subalgebra b C g so that
there exists a b-stable one-dimensional subspace V' C V} . Then Qy ~ GL(2)
and

(V)@ V'/e V)= A (B) @ (E"®C)

where E' is the standard GL(2)-module. It is easy to check that it is a spherical
(Qo-module. [ |

In the rest of this paper g will be of rank 2, and € will be isomorphic to
sl(2). By Vi we denote the k + 1—dimensional £-module, and we write ¢(M) for
the £-character of any (g, €)-module M of finite type over :

c(M) =) (dim M*)z*,

k>0

where M* = Homg(V},, M). By definition, ¢(M) is a formal power series in z.
The minimal €-type of M is V, where ¢ € Zso is minimal with M* # 0. A
(g, €)-module of finite type M is

even (respectively, odd) if M* =0 for all t € 1+ 27Z (resp., t € 27).

Let C((z)) be the algebra of Laurent series and C((z))" be the span of
vectors in C((z)) of the form 27 4+ 27772 for j € Z (C((z))’ is not a subalgebra).
Note that C((z))" is a complement to the subspace C[[z]] of C((z)). In what
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follows we denote by 7 the projection onto the second summand in the direct sum
C((2)) = C((2)) ® T[], and we set 2 ® 24 = Yy, #74% for p > ¢ and
2P @29 :=21® 2P for p < q.

Lemma 3.2.

(a) For o f(2) € C((2)) and any j € Z, 7(f(2)(=7 + 27)) = w(m(f(z)(=] +

(b) For any (&, ¥€)-module M of finite type over ¢

(M ® V) =n(c(M) Y #%),

0<k<s

for all i € N.

Proof.

(a) Tt suffices to check that for any (z) € C((2)), ¥(2)(z) +277) € C((2)),
and this is obvious.

(b) It suffices to check that, for any s € Z>

71'(25 ® ( Z Zi72k>> _ Z zs+i72k’

nggl 0§k§|1§5|

which is also obvious.

Finally, by I'y we denote the functor of €-finite vectors:
['e : g — mod ~ (g, %) — mod,

M — {m e M|dim(U(¢) - m) < co}.

4. Classification and ¢-characters of simple
(sl(2) & s1(2),s1(2))-modules

Theorem 3.1 singles out the cases when € ~ sl(2) is a bounded subalgebra of a
rank-2 Lie algebra. The simplest case is when g = sl(2) @ sl(2) and € C g is the
diagonal subalgebra. Here all simple (g,€)-modules are bounded and are more-
over multiplicity-free. This follows, for instance, from the algebraic subquotient
theorem, see [Dix], Ch. 9. These (g,¥)-modules are historically among the first
examples of (g, €)-modules studied. They have been classified already in 1947 by
Gelfand and Naimark [GN] and by Bargmann [B], and have been constructed also
by Harish-Chandra around the same time, [HC|. A fundamental more modern and
much more general reference is the article [BG], where however this explicit exam-
ple is not written in detail. In the present section we give a quick self-contained
description of all simple (g, €)-modules based on the approach of [BG].
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Lemma 4.1.  Let 1, € U(g) be the Casimir elements of the two sl(2) -direct
summands of g, and Q € U(8) C U(g) = U be the Casimir element of €. Then
Q1,Qy and Q generate U(g)®.

Proof. Straightforward computation. A more general result is proved by F.
Knop in [Knl]. ]

Corollary 4.2.  Every simple (g, €)-module is multiplicity-free.

Denote by x(a,b) the central character of the Verma g-module with highest
weight (ay,b1), where the notation (c, d) is shorthand for the weight cwieg; +dwright ,
Wief, (respectively, wyignt) being the fundamental weight of the first (respectively,
second) direct summand of g.

Lemma 4.3.  IfV,, is the minimal €-type of a simple infinite-dimensional (g, ¥) -
module M , then

c(M)=2"+2""2 4" . (2)

Proof. To prove (2) it suffices to show that V,,, V,,12, Vi14, etc. are precisely
all £-types of M. The absence of other €-types follows from the fact that as a
t-module g is isomorphic to Vo @& V5, hence when acting by g on V,,.5; one can
only obtain £-constituents of (Vo® Va) @ Vip0:i, 6. Vipou-1), Vayai and Vipogi).
To show that for each ¢ > 0 V,,19; is a €-constituent of M, note that if V,,,o; were
not a constituent of M, then when acting by g on Vo4 for ¢ > 1 one would
not be able to obtain a constituent of the from V544, for 7 > 1. Hence M
would turn being finite-dimensional, a contradiction. ]

Lemma 4.4.  Let M be a simple (g, ) -module with minimal €-type Vo. Then
the central character of M equals x(a,a) for some a € C.

Proof. Since g ~ £ @ £, the g-module U ®y g Vo is isomorphic to U(¢). The
latter is endowed with a U ~ U(£) ® U(¥)-module structure via left multiplication
by elements of U(¥)®1 and right multiplication by elements of 1@ U (¢). Moreover,
the actions of € and Qy coincide on U(¥). Since M is a quotient of the g-module
U(t), the actions of §; and Qy coincide on M, hence the Lemma. ]

Lemma 4.5. Let M be a simple (g,%)-module. Then the central character of
M equals x(a,a+n) for some a € C and some n € Z. Moreover, the parity of n
equals the parity of k where Vy is the minimal €-type of M .

Proof.  Let x(«,3) be a central character of M and consider the g-module
M ® (Vo X Vi), where the g = ¢ @ ¢-module V5 XV is endowed with a g-module
structure via the isomorphism g ~ £ ® €. Then Hom(Vy, M ® (Vo X Vi) # 0,
hence a simple subquotient of M ® (Vo X V) has central character x(a,a) for
some a. On the other hand, the central characters of all simple subquotients of
M ® (Vo ) Vi) are of the form x(«, 5 —n) for n running over the set of weights
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of Vi.. Therefore « =a, 8 —n = a, i.e. the Lemma follows. [ ]

Lemma 4.6.  For any central character x, up to isomorphism there is at most
one infinite dimensional simple (g,¥€)-module with this central character.

Proof. Let M', M" be two simple (g,€)-modules with central character y.
Then, by Lemma 4.3, for some m Homg(V;,,, M") = Homy(V;,,, M") = C. Therefore
M'" and M" are isomorphic to simple quotients of the g-module U ®z, ) Vin,
where Zy acts on V,, via the central character x. The fact that U* C ZyU(¥)
(Lemma 4.1) implies that Home(V,,, U ®z,u( Vi) = C for every m > 0. Hence
U @z,u Vin has a unique proper maximal submodule, and in this way also a
unique simple quotient. Therefore M’ ~ M". [

In the rest of this section we only consider central characters of the form
X(a,a —n) for n € Z>y. If a € Z, we assume in addition that ¢ > 0 and
a—n < 0. By M. denote the Verma module over £ with highest weight ¢ — 1.
Note that for a,a — n as above, Hom¢(M,, M,_,) is a g-module with central
character x(a,a —n). Define

Waa—n = De(Home (M, M,—p,)).
Theorem 4.7.

(a) Fiz a € C\Zo and n € Z>o such that a —n < 0 for integer a. The g-
module Wy q—y, is the unique (up to isomorphism) simple infinite-dimensional
(g, ) -module with central character x(a,a —n).

(b)) c(Waap)=2"+2"T2 420+ .

Proof. Note that to compute the €-character of I'y(Home(M,, M, ,)) it suf-
fices to compute Home(V,,,, Home(M,, M,—,)) for all m € Z~,. However,

Homg(Vm, HOIIl((j(Ma, Ma—n)) = HOHI@(MG, Ma—n ® V;L),

and
C form —n € 2Z>

Homy(My, Mo—n @V,,) = { 0 otherwise

Hence
(Waqop)=2"+2"12 42"

The simplicity of W, ,—, follows from the observation that if simple, W, ,_,, would
have a finite-dimensional subquotient, but there is no finite-dimensional g-module
with central character x(a,a —n) for a € C\Z or a = 0. If a € Z, the
finite-dimensional g-module with central character x(a,a — n) is isomorphic to
V,_1 XV, _._1 whose E-character is 2" 2+ 2" * + ... + 2I"=2¢=2| " and hence it can
not be a subquotient of W, ,_,,. ]
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5. Classification and €-characters of simple bounded
(sl(3),s1(2))-modules

Throughout this section g =sl(3) and € ~sl(2) C g.

5.1. The root case.. In this subsection we fix a Cartan subalgebra §h C g
and simple roots «;,as € h* which define a Borel subalgebra b C g. We also
fix £ to be the sl(2)-subalgebra generated by the root spaces g*® . There are
two parabolic subalgebras containing € and h: pt = (h + ¢) & g*2 § g*rt2,
p- =+t Dg > Pg > . Note that b™ C p™ and define b~ to be the Borel
subalgebra with simple roots oy, —a; — as. Then b~ C p~. In addition, we fix
generators h; € [g*, g~“] and denote by w;, for ¢ = 1,2, the corresponding dual
basis of h*. Then pp+ = wy + wa, pPp- = w1 — 2ws.

Lemma 5.1.  Let M be a simple bounded infinite-dimensional (g,¥)-module.
Then g[M|] = p*.

Proof.  Since h C g* @, we have h C g[M]. Put My := {m € M|g* -m = 0}
and choose generators = and y of the respective root spaces g~*2 and g***2. A
straightforward computation shows that for any i,j € Zsq, (z'y’) -v € My if v
is any non-zero vector in My such that h; - v = v(hy)v for some v € (hNE)*.
Therefore the assumption that =,y ¢ g[M] implies that the multiplicity of V, 14,
is at least ¢ + j, which contradicts the boundedness of M. Hence g~ € g[M] or
gtz € g[M], and consequently g[M] = p*. n

Let F fb be the simple finite-dimensional p*-module with b*-highest weight
aw; + bws. Define Lib as the unique simple quotient of U(g) ®@up+) F, fb. Then
Lib are bounded (g, £)-modules, and the existence of an isomorphism Lib ~ Ly
implies dim Lib < 00.

Theorem 5.2.  Let, as above, £ ~sl(2) be a root subalgebra of g = sl(3).

(a) Any infinite-dimensional bounded (g,¥)-module is isomorphic either to L,
for a € Z>o, b€ C\Zxy orto L, for a € Ly, —a—b € C\Zxo.

(b)

c(Lyy) =1+2z+ - +az" "+ (a+1)(z° + 2" 4 ...) (3)

for all a > 0 and for those b which do not satisfy the conditions —b € Z>,,
a+b € Zs_; for L;“’b, and respectively the conditions a+b € Z>y, —b € Z>_4
for L.

(C) [f —b e ZZQ, a+be ZZ—I; then
o(Lf) =27 42274+ (atb+1)2" T+ (a+042) (2" + 2T+ L), (4)
and if a+b € Ly, —b € Z>_1, then

c(Loy) = 20 00t (1 =) - (2-0) (2 2T ) (B)
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Proof. Let M be a simple infinite-dimensional bounded (g, ¥)-module. Then,
by Lemma 5.1, g[M] = p*. If g[M] = p*, let M+ be a simple finite-dimensional
p*-submodule of M. Then M* ~ Ff, for some a € Z>¢ and some b € C, and
there is an obvious surjection of g-modules U(g) ®pu+) Fafb — M. Hence M is
isomorphic to the unique simple quotient L, of U(g) @y (y+) F,,. However, L7, is
finite-dimensional iff b € Z~, therefore (a) follows for the case when g[M] = p*.
The case g[M| = p~ is obtained by replacing b with —a — b which corresponds to
the replacement of the simple root s of bt by the simple root —a; — an of b~

Statements (b) and (c) follow from a non-difficult reducibility analysis for
the induced module U(g) @ (p+) FLfb. Note first of all that che(U(g) ®@u =) F;tb)
is always given by the right-hand side of (3). Indeed as €-modules g/p* and F fb
are isomorphic respectively to V; and V,, therefore

C(U(Q) ®U(pi) Ffb) = C(S(Vl) & Va).

A straightforward computation shows that ¢(S" (V1) ® V,) is nothing but the right
hand side of (3).

We claim now that U(g) @y p+) F, fb is irreducible precisely when b does not
satisfy the respective conditions stated in (b). Consider first the case of p*. Then
U(g) ®up+) F, is irreducible if and only if there exists w € W\W such that

(w((a + 1)W1 + (b + l)u)g) — (w1 + u)g))(hl) € ZZO (6)
and
(w((a+ Dwy + (b+ Dws) — (w1 + we)) = awy + bws — mya; — maca  (7)

for some my,ms € Zsg. The only non b"-dominant solution of (6) and (7)
is W = Wqy4e, and —b € Zs9,a + b € Z>_;. Moreover, in the latter case
L;b ~ (U(g) ®upt) F;fb)/Lfb_Z_a_Q, where C(Lfb_l_a_Q) is given by the right
hand side of (3) with a replaced by —b — 2. An immediate computation shows
that ¢(L,) is given in this case by the right hand side of (4), therefore (b) and
(c) are proved for the case of p*. The case of p~ is obtained by interchanging the
parameter b in (4) with —a — b. n

Corollary 5.3. Let g and € be as above.

(a) The minimal €-type of a simple bounded infinite-dimensional (g,%)-module
can be arbitrary. The multiplicity of the minimal €-type is always 1.

(b) The following is a complete list of multiplicity-free simple infinite-dimensional

(g, ) -modules:

— Ly, for be C\Zx,

— Ly, for —b € C\Zx,,

— L}, fora+b=—1, b€ Zs,,
— L,y forb=1,a+b€Zs,.
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5.2. The principal case.. Let now ¢ be a principal sl(2)-subalgebra of g =
sl(3). The pair (g, ¢) is well known to be symmetric and the simple (g, £)-modules
have been studied extensively, see for instance [Fo| and [Sp]. In principle one
should be able to identify all simple bounded modules in the known classification
of simple Harish-Chandra modules. However, we propose an alternative approach
which leads directly to all bounded simple (g, )-modules and their €-characters.
This is the first case in which the richness of the theory of bounded (generalized)
Harish-Chandra modules becomes apparent.

We keep the notations b, b™, oy, as from Subsection 5. By L,;, we denote
the simple g-module with b*-highest weight (a — 1)w; + (b — 1)ws, by V,, we
denote the simple finite-dimensional g = sl(3)-module with b*-highest weight
pwi +qwe (p,q € Z>p), and x(a,b) stands for the central character of L,;. By A
we denote the Weyl algebra in the indeterminates ¢, z,y.

We first describe the primitive ideals of all simple bounded (g, £)-modules.
Let GKdimM denote the Gelfand-Kirillov dimension of a g-module M and X,
denote the associated variety of M.

Lemma 5.4.  Let M be an infinite-dimensional bounded simple (g, €)-module.
Then AnnM = AnnL,y, where dim Loy, = 00, a € Zsg, b € Zso or a+b € Zy.

Proof. By Duflo’'s Theorem AnnM = AnnL,; for some a,b. By Theorem
4.4 in [PS2], GKdimM < 2. Since GKdimM > %dimXM and GKdimZL,;, =
%dimX v, we have GKdimZ,;, < 2. A straightforward computation shows that
this latter condition is equivalent to the condition on (a,b) in the statement of the
Lemma. ]

Let B¢ be the category of bounded (g, €)-modules which afford the central
character y, see [PS2], Section 4.

Corollary 5.5. If By is not empty, then x = x(u+ 1 —n,n+ 1) for some
n € Zso, where u € C\Z<p_1 or u= —2.

Note that the natural embedding of gl(3) into A maps the center of gl(3)
to the line CE for E := t0, + 20, + y0,, and that the adjoint action of the central
element E on A defines a Z-grading A := @,., A;. Let u € C. Define the
(associative) algebra D" as the quotient of Ay by the ideal generated by E — .
The embedding of g — Ay induces a surjective homomorphism -, : U(g) — D".
It is not difficult to show that if v € Z, D" is isomorphic to the algebra of
globally defined differential endomorphisms of the line bundle @p2(u) (P? being
the projective space with homogeneous coordinates (z,y, z)).

Lemma 5.6.  Consider D" with its adjoint g-module structure. Then

D" ~ PV,

m>0

Proof. Let C = A% ¢ A! € --- C A denote the standard filtration of A. A
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direct computation shows that as a g-module AT'/A7"~! is isomorphic to
Vm,o ® VO,m = @?zowp‘
After factorization by E — u, one obtains
(D)™ /(D)™ = V.
[

It is not difficult to see that the restriction of v, to U(®) is injective. Slightly
abusing notation we identify U(£) with its image in D*. We will use the following
expression for the standard basis F, H, F' of ¢:

E = td, + x0,, H = 2t0, — 2yd,,, F = 220, + 2y0,. (8)

Lemma 5.7.  The centralizer of ¥ in D" coincides with the center of U(€) C
D".

Proof.  As V), =0 for odd m and V,}, = C for even m it is clear that the
centralizer of £ in D" is generated by the quadratic Casimir element () € V;p. ]

Corollary 5.8.  Every simple (D", €)-module is multiplicity-free. For any non-
negative m, there ezists at most one (up to isomorphism) simple (D", ¥)-module
M with Home(V,,,, M) # 0.

Proof. It is well known that if M is a simple (g,£)-module, then MV =
Homg(V, M) is a simple U(g)*-module for every E-type V, see for instance Lemma
3.3 in [PS2]. Therefore Lemma 5.7 implies the first statement. The proof of the
second statement is very similar to the proof of Lemma 4.6. [ |

We now introduce the functors

Ind: D¥ —mod — A —mod
M — A®u, M,

Res, : A—mod <— D" —mod
M — D'"®s M.

Obviously, Res, o Ind = idpu_p04 -

Lemma 5.9.

AnnlL,i1q =Annl_ g 410 =Annly o foru¢Z

kervy, =< AnnL_, ;.40 = Annl; _,_» for u € Z>_,4
AnnLuH’l = AHHL,u,17u+2 for u € ZS*Q
Proof. First we prove that kerv, C AnnL,; with a,b as in the statement.

Note that Res,(t*C[t*!,x,y]) contains a submodule generated by t* isomorphic
to Lu+1,17
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Res, (z*C[t*!, 2%, y]) /Res, (z“C[t, z*!, y]) contains a submodule with highest vec-
tor ¢~!z“*! isomorphic to L_, 1,12 and
Res, (y"C[t*!, 2, y™'])/(Resu (y*C[t*, 2, y™]) + Res, (y*C[t, 2, y*]))

contains a submodule with highest vector ¢ 'x~'y“*? isomorphic to L; _, 2.
Hence kervy, C AnnL,;. Next we see from Lemma 5.6 that all proper two-sided
ideals of D" have finite codimension. Thus, 7,(AnnL,;) is either 0 or has finite
codimension in D". The latter is impossible because L, is infinite-dimensional.
Hence ker+y, = AnnL, . ]

Since the eigenvalues of ady in U(g) are all even, every simple (g, £)-module
is either odd or even.

As follows from Lemma 5.9, all simple bounded (g, £)-modules with central
character x(u+1,u) are (D“, £)-modules. This allows us to first classify the simple
(D", ¢)-modules and then use translation functors to classify the bounded simple
modules with arbitrary possible central character, see Corollary 5.5.

—_~—

Note that the functor Ind maps (D%, €)-mod into (A,¥)-mod, the latter
being defined as the full subcategory of A — mod consisting of £-locally finite
A-modules with semisimple action of E.

Lemma 5.10.  For any simple (D", ¢)-module M there exists a simple (A, ¢€)-
module M with Res, (M) ~ M .

Proof.  Let N be amaximal proper A-submodule of Ind(M). Then Res, (N) 2

M as M generates Ind(M). Therefore Res,(N) = 0 and one defines M as
Ind(M)/N . "

Set f:= % —2ty, A := 92 — 20,0, and note that f,A € A*. For every
fixed p € C,we put RP := fPC[t,z,y, f~']. Then clearly RP is an (A4, ¢)-module
and Res,(RP) =0 if u — 2p ¢ Z. Otherwise,

Clre@mfoHo® [T Ha... for u — 2p € 27

u—1 u— u— 9
CfTHl@fTSH?)@f 257‘(4@... for u—2p € 2Z + 1, ()

Res,(RF) = {

where H,, denotes the space of homogeneous polynomials of degree n in C[t, x,y]
annihilated by A (as a £-module H,, is isomorphic to V3, ).

Lemma 5.11.
(a) For u ¢ 7 and for u = —1,—2, Res,(R?) and Res,(R"*" ) are simple D*-
modules.
(b) For u € 2Zsq, Res,(R*2") is a simple D"-module and there is an ezact
sequence

0 — Vo — Res,(R2) — I}, — 0 (10)
for some simple D" -module [IO'

(c) For w € 1+ 2Z=q, Res,(Rz) is a simple D"-module and there is an eract
sequence
u+1

0— Vo — Res,(R2)—1,,—0

Jor some simple D" -module I, .
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(d) Foru € 27« 5, Res,(R?) is a simple D*-module and there is an exact sequence

u+1

0—1I,4— Resy(R2 ) — Vo_3-, — 0

Jor some simple D" -module I, .

(¢) For u €1+ 2Z<_1, Res,(R"2") is a simple D*-module and there is an exact
sequence
0— [IO — Resu(R%) — Vo,—3-u4 — 0

for some simple D" -module [j,o-
Proof.  The isomorphism (9) yields
c(Resy(R2)) =1+ 24+ 22+, c(Resu(RuTH)) =240+ 0 (1)

Thus, if Res,(R?) (respectively Res,(R“Z")) is not simple it has a unique simple
finite-dimensional submodule or a unique simple finite-dimensional quotient. By
Lemma 5.9 the latter can happen only if u € Z>q or u € Z<_3. Hence (a).

Let u € 2Zs. Then Res,(R2) contains Res,(C[t,z,9]) ~ V,o as a
finite-dimensional simple submodule, hence (10). The g-module Res,(R*Z) has
the same central character as Res,(R2) and, since Vo is not a subquotient of
Res,(R2) by (11), Res,(R") is a simple D"-module. Hence (b).

As A(f_%) =0, f~2 generates a proper A-submodule M C f%C[t, x,y, .
A direct computation shows that dim Res, (M) = oo for any u € 1+ 2Z~_5. Fur-
thermore, the only finite-dimensional module, whose central character coincides
with that of D" is Vj _3_,,. Therefore one necessarily has

0— IIO — RGSU(R%> — Vo,—3-u — 0

where I,/ := Res,(M). Res,(R“Z") is simple by the same reason as in (b). Hence
(e).
(c) and (d) are similar to (b) and (e). ]

For any u € C we define now I:Lf o (respectively, I, ) as the unique simple
u+1

infinite-dimensional constituent of Res,(Rz) (resp., Res,(R™ 2 )).

Corollary 5.12.  Every simple even infinite-dimensional (D", ) -module is iso-
morphic to ijo.

Proof. For every fixed u and any sufficiently large m € 2Z~ (such that V,, is
not a E-type of V, o or Vy_3_, for u € Z), Lemma 5.11 implies Hom(V},,, I£) # 0.
The statement follows now from Corollary 5.8. [

Lemma 5.13.  If u ¢ ; +Z, then every (D", €)-module is even.

Proof. Assume that M is an odd simple (D", €)-module and u ¢ % +7Z. Let
M be as in Lemma 5.10, Ay denote the localization of A in f, Mf =A; Q4 M.
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First, we claim that if u ¢ % + 7Z, then Mf # 0. Indeed, Mf = 0 implies that
f acts locally nilpotently on M. Then M° := ker f is a t-submodule of M
and a straightforward calculation using (8) shows Qo0 = 2(E + 3)(E + 2) 0.
Thus Homg(V;,, MY) # 0 only if 2(d 4+ 3)(d + 2) = mTQ + m or equivalently
(d+ 2)? = (™H)?, where d is the eigenvalue of E on M". Since d € u + Z,
u ¢ 2+ 7 implies M° = 0.

Our next observation is that M 7 isan odd (A, €)-module and that ¢ does not
act locally nilpotently on M 7. Indeed, if ¢ acts locally nilpotently, by €-invariance
x and y act locally nilpotenly, and therefore f acts locally nilpotently. Contra-
diction. Therefore M ¢ is a submodule of its localization in ¢, M #+. Furthermore,
for some odd m there exists a non-zero vector v € M ¢+ such that H - v = muv,
E-v=0and E-v =wv. The expressions for £, H and E imply
—(u+m/2)ty + mx2/2U’ B0 = (u— m/Q)xv7 oy — (m/2 — u)tv'

o = if i 7

Thus, every vector in M ¢+ can be obtained from v by applying elements of
C[t*, z,y, f7Y], ie. My, = C[t*', z,y, fJv. It is not difficult to see that
v = t% 57" satisfies the above relations. The A;i-module C[t*!, z,y, f~ o
is simple and free over C[t=!, z,y, f~']. Hence M;, ~ C[t*¥',z,y, f v and it
is obvious that M #+ has no non-zero €-finite vectors. As we pointed out above,
MfCMf,t. Therefore Mf:(]. [

We now turn to odd simple (D*, €)-modules.

Lemma 5.14. Let u € %—i— Z.. Up to isomorphism, there exists exactly one odd
simple (D", ®)-module J,o. Moreover,

2—2u 6—2u 10—2u
c(Jup) = { §4+2u i z8+2u i 212+2u i ;Z:Z i 8 : (12)
Proof. Let P C G = SL(3) be the maximal parabolic subgroup whose Lie
algebra p equals b @ g=*', K C G be the algebraic subgroup with Lie algebra €,
and Z be the closed K-orbit on G/P ~ P?. Then Z ~ P! and the embedding
i : Z — P? is a Veronese embedding of degree 2. It is not difficult to verify that the
relative tangent bundle 7p of the projection p : G/B — G/P is a O¢/p-submodule

of the twisted sheaf of differential operators .@é“/;l)wﬁwz (the definition of .@é /B See

in [PS2], Section 5). Furthermore, the direct image p*(géig)wﬁwz /Zp), where Zp

is the left ideal in Qg/;l)wﬁw generated by 7p, is a well-defined twisted sheaf of

differential operators on GG/P. We denote this sheaf by @gﬁl)wﬁwz’.
Our next observation is that, similarly to the equivalence of categories
ix discussed in Section 5 of [PS2], Kashiwara’s theorem yields an equivalence

of categories

i%  Oz(2u) ®oy,p Darp @og,p Oz(—2u) — mod — (@éu/;l)wﬁw? — mod )?,
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where (.@éu/;l)wm — mod )? denotes the full subcategory of .@gﬁl)wﬁw— mod

supported on Z, and Oz(2u) is the line bundle on Z with Chern class 2u.
Therefore we can put
Juo = T(P?,i% O7(2u)).

It is clear that J, is a (g, )-module, and furthermore, using the facts that A/ ~
Oz(4) and that i§0,(2u) has a filtration with successive quotients
Oz(2u + 4(i + 1)), one easily verifies that c¢(J,0) is given by the right-hand
side of (12). Since there are no finite-dimensional modules with central character
x(u+1,1) for u € 5 +7Z, Jy is a simple g-module.

It remains to prove that every simple odd (D", €)-module is isomorphic to
Juo for some u € 3+ 7Z. Let M be a simple odd (D", €)-module and M be

a simple (A,€)-module such that Res,(M) = M. Then by the proof of Lemma
5.14 Mf = 0. For every bg-highest vector v € Resu(M) there exists k such that
f¥-v =0. Let v have weight m. Then by the relation (d + 2)? = (241)? from
the proof of Lemma 5.14, mT“ = +(u+ 2k + %), as Eff v = 2k +u)f* - v.
Without loss of generality we may assume that m is very large and then mTH =
(u+ 2k + 2). Therefore Home(V;,, M) # 0 implies m = 2u + 4k + 4. Hence if M
and M’ are two odd (D", ¥)-modules one can find m such that Hom(V,,,, M) # 0,

Homg(V,,, M’) # 0. But then M ~ M’ by Corollary 5.8. [

Let M be some A-module with semisimple E-action. Consider the U(g)-
modules M™ = M ® S™(span{z,y,t}) for n € Zs,, together with the linear
operators

M (=1

RO +2R®0, +y® 0,
N (1)

O Rt+0, @7 +0, Y.

%I

=
Q 2
-

!

5 M™

[0
Il

It is straightforward to check that d, E® 1 —1® E and § form a standard sl(2)-
triple. Let Ress(M(k)) be the eigenspace of the operator E® 1+ 1® E in M®).
Then obviously d and ¢ induce operators

d : Res,(M™) — Res,(M®™D)
§: Res,(M™ V) — Res,(M™),

and elementary sl(2) representation theory implies that if s ¢ Z, s <n —1 or
s > 2n, then d is surjective, ¢ is injective, and

Res,(M™) = kerd @® im0. (13)
For any (D", €)-module M choose a simple (A, ¢)-module M such that Res, (M) =
M (in fact M is unique).
Let T"(M) := Resyyn(M™) Nkerd. If u # —1,0,...,n — 1, (13) implies

(T (M)) = c(Resyan(M™)) = c(Resy i (M71)), (14)
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Lemma 5.15. Let M be a bounded simple (D", €)-module. Assume that u #
—1,0,...,n— 1. Then T™(M) is a simple (g,%)-module with central character
X(u+1—=nn+1).

Proof.  Lemma 5.9 implies that M is a (g,¥)-module with central character
X(u+1,1). Therefore M®S™(span{z,y,t}) has constituents with central character
xX(u+1+n—-2k1+k), k=0,...,n, and imd has constituents with central
character x(u+1+n —2k,1+k), k=0,...,n—1. Thus, T"(M) is a direct
summand of M ® S™(span{z,y,t}) with central character x(u+1—mn,n+1).
Our restrictions on u imply that the weights
(u+ Dwy; +wy and (u —n + 1wy + (n + 1)ws

belong to the same Weyl chamber and have the same stabilizer in the Weyl group.
Hence, T™ is nothing but the translation functor

T((;A;S—Utll—):j;(n—ﬁ—l)uu : %%((u—i-l,l) N %)E((u—n—i—l,n-l-l).

Therefore T™ is an equivalence of categories, in particular 7™(M) is simple. =
We put for v # —1,0,...,n—1
L = T"(I),
Jum :=T"(Jup)-

Theorem 5.16.  Let M be a simple bounded infinite-dimensional (g, €)-module
with central character x. Then

(a) if x=x(u+1—n,n+1) forué¢Z,

+ 1
M~ Lﬁt’" foru@é%—i-Z ;
Iy Jun forue s +7Z

(b) if x=xu+1—n,n+1) for u € Zs,,

M ~ Iitn—3,u—n7lzit,n;
(¢) if x=x(-1—n,n+1),
M ~ I%

2,n

(d) if x =x(0,n+1),
M~ (]itQ,n)T7

where T stands for the outer automorphism 7(X) = —X" for any X € g.

Proof. By Corollary 5.5 every simple bounded (g, £)-module has central char-
acter x of the form x(u +1 — n,n + 1) for some n € Zs, and some u €

{C\Z,,_1} U {—2}. Moreover, T" = T((;L;Szlllfj("ﬂ)wz’ is an equivalence of the

and VYTV 0 4 ¢ Z, L4+ Z then By has
)

. 11
categories ‘Bi‘(w D

two non-isomorphic simple objects, and, if u € % + 7, %?("H’l has three non-

isomorphic simple objects. This implies (a).
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It weZsy, u>n, we have
x=xu+l—-nn+1)=x((-n—-3)+1—(u—n),(u—n)+1),
hence in this case By has 4 non-isomorphic simple objects: Iqun and Ifn%’ufn.
This proves (b). If n = —2, BY is equivalent to %ﬁ(l’l) and has two simple objects,

]fm, which proves (c¢). Finally if u =n — 1, the automorphism 7 establishes an

equivalence between BYX " and B hence (d). ]

Lemma 5.17.  For a € Z>o, define

a a—2
pn(a, z) == T ® (Vo) — T ® c(Vi-1,0)-
For a € Z>, define
20 Za+2
kn(a, z) = T ® c(Vno) — . ® c(Vi—10)-
Then 2( A . 4p)
z° PR Gl A R
pop(a, 2) = A 1.2 ; (15)
2142t 2
pop+1(a, 2) = 1— 22 ’ (16)
a la—4] 4 ... la—4p|
z z + +z
Kop(a, z) = T 1.2 ; (17)
la=2] 4 ... la—4p—2|
z + + z
/{2p+1(a7 Z) - 1 — 22 : (18>
Proof. Since V,, 0 = S"(Vip), and since S™(Vi ) is isomorphic as a €-module
to S™(Vs), we have
c(Vapo) =14 24 + -+ + 22,
(Vaps1o) = 22 + 24 oo 22742,
Recall that 2% ® 2° = 7(2® Zzg 26729 (Lemma 3.2,(b)). Therefore
i=2k i=2k—2
20252 S G2 =2 SN T oke2iy
2 @ 22 _ 22 ® .22 — o i=0 i=0 _
1— 24 1— 24 1— 24
Za—2<22k+2 + ZQk) Za—2+2k:
:W< 1— 24 ):1—22'
i=2k ' i=2k—2 ‘
. oi2 za( Z ZQk‘—Qz _ 2’2 Z ZQk—Q—Qz)
< 2k i 2%k—2 _ i=0 i=0 o
A% Ty a®s =T 1 — A -

Za(zka + 2272]’6) ,a—2k Z\a72k|
= 7 =T = .

1 — 24 1— 22 1 — 22

The above identities imply (15)-(18). ]
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Theorem 5.18.
a) Let ué 7, L +7. Then
(a) ¢Z, 5
o(Lf,) = ka(0,2), c(ly,) = 1n(2,2).

(b) Let uwe 5+ Z. Then

—

c(Jun) = En(4+2u,2)  foru>—3,
(Jum) = pn(2 —2u,2)  foru < —3.

(c) Let uw € 2Z>y. Then

Z2u+4 _ P
C(IJ()) = 1A C(LL,O) = 14
c([ﬁjn) = kn(2u+4,2), cl,,) = (2 2).

(d) Let uw € 1+ 2Z>y. Then

C(Lﬁo) = =, C(Iio) =20
c(Ir,) = kn(0,2), c(l,) = rn(2u+4,2).

(e) Let u € 2Z<_o. Then

(9)

Proof. Using (14) one obtains the identities

C(I;t,n) = C([ui,o ® Vao) — C<[zT+1,o ® Va10),

19
C(Ju,n) = C(Ju,D X Vn,O) - C(Ju—i-l,l) X Vn—l,O)- ( )

The theorem is a straightforward corollary of (19). Indeed, let us prove (f). In
this case

—2u—2 Z—Zu—4

1— 247

z
C([Io) = 1 _ 4 C([:—I,O) =

Z—2u—2 Z—2u—4
C(I;r,n) = 1_ 4 & C(ano) — 1 _ 4 &® C(anl,[)) = un(—Z — 2u, Z),
3 Zf2uf4 1
C(qu,o) = 14 C(Hq,o) = 10
2
C(];n) - 1 — 24 ® C(ano) B 1 — 24 ® C(Vn—l,o) = Mn(272>

In all other cases the arguments are similar. ]
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Corollary 5.19.
(a) The minimal €-type can be any Vi but its multiplicity is always 1.
(b) For sufficiently large i ¢;(M) = c;ya(M) for any simple bounded (g, €)-module,
and for sufficiently large j there are the following €-multiplicities:

C4j<jui,2p+l) = C4j+2(1$2p+1) =p+1,

C4j(Lj,2p) =p+1, C4j+2(I;L,2p> =Dp,
C4j+2(]u_,2p) =p+1, C4j(‘[1:,2p> =D
a1 (Jugpr1) = cajrs(Juzpr1) =p+ 1,
cajrou(Juzp) = D, Cajrouto(Juzp) =p+ 1.

(¢) The only multiplicity-free simple infinite-dimensional (g, )-modules are I,jfo,
Ju,O; [ui717 Ju,l; ([f271)7—'

The complete list of multiplicity-free simple (g, €)-modules has been first
found by Dj. Sijacki, see [S] and the references therein for a historic perspective
on this problem.

6. Classification of simple bounded (sp(4),sl(2))-modules

In this section we classify all simple bounded (g, #)-modules, where g = sp(4)
and ¢ is a principal sl(2)-subalgebra or a sl(2)-subalgebra corresponding to a
short root. We fix a Cartan subalgebra h C g and write the roots of g as
{£2€1, 265, +€1 £ €2}, Our fixed simple roots are €; — €3, 2¢5, and p = 2€; + €3.
By ei1, es, hy, ho, fi, fo we denote the Serre generators of g associated to our
choice of simple roots, [OV]. We define two sl(2)-subalgebras of g: one with basis
e1, hi, fi and one with basis e; + 2ey, 3hy + 4ho,3f1 + 2f5. The first one is the
root subalgebra corresponding to the simple root €; — €5, and the second one is a
principal sl(2)-subalgebra. In Sections 6 and 7, we denote by £ any one of these
two subalgebras, referring respectively to the root case and to the principal case
when we want to be specific. We set by := b N €, where b is the Borel subalgebra
generated by e;, ez, Iy, he. By Lg, we denote the simple b-highest weight g-
module with highest weight ae; +bey —p = (a —2)e; + (b—1)ea, by V,, we denote
the simple finite-dimensional g-module with highest weight ae; + bes, and x(a, b)
is the central character of L.

Lemma 6.1. Let dim L,, = oo and GKdimL,, < 2. Then a > |b| and
a,be % + 7.

Proof. Let A = ae; + beg. If (N, o) ¢ Z-o for all positive roots «a, then
L.y is a Verma module and therefore its Gelfand-Kirillov dimension equals 4.
If (\,&) € Zso for exactly one positive root, then one has the following exact
sequence

O_>Lwa(/\) —>M/\—>L)\—>O,
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where w, denotes the reflection in «. A straightforward computation shows that
in this case GKdimL), = 3. Therefore GKdimZL, < 2 implies the existence of two
positive roots a and 8 such that (A, &), (A, ) € Zso. One can see immediately
that at least one of these roots, say «, is simple. If N, denotes the quotient of
M, by the submodule generated by a highest vector with weight w,(\) — p, then
GKdimN, = 3. The condition GKdimZL, < 2 implies the reducibility of N, which
in turn implies (A, %) € Z~( for the positive root v orthogonal to .. That leaves
only two possibilities for A: X is either regular integral or A\ satisfies the conditions
of the Lemma.
It remains to eliminate the case of a regular integral non-dominant A. By
using the translation functor we may assume without loss of generality that A
belongs to the Weyl group orbit of p. That leaves four possibilities for \: 2¢; — e,
—2€9, €1+ 265, —€1 +2¢5. Let p; and p, be the parabolic subalgebras obtained
from b by joining e; — €7 and —2e; respectively. It is not difficult to verify the
existence of embeddings

L2 -1 — U(g) ®U (p1) F21,17 Ll —2 U(Q) ®U (p1) F1—17
L12—>U( )®Up2)F22717 L_ 12—>U( )®Up2)FﬁQa

where F;,b (respectively, FaQb) is the finite dimensional p;-module (resp., po-
module) with b-highest weight ae; + bey — p.  Therefore the Gelfand-Kirillov
dimension of any of the above four simple modules equals the Gelfand-Kirillov
dimension of the corresponding parabolically induced module, i.e. 3. The proof is
now complete. [ |

Corollary 6.2.  Let M be a simple bounded infinite-dimensional (g, €)-module.
Then AnnM = AnnL,; for some a,b with a > |b|, a,b € %—i— Z. In particular,
x(a,b) is the central character of M.

Proof. By Duflo’s theorem, AnnM = AnnL,, for some a,b. It is known that
%dimXLa’b = GKdimL,y, thus GKdimM > GKdimZ,;. On the other hand,
GKdimM < 2 = b, holds by Theorem 4.4 in [PS2] . Hence GKdimLZ,;, < 2, and
Lemma 6.1 applies to Lgy. [ |

3
2

(5:3)

N|=

Corollary 6.3.  Let a,be€ 3+7Z, a > |b|. Then %f(a’b) is equivalent to B

Proof. It is well known that the categories UX(“*)-mod for (a,b) as above are
translation-equivalent to the category U X'3:2) -mod. Since the translation functor

preserves the subcategories of bounded modules, the categories %)E((a ) and % 2
are equivalent as well. [ |

Our next step is to describe the quotient algebra U(g)/ AnnL; 1. In this
section we denote by A the Weyl algebra in two variables, i.e. the algebra of
differential operators acting in Clz,y]. We introduce a Z,-grading, A := Ag® Ay,
by putting degaz = degy = deg d, = degd, :=1 € Zy. It is well known that there
exists a surjective algebra homomorphism

k:U(g) — Ao
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such that
y? o2
wer) =20y, wles) = 0 w(f) =y Alfo) = =5

1
k(h1) = 20, —y0,, kK(h) =y0, + 3

The kernel of x equals AnnL%,%. Furthermore, () is spanned by E := z0,,
F :=yd,, H := 20, — yd, in the root case, and respectively by E := z9, + y?,
H =320, +y0, + 2, F := 3y0, — (92 in the principal case.

The problem of describing all simple modules in ‘B;((%’%) is equivalent to the
problem of describing all simple (Ao, £)-modules, i.e. all simple locally x()-finite
Ag-modules. The following lemma reduces this problem to a classification of all
simple (A, £)-modules.

Lemma 6.4.  FEvery simple (A, ¢)-module M is a Zsy-graded A-module, i. e.
M = My & M; where My and My are simple (Ag,®)-modules. Furthermore,
M = A®a, My, and the Zy-grading on M is unique up to interchanging My with
M; .

Proof. The element H (as defined above separately for the root case and for
the principal case) acts semisimply on M with integer eigenvalues. We define
My (respectively, M;) as the direct sum of H-eigenspaces with even (resp., odd)
eigenvalues. It is obvious that M = My ® M;, that My and M; are simple A
modules, and that M = A ®4, My. Since My and M; are non-isomorphic as
Ag-modules, the uniqueness follows from the fact that a decomposition of M as
an Ag-module into a direct sum of two non-isomorphic Ag-modules is unique. m

Remark. More generally, if ¥ is a subalgebra of g’ = sp(2m) such that
the centralizer of ¥ in the Weyl A’ algebra of m indeterminates is abelian,
every (A’,¥)-module is a multiplicity-free (g’,#)-module whose primitive ideal
is a Joseph ideal. F. Knop has classified all such subalgebras ¢, [Kn2|, which
makes us optimistic that this idea can eventually lead to a classification of simple
bounded (g’, ¥)-modules.

Let Fou: A — A be the automorphism defined by
Fou(z) := 0,, Fou(y):=09,, Fou(d,) :=—z, Fou(d,) = —y
If M is an A-module, we denote by M the twist of M by Fou.

Theorem 6.5. In the root case, any simple (A,¥€)-module is isomorphic to
Clz,y] or Clz,y]™".

Proof. Let M be a simple (A, ¢)-module. Then there exists 0 # v € M such
that &/-v = 0, i.e. 20, -v = 0. Hence either  or 9, act locally nilpotently on
M.
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Assume first that 0, acts locally nilpotently on M. Then 0, € [, 0,] also

acts locally nilpotenly on M. Let AT be the abelian subalgebra in A generated
by 0;,0,. One can find 0 # w € M such that AT -w =0, and hence

MgA®A+CgC[$,y]
If = acts locally nilpotently on M , one considers M™" and reduces to the

previous case. u

Corollary 6.6.  In the root case, up to isomorphism, there are exactly four

simple (g, €)-modules with central character x(2,%). As t-modules two of these

202
modules are isomorphic to

VoeVedVid... |
and the other two are isomorphic to

VieVzaoVsad...

Theorem 6.7.  In the principal case, up to isomorphism, there exist exactly two
simple (A, ¥)-modules and they have the following €-module decompositions:

WeVieVseVod..., VieViaVioVid...

Proof. Note that € is a maximal subalgebra of g. Hence, every element g € g\t
acts freely on a simple (A, €)-module M. In particular, 2? acts freely on M,
and therefore x acts freely on M. Let A, be the localization of A in z, and
M, = A, ®x M. Then M C M,. Fix 0 # m € M with £-m = 0 and
H-m = Am for a minimal A\ € Z>¢. Since F = 29, +y* and H = 320, +y0, +2,

we have ) 5y g
Y Y -
%-mz—;-m,@z-m:(@jt 3x)-m.

Therefore, M, = C[z, 27, y] - m. Set

uy:=x 3 exp [ =—|.
3z

Then it is easy to see that M, is isomorphic to Fy := C[z,z7!, y]uy and that
Fr = Farg. Hence, M, is isomorphic Fy, F; or Fs.

Next we calculate Ty (F)). Note that the space of bg-singular vectors in F)
is spanned by the family wy 31, k € Z of solutions to the differential equation

E - u=z0,(u) + y*u = 0.

If A\ € Zsg, then FA1.q, is again a bg-highest vector of weight —\ —2. Therefore
FM1 o, = cu_,_y for some constant c¢. On the other hand, u_y_o, € F) iff
A= (=A=2)=2\+2€3Z or A =3k +2. Hence F ' -uy =0 for A = 3k or
A =3k + 1. Thus, Iy (Fy) is generated by ugg for £ > 0, I'y (F;) is generated by
usg+1 for k > 0, and we have the €-module decompositions

Fe(Fo) Vo Vs V@ Vo@ ..., Te(F)=2ViaV, eV Vip®....
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Let us prove that I'y (F) and I'y (F;) are simple A-modules. Indeed, let
N be a proper submodule of I'¢(Fy). If uy € N, then uy 3, = 2*uy € N for all
positive k. Choose the minimal A\ such that uy, € N. Then the quotient module
has a decomposition V\_3®-- - Vj, hence it is finite-dimensional. Since A has no
non-zero finite-dimensional modules, this is a contradiction. The case of T'y(F}) is
very similar. In this way we obtain that, if M, = F; or F;, then M is respectively
isomorphic to Iy (Fy) or e (F7).

Finally, we show that ['¢ (F3) = 0. It is sufficient to check that there is no
non-zero v € Fo with F'-v =0 and

H-v=(=3k—2)vfor k € Z>o. (20)
Indeed, then v would be a solution of the differential equation
3Yvy = Vyy.

v=g(z,y)exp (—y3>

3

Since v € Fo,

for some ¢ (z,y) € C[z,x~!, y] such that
2

Yy Y
3Yg, = —2%q, — 2%q¢.
Yyg Gyy T Gy J}g

As g(x,y) is homogeneous with respect to H, we may assume without loss of
generality that

l
g(x,y) = by,
=0

where s € Z>g, p € Z, b; € C, by = 1. The equation on the highest term with
respect to x gives the condition

65 (ys) =0,

or, equivalently, s =0,1. But H-g = (3p+ s+ 2) g, hence H-v=(3p+s+2)-v.
Therefore
H-v=Bp+2)vor H-v=(3p+3)v,

and (20) does not hold. ]
Theorem 6.7 together with Lemma 6.4 yield the following.

Corollary 6.8.  In the principal case, up to isomorphism, there are exactly four
simple (g,%)-modules with central character x(2,%). They have the following &-

202
module decompositions:

VodVe®dVia®. .., VieViaVis®. .., V@ VedVis®. .., VidVip®Vigd. ... (21)
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7. €-characters of simple bounded (sp(4), sl(2))-modules

7.1. The root case.. In this case, the four simple modules of Corollary 6.6 are
nothing but the simple highest weight modules L% 1 L% 1 and their respective

restricted duals L5 ,, Ls ,, i.e. the simple b-lowest weight modules with lowest
2’ 27

2
weights (=32, —1) and (=3, 1). Therefore, by Corollaries 6.2, 6.3 we conclude that
all simple bounded (g, £)-modules are precisely L,; and the lowest weight modules
L', _y, where a > [b| € 5+ Z. Since ¢(Lap) = ¢(L, _,), it suffices to compute
¢(Layp), for a,b as above.

The h-character of L,y is given by the formula

M

(@ =2 )yt =y

ch La p = s 22
e = ey =y ey -y ey — ) D)
where z =e™ 27, y = e™2% . We rewrite (22) as
(l.a—b _ xb—a)(ya—b _ yb—a) B o o
= —— M-y ) 1 —a?y ) h (23)
Next we note that
(1 _ J}2y_2)_1(1 _ x_2y_2)_1 _ Zy—%(x% + 24 4ot SL’_%), (24)
k=0
and use the expression
k+1 —(k+1)
Fmabpgb g =D Il
x—x"
to rewrite the right-hand side of (24) in the form
o B - 1 %) B
Zy Qk(z% _ 2k—2 44 (_1)k) _ e Zz%y 2k
k=0 k=0
Now (23) becomes
a+b —a—b &
_ ab1Y Y 1 2%, —2k
chyLoy = 2 p—— 1+y222 Yy
k=0
To find the €-character of L,;, we set y = 1:
b (o]
C(L(I,b> = a_2|_ Za_b_l ® Z Z2k (25)
k=0

Thus, equation (25) implies the following result.
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Theorem 7.1.
(a) If a —b is even and a+ b is odd, then

a+b

c(Lap) = (224422 4+ -+ (a—b) 2" H(a— b)),

(b) If a —b is odd and a + b is even, then

+b
c(Lap) = ¢ 5 (14322 452+ +(a—0)2"" + (a—b)2* " ...

(¢) In the case (a) the minimal €-type is Vi and its multiplicity is a +0b. In the

case (b) the minimal €-type is Vo and its multiplicity is “$°.

(d) For sufficiently large 1,

(CL2 +b2)(1 + (_1)a+b—i).

Ci<La,b) = Ci+2(La+b) = 4

(e) Lap is €-multiplicity-free if and only if a = %, hence the only simple
multiplicity-free (g, €)-modules are those with central character x(2,31), i.e.

272
the four g-modules from Corollary 6.8.

7.2. The principal case.. We now proceed to calculating the £-characters
of all simple bounded (g,%)-modules where g = sp(4) and ¢ is the principal
subalgebra of g fixed in Section 6. In this case, let MY, and M}, denote

272 272
the simple bounded (g, t)-modules with central character x(2,1) and respective
t-module decompositions Vo @ VgD Vio® ... and Vi & VoD Vigd.... We set
é(f l(f
M3, = Tailﬂ:zjj(M;%) for a,b € 5+ Z,a > |b|, s € {0,1}, and M, := 0 for

a,be i +7Z,a< b, se{0,1}. By V,, we denote the simple finite-dimensional
g = sp(4)-module with b-highest weight pe; + ges (p,q € Z>o, p > q).

Lemma 7.2.  We have
Vio®@ Mg, ~ Mg, & M7, &M, &M, 4, (26)
and, for a # |b| + 1,
Vin @ Mg, = My i1 @ Mgy © Mgy 500 ® Mgy © Mgy (27)
If a=b+1,b>0, then
Vig @ Mgy~ My i1 © My, © Mgy, (28)
and if a = —-b+1,b0 <0, then

Vipg @ Mgy~ Mgy pi1 © My © Mgy 4 (29)
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Proof. Let us first prove (26). In what follows we use the notation of [PS2],
Section 5. Let ., = @g’/‘% Ry Mg, be the localization of M,;, on G/B.
Then as a sheaf of U-modules Vi ® .#;, has a filtration of length 4 with the
following associated factors given in increasing order:

O(—61) Qo My, O(—€) Qg My, O2) Q¢ Myy,, Ole1) Qo My,

Note that Zy acts via a character on any of the four associated factors, and
that these characters are pairwise distinct. Therefore, as a sheaf of U-modules,
Vio @ A3, is isomorphic to the direct sum

(O(—e1) @o M;,) ® (O(—€2) Qo ML) & (Ole2) Qo ML,) B (Oer) @ M)
Now we calculate I'(G/B, Vo ® A;,). If a=b+1,b> 0, then
[(G/B,0(—a) ®¢ A,;,) =T(G/B, 0(€) @¢ M) =0

as there are no bounded modules with these central characters. Similarly, if
a=—-b+1,b<0, then

ING/B, 0(—e) ®@o My,,) =T (G/B, 0(—¢€) @0 M,,) = 0.
In all other cases
D(G/B, O(%e1) @o Myy) ~ Mgy,
[(G/B, 0(+¢6) ®¢ f///asb) = M;,bil‘

Thus, (26) is established.
Consider (27). Then as a sheaf of U-modules Vi ; ® ., has a filtration
of length 5 with the following associated factors given in increasing order:

ﬁ(—el — 62) Ko %;75,7 ﬁ(el - 62) Ko %as,lw zib?

ﬁ(—ﬁl + 62) ®ﬁ ’%cib? ﬁ(q + 62) ®ﬁ ’%cf,b‘

Note that Zy acts via a character on any of the five associated factors, and that
these characters are pairwise distinct if a # |b| + 1. Therefore the proof of (27) is
very similar to that of (26).

Let now a = b+ 1. Then .Z;, and O(—e¢; + €2) ®4 A, both afford the
central character x(a,b). Thus, as a sheaf of U-modules, V; 1 ® ., b 18 isomorphic
to the direct sum

(O(—e1 — &) @p M) & (01 — €2) Qo M) & ( ;7,,)' ® (30)

&> (ﬁ(ﬁl + €) Qg ///id ,

/
where for (//lj b) we have an exact sequence

0— A5, — (///ﬁb)/ — O(—€1 + €2) Qg My — 0.

a

We will show that I'(G/B, (#,,)") = 0. It suffices to show that the tensor product
Vi1 ® Mg, has no simple constituent with central character x(a,b). Indeed, from
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(26), we see that Vip ® Vi ® M, has exactly two simple constituents affording
the central character y(a,b) and that both these constituents are isomorphic to
M;,. Recall that

Vip®Vig=Vao® Vin® Vop.

Clearly, Voo ® M ab = = M;,. Furthermore, V5, is the adjoint representation and
therefore the very g- module structure on M, defines a non-trivial intertwining
operator Voo®@M7, — M?,. Thus, Voo®@M;, must have a constituent isomorphic
to M, and consequently V1 1®@M; , has no Slmple constituent affording the central
character x(a,b). By taking the global sections of the direct sum (30) we obtain

(28). The case a = —b+ 1, which leads to (29), is similar. ]
Lemma 7.3.  There is the following ¥-module decomposition
M3 1 = Vo @ Vors © Visys @ (31)

Proof. By (26),
Ms;@‘/lo—Mﬁs 1 @MO 1.

272 2
As a t-module, Vi, is isomorphic to V3. Hence MY, ® Vio has a £-module
272

decomposition
Wy B V...

Since x(2,-1) =x(3,3), ]\/./O , must have one of the four £-module decomposi-
2
tions (21), and hence (26) 1mphes (31) for s = 0. Similarly, M3 , ® Vi has the
272
t-module decomposition Vo @ 2V, @ ..., which implies (31) for s = 1. [

We set now 3 ,(2) == c(M;,) forab€l+Za>|b| s € {0,1} and
extend the definition of ¢ ,(z) to arbitrary pairs a,b € 3 1 +Z by putting

Pap(2) = —0ha(2) = =% _4(2) = ¥2, 4 (2). (32)
Lemma 7.4. Forall a,b€ 1+ 7Z and s € {0,1},
W(@Z,b(z?’ +z4+z2 " 4+277) = Co1p T Pavip T Popir T Pop

W(@Z,b(z4 +22+1+272427Y) = Cot1b+1 T Paipi1 T Pat1p-1+ Pac1p-1 1 Pap

(the projection 7 is introduced in Section 3).

Proof.  Both equalities are straightforward corollaries of Lemma 7.2 and Lemma
3.2 (b) if one takes into account the isomorphisms of €-modules V; o ~ V3 and
‘/1’1 ~ ‘/21 . |

We define now 97 ,(2) € C((z)) via the conditions:
(1) ¥5p(2) (2" + 2+ 27" +27%) =i 4(2) +¥a1,(2) + V0 (2) + ¥, (2),

(c2) wz,b('z)(ZA +224+1+27+ 274) = w2+1,b+1(2) + 7/12+1,b71(2) + wcsz—l,b+1<z> +
Vo _1p-1(2) +5,(2),
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(€3) Yap(2) = —pa(2) = =02, . (2) =97, 4(2),

. 5 . ZS—i—s
(cd) ¥5,(:) =725 ¥i 1(:)=1—
Theorem 7.5.  The Laurent series 1, ,(2) exists and is unique, andy); ,(z) =

Z5+s(z3a+b _ Za+3b _ Zfaf3b + zf3afb) _ Z6+s(z3afb _ Zfa+3b _ Zaf?)b + 273a+b)
(1 —22)2(1 — 24)(1 — =)

(33)

Proof. ~ We show first that 7 ,(2) is unique if it exists. By (32) ¢],(2) is
determined by 7 ,(z) for a > [b]. Assume, by induction on a, that v ,(2) is
unique for all a < ag, [b| < a. Then equation (cl) determines 1 ,;,(z), and
equation (c2) determines ) ., ,,(2) and ¥ . . 1(2).

To prove the existence of ¥ ,(2), it suffices to verify that the right-hand
side of (33) satisfies all conditions (c1)-(c4). This is a direct calculation, which is
simplified by the observation that both Laurent polynomials

3a+b _ _a+3b _ _—a—3b +Z73a7b

z z z

?

Z3a—b . z—a+3b _ Za—3b + Z—3a+b

satisfy (c1),(c2) and (c3). The condition (c4) is satisfied only by the entire
expression. [ ]

Corollary 7.6.
@Z,b = 7T(¢2,b)-

Corollary 7.7.  Any simple bounded (g, €)-module is either even or odd. More
precisely, Mg, is even if a+b+ s is even, and Mg, is odd if a+b+ s is odd.

S

k), for which we

In the calculations below we use binomial coefficients (

always assume (Z) =0 if s or k are not integers.

Lemma 7.8.

1221 - I nf%”(”)z%’
where
y(n) = ﬁ [119 (n ; 3> ~179 (” ; 2) +109 <” ; 1> - 25 (g)} +%+@
" 0 n=1 (mod3)
Bn):=< 1 n=0 (mod 3)
~1 n=—1 (mod 3)
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Proof. The statement follows from the identity (1_22)2(1;4)(1_26) =
1 119 —1792% 4+ 1092* — 252° n 1
(1 —22)2(1 — 24)(1 — 25) 144(1 — 22)4 16(1 + 22)
1422
+9(1+—;+z4) ) u

Corollary 7.9.  Let

(n) = 7<n—(3a+b+5)—8) _Py(n—(a—l—3b+5)—s) B

2 2
. <n—(—a—23b+5)—s> +7(n—(—3a—26+5)—5) B
. <n—(3a—2b+6)—8) +7(n—(—a+236+6)—s) N
ﬂ<n—<a—:;b+6)—s) _v(n—(—3a—gb+6)—s).

Then
Ci<M5,b> = 52,b(i) - 5Z,b(_i —2).

Proof. The statement follows directly from Theorem 7.5, Corollary 7.6, and
Lemma 7.8. |

Corollary 7.10.  For any simple bounded (g,%®)-module M, ¢;(M) = c;16(M)
for sufficiently large i € N.

Proof.  The given (g, £)-module M is isomorphic to M; , for some a,b € %—I—Z,
s € {0,1}. For sufficiently large i, J; ,(—i —2) = 0, hence ¢;(M) = d; (7). The
explicit formula for (i) from Lemma 7.8 implies that §; ,(i +6n) is a polynomial
in n. Since this polynomial is a bounded function, it is necessarily a constant. m

For large enough values of i, Corollary 7.10 enables us to write c;(M;,),
i € Zg. Here are simple explicit expressions for ¢;(MF,).

1 if3[2a,312b

Theorem 7.11.  Let o, :=<¢ —1 if3]2b,312a
0 i all other cases
Then , )
My = L ety (20

C@( a,b) 6( + ( ) ) 9 + Tab |

s s ]_ CL+b a/2 - b2
Cm(Ma,l) = C%(Jwé,b) = 6(1 - (_1) ) 9 —Oap |

s O 1 a+b CL2 - b2
M) = er(ME) = 51+ (-1 (£ — ).

s 1 " a’ —?
e (M) = L1 = (“1)) ( ; zaa,b) |

6 2
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Proof.  Let {&}iez, denote the standard basis in C®. Set
Pon 1= D G(M:,)E
EEZG
for a,b € 5 +Z, a > |b|. Extend B, to all a,b € 5+ Z by putting

S J—

Pob = Pra =" p-0=P 0t
and let S, T : C® — C® be the linear operators
S(&) =2Gm+ &+ &G T(&) =261 + 2653
Then ; , satisfy the following version of conditions (c1)-(c4):
(c5) S(@hp) = Pos1p+ Paprr T Pty T Pap1s
c6) T(P54) = Por1oi1 + Po 101 T Porio1 T Pot1oos

—AS

(c6)
(07) @Z,b = _az,a = _aib,fa = ¥ _a,—b>
(c8)

8) P31 =&, Pi_1 =&
272 27 2
Denote by w a primitive sixth root of unity. Then {n; := Z Wﬁfj}iez(a is an
JEZg
eigenbasis for S and T'. Put
(a® = b%) N )
Map = "5 Mo MBap = (=1)*" s B
Bab = Tablar  Map "= Tabllis

Maw = (—1) oz, N5ep = (—1)"Pouums.

Using the identity
w2b + w—2b _ w2a _ w—Za
3 ?
one can easily check that #; ,, satisfies (¢5)-(c7). The linear combination

Oab =

_ 1 -
@Z,b = 6 Z w ’sm,a,b
%EZG
satisfies the condition (c8), hence its coefficients in the basis {} equal ¢; (M jb) .
[

Corollary 7.12.  The following is a complete list of multiplicity-free simple
(g,€)-modules: Ms ., M; s, s€{0,1}.
272 272

s s
5 4139 5 11,
213 23

Proof. A straightforward computation based on Theorem 7.11 shows that

- 3 1 5 3
ci(M;,) € {0,1} for i € Zg iff (a,b) is one of the pairs (5,:&5), (5,15),

5 1 7 5
(5, ié) , and (57 iﬁ) . Then, using Corollary 7.9 one verifies that all modules
Mg, for (a,b) as above are indeed multiplicity-free. ]
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Theorem 7.13.

(a) The minimal €-type of any even (respectively, odd) bounded simple (g,¥)-
module M equals Vi, Vo or Vy (resp., Vi or V3 ).

(b) If M is an even (respectively, odd) simple module in BX@Y | then co(M)

aib+ ( aib+ aib+)
1 € (resp., 3 € or 5 €

(resp., c1(M) ) equals L e or

for some € with |e| < 1.

Proof. (a) Note that for any bounded (g,€)-module M, ¢;(M) equals the
constant term of the Laurent polynomial z7(1—2%%2)c(M). Hence ci(M)+c3(M)
equals the constant term in the Laurent expansion of

(2741 = 2% 4+ 273(1 = 28))e(M).
A straightforward calculation shows that for M = M, the latter is nothing but
the constant term of the Laurent series

Z3a+b+2+s _ Za+3b+2+s _ ,—a—3b+2+s + Z—3a—b+2+s _ Z—3a+b+3+s

- -
(1 —22)3
La=3b+3+s | —at3b+3+s _ Ba—b+3+s
* (1 —22)3
Using the identity
1 = (n+2\ ,,
()™ o
n=0

we obtain ¢; (M ,) + c3(M;,)

a

—3a—b+2—s —a—3b+2—s a+3b+2—s 3a+b+2—s
-~ )0 )0 ) () w
3a—b+1—s —a+3b+1—s a—3b+1—s —3a+b+1—s
() -C)-)-(3)

where we set (;) =0 for | ¢ Z>y.

This expression is a piecewise polynomial function which equals identically
zero whenever My, is even, i.e. when a + b+ s is even. In fact, the right hand
side of (35) turns out to be very simple as an explicit calculation shows that, for
a+b+ s odd,

a+(—=1)""1b .

a+ (—1)%b for a4+ (=1)*36 <0

Since a > |b|, the right hand side of (36) is never 0, i.e. the minimal €-type of
M, is Vi or V3 whenever a + b+ s is odd.
A similar analysis proves that the minimal £-type of M7, is Vo, Vo, or Vj

whenever a + b+ s is even. Indeed, in this case

eop = Co(M3,) + coa( M) + ca(My,)
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equals the constant term of the Laurent series
(1—2%) +272(1 = 2% + 2741 — 21%)¢(M)
Using the identity

(1=2) 4220 -2+ (12" 1 (7T+422+2" 1
(1= 22)2(1 — 24)(1 = 29) = 8Z4< 1—2p (1—1—22))’

as well as the identity (34), we calculate

—b—l—
ez’b _ 9( —3a s

<a+3b—1—s

0

(
6(3a+b—1—s>_
(

—a+3b—2—s)
+

—-3a+b—2—s5
2 M)

for n € Z>o and 6(n) := 0 otherwise.

—a—Sb—l—s)

)-

-0 )
_0<a—b—2—s>
)~

_3p_9_
+0<a 3b s

+

_|_
<>

3 3 7 (=1
h = n?4 = =
where 6(n) 1" —|—2n+8+ 3
Further calculations show:

at(—1)5T1p—1
2

(a + (—=1)°*'b) + (=1 .

(a+ (—1)°b) for (—=1)*a+3b <0

—_1)s >
for (—1)*a+3b>0 (37)

3
€ap = ‘3L
2

under the assumption that a + b+ s is even. Since the right-hand side of (37)

never equals 0, we obtain that e;, # 0 under the same assumption. Hence the

minimal €-type of any even simple bounded (g, £)-module equals V4, V5, or V.
(b) To compute co(M) we use the identity

1— 22 1
(1=222(1 =21 —26)  (1—=22)(1—2)(1 -2
47 — 5222 + 1724 1 2 — 22— 24
20 —22¢F 81+ 91—

which yields

s 3a—b—5—s
CO<Ma,b) = 7(

(a+36—5—s

)=
o )+
_V(G—b— )+7,(—a+3b—6—s)+
)

(a—?)b—
+v'
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where ) o1 1) )
, _n . n 1" o'(n
Y=ttt sty

v | =1 3¢n
o'(n) = { 2 3|n
for n € Z>p and 7/(n) = o'(n) := 0 otherwise. Similarly, using the identity

271 = 2% L (8=T2 422 1422 -2
(=221 — A (1= ( o1 —=2pF T o=z )

we obtain
a—b— —a—3b— — 5
(M) = o ( )—
B " 3a+b— —5)_

—

a+3b—
'Y +7
(3(1—()—5—3) ,,(—a—i-Bb—E)—s)
Y +7 +
3b—5—s 3a—|—b—5—s
+’Y ’V )
where . . ()
" o on o on
' (n) : 6+6+9+ 9

—2 n=—1(mod 3

o' (n) = { 1 n# —1Emod 3;
for n € Z>p and v"(n) = 0"(n) := 0 otherwise. Using the expressions for co(M;,)
and ¢;(M;,) we notice that the terms (_é L U/é") and U”én) will give a contribution
e with || < 1. Thus, a direct computation implies

a+(—1)°b s
. e CO% o for g+ (=1)*3b < 0
(Ma,b) = { 6 (

#%—e for a + (—=1)*3b >0 ’

a+(—1)%b

)

)
(M2, = U™ e fora+ (—1)%3b> 0
wbl —— +¢ fora+(—1)°3b <O0.

Corollary 7.14.  For axb > 24, the minimal t-type of M, equals Vo (respec-
tiwely, V1) if a+b+ s is odd (resp., even).

Corollary 7.15. A simple (g,¢)-module with minimal €-type V; for i > 5 is
unbounded.

Note that all simple (g, €)-modules of finite type over € with minimal ¢-type
V; for i > 6 are classified in [PZ2]. In particular it is proved, [PZ2], that if M is
a (g, t)-module with minimal €-type V; for i > 6, then M is necessarily of finite
type over € and ¢;(M) = 1. Recently G. Zuckerman and the first named author
have shown that this holds also for i = 5, and Theorem 7.13 (b) implies that the
statement is false for 7 < 1.
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