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Abstract.  We examine solutions to a family of differential equations, includ-
ing the heat and Schrédinger equations, that are globally invariant under the
action of the corresponding Lie symmetry group. The solution space is real-
ized in a nonstandard parabolically induced representation space as the kernel
of a linear combination of Casimir operators of certain distinguished subgroups.
Composition series provide a complete description of this kernel and, for special
inducing parameters, the oscillator representation is realized in a natural and
explicit way as a subspace of solutions to the Schrodinger equation.
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1. Introduction

Let A,, denote the Laplacian on R™ and let s € C be nonzero. In this article, we
study certain solution spaces for the family of differential equations

450, + A, = 0 (1)

that are invariant under the group G = (§i(2, R) x O(n)) X Ho,yq1. Here, Hop,yq
denotes the (2n+ 1)-dimensional Heisenberg group and SL(2,R) denotes the two-
fold cover of SL(2,R). Note that the heat and Schrodinger equations ([1], [2])
result when s = —1/4 and s = —i/4.

The Lie algebra of the group G is contained in the infinitesimal sym-
metries of Equation 1 obtained from Sophus Lie’s original prolongation method
([14]). Indeed, it is well known ([9]) that these symmetries are isomorphic to
(sl(2,R) x so(n)) X b,y where bo,iq is the Heisenberg algebra (plus an infinite
dimensional piece reflecting the linearity of the operator). However, Lie’s prolon-
gation method only provides a local action of one parameter subgroups of G on
the solution space to Equation 1 while we are mainly interested in global group
actions. In [6] and [7], Craddock found that a global representation may some-
times be achieved by restricting to an appropriate subspace of the solution space.
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This idea was used in [17] and [8] to obtain global actions by realizing solution
spaces as the kernel of Casimir operators with an appropriate induced action. We
continue with this same approach here.

More specifically, we study line bundles over G/P where P C G is anal-
ogous to the notion of a parabolic subalgebra in the semisimple setting. We
therefore start with an arbitrary character x,,s of P parametrized by ¢ € Z, and
r,s € C (see §3) and study the kernel of Q = 2Qq 2 r) — Qeo(n) — 7(r + 2) on the
induced space Ind%(x,,s), where Qo) is the Casimir operator for SL(2,R) and
Qso(n) is the Casimir operator for SO(n). Since R'™ embeds onto an open dense
set of G/P and the line bundles trivialize over R, we can realize sections in
Ind% (x,.r.s) as functions on RY™ by restricting to R"™ C G/P. Borrowing termi-
nology from semisimple Lie theory, we call his realization the noncompact picture.
For r = —%, the kernel of Q is G-invariant (Corollary 7.1). Moreover, for this
value of r and restricted to R'™ C G/P, the differential operator  is (up to a
functional multiple) the operator 4s9;, + A,,. Consequently, in this noncompact
picture and with r = —% the kernel of €2 is the same as the kernel of 4s0; + A,,.

In order to better understand the structure of ker €2, we move to an equiva-
lent setting in §5, called, again by analogy with the semisimple setting, the compact
picture. Writing K for a maximal compact subgroup of G and working in the
compact picture, it is possible to explicitly determine the K -finite vectors in ker €2,
(ker Q). This description (Theorem 9.4 in §6) is given in terms of the confluent
hypergeometric function and harmonic polynomials and allows the composition
series (ker Q)x to be calculated (Theorem 10.8). When n # ¢ (mod4) and
n# —q (mod4), (ker Q) is irreducible. Otherwise, if n = ¢ (mod4) there is a
unique irreducible submodule H}: consisting of lowest weight modules for sly and
if n = —¢ (mod4), then there is a unique irreducible submodule H;; consisting
of highest weight modules for sl5.

In §8, we determine when H: and Hy complete to unitarizable modules.
To do this, we return to the noncompact picture and employ well-known Fourier
transform techniques to define an intertwining map between initial conditions and
solutions to the initial-value problem 4s0,f + A,f = 0 with f(0,2) = u(x) €
L?(R™). With a proper choice of parameters, evaluation at ¢t = 0 takes Hz to (a
dense subspace of ) the Hilbert space L?(R™). It is this Hilbert space that provides
the unitary structure we seek. More precisely, if s = io € iR* and n = sgn(o)q
(mod4), H#) is contained in a G-invariant subspace D of ker Q in Ind$(xg..s)
that has the structure of a pre-Hilbert space (Theorem 14.8). In the noncompact
picture, the G-invariant inner product is given by

(f17f2>: fl(O,x)fg(O,ZL’)dSL’

Rn
with f; satisfying 4s0,f; + A, f; = 0. The space D completes to an irreducible
unitary representation of G. Up to an explicit unitary intertwining operator, re-
striction to ¢ = 0 gives an intertwining operator with the n-fold tensor product of
the oscillator representation of SL(2,R) ([13]) and the Schrédinger representation
of Hy,yq (Corollary 14.7). Consequently, we obtain an explicit and natural con-
struction of the oscillator representation and its action on a subspace of solutions
to the Schrodinger equation.
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2. The Group

0 I,
—I, 0
(w,y) = 2T Jy for x,y € R?™. We let Ho,,; denote the (2n + 1)-dimensional
Heisenberg group with multiplication given by

Hy,.1. Write J, = ( ) where [, is the nxn identity matrix and define

(v, )W, 1) = (v+ v t+t' + (v,0"))

for v,v" € R?" and t,t' € R.

The group Sp(2n,R) of real 2n x 2n matrices that preserve (-,-).may be
embedded in the automorphism group of Hs,, 1 by setting o.(v,t) = (o(v),t)
for o € Sp(2n,R). Then the semidirect product Sp(2n,R) x Hs,,; then has
multiplication given by

(o,h)(1, k) = (o1, 7 (h)k)

for o,7 € Sp(2n,R) and h,k € Hop 1.
SL(2,R)x O (n). The group SL(2,R) x O(n) carries an action on Ha,

by the embedding of SL(2,R) = Sp(2, R) into Sp(2n, R) via the map < . b ) -

d
al, bl,
( cl, dI,
u 0
0
Rather, since these two images commute, there exists a homomorphism
B :SL(2,R) x O(n) — Sp(2n,R) with kernel (/5 x I,,).
G,=SL(2,R). Following [13], we define a two-fold covering of SL(2,R) as
follows. Write D = {z € C | Im(z) > 0} for the upper half plane and let SL(2, R)
act on D by linear fractional transformations

a [ L az+ 0

v 0 )T Az 6]
z € D. Define d : SL(2,R)x D — C by d(g,z) = vz+0 for (g,2) € SL(2,R)x D.
Then d satisfies d(g1g9,2) = d(g1, g2-2)d(ga, z) and, for each g € SL(2,R), there

are exactly two smooth square roots of d(g,z). The double cover of SL(2,R) is
then realized as

) and the embedding of O(n) into Sp(2n,R) diagonally via u —

, u € O(n). Note we do not embed SL(2,R) x O(n) in Sp(2n,R).

Gs ={(g,¢) | g € SL(2,R) and smooth e : D — C
satisfies £(2)? = d(g, z) for z € D}

with multiplication given by

(91,€1).(92,€2) = ((9192, 2 — €1(g2.2)e2(2))-

It follows trivially that the identity element is I = (I5,z — 1) and that (g,)™* =
(g7 2 —elg™i2)™).
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G. Finally, let p : Gy — SL(2,R) denote the canonical projection
p(g,e) = g. Then Bo(p® 1) : G2 x O(n) — Sp(2n,R) is a homomorphism
and the semidirect product

G = (Gg X O(?’L)) X H2n+1

is well-defined via this homomorphism. When expedient, we will identify G5,
O(n), and Hy,yq with their images in G.

3. The Induced Representations
Write expg, : s[(2,R) — G for the exponential map and let

a:{<é _Ot)|t€R},n:{<8 3)|t€R},ﬁ:{(? 8)|t€R},

and £ = {( _09 g ) | 0 € R}. Using the connectivity of D and the fact that

expg,(0) = I, straightforward calculations show that

A=ewe@={((§ L) lrem,
V=exem={(( g 1 ) z-DlteR),

N:eXpGQ(U):{((}t (1)),2—> tz+1) | z€ D,t e R},

Ky = expg, (£) = {(gs,20) | 0 € R},

- cos) sind
where /- denotes the principal square root, gy = ( Cainf cosd ) , and

Eg:D—>C

is the unique smooth function satisfying 4(2)? = —zsin + cosf so that g4(i) =
e /2 Since gg.i = i, it easily follows that (gg,<s)(ge,0) = (gosor, €9ser) and
(o127, €042x) = (g9, —€p). This in turn implies that the map K, — S' defined
by (ge,€9) — €p(i) is an isomorphism (and 47-periodic in €). For use later, this
shows that the characters of Ky are given by

Xﬁz((ge,go)) _ 6—i9m/2

where m € Z.
Let M denote the centralizer of A in Ky. It easily follows that

1 0\ .
v=i(( 5 ) e ili—ozs

so that M = Z,.
Let W C Hy, 1 be defined by

W ={(0,y,w) |y € R",w € R} = R"*"
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and let P C G be the subgroup given by
P =(MAN x O(n)) x W.
For s € C, define Y : W — C by
xa (0,y,w) = €™,

for r € C, define y2: A — C by
A et 0 —t/2 rt
Xr( 0 e—t 2 € ):e ’

and for ¢ € Zy, define )" : M — C by

J
thz\/[(< 01 _01) =Z—>i_j>:ijq-

By defining a trivial action for both O(n) and N, x™ @ y2 @ x! can be extended
to a character of P which we denote by x,,s. We write I(g,r,s) for the induced
space of smooth C-valued functions on G that transform by x5,

I(q,r,8) ={¢: G — C |p € C™ and ¢(gp) = Xq.rs(p) *é(g) for (g,p) € G x P}.

The G-action is given by left translation: (g¢)(¢') = ¢(g71¢’).

4. The Noncompact Picture

In order to compute certain Casimir operators in a convenient way, we turn to
another realization of the induced space I(q,r,s). Define X C Hy,.1 by

X ={(z,0,0): z € R"} =R".

Observe that XW = Hy,,;. Moreover, NMAN is open dense in G5 by the
Bruhat decompostion (p. 461 [11]). It follows that (N x X )P is open and dense
in G. Therefore the restriction of functions in I(q,r,s) to N x X & Rl jg
injective. We let

Flavrs) = {7(6.0) s R = € ) = ol(( | )0 (2.0,0)

for some ¢ € I(q,r,5)} C C®(R"™)
and define the vector space isomorphism ¢ : I(q,r,s) — I'(q,r,s) by t(¢) = f
where f(t,x) = gb((( (1] i ) 1), (x,0,0)). We then give I'(q,r,s) the structure

of a G-module so that ¢ is an intertwining isomorphism. If we were in the
semisimple setting, this realization would be called the noncompact picture ([10]).
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5. Boundary Values of e

In order to find an explicit formula for the action of Gy on I'(q,r,s), we first
determine boundary values for the function e for almost all elements of G5. Fix

g= : g € SL(2,R) with ¢ # 0 and consider a group element (g,¢) € Gs.

e(2) = |6]*P\/y0 1z + 1 (2)
for one of the two choices of p € Zy for which (—1)? = sgn(d). This follows
because £(2)% = || sgn(d)(yd~ 1z +1) = d(g, 2).

Next we extend ¢ to {x € R | vtz + 1 # 0} via limits. Precisely, for
T € ]R\{—%}, we let

We first observe that

e(z) = lim e(z).

z—x,z€D

From Equation 2, it follows immediately that £(z) is well defined and that

0]\ /76w +1  ifydlz+1>0

e(x) =14 0]/ po Tz +1] ifydlz+1<0and 6t >0 .
6] /[yo Tz + 1] ifyd 'z +1<0and 5~ <0
In particular, £(0) = [6/Y?i? so the value of p € Z; can be casily recovered

from the value of ¢ at 0. We then may write £(z) = €(0)\/70~'2+1 or
VT4
e(z) = 6(Z>7\/W’

We also note that the extension of ¢ makes the expression e(g~'.t) well-

defined for all {t 6 R | a —ty # 0}. This follows since y6 ! (g7tt) +1 =

1_6t=p _
Yo~ —a T 1= # 0. Noting that

6(oc t7)

@ (g 1) w=te (1)
(A RN !

-y a—t

it follows that e(g~'. (t + 2))7!|.—o is well-defined. Moreover, by definition, it
satisfies the equality

—1 o —1 _ ‘ -1
g7+ o= T s ) =l o) =<(g70),
6. The Action on I'(q,r,s)
We begin with the action of G on I'(¢q,r,s).

Proposition 6.1.  Let f € I'(q,7,s), g = < : g ) € SL(2,R), (g,¢) € G3,
(v1,v9,w) € Hopt1, and u € O(n). Then

(9:6).F) (t.2) = o — 4t"% ey ek p X202

),

a—yt a—t
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(1, v2,w). f)(t, ) = eslmremthval=2eveen] £ oy 4 tasy),

and

(u.f)(t, ) = f(t,u '2).

Proof.  For the first statement, as in the §5, assume § # 0 and write £(z) =
62 P\ /46~ 12 + 1 with # = |§|(P/)2 . Then it is straightforward to verify that the

NMAN decomposition of (g,¢) is given by

wa=(( o M )P ) e

X (sgn (0) Iy, 7) (< 751—1 (1) ) : '/75_1z+ 1).

Furthermore, for x € R™, it is easy to check that

[(g,¢), (x,0,0)] =
K<é 6TJ),DK§ﬂimK<5:g),d(&%?‘ﬁgﬂ|»

Writing «(¢) = f for ¢ € I(q,r,s), it follows that

(0.0 (ta) =002 (g 1 )2 0.00)

_ ¢<[<< 6 -8 ) gt 2) ), (,0,0)).

-y a—nt

Using the decompositions from the first paragraph,

-y a—t

[<( ) ‘”‘ﬁ),e<g—1.<t+z>>—l>,<x,o,o>1

can be written as the product of

1/2

e(g~t (t+ Z))_1)|z=0> 0]

lov — 7t

1 0 [ = —z vz’
- — L 2+1),(0, , epr
XK(a%zl)’ AR




550 SEPANSKI AND STANKE

when o — ty # 0. Since we have seen in §5 that (g7t (t + 2))|.—0 = e(g71.1), it
follows immediately from the definitions of I(q,r,s) and f that

B . [ elg )t ! ) e
((g,8)-f) (t,2) = |a — 1] (m) e f(oz—fyt’a—yt

)

as desired.
In a similar fashion, the action of the Heisenberg group follows from the
decomposition

1 1 1 ¢

(11, va, w) [(( 0 1 ) 1), (2,0,0)] = [(( 01 ) 1), (v — tve +2,0,0)]
X [Ig,, (0,10, 19 - (tvg — 1) — ) — 2 - vy + W)

and the O(n)-action follows from the decomposition

u[((é §)=1>’($=0’0)]:[(<(1) i),l),(ux,0,0)]u. .

From this we easily obtain the action of certain elements in the Lie algebra.

b

Corollary 6.2.  The element ( CCL ) € sl(2,R) acts on I'(q,r,s) by the

differential operator
(ct —a) i 2;0; + (—2at — b+ ct?)0; + (ra — ret — sc|x|?).
j=1
The element (v, V', w) € hany1 acts by the differential operator
— i v;0; +t i vi0; + s(—=2v" -z 4 w).
=1 j=1

Proof. These formulas follow trivially by differentiating the results of Propo-
sition 6.1. ]

7. Casimir Operators

We now consider a differential operator associated to the subalgebra sl(2, R)xo(n).
First write E, F, H for the standard basis of s[(2,R). If

E, = Zajjaj
j=1
denotes the Euler operator on R™, then Corollary 6.2 shows that E, F, H act on

I'(q,r, s) as the differential operators

E: —8t
F =tE, + 120, — (rt + s ||z||*)
H=r—FE,—2t0,.
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From this, it is easy to see that the Casimir operator for sl(2,R), Qsier) =
2EF — H + H?/2, acts on I'(q,r,s) as
1

Qaor) = §[E3L —2(r 4+ 1)E, + 4s ||z||> 9, + (2r +1?)].

We next express the Casimir for the so(n) in terms of Laplace and Euler
operators. Consider the basis {X;; = E;; — E;; | 1 <i < j < n} of so(n) and
normalize the Killing form so that {Xj;}i<; is dual to {X;;}ic;. In I'(¢,7,9),
X,; acts by the differential operator D;; = x;0; — x;0; so that the Casimir
Qeo(n) = ZK]. X;;X;; is the differential operator Y D;;D;;. To compute this,

i<j
first observe that

In particular, D;; and Dj; commute and " DZ = 0. It follows that 2Q,) =
Ei,j Diiji = 2(71, — 1)En + 2 Zi,j l’il’j8i8j -2 HZL’Hz An where

denotes the Laplacian. Since Z” 2;x;0;0; = E? — E,, we arrive at the well
known fact that .,y acts on I'(¢,7,s) as

ooty = Ej + (0= 2) B, — [|z])* A
We now define the element €2 in the universal enveloping algebra of g by
Q = 2Qqr) — Qson) — 7(1r + 2).
As a consequence of the proceeding paragraphs, €2 acts on I'(q,r, s) as

Q=—2r+n)E, + ||z|” (450, + A,).

Corollary 7.1.  For the special value of 1 = —%5, Q acts on I'(q,—%5,s) as
Q = ||z||* (459, + A,) so that

ker Q = ker (4s0; + A,,)

in I'(q,—%,s). Moreover for this value of v, ker Q C I'(q, =%, 5) is a G -invariant
closed subspace of I'(q, =%, s).

Proof. The first statement is clear from the preceding discussion. For the
second, it suffices to show that 0 = 4s0;, + A,, commutes with the action of hg, 1
since the Gy x O(n)-invariance is automatic. Let V, = (04, ..., 0,) and recall from
Corollary 6.2 that (v, v, w) € ha,u1 acts by (—v + /) -V, + s(—=2V -z + w) on
I'(q,r,s). Then [0, (v, ,w)] = 4s[0, tv' - V] — 2s5[A,,v" - x]. But [0t -V,] =
V' -V, and [A,,V -x] =2V -V, so that [0, (v,V,w)] =0 as desired. n

Remark 7.2.  Since the invariance of ker 2 under the group G is of fundamental
interest here, we henceforth assume that r = —73. We also observe that when
s = —i, (respectively, —i) then ker 2 is contained in the solutions of the heat
equation (respectively, Schrodinger equation).
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8. The Compact Picture

In this section, we realize I(g,7,s) in a way that is particularly useful when
explicitly determining weight vectors. If G were semisimple, this realization
would be called the compact picture ([10]). However, in our setting the presence
of Hs,.1 adds a noncompact component.

Consider the compact subgroup Ky = {gs | # € R} of SL(2,R) and its
double cover Ky = {(gg,€0) | 0 € R} C G5. From the Iwasawa decomposition
Gy = K, AN, it is easy to see that multiplication induces a diffeomorphism

G (Ky X) x (Ax N xO(n),W).

Since (A x N x O(n), W) C P, an element ¢ € I(q,r,s) is completely determined
by its restriction to (K5, X). As Ko NP = M, it follows that the image of this
restriction is

{6 € C* (K, X) | ¢(gm) = Xgurs(m) " 6(g) for (9,m) € (Kp, X) x M} (3)

For convenience, we pull functions on K, back to functions on R by the
map 6 — (gg,g9) and identify X with R™ as usual. Noting that K, = S* with
(go+rars €o+4x) = (ga,€9), We see that there is an isomorphism

{F:COR™) | F(0 +4m,y) = F(0,y)} = {¢: (K2, X) — Clp € C*}.

To examine the effect of the condition ¢(gm) = x,.s(m)"*é(g) for (g,m) €
(K2, X)) x M under this isomorphism, set m; = (¢r;,i7) € M for j € Zs. Noting
that (i77ey(2))? = (=1)/(—zsinf+cosf) = —zsin (6 + 7j)+cos (6 + 7j) and that
iJeg(i) = i Te /2 = e7i0+m)/2 5o that i~Iey = €gyny, it is easy to check that

((ge> 59)’ (yv O> 0))mJ = ((ge—i-wja €9+7Tj)> ((_l)jy> Oa O))

Therefore ¢((gosrjs €04xi), (—1)7y,0,0)) =i799¢((ga, €0), (y,0,0)). It follows that
there is an isomorphism from Equation 3 to

I"(q,r,s) ={F:R"™ = C| Fe€C>®and F(0,y) =#F(+nj,(—1)y)}.

Thus there is a vector space isomorphism p : I(q,r,s) — I"(q,r,s) given by
p(¢) = F where F'(0,y) = ¢((gs,€0), (y,0,0)). The vector space I"(q, —%,s) is
given the structure of a G-module so that p is an intertwining 1som0rphlsm

In order to conveniently transfer the action from I'(¢q, —%,s) to I(q,7,s)
to I"(q,—%,s), we determine a more explicit form of the 1nduced isomorphism
7:1'(q,—%,8) — 1"(q, —%,5) below.

Proposition 8.1.  Suppose f € I'(q,—%5,s) and T(f) F e I"(q,—%,s)
correspond under the induced G- zsomorphzsm T I'(q,—%5,s) — I"(q,—7%,5).
Then f and F correspond as follows:

st]z||? T

t,x 1+ ¢ 4el+t2 F'(arctant,
flt.z) = (14 )" (arctant, =L

),
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and for 0 € (5, %), we have

F(6,y) = (cosf) e

—stan 6y
f(tané, o 9)

The above expression can be extended to other values of 0 by using the relation
(0 +7j,y) =290, (—1)'y)

t24+1
t

1
Proof. For t ¢ R, let [, = ( o ) € SL(2,R) and consider an
N T

element g = (l;,¢) € Gy

From §5 we know that £(z) = P(t* + 1)1/4\/@
with p even. It is easy to check that g € M AN has the decomposition
-1 0
{

t241
p 1
0 1),rm( 7

1 0
2 1)/
0 ﬁ+1)(+) M(ﬁi1)
Let 0 = arctant € (—%,5). A straightforward calculation shows that
eo(l;.2)%e(2)* = 1 so that e4(l;.2)e(z) = +1

-t

tz+t2+1)
t241

To determine which, evaluate at
z =1 =i—t. Atthisvalueof z, gg(l;.2) = e7%% and e(z) = #(1*41)"/*, /52
Since Ft = Tﬂew, it follows that e(z) = /2 so that e4(l,.2)e(z) = .
Choosing p = 0, we therefore get 4(l;.2)e(z) = 1.
It then follows easily that

1

[(éi)JM%QMGNxX

can be written as the product

t —NW%
2417 2241

) for the element corresponding to f € I'(

2
ven VEtl

. A0
K%@M@fﬁﬁmw< : )@H

Writing ¢ € I(q,—2
immediately see that

—5,5), we
1t
f(tax) :¢(( 0 1 ,1),(1’,0,0))
st||z €T
|+ ) Tk : ,0,0
= ( ) ww@wpﬁiﬁ )])
stlz]|? x
— (1) F(g,
e Ve
which is the first statement of the Proposition. For the second statement with
0 € (5,5), recall § = arctant, set y = \/ﬁj,
verify that

and use the above equation to

F(0,y) = (cos 9)_"/26_5tar‘e”y"zf(tan@

Yy
as desired.

’cosﬁ)
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Remark 8.2. If ¢ € I'(q,—%,s) corresponds to f € I'(q,—%,s) and I €
I"(q,—%,5s), then the smoothness of ¢ shows that both f and F' are also smooth.
As F'is 4m-periodic in 6, it follows that for each y € R" there exists C), € R such
that |F(0,y)| < C, for all § € R. By Proposition 8.1,

FE VT + )] < (1412)7% Rl ¢
We also note that by Proposition 8.1 we get

F(iz,y) = lim F(0,y) = tliin F(arctant, y)

2 9—>:|:%:F
= lim [(1+8)% e f (VT + 1)),

Therefore on each hyperbola (¢,yv/1+t?) as t — +oo, f decays roughly on the
order of =% etRe@Ivl® | [n particular, we see that I'(¢q, —%, s) is properly contained
in C*°(R") as expected.

We now employ the correspondence f — F given in Proposition 8.1 to

_n

transfer all actions to I”(q, -5, 5).
Definition 8.3.  Let (g,,c,) denote the element of A, where g, = g (_)1 )

a
) and

with a > 0 and £,(z) = a~2. Also, define (g;,£;,) € N, where g, =

=

1
0
ep(z) = 1. Finally, define the sly-triple of the Lie algebra sl(2,C) by

Kk =i(F - E)

and .
Nt = 5(H +i(E+F)).

Proposition 8.4.  In I"(q, —%,s), we have the following group actions.
(1) The action of Ky x O(n) is given by left translation

(90, €0)s ) F)(0,y) = F(0 — 0, u™"y).
(2) For 0 € (5,%), the element (ga,c4) € A acts by

n n g (17a4)sinecos0 2
((ga, €a).F) (9, y) = a?(a4 (3052 0 —+ sin2 9)_Ze ( a4 cos? 0+sin2 0 iyl
tan 6 ay

x F(arctan( ) Va*cos? 6 + sin® 9)'

o2
(3) For 0 € (5*,5), the element (gy,c5) € N acts by

7b(00520+%bsin20) 2

((g,€0)-F) (0,y) = (cos® O + (sin@ — bcos §)*) ™1’ cos? 04 Gino-beoso)? ol

b), - ).
\/cos? 0 + (sin @ — bcos )2

x F'(arctan(tan 6 —
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(4) The Heisenberg group acts by
(11, v, w).F)(B,y) = e Q0172009 (9 4 — cos Ouy + sin Ous),

where
Qv1,va,w,0,y) =11 -1y +w + Si1f19(?059(||V1||2 - ||V2||2)
— 2y - (cos Ovy — sin Ovy) — 2sin® vy - vy,
In 1"(q, —%,s), we also have the following Lie algebra actions.

(5) The elements k and n* act by the differential operators
R = iag

1 . . n .
7 = 5o B il + (5 = 2is )]

where E, denotes the Euler operator in the y-variable.
e differential operator corresponding to Q acts on 1I"(q, —%,5s) as
6) The differential tor Q" ding to Q act 1" 5

Q" = |lyl* [An + 4505 + 45> [|ly]] .

where A, denotes the y-variable Laplacian.
(7) The element (v,V',w) € hani1 acts by

sin(6) Z V;0; — cos() Z v;0; — 2s(sin(0)v + cos(0)V') - y + sw.

=1

Proof. Since F(0,y) = ¢((go,€0), (y,0,0)), the action of Ky x O(n) in (1)
is clear from Proposition 6.1. To verify (2), (3) and (4), first observe that in
I'(q,—7%,s), we have

T

((9ar€a)-f) (t,x) = a_%f(%, 5)’ and
((gy,€8)-f) (t,2) = f(t — b, z).

A tedious, but straightforward application of the isomorphisms f < F' given in
Proposition 8.1 then establish (2) - (4). The chain rule establishes the following list
of correspondences between differential operators on I'(¢, —%, s) and I"(q, =%, s):

0, < cos(20)s [yl + cos?(6)s — 5 sin(20)[% + ]

E, < 2stan(f) ||ly||* + E,
)

A, « cos*(0)A, + ssin(20)[n + 2E,] + 45 sin?(0) ||y||2

% — 2ssin(0)y; + COS(G)@y]

From these expressions, the formulas for x, n*, and Q" can be easily checked.
The Heisenberg action given in (7) can also be checked from this list and Corollary
6.2. ]
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We note that (2) and (3) of Proposition 8.4 extend by continuity to |

with the natural interpretation of arctan(*23?) and arctan(tan6 — b) as Z=.

73]

Definition 8.5.  Let F(0,£) = Jan €2T€YF(0,y) dy denote the Fourier trans-
form with respect to the y-variable. For a € R and v € R", define the function
Qo on R™ by the expression

Qau()_ (Ozy—l—l/) yERn'

Let D" be the subspace of functions F' in I"(q, —%,s) that satisfy the following
three conditions for all (a,v) € R""! and 6 € R:

esQa’V(')F(97 ') E Ll(Rn) ﬁ L2(Rn)7

esQav(O (0, -) € L'(R™), and
17 (RO F (6, ) € LY (R™).

For special choices of parameters ¢ and s, the subspace D” will be shown
to be nonzero (c.f. Corollary 11.3).

Proposition 8.6.  The subspace D" C 1"(q, —%,s) is G-invariant.

Proof.  We first observe that the G-action on 1”(q,
- (4) of Proposition 8.4 may be summarized as

—%,5) that is given in (1)

(9-F)(6,y) = Ag(8)e*?=w0+@oW F(6(6), Ty.0)(y)), (4)

where Ay(0) € C, 0,(0), a(g,0) € R and v(g,0) € R". Depending on g, the
function T,y : R — R" is either rotation y — u 'y, u € O(n), translation
y—y— yzgﬂ), ?/Eg,e) € R", or dilation y — d(4,0)y, 640 € R. Note that from (2)
and (3) of Proposition 8.4, the function 6 — d(,¢) is bounded and bounded away
from zero. Since ), (y) satisfies

Qoral v (Y) = Qaw(y) + Qur v (y),

we see that e*@e»()(g.F)(0,-) maintains the same form found in Equation 4. We
also observe that

Qa,u(éy) - QéQa,&/(y)a NS ]R>
Qa,u(uy) = Qa,u*lu(y% u < O(n),
Qa,u(y + Vl) = Qa,2au’+zx(y) +a HV/||2 +uv- I//, V/ € Rn

These relations along with a change of variables y — T 9)( y) then establish
e*Qor()(g. F)(0,-) € L*(R™) N L3(R™) whenever e*?=+U)[F(f,-) € L'(R™) N L*(R").
By employing the above observations and elementary properties of the Fourier
transform, the second and third conditions defining D” can be shown to be
preserved by the action of G. We omit these details. [ |
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9. K, X O(n)-types in ker 2”

Let K = Ky x O(n). As an initial step toward identifying K -finite vectors in
ker ", we consider K-finite vectors in I"(q, —%,s). Let H(R") denote the
space of harmonic polynomials homogeneous of degree k and let Hy(S™ 1) de-
note the restriction of elements of H;(R™) to the unit sphere S"~'. In particu-
lar, the O(n)-finite vectors in C>(S™"!) are the harmonic polynomials on S"!,
C"O(S" Yowm)-finite = By Hr(S" 1) where k € Z=° for n > 2, k € {0,1} for n = 1.
Let dy = dlm Hy(R™) and fix an orthonormal basis {hw}?‘;l of Hy(R").

Proposition 9.1.  For 0 # y € R™, write y = p& with p = |ly|| and £ € S*7L.
The space of K-finite vectors in 1"(q,—%,s) is the span of all functions of the
form

F(0,y) = e ™y (p)hi(y),

where m € Z, ¢ € C*(0,00), hy € Hi(R™), and
m = q+ 2k (mod4)

for y # 0 so that F(0,y) extends smoothly to y = 0 and lim,_o p*v(p) is bounded.
Proof.  Recall that the characters of K, are given by xX2((g,c4)) = e‘wm/ 2
for m € Z. Begin by observing that any weight vector for Ky in I"(q,—2 s)
must satisfy

FO+0,y) = ((9-0,6-0)F)(0,y) =™ 2F(0,y),

for some m € Z. Setting # = 0 and changing ¢’ to 8 shows F(6,y) = e~ ™/2F(y),
where F' = F(0,y).

Now suppose that F € C®(R™) is an O(n)-finite vector. Let Vi denote
the O(n)-invariant span of . Since dim(Vz) < oo, there exists O(n)-irreducible
subspaces V; # 0 of Vi so that Va=V, @& --- @ VMﬁ.

Then for k& > 0, the restriction map Hy(R") — Hi(S™™') is an isomor-
phism. For p € R>°, consider the O(n)-intertwining map R, : C*(R") —
C>(S™ 1) defined by (R,(F))(&) = F(p€) where F € C*(R") and £ € S™ 1.
Since each Vj is irreducible, either R,(V;) = 0 or R,(V;) = Hy,(,»)(S""). Since
dim(Vz) > dim(R,(V;)) for all 1 < j < Mz and p > 0, the number of k;(p) for
which R,(V;) # 0 is bounded for all j and p>0. Indeed, if we let Nz be the
maximum value of k for which H;(R") appears in Vi & --- & Vi, we see that
ki(p) < Nz for any p.

Writing y € R"\{0} uniquely as

y=pg

with p = ||ly|| and & = i and applying R, to F, it follows that there exist unique



558 SEPANSKI AND STANKE

ck;(p) € R so that

F

Yy

kljl

Ng
ky chkj p hky )

C J h
k=1 j=1
N

- Z Ck] J hk ]

k=1 j=1

where ¢ ;(p) = (ﬁ(p'),hkd)[ﬁ(snfl) is clearly smooth on (0,00) and continuous
on [0,00) so that Cj;(p) = cj(p)p™® € C>(0,00) is smooth on (0,00) and
lim, o p*Cy;(p) is bounded.

Looking now at the extraction of weight vectors with respect to some
maximal torus, it follows that the space of K-finite vectors in C*®(R™"1) is
spanned by all functions of the form F(,y) = e ™%2(p)h(y) where m € Z,
1 € C*(0,00), and h € Hi(R™) for y # 0 so that F' extends smoothly to y = 0
and lim,_o p"9(p) is bounded. Finally, to be in I”(g, —%, s), the parity condition
F(0,y) = 1F (0 +7j, (—1)7y) for j € Z4 must be satisfied. This is easily seen to
be equivalent to the condition j (2k+m —¢q) = 0 (mod4) and gives the desired
result. |

Lemma 9.2. Ifm € Z, v € C}(R), and h € Hx(R"™), then a function F of
the form F(0,y) = e~ ™2 (p)h(y) (for y # 0) is annihilated by Q" if and only
Y lies in the ker D, where D is the ordinary differential operator

D = p*07 + (n — 14 2k)pd, + (45°p" — 2ismp?).
Proof. It is straightforward to verify that
P*An(Yh) = p*"h + p[(n — 1)h + 2E,h]Y) + YA, h.

Recalling from Proposition 8.4 that Q" = p?[A, + 450y + 4s%p?] and using the
facts that A,h = 0 and E,h = kh, it follows that Q"(e=™/2(p)h(y)) =
(D1) e="™9/2h(y) which finishes the proof. [

Proposition 9.3.  The space of K -finite vectors in ker Q" C I"(q,—%,s) is
spanned by functions of the form

e~ (p)hu(y)
where m € Z, hy, € Hi(R™),
m = q+ 2k (mod 4)

and 1 is the unique, up to multiplication by C, analytic solution to Dy = 0.

Proof. By Proposition 9.1, every K -finite vector in I”(q, —%, s) can be written
as a sum of functions of the form F(0,y) = e ™2 (p) . ;(y) When y # 0 where
1 € C®(0,00), h € Hp(R™), my € Z satisfies my = q + 2k (mod4), F(0,vy)
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extends smoothly to y = 0, and lim,_q p*1(p) is bounded. By independence and
Lemma 9.2, a sum of such functions lies in ker Q” if and only if Dy = 0 for each
term.

The Frobenius method for regular singular ordinary differential equations
(c.f. [5]) shows that the solution to D1 = 0 is spanned by two linearly independent
solutions whose form depends on the roots of the indicial equation. In this
case, it is easy to check that the indicial roots are the integers r; = 0 and
ry = 2 —2k —n. Since D has even coefficients, one solution can be written
as Y(p) = pm> (14377 ¢;p™) for some ¢;. The determination of the form

of the second linearly independent solution ¢ depends on the value of ry. We
shall show that exactly one of the two linearly independent solutions will satisfy the
requirements that lim, . p¥(p) be bounded and that e="™/2¢)(p)hy, ;(y) extend
smoothly to y = 0.

When 75 < 0, max{ry, 75} = 0 so that e=™%/2¢)(p)hy ;(y) extends smoothly
to y = 0. On the other hand, ¥(p) = aw(p)Inp + p(1 + > o2y dip¥) for some

constants « and d;. In order for lim, pklz(p) to be finite, it is necessary that
ro+k >0. As ry =2 — 2k —n, this happens only when (k,n) is (1,1) or (0,2).
Consider first the case of (k,n) = (1,1) so that 7 = —1. Since H;(R) = Cy,
the presence of ﬁ in e~"mo/ 2J(p)hk7]~(y) shows that it does not extend smoothly
to y = 0. Next consider the case of (k,n) = (0,2) so that 7 = r; = 0. Since
the indicial root is repeated, it is known that a = 1. Hence the Inp term clearly
prevents e~ ™%/2¢)(p)hy, ;(y) from extending smoothly to y = 0.

Finally turn to the case of ro > 0. Here the only possibility is (k,n) = (0,1)
so that 75 = 1. Thus 9(p) = p(1 + 3272, ¢;p¥) and ¢(p) = ah(p)Inp + (1 +
> djp*). Here, a = limy_oAC;(\) where C;()\) denotes the recursively
defined coefficients in the Frobenius method. Since the coefficients of D are
even, C1(A) = 0 and hence o = 0. Recalling that Hy(R) = C and p = ||y||,
it follows that e=™%24¢(p)hy. ;(y) does not extend smoothly to y = 0 while
=m0 p) . 5(y) does, n

In order to easily obtain the Lie algebra action on the K -finite vectors
in ker Q”, we explicitly describe the even analytic function ¢ from Proposition
9.3 in terms of a confluent hypergeometric function. For 2z, A\,v € C, and
v #0,—1,—2, ..., the confluent hypergeometric function of the first kind is defined
by the series

()x 2*

D, 7;2) = ZZZOWH,

where (@) = 1 and (@), = F(FOEI)]’C) for k € Z7°. Tt is well known (c.f. [12], p.

261) that ®(a,;2) is entire.

Theorem 9.4.  The space of K-finite vectors in ker Q" C1"(q, —%, s) is spanned
by the functions

2k+m +n
4
where m € Z, hy € He(R™), and m = g + 2k (mod 4).

F(0,y) = e g et L isghu)
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Proof. From Proposition 9.3, it suffices to show that
- 2k
Ymrn(p) = f””%@(%, k+ g; 2isp?)

is annihilated by D. To this end, it is straightforward to check that that a function
of the form e‘isﬁ2¢(2isp2) lies in ker D if and only if ® satisfies the differential

equation
n + 2k 2k4+m+n

2®"(2) + [( ) =2 (2) = [ ——]2(2) = 0.
Since ®(«,; 2) is annihilated by the differential operator 292 + (v — 2)d. — a (c.f.
[12], p. 262), the proof is complete. u

Note that the identity e *®(a,v;22) = e*®(y — a,vy; —22) (c.f. [16], p.
125) allows us to write the K -finite vectors in Theorem 9.4 as

2 _
AN T isg)hay).

F(o _ ,—imb/2 isp2q)

10. Irreducible Subspaces of ker 2

With an eye toward identifying invariant subspaces in ker 2, we begin this section
by showing that the spanning functions given in Theorem 9.4 are weight vectors for
sl5(C). As one expects, the formulas for the action of sly, as well as the Heisenberg
algebra, result from certain properties enjoyed by the confluent hypergeometric
function.

Lemma 10.1.  The confluent hypergeometric function ®(«,~y; z) satisfies
(0, y;2) = %@(a+1,7+1;z), (5)
20(a+ 1,7+ 1;2) =v(P(a+1,7;2) — (v, v; 2)), and (6)
B(a, y; 2) = (7_70‘) Do,y +1;2) + %@(a Y1,74+1;2), (7)
) )
) )

=ad(a+1,v;2), (8
- a—v)(@(a,q;z)—(ID(a—l,'y;z)). (9

2@ (e, 73 2) + a®(a, v 2
2(®'(a,7;2) — B(, 75 2)

Proof. Equations 5, 6, and 7 are identities (9.9.4), (9.9.12) and (9.9.13),
respectively, in [12]. Equation 8 follows immediately from 5 and 6. Next, combine
5 and 7 to obtain

D' (a,v;2) — Pla,v;2) = ( 7) O(a,y+1;2). (10)

Multiplying by 2z and replacing o with o — 1 in 6 gives 9. ]

o —

Definition 10.2.  Let k € Z=° and m € Z satisfy m = g+ 2k (mod4). Define

functions
2k +m+n n _. n
P n(y) = (= k + 53 2isly|*), for y € R",

\Ilm,k,n(ea y) = e—i(m@/2+s|lyll2)(I)mjf’n(y)7 for (6,y) € R x R".
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By Theorem 9.4, the span of the functions
‘;[]m,k,nh'ku

hi € Hi(R"), is the space of K = K3 xO(n)-finite vectors in ker Q" C I"(q, -3, 5).
The next result shows that such functions are also weight vectors for sl,.

Theorem 10.3.  For nonzero hy € Hi(R™), we have

K.(\Ifn%k,nhk) =

SE

(\Ilm,k,nhk)

2k+n+Etm
ni~(\ljm,k,nhk) = - (#) \Ilmzl:4,k,nhk-

Highest weight vectors occur iff ¢ +n =0 (mod4) and in this case

F—(2k+n) kn = ei((k_l—n/z)e_SpQ))hk

is a highest weight vector. Lowest weight vectors occur iff ¢ = n (mod4), and

then

F(2k+n) kn = e_i((k+n/2)0_8p2))hk

is a lowest weight vector for the action of the sly-triple {r,n*}. Moreover, any
highest (or lowest) K -finite weight vector is in the span of these.

Proof.  From Proposition 8.4, the sly-triple {x,n*} actsin I"(q, —3%,5) by the
differential operators k = i0y and

1 ..
nt = §€1F2z€ —p0, F 10y + (_g F 2isp2)] .

If we specialize to smooth functions of the form F(6,y) = e~/ (p)h;(y), then
it is easy to check that x.F' = T F which takes care of the first statement. It is
also easy to see that

(. F)(0.y) = 0+ (k5 = (5 + 2isp))ie] € D 2y ).

2

If we further stipulate that ¥(p) = e~"7°®(2isp?), it is straightforward to verify
that

nt F(0,y) = — [0 @) (2isp?)] pmi(0,y)
0 F(0,y) = = [(0,,,2)(2isp)] pmi(6,y)

where 5:,27,{ and 0., , are the differential operators defined by
2k+n+m
— ) ®(2),

4
(5ra®)(2) = 2(2'() — 2(2)) + (T M)

(676 2)(2) = 2®(2) + (
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and ppx(0,y) = e {m0/2)p (1) By Equations 8 and 9 of Lemma 10.1, we
conclude that

. 2k+n+m .
(5:1—1,kq)m,k,n>(2715p2) = <f) ®m+4,k7n(215p2)

_ . 2k +n—m .
(5m,kq)m,k,n)(215/)2) = <f) (I)m—4,k,n(27'sp2>'

These observations give the expressions for ni.(\lfmk,nhk). It follows from these
same expressions that, for each k£ > 0, the only m-value that can correspond to a
highest (respectively, lowest) weight vector is m = —(2k 4+ n) (respectively, m =
(2k +mn)). Substituting these values of m and using the identities ®(0,7;z2) =1
and ®(a, a; z) = e* then give the indicated form for the highest and lowest weight
vectors. [

Lemma 10.4.  Let (k,n) € Z=°xZ>° and define constants ¢y, = (2k+n—2)~"
for (k,n) #(0,2) and cop =0. If1<j<n and hy € Hr(R"), then

Yihi(y) — crn Y117 (05h) (y) € Hira(R).

Moreover, if hy, # 0 and (k,n) # ( ) then there exists a j € {1,...,n} for
which y;hy(y) = i lyll” (05hu) (y) #

Proof.  Note that ¢, < 0 only when (k,n) = (0,2) or (k,n) = (0,1). Since
these cases are clear (and actually do not depend on the value of ¢, ), assume
ckm > 0. For ¢ € C, let Hu(y) = y;hi(y) — cllyll* (9;he)(y). Tt is easily checked
that

ApH, = 20 + y; Nhy, — (200 + 4B, (0;h) + lyl)? 0;(Ahy)),

where F), denotes the Euler operator. Since hj is harmonic and 0jhy is ho-
mogeneous of degree k — 1, we have A, H, = 2(1 — ¢(n + 2(k — 1)))0;h; and
so A,H, = 0. Regarding the nonvanishing statement, if (k,n) # (1,1) and

Ck,n
he € Hip(R™) satisfied y;he(y) = cen llyll® (0;h4)(y) for all j € {1,...,n}, then
multiplying by y; and summing over j would give

lyl* hu(y) = crn 1y l1” Bn(hr)

for all y € R™.  Since E,(hy) = khg, we conclude that either hy = 0 or
ke, = 1. However, kcg, = 1 occurs only when (k,n) = (1,1). Thus, hy = 0.
Parenthetically, note that when (k,n) = (1,1), we have H;(R) = Cy and so
Uil () = i lyII° (D5h1) () = y(cy) — y?c = 0. Of course, Hy(R) = 0 as well. m

We now consider the Heisenberg action on the weight vectors W,, . nhi. If
{e;} denotes the standard basis of C", then part (7) of Proposition 8.4 shows that
the operators
E]:F = (iiejvejvo) S bgn—i-l
act on 1"(q,—%,s) as

€ii€(:}:i8j - 28yj).
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Theorem 10.5.  Fiz nonzero hy, € Hi(R").
(1) Then for each j € {1,...n}, there exist hy_1; € Hi—1(R") and hyy1; €
Hy+1(R™), possibly zero, for which

2k+nFm

ET. (Y, knhi) = —

) (Yoo krtnhir1y) Fi(Wmezh—1nPr-1;)-

If (k,n) # (1,1), then hyt1; # 0 for some j. Also, if k > 1, hy_1; # 0 for
some 7j.

(2) In particular, if n = —q (mod4), then for the sly-highest weight vector
F_(ohsmy oo = €EH20=50 0 () the action is given by

ET F_oktn) e = 1V _(2htn)+2, k- 10 k—1,5-
If n = —q (mod4), then for the lowest weight vector

Floktn) n = e—i((k+N/2)9—Sp2))hk(y)

Y

the action is given by
E; Fokin)kn = =1V (2k1n)—2k-1,nt6-1,5-

Proof. For brevity, let o = Z414% and 4 = &+ 2. We begin with the
computation of £ (W, xnhy). Define differential operators dj-E = +10; — 2sy; on

CH(R™). Using Equation 10 to replace @, we see that

Q@ .
— ipm (0, y)®(e, 7; 2isp”) ;i
where p,,(0,y) = e~ {M0/2+slW1") By Lemma 10.4, we know Yihe(y) = hr1(y) +
Cyn HyH2 (O;hi)(y) for some hyi1; € Hipp(R™) that may be identically 0 for

certain j. However, by Lemma 10.4 there exists a j for which A1 ; # 0.
Using Equation 6 and 2¢;,, = (v — 1)~ we see that

o —

d]_ (\Ilm,k,nhk> (07 y) =4s (T’y) (I)(Oé, Y + 17 218p2)pm(97 y)h’k-l-l,j(y)

~i[(557) ptamzis) + (125 0o - 1yi2is)| @) 010

By Equation 7, the expression in brackets is ® (o — 1,7 — 1;2isp?). Since
\Ijm—2,k+l,n = @(O&, v+ ]-a 2isp2)pm(97 y)

and
\Ilm—2,k—1,n - (I)(Oé - 17 v — 17 27'Sp2>pm<eu y) 9
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the expression for E;.(V,, . ,hy) follows by letting hy_1; = d;hy. The compu-
tation of E;r(\lfmknhk) is similar. The only change is to use Equation 5 when
replacing ®' so that

(6% .
d (Uil (0, y) = —48§®(a + 1,7+ 15 2i80°)pm (0, 1)y (y)
+ipm (0, y) P (a, v; 2isp?) ;.

Now apply Lemma 10.4 and use the identities from Lemma 10.1 in the same
order given for computing FE; (W g nhi). Finally, the statements about highest

and lowest weight vectors follow immediately from the vanishing of the coefficient

2k+nFm m
k+Z
2

Definition 10.6.  Let (ker Q”)x denote the K -finite vectors in
ker Q" C I"(q, —%,5). Define Hy, C (ker Q")x by

Hj, = span{V,, ynhy | i € Hi(R™)}.
If n =¢q (mod4), define the subspace H,;} C (ker Q") by
H;" = span{W,, ;. ,Ju. | m > (2k +n), m = q + 2k (mod 4), hy € Hi(R™)}.
If n=—q (mod4), define H, C (kerQ")x by
H_ =span{¥,, p .l | m < —(2k +n), m = g + 2k (mod 4), hy, € Hi(R")}.
Finally, put

H" = @>0H,", if n = ¢ (mod4),
H™ = &y>0H, , if n = —q (mod4).

By Theorem 9.4, we have (ker Q") = @®p>oHy and, by Theorem 10.3, we
know exactly when highest or lowest weight vectors appear in (ker Q”)g. For
example, if 7 is not congruent to +¢q (mod4) (so no extremal vectors appear in
(ker Q") ), it follows from Theorem 10.3 and the O(n) irreducibility of Hy(R™)
that each Hy is irreducible as a sly x O(n) module. In this case, (ker Q")g is
a completely reducible sly x O(n) module. Again by Theorem 10.3, if n = ¢
(mod4) (i.e. lowest weight vectors appear in (ker Q") ), then H," is irreducible.
Similarly, if n = —¢ (mod4), H, is irreducible. In particular, when defined, H*
are sly x O(n) invariant.

Theorem 10.7. When n = +q (mod4), H* is irreducible under the joint
action of sly x O(n) and Youi1.  Furthermore, H™ is generated by F,o, =
e=in0/2=50") qnd H~ is generated by Foon= ¢ind/2=s5p"))

Proof. We shall provide proof of these statements only for the space H™
and leave the mutatis mutandis changes for H~ to the reader. We begin by
showing that H™ is invariant under hS,. ,. By Proposition 8.4, the center
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acts by scalar multiplication. The remaining bS5, ., action arises from the space
{(u,v,0) | u,v € C}, where {EJjE | 1 < j < n} serves as a basis. By Theorem
10.5, we know E;rHlj - H,Ll + H]j_l C H*. To determine where EJ_H,:r
lies, we separately consider E; .F(ogyn)kn and E;(\Dmknhk) for m > (2k +n).
By Theorem 10.5, we know FE..Flopyn)kn € H . If m > (2k + n), then
m > (2k +n) 4+ 4 and so E; (W enhe) € Hi,, + H,_,. This establishes the
b5, invariance of HT.

Let H; denote the space generated by F,¢,. Since F, o, € H" and H"
is invariant, H; C H*. We shall prove H* = H; by showing H,” C H; for all
k> 0. For k =0, this is clear since Hy is the sl; x O(n) module generated by
Foon. Let k> 0 and assume by induction that H;; C H; for all ¥ < k. But
then Flopin) ks € Hf and by Theorem 10.5, there exists j € {1,...,n} for which
hk—l-l,j 7A 0 and

+ _ +
B Forinykn = —45Vapiniokt1nhnr1,; (mod HY ).

Since Wopinioki1nhes1, generates H as a sl x O(n) module and H,”, C H},
we conclude H, ., C Hj .

To show H™ isirreducible, we shall show every nontrivial invariant subspace
W C H* contains F,,(,. By Theorem 9.4, write nonzero w € W as a sum of sl
weight vectors

N
w = E \Ijmj,kj,nhkﬁ

J=1

where ki < .-+ < ky. Writing m; = (2k; + n) + 4n; for n; € Z=°, set
M = max{n; | 1 < j < N}. By Theorem 10.3, it follows that (n7)*.w is
the sum of lowest weight vectors

(77_>Mw = Z F(2kj/+n),kj/,n7
j/

where the sum is taken over those j' € {1,...,N} for which ny = M. Let
K = max{k;}. If K =0, we are done. If K > 0, then by Theorem 10.5, there
exist K indices r; € {1,...,n} for which E,, ... E,_(n~)™.w is a nonzero multiple

of F,0n. This completes the proof. n

Depending on the parity of n, the previous result identifies two proper
subspaces of (ker Q") that are irreducible under the action of sl x O(n) and
hont1- The next result shows that these are the only irreducible proper subspaces
that can arise.

Theorem 10.8.  The composition series for (ker ")k is determined by the
following parity conditions.
(1) If n# q (mod4) and n # —q (mod4), (ker Q") is irreducible.
(2) If n=q (mod4) and n Z —q (mod4) (so n is odd), then H" is the only
irreducible submodule and

0C HY C (ker Q")
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is a composition series for (ker Q") .
(3) If n=—q (mod4) and n # q (mod4) (so n is odd), then H~ is the only
irreducible submodule and

0C H C(kerQ"g

is a composition series for (ker ")k .
(4) If n =q (mod4) and n = —q (mod4) (so n is even), then HT and H~
are the only irreducible submodules and

0CH"CH"® H C (kerQ")g
is a composition series for (ker Q") .

Proof.  To prove part (1), we let W C (ker Q")x be irreducible. As noted
above, the assumption implies that each Hj, is irreducible as an sly x O(n)-module
and so (ker Q")x = @, Hi is a completely reducible sly x O(n)-module. Since
the decomposition is multiplicity free, it follows that W = @, Hy, for some distinct
k; € Z=°. We now consider the action of the Heisenberg algebra. By Theorem
10.5, if Hy, € W, then there exists a j € {1,...n} for which E; (Hy,) has a
nonzero component in Hy .y for (k,n) # (1,1). If k; > 1, there also exists a
i € {1,...n} for which E, (Hy,) has a nonzero component in Hy, ;. From this
it follows that W contains all the Hy and so W = (ker Q") as claimed.

By Theorem 10.3, the assumption in part (2) is equivalent to the existence
of lowest weight vectors in (ker "), but no highest weight vectors. Thus, if
v € (ker Q") is nonzero, then for any j > 0, (np™)?.v # 0. Since ™ raises the
value of the parameter m, it follows that there exists a J > 0 such that j > J
implies 0 # (n™)?.v € H". Now apply this observation to a nonzero vector
w € W, where W # 0 is irreducible. 'We conclude that W = H™' so that H*
is the unique irreducible submodule. Proving that H~ is the unique irreducible
submodule in part (3) amounts to replacing ™ by 1~ in the argument.

Regarding the irreducibility of the quotient (ker Q") /H™, let
7 (ker Q) — (kerQ")x/H* denote canonical projection and Hy = w(Hy).
Then H is an irreducible sly x O(n)-module. We have (ker Q") /H* = @kzoffk
so that (ker Q") /H™T is a completely reducible sly x O(n) module. The rest of
the proof mimics the proof of part (1). For example, Theorem 10.5 still implies
EJ_ (]?I ) has a nonzero component in H x+1 for some choice of j. This establishes
part (2). Since the proof of part (3) is similar to the proof of (2), we omit the
details.

If n =g (mod4) and n = —¢ (mod4) then both H* and H~ appear
in (ker ") and both are irreducible by Theorem 10.7. For k£ > 0, define the
O(n)-modules HY C (ker Q")x by

HY = span{¥,, . .hy. | |m| < (2k +n),m = ¢+ 2k (mod 4), hy, € Hi(R™)},

and set H° = @p>0Hy. Then, as vector spaces, (ker Q") = H™ & H° @ H—.
Since no highest weight vectors lie in H+ @ H, for each 0 # v € HT @ H", there
exists a J > 0 such that j > J implies 0 # (p7)’.v € H*. Next observe that
if 0 #£ v € H™, then there exists a K > 0 for which (p7)%.v = 0. With this
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Figure 1: (ker Q")x when n = ¢ mod 4

in mind, suppose W C (ker Q") is irreducible. If 0 # w € W, then write w =
w4+ w’ +w™, where wt € H, w® € H°, and w= € H~. If w’+w~ # 0, then
there exists M for which 0 # (p™)M.w € H* so that W C H. If w’ +w™ =0
for all nonzero w € W, we have W C H~. By irreducibility, either W = H™*
or W = H~. To prove the quotient (ker Q")x/(H™ @ H~) is irreducible, define
sy x O(n)-submodules Hy, = w(Hy) where 7 : (ker Q")x — (ker Q") g /(HT® H™)
is projection. Since Hy, is either zero (this happens only when (k,n) = (0,2) ) or
an irreducible sly x O(n)-module, (ker Q") /(HT @ H™) is a completely reducible

sly X O(n) module. As in the proof of part (1), E. (Hy) always has a nonzero

o j
component in Hyyq, for some j. This proves part (4). |

The diagram in Figure 1 gives the structure of (ker Q”)x in case (2) of
Theorem 10.8. Each dot e indicates a K -type of the form span{V,, ; ,hy | by €
Hi(R™)}. The irreducible space H™ is the collection of dots that lie on and above
the line m = 2k +n. Case (3) is obtained by reflecting the collection of dots in
Figure 1 about the k-axis and case (4) is the superposition of these.

11. Laguerre Polynomials and Weight Vectors

Theorem 10.8 states that the submodules H*, when they appear, are the only
irreducible submodules in (ker Q") . In this section, we show that by specifying
the value of s € C, exactly one of the two spaces H* will support a natural L2
structure which will result in a unitary action. To see how this L? structure arises,
we consider a classical family of orthogonal functions, the Laguerre polynomials.
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Recall that the Laguerre polynomial Lj(z) of degree j is given by

L=y CDOED;

Pl —ply+1),

Theorem 11.1.  If n=¢q (mod4), then the sly weight vector V., p,hy in HT
can be expressed in polar coordinates (y = p& with p = |ly|| and € € S"!) as

. 1 ) n_ )
(Vi) (0.9) = €70 g LT (2 ),
277

where m = (2k +n) +4j, j > 0.
If n=—q (mod4), then U,, ;. hi in H™ can be expressed as

—im ]' —is 2 k %—1 .
(o, hire)(0,y) = € mme ’ Pij+ (2isp?) i (€),
277

where m = —(2k +n+4j), j > 0.

Proof. Suppose n = ¢ (mod4) so that H* is defined. Recall from Theorem
10.3 the form of the sly weight vectors W, . hr in H. Namely, h, € Hi(R")
and U, 1, = e ™/2, . where

2k
%m % 2isp?), (11)

and m = (2k +n) + 47, j > 0. Substituting in these values of m and using the
identity (c.f. [16], p. 125)

D (p) = €757 D(

(o, 75 2) = €0y — 73 —-2),

we see that - N
V() = B+ i), (12)
It is known ([16] p. 201) that if j € Z=°, then
| !
O(—j,v+1;2) = L(z2). 13
(i +1:2) = L L) (13

From Equations 12 and 13, we may write

! isp? 7 kAT —1 . o
Vmpn(p) = 7™ L; % " (—2isp”).
(k+3); ’
The desired form now follows from the homogeneity of hy.
Now suppose n = —q (mod4). Then H~ is has sly weights m =

—(2k +n) — 4y, j > 0. Substituting these values into Equation 11 and using
Equation 13 gives

J! —isp? Thtg =15, 2
mpn(p) = F—ye Ly 7 (2isp7),
(k+35); ’

from which the desired form of W,, j i follows. [
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We now give the corresponding form of these weight vectors in I'(q, —3, s)
using the correspondence 7 : I'(q, —%,s) — I"(q, =%, s) from Proposition 8.1.

Corollary 11.2.  With n =q (mod4) and m = (2k+n) +4j, j >0, we have

(T (Vi) ) (t, ) =

: N : 2
J! o (hany (L=t islel® pyn_y —2is||z]]
— (1 +¢ p) . it [, 2 S b LN ) /) .
R 1) O E T (e @)

Also, with n = —q (mod4) and m = —(2k +n+4yj), 7 >0, we have

(T (Vi) ) (t, ) =

4! o (hany (Lt islel® pyn_y 2is ||z
SRS O (RGPS & e il L (I VA
(k+g)j( +) 1—it) © i 14 t2 Jhi ()

Proof. These expressions follow directly from Theorem 11.1, Proposition 8.1

and the two identities

m

e—i2 arctan(t) _ (1 + tz)%(l + it)_%, t e R,
1+ %(1-it)%, teR. 0

m
2

Recall the G-invariant space D" C I”(q, —%, s) from Definition 8.5.

Corollary 11.3.  If s =0, for 0 € R* and n =sgn(o)q (mod4), then

%) C ker Q" N D",

Proof. Let s =ic € iR*. If n =sgn(o)q (mod4), then by Theorem 11.1,
H®*(9) s spanned by weight vectors

) 1 n_
(W i) (0, ) = p—imb/2__ " —lollly|? pF+3 1

(k+2), i ClolllylP)hay),

where m = sgn(o)((2k +n)+45), 7 > 0. Since the function y — (U, 5.nh%) (0, y)
is clearly a Schwartz function, the product

e*Qer() (\Ijm,k,nhk) A

is still a Schwartz function. As the space of Schwartz functions is invariant under
the Fourier transform, it follows that (U, .hx) € D”. [

12. Initial Conditions

Initial value problems play a fundamental role in the theory of partial differential
equations. Since functions in ker Q C I'(q, —%,s) satisfy generalizations of the
heat and Schrodinger equations, it is natural to consider evaluation at ¢ = 0 on

I'(q,—%,s). When restricted to H=, this idea will lead to a unitary structure.
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Definition 12.1. Let &' : I'(¢, —%5,s) — C*(R") be evaluation at ¢ = 0 and
let £": I"(q,—%,s) — C=(R") be evaluation at 6 = 0.

From the isomorphism 7 : I'(q,—%,s) — I"(q, —%, s) given in Proposition
8.1, it is clear that letting ¢ = 0 in I'(¢, —%,s) is equivalent to letting 6 = 0 in
I"(q,—%,s) so that we have &' = £"7.

Since {hk,p};lk:l is an orthonormal basis for Hy(R"), the set

{hp(&) | 1 < p <dy, k >0} is an orthonormal basis for L?(S"1).

Lemma 12.2.  Let 0 > 0 and define constants

2j1(20)F+% 12
Chn,j(0) = m :
5 +J)
Then the set

{Ck,n,j(g)e_JPQPkaJr%_l(20P2)hk,p(f) |1 <p<dy, k> 0}
is an orthonormal basis for L*(R").
Proof.  Let ¢, (p) = ck,w(a)e_””zpkaJr%_l(20p2) for j € Z=°. Since
L*(R™) = L*(R*; p"tdp) @ L*(S™!) it suffices to show that for each k& > 0,

{&rn;(p) | j € Z=°} is an orthonormal basis for L*(RT;p" 'dp).  Using the
change of variables x = 20p? and setting v = k + 5 — 1, we have

/ Crni (P)Pkmp(p)p" " dp = Crppj / e 2" L (x) L) (x) dr,

R+ R+

PRt o 12
where Cj ppi = [F(w—l—l—i-j)} [F(’Hl—l—p)} . For v > —1, the set

J! Ve
. —x/2 72L"Y P>
{[F(VHH)] - ﬂ(x)“—o}

is known to be an orthonormal basis for L*(R™") ([12] p. 84) and so the proof is
complete. ]

Theorem 12.3.  Let 0 > 0 and define constants dj,, ;(o) by

2(20)F 2D (k + 2 + ) 2

dk,n,j(a> = [ j'F(l{?—'— %)2

(1) If n=gq (mod4), define a basis of H™ by
BY ={dyn;(0) Vs pnhey | k>0, m=(2k+n)+4j,j>0,1<p<d}.

If s =io, then E"(BT) is an orthonormal basis in L*(R™).
(2) If n=—q (mod4), define a basis of H~ by

B~ = {dk,n,j((j)\llm,k,nhk,p ‘ k > O, m = —(2]{7 + n) — 4], j > 0, 1 < P < dk} .
If s = —io, then £"(B™) is an orthonormal basis in L*(R").
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Proof. Suppose n = ¢ (mod4) and s = io, for ¢ > 0. Then by Theorem
11.1, we see

(" (Winhin)) () = e L5 0 P (6), (14)

(k+3);
where m = (2k+n) +4j, § > 0. Since (k+35); =[(k+ 5 +j)/I'(k+5), it is
easily checked that

J!
277

where ¢, ;(0) are defined in Lemma 12.2. The proof of (1) now follows from
Lemma 12.2. The proof of (2) is similar. Just observe that with

m = —(2k +n) — 45 and s = —io, the expression for &"(V,, ;nhi,)(p€) has
exactly the same form found in Equation 14. ]

Note that when Re(s) = 0 and both H* and H~ appear in (ker Q") , only
one of these spaces maps to L?(R"). More precisely, if n = ¢ (mod4), n = —q
(mod4) and s = io, for ¢ > 0, then &” takes HT to L*(R"), but takes H~ to
functions on R™ that grow exponentially.

13. Intertwining Maps

In order to obtain a G-action on L*(R™), we restrict £ to an appropriate G-
invariant space and construct the inverse map. Recall by Proposition 8.6 that the
space D" C I"(q,—%,s) given in Definition 8.5 is G-invariant.

Definition 13.1.  Define the space D' C I'(¢, —3,s) by

D/ _ T_I(D//),

where 7: I'(q, —2,s) — I"(q, —2, s) is the G-equivariant isomorphism in Propo-

27 27
sition 8.1.

For f € I'(q,—%,s), let

~

fito) = [ e a

denote the Fourier transform on R™.

Proposition 13.2.  If s =io € iR* and n = sgn(o)q (mod4), then D' Nker ()
1s a nonzero, G-invariant space of functions that satisfy the following conditions
for each t € R:

f(t,) € L'(R") N L*(R"),
flt,) € L'(R™),

o~

-1 £2,-) € L'(R").
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Proof. Under these assumptions, Corollary 11.3 states
0 # H*") C ker Q"N D",

and so D’ Nker() is nonzero. The G-invariance of D' N ker Q2 follows from the
G-invariance of D’ and ker ). Moreover, from the definition of D” and choosing
a =0 so that Qo,(y) =0, we see F' € D" satisfies

F(0,-) € L'(R™) N L*(R™),

for each § € R. Writing f = 77! (F), the following list of identities is then easily
checked:

1F (e = (1+ )7 || F(arctant, )| i

)
1)l = IIF(arctant gz
) o )H (1+ )1 || Farctant, )H ,
e
[17 7|, = 375|111 Paretant, ()| -
The proposition now follows from this list and the properties of F'. |

Recall from Corollary 7.1 that ker 2 is realized in I'(q, —%,s) as ker(4s0;, + A).
To construct the inverse of £ (restricted to D’ N ker(2), we turn to standard
Fourier transform techniques that solve the initial-value problem

4s0,f + Af =0, (15)
f(0,2) = u(x).
Definition 13.3. Let u denote the Fourier transform of w. Define the linear

subspace Dy C L*(R") as those continuous functions v € L'(R") N L*(R™) for
which @ € L'(R") and [¢]*(¢) € LY(R™).

Lemma 13.4. Let s € iR be nonzero. For uw € Dy, the expression
it = [ emere Gy ay
R?’L

defines a solution of the initial-value problem (15). Conversely, if f € C*(R"1)
satisfies 4s0,f + Af =0 and f(0,z) € Dy, then

flt,x) = /emx'yemyuzf/(o’\')(y) dy,

R

for all (t,z) € R*.
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Proof.  First observe that since © € L'(R"), the integral expression giving f is
well-defined and continuous by the dominated convergence theorem. Furthermore

if U(t,y) = 62”iw'ye”2(§)||y||2ﬂ(y), then from the definition of Dy, we see

— < — L (R
G (1) < 1 Il ()] € 2'(®), and

|AU(t,y)| < 47 |ly|* [a(y)| € L' (R™).

o=y

Consequently, differentiation under the integral is valid (c.f. Folland, p. 56) and
we can easily check that 4s0,f + Af = 0. Moreover, by dominated convergence,
f(0,z) = limy_o f(t,z) = (u)(x), where ¥ denotes the inverse Fourier transform.
Since u is continuos, we can conclude by the Fourier inversion formula (c.f. Folland,
p. 251) that (0)Y(z) = u(z).

For the converse, assume f € C%(R™!) satisfies 4s0,f + Af = 0 and
f(0,z) € Dy. Observe that both f(t,z) and

™

W(t, ) = / ez W (F(0,)) (y) dy,

R

satisfy (15), where u(z) = f(0,z). It follows from restriction theorems (c.f. Stein,
p. 369) that for functions f satisfying (15) and u € L*(R"), there exists a constant
A for which

1t )| paqgnsry < Allu(@)]| 2gn) »

where ¢ = (2n +4)/n. In particular, we have f(t,2) = +(t,z). By continuity,
we conclude f(t,x) = (t,x), for all (t,z) € R**1. [

Definition 13.5. Let s € iR* and n =sgn(o)g (mod4). Put
D =¢&"(D' NkerQ). For u € D, define the function Z'u on R™™ by

(T'u)(t, ) = / Ve s Mg (y) dy.

R

Theorem 13.6.  Let s € iR* and n = sgn(o)g (mod4).
(1) If f € D'NkerQ), then (T'E)f = f.
(2) If ue D, then T'u € D' Nker Q and (€7 )u = u.

In other words, Z’ is the inverse of the restriction of £ to D’ Nker Q.

Proof.  First observe that Proposition 13.2 implies D C Dy. But then (1) is
the second statement of Lemma 13.4. For the proof of (2), if u € D, then by
the definition of D, there exists f € D' Nker Q) for which w = f(0,-). From the
second statement of Lemma 13.4, we know f =Z'u. Thus, Z'u € D’ Nker ) and
the proof is complete. [ |
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14. The Oscillator Representation

In this section, we use the map &’ to transport the G-action on D’ Nker () to its
image D in L*(R").

Definition 14.1. Let w = (1) _01 ) and ¢,(z) = /z. For a > 0, let

Jo = (8 a(_)l) and £4(2) = a3, For ¢ € R, let g. = (i (1)) and

e.(2) = Vez+1. Here, /- denotes the principal square root. Finally, let
10

w=\{ 0 and g,(z) = 1.

From the definitions of A, N and N in §2.2, we have A = {(gq4,€.) | @ > 0},
N = {(gs,e5) | b € R}, and N = {(g.,e.) | ¢ € R}. Note that (w,e,) is
a representative of the nontrivial element of the Weyl group of G5. By the
Bruhat decomposition, a representation of G5 is completely determined by the its
restriction to (w,&,), A and N.

Lemma 14. For fel'(q,—%,s), we hcwe the following actions:

2.
(1) ((w,ew)-f

)(t,:c): mq(agn<t>+1) | |_£ slzl® (__ B ) fort 40,
(2) ((gar2a)-F)(t,2) = a5 f(, 2),

(3) ((g0r20)-1)(t,z) = F(t — b, ) 2

(4) ((gerze)-f) (t,2) = |1 — ct| e Gmml-e) =0 o (L oy,

Proof. By Proposition 6.1, we have for ¢ # 0,

1 sl )| 1 =z

(@20)-Hlt2) = =17 () fo

).

From §3.1, we know 5(_%) =lim,_ 1 _.p+/2. Since /2 is the principal square
root and z lies in the upper half—plane this limit is

11, t<0
IR
i, t>0"7

which we write as [t|~ 2 eifem®+) | The proves (1). Both (2) and (3) are
immediate from Proposition 6.1. To prove (4), mimic the proof of (1) and observe
that

e(grlt) = |1 — ct| 7 e (-sen(®) 2

Definition 14.3.  Suppose s € (R* and n = sgn(o)g (mod4). For u e D C
L*(R™) and g € G, define
gu=~E(g9.(T'u)).

Note that by Theorem 13.6, this action of G on D is well-defined. We now
wish to calculate this action for the group elements in Definition 14.1. However,
realizing the action of (w,e,) requires a different form for the inverse map Z’.
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Lemma 14.4. If s = i0 € iR*, n = sgn(o)q (mod4) and v € D C L*(R"),
then . . _ ,
(2t) 2 Jeleuy)dy,  fort #0,
R?’L
lim ()72 f e Flle=vly(y) dy, fort =0.
R?’L

t—0

(Z'u)(t, z) =

. _n _n iTn
where (?) 2 denotes ‘%t‘ 2 o sen(to) Gt

Proof. If t # 0, then from the definition of Z' and dominated convergence, we
have

. 2
(I/u) (t, $> — lim e2mmv§€—,gsgnt+_s||§||2a(£> dg

e—0t

. 7r2t
:Ji%/ / it e 4 ) dyde.

R™ R™

By Fubini and the identity

/e—zmm»ée—mllsll2d§ —a 3e 5l Rea >0,
Rn

we find

(SR

. mt - —esgntts) o2
e =ty [ (i) o 0

RTL

n

The analytic continuation of =2 on R gives

_g{ e%(_%), to >0

e_%r(_%), to <0

7t _ 7t

[NIB

lim (

e—0t esgnt — s o

The formula for (Z'u)(t,z) when ¢t # 0 now follows by dominated convergence.
Finally, the t = 0 case is clear from the continuity of Z'u. |

For XA € R, let M, : L*(R") — L*(R") denote the unitary multiplication
operator
. 2
(Myu)(z) = e 1ol ().
If F denotes the Fourier transform on R” and s = io € {R*, then by Definition
13.5, we may write Z' = f‘lM(;t)]-". We utilize this notation in the next result.

Theorem 14.5.  Suppose s = ioc € iR* and n = sgn(o)q (mod4). Then for
u e D C L*R"), we have th(z following actions:

(1) ((w,en)u)(z) = e 85" | 2|72 (Fu)(Zx),
(2) ((gara)-u) (2) = a™2u(%),

(3) ((g,€0).u) (x) = ((F~ 1M(g)f)U)(x);

(4) ((geree)u) () = el (),

(5) (.0 0)0) (&) = 72— ).

In particular, G acts unitarily on D.

u)
u)
w)
w).
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Proof.  From (1) of Lemma 14.2 and Lemma 14.4, write

(w,e0).u) (2) = (€' ((w, ). (T'W))) (x)
= ((w, ). (T'0)) (0, z)
= lim ((w, €). (T'0)) (¢, l’)

) img(sgn(t+1) | _n |2 , 1 =z
~ lim e~ 7 e () (1. - )
0 t t
. _imaen®+1) | _n iolz|? |—7| 2
= lime 7 [t|72e 1 |—
t—0 ot
—sgn(—<)in —iat||—£—y“2
X e e ¢ u(y) dy
RTL
i e T O TN T2 s (ot) izn e—icrt(2§'y+||y||2)u(y) dy.
t—0 g
RTL
. _iwq(sgn(t)+l) _iwn(sgn(t)Jrl) ..
Since n = sgn(o)g (mod4), we have e T =e 1 . Combining

exponentials and applying dominated convergence, we obtain

. _ imn | 7T —3 ity —i 2
i e— ()5 _‘ / e-2riwvgiotlilP () dy
t—0 ag
Rn
e / e~ YUy () dy.
g
Rn

This proves the formula for the action in (1). To prove (2), we have by (2) of
Lemma 14.2,

(&' ((90:20). (T'0))) ()
= ((9ar20)- (T'w) (0, )
= a7 (Tw) (0,)

= a™# (&(TW) (%)

= a Fu(>).
a

((9as€a)-u) () =

For the proof of (3), use (3) of Lemma 14.2 to write

((gvs €1)-u) (2) = (E" (g0, €0)- (Z'w))) (x)
= (Z'u) (—b, x)
= ((f_lM(g)f)u)(:E).



SEPANSKI AND STANKE 577

To prove (4), use (4) of Lemma 14.2 to write
((ges €)-u) (x) = (&' ((g,€). (T'W))) (x)
= ((9.¢)- (T'w)) (0, z)
= e~oel#l® (7'4) (0, 2)
= el (€ (T')) (@)
_ e—iac||x||2u(x)‘

Finally, from the action of (v, 15, w) found in Proposition 6.1, we have

((v1, v, w).u)(x) = (11, v2,w). (T'1))) (0, 7)
_ es[ul-u2—2x-1/2+w] (I’u) (07 T — Vl)
_ es[ul-u2—2x-1/2+w] (g/ (I’u)) (ZIZ' N Vl)

_ es[ul.u2—2x-ug+w]u(l, o V1)~

This completes the proof of the various actions. Finally, it is clear that each of
these actions is unitary in L*(R"). ]

Note that the representation of Hy,,; in part (5) of Corollary 14.5 is the
standard Schrodinger realization of an irreducible unitary representation (p. 46
[15]).

In order to match the actions found in parts (1), (2) and (4) of Theorem
14.5 with those found in [13], we need to conjugate the above action by a unitary
operator.

Definition 14.6. For ¢ € R*, let d(c) : L*(R") — L?*(R") denote unitary
1

dilation (6(c)u)(z) = |¢|? u(cx). If o € R, set ¢, = % and define

T, : L*(R") — L*(R") by the composition T, = §(c,)F.
Note that T, preserves D.

Corollary 14.7.  On D C L*(R"), we have the following action of Gs :
(1) (Ty(w, )Ty yu)(x) = e~ 825 (2m) =5 (Fu) (B22a),
(2) (To(gar€a) T, Hu)(z) = afﬂ(ax),
(3) (To(gs,€0)T; 1) N

u)(x) =€ 2 ”xuzu(:c).

In particular, we obtain the n-fold tensor product of the oscillator representation
of Gy when sgn(c) = —1 and its dual when sgn(o) = 1.

Proof. By (1) of Theorem 14.5, we see (w, g,,) acts by e~ &%) T(S(%)}". Since
Fo(c) =6(c™hF, for c € R*, we have

iTn

®(6(co) F)GC)F)F8(e;)

(To(w, )T, ") = e
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For (2), note that (2) of Theorem 14.5 says (ga,4) acts by d(a™!) and so

(T5(9as2) T 1) = (8(co) F)o(a™ ") (F (e )
= (0(cpac; ).

For (3), first observe that d(c)My = M.)d(c). So, from (3) of Theorem 14.5, we
have

(To(gose0)T; ") = (3(co) F)F ' M) F)(F0(c; )
= Moz,
Since the quotient here is bsgn o /272, the proof of (3) is complete.

If sgn(oc) = —1, Corollary 14.7 and [13] (with the parameters k£ and n
found there to be n and 1, respectively) shows that the action of Gy on L?*(R™)
is identical with the n-fold tensor product of the the well known unitary represen-
tation of Gy called the oscillator representation (also know as the metaplectic or
Segal-Shale-Weil representation). If sgn(o) = 1, the above action is clearly dual
to the oscillator representation. [ |

Putting everything together, we obtain a very explicit and natural realiza-
tion of the n-fold tensor product of the oscillator representation (or its dual) as
solutions to the Schrodinger equation on an appropriate line bundle.

Theorem 14.8.  Suppose s =io € iR* and n = sgn(o)g (mod4).
(1) The G-invariant space D' Nker Q C I'(sgn(o)n, —5,i0) has the structure of
a pre-Hilbert space with G -invariant inner product given by

(fi, f2) = f1(0,2) f2(0, z) dx.

Rn

(2) The space D'Nker 2 completes to a unitary representation of G whose restric-
tion to Go is isomorphic to the n-fold tensor product of the oscillator representation
or its dual, depending on whether o <0 or o > 0. Furthermore, the subspace of
K -finite vectors 7~ (H*#"(9)) is dense.

Proof.  Under our assumptions, Corollary 11.3 states H#*(?) C D" Nker Q” so
that
7Y H*(@)) C D' Nker Q.

By the definition of D, we have
ErH(H*)) € D C L*(R).

Now Theorem 12.3 implies that £”(H*"()) is dense in L?*(R"). Since " = £'77!
(recall 7 : I'(q,—%,5) — I"(¢q,—7%,s) from Proposition 8.1), we conclude that
E'771(H**()) and hence D, is dense in L?(R"). Since the map & : D'Nker 2 —
D is a G-equivariant isomorphism, we may define an inner product on D’ N ker €2
by

<f17 f2) = (g/flu g/fQ)'
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From Theorem 14.5, we know that GG acts unitarily on D so this inner product is
G-invariant. This proves (1). Finally, (2) follows from Corollary 14.7. n

We remark that the inner product in (1) of Theorem 14.8 may alternately
be expressed as [g, fi(t,z)fo(t,x) dx, for any t € R. Indeed, from the explicit
form of the weight vectors found in Corollary 11.2, we see that any t-derivative of
f € 771 (H*#"()) is a Schwartz function in € R™. If f, fo € 77 (H**()) then
by the product rule and the fact d;f; = T2 Af;, for j = 1,2, we may write

dio

-1 S —

O filt,x) fo(t,z)de = — | (Afi(t,x) fa(t,x) — fi(t,x) A fo(t, x)) de.

But the Schwartz condition implies

Afi(t,x) fot,z)de = [ fi(t,2)Afolt, ) dx

R” R

so we conclude ¢t — [, fi(t,z) fo(t, z) dz is constant.

We expect that an appropriate completion of 77!(H*"()) contains all
classical solutions to the Schrédinger equation. Indeed, an analogous was proved
for the wave equation in [8].

Finally, we expect that there is a generalization of Theorem 14.8 to the
setting of the general metaplectic group.
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