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Abstract. The purpose of this paper is to define cohomology structures on
Hom-associative algebras and Hom-Lie algebras. The first and second cobound-
ary maps were introduced by Makhlouf and Silvestrov in the study of one-
parameter formal deformations theory. Among the relevant formulas for a
generalization of Hochschild cohomology for Hom-associative algebras and a
Chevalley-Eilenberg cohomology for Hom-Lie algebras, we define a Gerstenhaber
bracket on the space of multilinear mappings of Hom-associative algebras and a
Nijenhuis-Richardson bracket on the space of multilinear maps of Hom-Lie alge-
bras. Also we enhance the deformation theory of this Hom-algebras by studying
the obstructions.
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Introduction

Hom-Type algebras have been recently investigated by many authors. The main
feature of these algebras is that the identities defining the structures are twisted
by homomorphisms. Such algebras appeared in the ninetieth in examples of ¢-
deformations of the Witt and the Virasoro algebras. Motivated by these examples
and their generalization, Hartwig, Larsson and Silvestrov introduced and studied
in [I1] the classes of quasi-Lie, quasi-Hom-Lie and Hom-Lie algebras. In the class
of Hom-Lie algebras skew-symmetry is untwisted, whereas the Jacobi identity is
twisted by a homomorphism and contains three terms as in Lie algebras, reducing
to ordinary Lie algebras when the twisting linear map is the identity map.

The Hom-associative algebras play the role of associative algebras in the
Hom-Lie setting. They were introduced by Makhlouf and Silvestrov in [16], where
it is shown that the commutator bracket of a Hom-associative algebra gives rise
to a Hom-Lie algebra. Given a Hom-Lie algebra, a universal enveloping Hom-
associative algebra was constructed by Yau in [25]. The Hom-Lie superalgebras
have been studied by Ammar and Makhlouf in [I]. In a similar way several other
algebraic structures have been investigated.

The one-parameter formal deformations of Hom-associative algebras and
Hom-Lie algebras were studied by Makhlouf and Silvestrov in [I9]. The authors
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introduced the first and second cohomology spaces of Hom-associative algebras and
Hom-Lie algebras, which fits with the deformation theory. Naturally the approach
followed the seminal papers by Gerstenhaber for associative algebras [8 9] and
Nijenhuis-Richardson for Lie algebras [21]. For global deformations and more
general works involving operads and where deformation theory is described using
a certain differential graded Lie algebras one may see [3, [4, [5] 6], [7, 13, 20} 24].

The purpose of this paper is to enhance the cohomology study initiated in
[19]. We consider multiplicative Hom-associative algebras and Hom-Lie algebras.
Among other the following main results are obtained:

(1) We define a Gerstenhaber bracket on the space of multilinear maps of
Hom-associative algebras and the Richardson-Nijenhuis bracket on the space of
multilinear maps of Hom-Lie algebras.

(2) We provide a Hochschild cohomology of Hom-associative algebras and
a Chevalley-Eilenberg cohomology of Hom-Lie algebras, extending in one hand
these cohomologies to Hom-algebras situation and in the other hand generalizing
the first and second coboundary maps introduced in [19].

The paper is organized as follows. In the first Section we summarize the
definitions of Hom-algebras of different type and present some preliminary results
on graded algebras. In Section 2 we define a Hochschild cohomology structure
Hj (A A) for a Hom-associative algebra (A, 1, a) where A is a K-vector space,
w: Ax A — A is a bilinear map and o : A — A is an algebra morphism.
Similarly we define a Chevalley-Eilenberg cohomology structure Hj;, (L, L) for a
Hom-Lie algebra (L, [.,.],«). Section 3 is dedicated to study C, (A, A), the set
of multilinear maps ¢ satisfying a(p(zo,...,2n_1)) = @(a(xg), ..., a(x,_1)) for
all g,...,7,_1 € A. It is endowed with a Gerstenhaber bracket [.,.]3 leading
to a graded Lie algebra (Cn(A,.A),[.,.]3). Henceforth, we provide a cohomology
differential operator D§ = [u, ]2 on C,(A, A). We denote by Hjp (A, A) the
corresponding cohomology spaces and we show that Hj (A, A) = H;tl (A, A).
Also we study the graded algebra (Co (L, £),[., ]2) of alternating multilinear maps
¢ satisfying a(o(xo, ..., zn1)) = ©(a(zg), ..., a(x,_1)) for all zg,...,z,1 € L
and where [.,.]} is the Nijenhuis-Richardson bracket. We provide a cohomology
differential operator D \ = [[., ], J&. We denote by Hj (L, L) the corresponding
space of cohomology and we show that Hj(L,L) = Ht'(£,£). In the last
Section, we recall and enhance the one-parameter formal deformation theory of
Hom-associative algebras and Hom-Lie algebras introduced in [19], we study in
particular the obstructions involving third cohomology groups.

1. Preliminaries

In this Section we summarize the definitions of Hom-type algebras and provide
some examples (see [I],[11],[19],[16]) and present some preliminary results on
graded algebras (see [9], [14]). Throughout this paper K denotes an algebraically
closed field of characteristic 0.

1.1. Hom-algebras. We mean by Hom-algebra a triple (A, i, «) consisting of
a K-vector space A, a bilinear map p: Ax A — A and a linear map a: A — A.
The main feature of Hom-algebra structures is that the classical identities are
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twisted by the linear map. A Hom-algebra (A, i, «) is said to be multiplicative
if oop = po(axa). We summarize in the following the definitions of Hom-
associative algebras, Hom-Lie algebras and Hom-Poisson algebras.

Definition 1.1. A Hom-associative algebra is a triple (A, i, ) consisting of a
K-vector space A, a bilinear map p: A x A — A and a linear map a: A — A
satisfying

pla(z), u(y, 2)) = plu(x,y), a(z)) for all z,y,z € A (Hom-associativity identity)

We refer by A to the Hom-associative algebra when there is no ambiguity.
Remark 1.2. When « is the identity map, we recover the classical associative
algebra.

Example 1.1. Let A be a 2-dimensional vector space over K, generated by
{z1,22}, p: Ax A— A be a multiplication defined by

o u(xy, 1) =14
° u(xi,x]—) = x5 if (Z,j) 7é (17 1)

and « : V — V be a linear map defined by a(z;) = Azy + 22, a(z) =
(A + v)x2 where A,y € K*.
Then (V, u, «) is a Hom-associative algebra.

Definition 1.3. A Hom-Lie algebra is a triple (L, [.,.], &) consisting by a K-vector
space L, a bilinear map [.,.] : £ x £ — £ and a linear map « : £ — L satisfying

[z, y] = —[y,z] for all z,y € L (skew-symmetry),
and Oy [a(z),[y,2]] =0 for all z,y,z€ L (Hom-Jacobi identity)

where O, , . denotes summation over the cyclic permutation on z,y, .
We refer by £ to the Hom-Lie algebra when there is no ambiguity.
Remark 1.4. We recover the classical Lie algebra when a = id.

Example 1.2 ([16]). (sl(2,C), [, ], @) is a 3-dimensional Hom-Lie algebra gen-

erated by
1 0 0 0 0 1
p=(a %) e=(10) 7= (00)

with [A, B] = AB — BA and where the twist maps are given with respect to the
basis by the matrices

a c d
My=1| 2d b e where a,b,c,d, e, f € C,
2c f b
Let (A, p,a) and (A, u/,a/) (resp. (L,[.,.],a) and (L', ].,.],a’)) be two

Hom-associative (resp. Hom-Lie) algebras. A linear map ¢ : A — A’ (resp.
¢ : L — L) is a morphism of Hom-associative (resp. Hom-Lie) algebras if

po(pee)=d¢op (resp. [,]'o(p®@¢)=¢o[,]) and  doa=d 09
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Now, we define Hom-Poisson algebras introduced in [19]. This structure
emerged naturally in deformation theory. It is shown that a one-parameter for-
mal deformation of commutative Hom-associative algebra leads to a Hom-Poisson
algebra.

Definition 1.5. A Hom-Poisson algebra is a quadruple (A, i, {-, -}, @) consisting
of a vector space A, bilinear maps p: Ax A — A and {-,-}: AxA— A and a
linear map « : A — A satisfying

1. (A, u, @) is a commutative Hom-associative algebra,
2. (A {-,-},a) is a Hom-Lie algebra,
3. for all z,y,z in A,

{a(x), :U(ya Z)} = /L(O‘(y% {xv Z}) + /L(Oé(Z), {:U> y}) (1'1)

Example 1.3. Let {z1,79,23} be a basis of a 3-dimensional vector space A
over K. The following multiplication pu, skew-symmetric bracket and linear map
a on A define a Hom-Poisson algebra over K3:

M(l'hfﬂl) = Iy, {1'17562} = axy + bxs,
M(I1,$2) = M(I2,$1)2$3, {Ilax?)} = cxy+ dzs,

Oé(.l’l) = )\11’2 —|— /\21[’3, O[(l’g) = )\31‘2 + /\45(]3, Oé(ZL'g) = )\5%2 —I— )\61'3
where a, b, c,d, A1, A2, A3, Ay, A5, A\ are parameters in K.
1.2. Graded Lie algebras. In the following we recall the definition of Z-graded
Lie algebra and elements of Gerstenhaber algebra which endow the set of classical

cochains, see [9, [14].
Definition 1.6. A pair (A, [.,.]) is a Z-graded Lie algebra if

1. A is a graded algebra, i.e. a direct summation of vector subspaces, A =
@D,z A", such that [A", A™] C A,

2. the bracket [.,.] in A is graded skew-symmetric, i.e.

[z,y] = —=(=1)"[y, x] forz € AP,y € A7, (1.2)

3. and it satisfies the so called graded Jacobi identity :

Oz (1) [z, [y, 2]] =0, forze AP,y € A",z € A (1.3)

Remark 1.7. It is easy to check that if 7 € A' is such that [r,7] = 0 then
the map 62 : AP — APT! defined by 62(x) = [r,z] is a coboundary map, i.e.
6Pt 0 62 = (. Indeed, from (1.3)) one has

[[7r, 7], 2] = 2[r, [xr, x]] = 262T (5£(x))
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Let A be a K-vector space and M*(A, A) be the space of (k + 1)-linear
maps K : A*F — A and set M (A, A) = @, M* (A, A). In [9,[14], the graded Lie
algebra (M (A, A),[.,.]2) is described for each vector space A with the property
that (A, u) is an associative algebra if and only if u € M'(A, A) and [u, u]> = 0.
This algebra is defined as follows:

For K; € M* and z; € A one defines jx, Ky € M* %2 (A) by

ko

jK1K2<.’L'0, s 7$k1+k2) = Z(_l)kliKZ(l'Oa s 7K1<$i7 s 7$k1+i)7 s 7$k1+k2)'
i=0

In particular, if Ky = ko = 1 one has jg, Ko(xo, x1,22) = Ko(Ki(xg,x1),22) —
Ky(xo, Ky(x1,22)) which is denoted sometimes by Kj o Kj.
The graded Lie bracket on M (A, A) is then given by

[Kla KQ]A = jKlKZ - <_1)k1k2.jK2Kl'

The graded Jacobi identity is a consequence of the formula

Jiky KA = [JKys JK,),  where [.,.] s the graded commutator in End(M (A, A)).

Also in [9, 4], the graded Lie algebra (A(M(A, A)),[.,.]") is described for each
vector space A with the property that (A,].,.]) is a Lie algebra if and only if
[,.] € MY (A A) and [[., ], [, HA = 0. This algebra is constructed as follows:

For the alternator operator A : M (A, A) — M(A, A) one defines (A(M (A, A)) as
the space of alternating cochains and

(k1 + ko + 1)!
(k1 + D)(ko + 1)

The graded Lie bracket of A(M (A, A)) is then given by

(k1 + k2 + 1)!
(k1 + 1)!(ky + 1)!

if Kj € MM(A,A) and Ky € M*(A, A) then i, Ky € AN(M*+F2(A, A)). The
graded Jacobi identity is a consequence of the following formula

A(ir) ANEK2)) = Ajr, Ka).

iKl(Kg) =

Al (£2).

(Ko, K" = MK Ko)®) = g Ko — (=1) 205, K,

2. Cohomologies of Hom-associative algebras and Hom-Lie algebras

The first and the second cohomology groups of Hom-associative algebras and Hom-
Lie algebras were introduced in [I9]. The aim of this section is to construct cochain
complexes that define cohomologies of these Hom-algebras with the assumption
that they are multiplicative.

2.1. Cohomology of multiplicative Hom-associative algebras. The pur-
pose of this section is to construct the cochain complex C7;,,. (A, A) of a multiplica-
tive Hom-associative algebra A with coefficients in A that defines a cohomology

Higom (A, A).
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Let (A, i, o) be a Hom-associative algebra, for n > 1 we define a K—vector
space C¥,,..(A, A) of n-cochains as follows :
a cochain ¢ € O}, (A, A) is an n-linear map ¢ : A" — A satisfying

ao (g, ..., xhm1) = p(afzo), a(z1),. .., a(z,_1)) for all zg, 21, ..., 2,1 € A

Definition 2.1. We call, for n > 1, n-coboundary operator of the Hom-associative
algebra (A, u, @) the linear map 8%, :C% (A, A) — C:L (A, A) defined by

O trom@(T0, @1, . .., ) = p( (o), (a1, T2y .., T)) (2.1)
+ Z(—l)kgp(a(wo), a(z1), ... a@pa), p(p-1, o), a(Tpi1), . . . a(zy,))

+ (_1)”+1M(gp(m0, ey Tpo1), Oln_l(ﬁn))'

Obviously, we have

Lemma 2.2. Let D;: O}, (A, A) — CEHL (A, A) be linear operators defined

for p € C%, (AL A) and zg, 21, ...,2, € A by

DOQO(??O, L1y 7xn) _M(an71<x0>7 90(5617 s 7'rn)) + gp(,u(:co, xl)v OK(SEQ), s ,Oé(ﬂfn)),
Dip(zo, 1, ...y xn) = @(alxo), ..oy (@i, ig1), .. a(xy)) for 1<i<n-—2

Dy _1o(xo, .y xn)=p(a(zo), . ., a(Tn_2), p(Tpn_1,xs))—p(p(zo, . .., Tpn_1), a"_l(mn)),
Dip=0 for ©>n.

Then

DZ‘D]‘ = DjDi—l 0 S ] <1 S n, and 52[07% = Z(-l)z—i_lDz
1=0

Proposition 2.3.  Let (A, u, ) be a Hom-associative algebra and
Mrom + Oro (A, A) — Ctl (A, A) be the operator defined in (2.1)) then

Hom

n+1 n
5Hom © 5H0m

=0 forn>1. (2.2)
Proof. Indeed

O © 0ftom = > (=)™ DiDj= > (=1)"DD;+ Y (=1)D,D,

0<i,j<n 0<j<i<n 0<i<j<n
= > (-)™D;Di+ Y (-1)YD;D,
0<j<i<n 0<i<j<n

S SR SRR SRS
0<j<k<n 0<i<j<n

=0.

Remark 2.4. A proof of the previous proposition could also be obtained as a

consequence of Propositions (3.4) and ({3.5]).
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Definition 2.5. The space of n—cocycles is defined by
Zlgom(‘/k 'A) = {90 S Clgom(A’ A) : 5?Iom90 = 0}7
and the space of n—coboundaries is defined by

Blrom(A,A) = {t) = 0 mp s ¢ € C" (A A)}

Lemma 2.6.

Bliom(A, A) C Zon (A, A).
Definition 2.7. We call the n* cohomology group of the Hom-associative algebra
A the quotient

Zfiom(A, A)
Blom (A, A)
Remark 2.8. The cohomology class of an element ¢ € C¥,, (A, A) is given by
the set of elements 1) such that ¥ = ¢ + "1 f where f is a (n — 1)-cochain.

Hom("4 A)

Example 2.1.  We consider the example (1.1)) of Hom-associative algebras with

10 ) . We obtain with

A+ 7 =0 i.e. the matrix of the twist map « is - ( 10

respect to the same basis

¢ Zhom(AA) = {0 d(xr, 1) = axy 4 bay, (i, 1) = cxy i (i,5) #
(1, 1)}

o Blg-lom( »A):{5f3 5f(331,5171):a371 + b$2>5f($iaxj):<a + 5)232 if (iaj) i
(1,1)}

then

d HIQtlom(Av'A) = {¢ : 2/)(1’1,.%‘1) = an +bx271/)(xi7xj) = CT2 if (27]) 7é
(L1 e £ a+b)

o H} . (AA) =0

Hom

2.2. Cohomology of multiplicative Hom-Lie algebras. The purpose of this
section is to construct the cochain complex Cj;, (L, £) of a multiplicative Hom-Lie
algebra £ with coefficients in £ that defines a cohomology Hj;, (L, L).

Let (£,[.,.],«) be a Hom-Lie algebra. We define, for n > 1, a K-vector
space C}, (L, L) of n-linear alternating cochains as follows:
a cochain ¢ € C%, (L, L) is an n-linear alternating map ¢ : L™ — L satisfying

oz, ..., 2nm1) = p(a(z0), a(w1),...,(xn1)) for all zg, a1, ..., 2,1 € L.

Definition 2.9. We call, for n > 1, n-coboundary operator of the Hom-Lie
algebra (L, [.,.],a) the linear map 6%, : C%, (L, L) — C1 (L, L) defined by

n

O oo, 1, . .. Ty) = Z(—M[an—l(xk) (L0, oy Thy - )] (2.3)
+ Z D o[z, 4], @)y - ooy iy oo oy Tgy o ()
0<i<j<n

where 7;, means that z; is omitted.
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Note that this complex was found independently by Sheng [23].
Definition 2.10. The space of n—cocycles is defined by

Zi(L,L) = {p € C(L,L) : Ty = 0},
and the space of n—coboundaries is defined by

By (L,L)={¢=05"0: peC"Y(L,L)}

Proposition 2.11.  Let (L,[.,.],a) be a Hom-Lie algebra and let 6% :
Cr (L, L) — Citl (L, L) be the operator defined in (2.3)). Then

Sittodl, =0  for n>1. (2.4)
Proof. The proof can be obtained by a long straightforward calculation or as
a consequence of propositions (3.12)) and (3.13). ]

Remark 2.12. One has B}, (L,L) C Z3 (L, L).
Definition 2.13. We call the n'® cohomology group of the Hom-Lie algebra £
the quotient

Z5 (L, L
HL )

3. Gerstenhaber algebra and Nijenhuis-Richardson algebra

We define in this section two graded Lie algebras on the space of multilinear (resp.
alternating multilinear) maps which are multiplicative with respect to a linear map
a.

3.1. The algebra C,(A, A). We provide in this section a variation of Gersten-
haber algebra supplying the set of all multiplicative multilinear maps on a given
vector space. Let A be a vector space and a: A — A be a linear map. We denote
by C7(A, A) the space of all (n + 1)-linear maps ¢ : AX"*) — A satisfying

alp(xo, ..., zn)) = ¢(a(zo), ..., a(zy,)) for all zg, ..., x, € A (3.1)

We set
Ca(A, A) = €D CI(A, A).
n>—1
If p € Ci(A,A) and ¢ € C)(A, A) where a > 0,0 > 0, then we define j%(¢) €
Cat'*1(A, A) by

Jo W) (o, -+ s Tayy) =
b

D (=1 (a (@), -, 0 (@ho1), Tk Thga)s O (Tathir)s -5 0 (Tags))-

and
[, ela = 7p(e) = (=D)"52 (@)
The bracket [.,.]3 is called Gerstenhaber bracket.

«
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Remark 3.1. If a = b =1 we have

Jup(To, 21, T2) = P(Y(T0, 21), T2) — @(0, (71, T2))
which is denoted in [19] by ¢ o, 1. The particular case, where ¢ = 1 corresponds
to the Hom-associator.

Lemma 3.2.  We have ji, g = [13, j3] for all @, € Co(A, A), where [.,.] is
the graded commutator on End(Cy(A, A)).

Proof. Let p € C4A, A), ¢ € C°(A,A), & € C(A, A)

[, 38)(E) (@0, - - Tasvre) = (G5 (75€) — (=1)™73(75€)) (z0s - - - Tarbic)

= ) — (—1)™S,.
where
Sy = 52 (5() (@0s -+ Taypre) and So = JE(G2E)) (T0y -+ - s Tappe)-

We have

b+c
Sl = Z( 1)ak]g(€)< ($0)7 ) Oéa(xkfl)7 gO(.’Ek, ) $k+a)> Oéa(waJrkJrl)a ) Qa<xa+b+c))

k=0

=A+B+C
where
btc k—(b+1)
A=) D (=)0 (o), . 0 (@), Y (a (@), o (i),
k=b+1 =0

aa+b<$i+b+1)7 s 7Oéa+b(xk—1)7 Oéb(SO(fEk:, s 7$k+a))7 aa+b(xa+k+1)7 s 7aa+b('ra+b+c>)7

k

B=) Y (1" a"(x), ..., 0 (@iiy), (0 (x0), ..., 0 (wpo1),
=k—
(6]

k=0 i=k—b
O(Thy s Thta)s O (Thpat1)s - - o, O (Tatira)), Oéa+b(95a+b+i+l)» e aaa+b($a+b+c>)’
c—1 a+tc
C= Z Z ak+b(Z ¢ f(aa+b(x0)7 ) aa+b('rk—1)7 ab(gp(l’k‘a s 7$k+a))7
k=0 i=a+k+1
Oéaer(anrkJrl)a cee 7w<aa<xi>? s 7aa(xi+b))7 s 7aa+b(xa+b+c)> .
We obtain Sy if we permute ¢ and .
So=D+FE+F
where
a-+tc k— a+1
D= Z Z akﬂnf a™(zo), ..., " 0), p((3:), . .., & (Tita)),
k=a+1 =0

QT xiain), @ (), (T, - The)), T (Taspst)s - - ,oz“+b(xa+b+c)),
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c k
E = Z (1) (@ (o), ..., " (2im1), (a® (), . . ., & (zho1),
k=0 i=k—b
¢($ka e ,$k+b); Oéb(xk+b+1); Sy ab($a+b+z‘)), aa+b($a+b+z‘+1)a e 704a+b($a+b+c))7
c—1 b+c
F= Z Z (—1)PHal=0e (0 (), ..., 0P (@), (Y (i, - -, Tasn)),
k=0 i=b+k+1
P (Tpppir)s - 0(@(@), o, 00 (ika))s - 704a+b(%+b+c))-

Since
a0 (g, ..., L) = @(a(:vo), alxy), ... ,oz(xa)),
then

o (p(wo, - - 2a)) = ©(a’(w0), a(21), ..., a’(x4)).
So A—(=1)*F =0, C—(-1)"D =0 and

[j:mg](s) =B—(-1)"E

_ Z Z ak+bz€ P (z0), .., (i), p(a(xi), . . ., a(zp_1),

k=0 i=k—b
O(Thy -+ s Thya), aa($k+a+1) 0 (Taypii)), Oéa+b(xa+b+i+1)a e ,aa+b($a+b+c))
. abz Z az+bk a+b($0),...,Oéaer(.Z'ifl),(p(Ctb(.fCi),...,&b($k,1),
k=0 i=k—a
@Z)(xk, S a$ks+b)a Oéb($k+b+1), e 704b(=77a+b+z‘)), 04&+b(17a+b+z‘+1)7 e a@a+b($a+b+c))
= Jpwia (&)

Theorem 3.3.  Given a vector space A and a linear map o : A — A, the pair
(Ca(A, A),[.,.]8) is a graded Lie algebra.

«

Proof. The proof is based on the previous Lemma. Let ¢ € C%(A, A),9 €
CE(A, A),6 € CE (A, 4).

1. Skew-symmetry

[o, )5 =4S¢ — (=1)*j%e
= (=D (o — (-1)™joy)
= (—D)"*'[y, 5.
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2. Graded Hom-Jacobi identity

Ops (=1)% [0, [1h, 0l }

(1) (=129
ege — (—1)%520) — (= 1) jippats
s (=1)*% (

Organizing these terms leads to

Opp (=10, [0, 813 } = (=)™ (G2 05e) = (=18 (ge) = dwaae)
+(—1)Cb(j$(33¢) (— )acjz<1¢¢) Tigpl2 w)
+ (=) (e ge) — (=15 (J8d) = Jipwia®)
= (=1)"([j5, 48] — Jw.ai2) ¢
+ (=1 (155, 55 = Jigz )V
+ (=1 (75, 73] — ez ) -

Using the previous lemma we get

Opas (=1) [0, [0, 81317 = 0. .

The Gerstenhaber bracket defined above permits to construct a new com-
plex.

Proposition 3.4.  Let (A, u, ) be a Hom-associative algebra and

D5 Co(A,A) = Co(A, A)
be a linear map defined by

D= [, g2 for all¢ € Cul A, A).

Then Dy is a differential operator.

Moreover for ¢ € CL (A, A) we have D = =0, 9.
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Proof. Let ¢ € C" (A, A) and zq,...,z, € A,
Dio(wo, ..., x,) = [% ¢] (20, -, xn) = (J5(0) = (=1)" 155 (1) (w0, - .., )
= vy o(Tp—1), Tk, Tpgr ), (Thpa), - - ,a(azn))

— (=1)" " u(o(zo, . ..y Tpr), @ Hxy))
— (=) (=) M(@n_l(ﬁo)u d(x1, ... 7$n))
= —(,u(a" Ywo), p(z1, . .. ,xn))—l—

D (=D o(alxo), .. alwr-o), plak1, z),

oz s a(xm ()™ (s s Tun), 0" (1))

This completes the proof. [ ]

Let (A, i, ) be a Hom-algebra, it is easy to see that [u,u]3 = 0 if and
only if (A, u, ) is a Hom-associative algebra. Indeed, let z,y,z € A

[, 15 (2,y,2) = (o — (1) 'jiw) (x,y, 2) = 25 p(x, y, 2)
= 2(p(p(z, ), a(2)) — ple(z), uly, 2))).

Henceforth, if we use the Remark then we obtain the following proposition:

Proposition 3.5.  The differential operator Dy : Co(A, A) — Cu(A, A) satis-
fies (D3)* = 0.

Remark 3.6. The proof of the fundamental Proposition [2.3]is a direct consequence

of Propositions [3.4] and [3.5]
We denote the corresponding space of (n+ 1)—cocycles for the coboundary

operator Djj by

Zp(AA) ={p e CL(AA) - Dip =0},
and the space of (n + 1)—coboundaries by

Bp(A,A) ={Djp: p € Ci (A A}
Hence the corresponding cohomology is given by

Zp(AA)

H(AA) = 52 T4

Remark 3.7. The relation with the cohomology Hj,,,,(A, A) introduced above
1s

By (A, A)=Bji, (A, A), Zp(A, A)=Z};,. (A, A) and Hp (A, A) = Hyi (A, A).

Hom
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3.2. The algebra C,(A,A) . Let A be a vector space and a : A — A be a

linear map. We denote by ég(A,A) the space of all alternating (n + 1)-linear
maps ¢ : AXD - A satisfying for all zg,..., 2, € A

CY(QO(.CEO, s axn)) = 90(04(1’0), SR ,Oé(l’n)),

and set

Ca(A, A) = EP (A, A).

n>—1

We define the alternator A : C,(A, A) = C,(A, A) by

1
()\90)(%, cee ,:L‘a) = m Z 5(0-)90(xa(0)7 s 7xo(a)) for p € ng(A: A)

0’65,1+1

where S, is the permutation group and (o) is the signature of o.

Remark 3.8. The set 5’a(A,A) may be viewed as images by A of elements of
Cu(AA).

Lemma 3.9.  The alternator \ : C,(A, A) — C,(A, A) satisfies \> = X\, and

we have

)\(]?@)A(ﬂ))) = )\(ng/)) fOT all QO,@ZJ € Ca(A7 A)

Proof.  The proof is similar to the classical case (o = id). ]

We define an operator and a bracket for ¢ € C%(A, A) and ¢ € C%(A, A)
by
(a+0b+1)!
(a+ Db+ 1)!

(a+b+1)!
(a+DI(b+1)

ig(y) = A1),

[o,¥]0 =

Mg, vla) = i3 (w) = (=1)"ig ().

Thus i%(y) € Cato+,
The bracket [.,.]5

o

is called Nijenhuis-Richardson bracket.

Theorem 3.10.  Given a vector space A and a linear map o : A — A, the

pair (Co (A, A),[.,.]2) is a graded Lie algebra. In particular, (C,(A, A),|.,.]5) is

[0

a graded Lie algebra.
Proof. Let p € C4A,A), v € C°(A,A) and ¢ € C5(A, A)

(a+b+c+1)!
(a+ DI+ Dl(c+1)

O (—1)[, [0, S18] s = O Mo M0, 912)] ).

Notice that,
Ml ]2) = AMA@), A@)]R) and A? = A,
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Then,

(a+b+c+1)!
a+ )b+ Di(c+ 1)

O%’/’@ <_1)ac [907 [w7 Qﬂ;\]g

A
= ( |>\( O‘vavd) |:¢7 [1/}7 qb]ﬁ:lcy)
=0
The following lemma is a generalization to twisted case of a result in [14].

Lemma 3.11.  Let p € C%(A, A), v € C°(A, A). Then

ig(V) (w0, ..., Thya) =
1 a a
m Z 5(0)¢(¢($a(0), s Ta(a), O (To(ar)), - O (%(a+b)))
' T 0€Satbt1

Proposition 3.12.  Let (L, [., ], @) be a Hom-Lie algebra and Df | : Co(L, L) —

Co(L, L) the linear map defined by
21(0) = [ ] 0], for all ¢ € Cu(L, L).

Then D{  is a differential operator, and for ¢ € CnY(L, L) we have Dg 1(9) =
0Frr(9)-

Proof. The proof is obtained using Lemma [3.11] and straightforward calcula-
tion. |

A Hom-algebra (L, ., ], @) is a Hom-Lie algebra if and only if [[., ], [., ]}2 = 0.
Indeed, let z,y,z € L

Thus, using the Remark we have the following proposition:

Proposition 3.13.  The differential operator D' : C(L,L) — Co(L, L) satis-
fies (DE"'])2 = 0.

Remark 3.14. The proof of the fundamental Proposition [2.11]is a direct conse-

quence of Propositions and (3.13]
We denote the corresponding space of (n + 1)-cocycles for the coboundary
operator D[‘i.} by

Zp(L.L£) = {p € CAL, L) : D jp =0},
the space of (n 4 1)-coboundaries by

By(L,L) ={Df jp: ¢ €C" ML, L)}
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and the corresponding cohomology group by
_ Zp(L. L)
By (L, L)
Remark 3.15. The relationship with the cohomology Hj; (L, L) introduced
above is

o3 (L, L)

Bp(L, L) = B (L, L),  Zp(L, L) = Zyi (L,£)  and HB(L, L) = H (L, L)

4. One-parameter formal deformations

The one-parameter formal deformations of Hom-associative algebras and Hom-Lie
algebras were introduced in [I9]. In this section we review the results and study,
in terms of cohomology, the problem of extending a formal deformation of order
k — 1 to a deformation of order k. we consider multiplicative Hom-associative
algebras and multiplicative Hom-Lie algebras.

Let K[[t]] be the power series ring in one variable ¢ and coefficients in K
and A[[t]] be the set of formal series whose coefficients are elements of the vector
space A, (A[[t]] is obtained by extending the coefficients domain of A from K
to K[[t]]), any K-bilinear map ¢ : A x A — A admits naturally an extension
to a K|[[t]]-bilinear map ¢ : A[[t]] x A[[t]] — A[[t], that is, if z = >, a;t" and
y = 2 soyt! then o(z,y) = 300,507 @(ai, bj). The same holds for linear
maps.

4.1. Deformation of Hom-associative algebras.

Definition 4.1. Let (A, i, @) be a Hom-associative algebra. A formal deformation
of the Hom-associative algebra A is given by a K[[t]|-bilinear map

p - Al[E] < AffE]] — A[[H]
of the form gy = Y, t's; where each y; is a K-bilinear-map p; : A x A — A

(extended to be K[[t]]-bilinear) and po = p such that hold for z,y,z € A the
following condition

pe (e (0, y), (2)) = pe(a(x), pe(y, 2)) (4.1)

The deformation is said to be of order k if pu; = Zfzo ;.

The identity (4.1 is called deformation equation of the Hom-associative
algebra and may be written

D (). al2) = lal@) sy ) = 0,

or

Do (alpsilw, ), a(2) — pla(x), meily, ) =0,

>0 >0

which is equivalent to the following infinite system of equations

Z (“i(:us—i(x>y)v O‘(ZD - Mi(a(x)’ ,Us—i(yv Z))) =0, fors=0,1,2,...

i>0
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By using the trilinear map defined for p,9: A x A — A and z,y,z € A by
¥ Ca 1/1(%% Z) = gO(I/J(I,y), Z) - 90(‘7“7 7?(% Z))v

the previous system may be written

> i 0a pre—i =0, fors=0,1,2,... (4.2)

>0

In particular, for s = 0, we have pgy o, pt9 = 0 which corresponds to the
Hom-associativity of A.

For s = 1 we have 1904 i1+ 1194 pto = 0 which is equivalent to 6%, 11 =0
(i.e.D(py) = [, 1]5 = 0). It turns out that p, is always a 2-cocycle.

For s > 2, the identity (4.2) is equivalent to :

Strombls = — Z Hp Ca g = % Z [#p?ﬂq]ga
pt+q=s p+q=s,p>0,4>0

where, 1, 04 g = Jji Hp (see Section 3| for the definitions of ji 1, and [, ]2).
Definition 4.2. Let (A, u, ) be a Hom-associative algebra. Given two defor-
mations A; = (A, uy, @) and A, = (A, ) of A where p, = >, ' and
fy = > o t'ul with pg = p, py = p. We say that A, and A, are equivalent if
there exists a formal automorphism (¢;);>0 : A[[t]] — A[[t]] that may be written
in the form ¢, = >, ¢it" where ¢; € End(A) and ¢y = id such that

Ge(pe(x,y)) = p(de(z), dly)) for x,y € A[[t]], (4.3)
dlafz)) = a(o(x)) (4.4)

A deformation A; of A is said to be trivial if and only if A; is equivalent to A
(viewed as an algebra over A[[t]]).
The identity (4.3) may be written : for all z,y € A

D ilusmy) = D (@), k() = 0

i>0,5>0, i>0,5>0,k>0
ie.
Z ts(@(/ﬁs—i(%y))) - Z S(Nj(¢i($)a¢s—i—j(y))) = 0.
i>0,5>0 i>0,j>0,5>0
Then

Z ((bz Ms—i l’ y Zﬂ] ¢1 ¢sfifj<y))) =0 for s = 07 1727' o

i>0 >0
In particular, for s = 0 we have py = g, and for s =1
Go(p1(2,9)) + 1 (po(z,y)) = po(do(x), ¢1(y)) + 11o(P1(x), do(y)) 1 (do(x), Po(y))-
Since ¢o = id then

pi(z,y) = m(z,y) + é1(polz,y) — po(x, 01(y) — polén(x),y). (4.5

Therefore two 2-cocycles corresponding to two equivalent deformations are coho-
mologous.
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Definition 4.3. Let (A, p, @) be a Hom-associative algebra, and p; be an element
of Z%, (A, A), the 2-cocycle y; is said integrable if there exists a family (j)i>0
such that p; =Y ,o,t'1; defines a formal deformation A, = (A[[t]], pu, @) of A.

According to identity , the integrability of p; depends only on its
cohomology class. Thus, we get the following:

Theorem 4.4. Let (A, u,«) be a Hom-associative algebra and A=(A[[t]], e, @)
be a one-parameter formal deformation of A, where py =Y ;oo t'u;. Then there
exists an equivalent deformation A, = (A[[t]], u,, ), where p, = > oot such
that 1) € 7%, (A, A) and u) does not belong to B%,, (A, A). -

Hence, If H%,, (A, A) = 0 then every formal deformation is equivalent to
a trivial deformation.

Home-associative algebras for which every formal deformation is equivalent
to a trivial deformation are said to be analytically rigid. The nullity of the second
cohomology group (H%,,,(A, A) = 0) gives a sufficient criterion for rigidity.

In the following we assume that H%,,, (A, A) # 0, then one may obtain
nontrivial one-parameter formal deformations. We consider the problem of ex-

tending a one parameter formal deformation of order £ — 1 to a deformation of
order k.

Theorem 4.5. Let (A, u, o) be a Hom-associative algebra and -At:(AHtlLﬂm @)
be a one-parameter formal deformation of A of order k—1, where p; = 212_01 ;.

Then W(pn,. .. lk-1) = 5 2 prqmio1ps0.g50lp Hala € Zirom(A,A) (ie.
Ve Zi(AA)).

Therefore the deformation extends to a deformation of order k if and only
if (..., pk) is a coboundary.

Proof. We start by defining the linear map —: C,(A, A) x Ch(A,A) —
Ca(Aa -A) by
Y~ ¢($0a s >$a+b) = ,LL()(QO(ZEQ, s 7xa)a w(za-i-la s >$a+b+1))7

for p € C4(A, A),¢p € C°(A, A) and for z, ..., Taspi1 € A. Then,

0 210m (Ko ©a 1g) = Ofromltp Oa Hqg — Hp Oa Ofromblq — Hp = Hq + fig ~ [ip

Notice that
S meme Y mem=0

p+q=Fk,p>0,g>0 p+q=k,p>0,g>0

We have

5?—[0771 (w(:ub .. ?:uk)) = Z ((512‘Iom:up Oa g = Hp Oa 5%10171!““1)

p+q=k,p>0,g>0

= Z (Ms Oa ,ul) Oq fbqg — Z Hp Ca (:ul Oq ,ur)

s+l+q=k,g>0,5>0,1>0 s+l+p=k,p>0,s>0,0>0

= Z (Ns Ca ,U/l) Oa tr — Z Hs Oa (/Ll Ca /Lr)

s+l+r=k,r>0,5>0,1>0 s+l+r=k,1>0,s>0,r>0



830 AMMAR, EJBEHI AND MAKHLOUF

Yet, for any f3,,7 € CL(A, A)
(Boa@) 00 Y — B % (gpoa”y) = _(ﬁoa')/) 0q p + B 04 (Voa 90)
Indeed, let z,y,2z,t € A

(B 0a ¢) 00 ¥(@,y,2,t) — Boa (9 oa V) (@,y,2,t) =
((( y). a(2)), 2()) B(y(a(), (
+ Bl (x),v(e(y, 2), (1)) — B :
Bz, y), a(2)), &*(t)) + (04(90( )),v(a(Z),a(tD
+ B(y(a(@), p(y, 2))a?(t)) — B(a?(x),~
Br(alz), a(y)), ale(z,1) + Hla® :
= (a(so(m, Y)),v(a(z), a(t)) — Bly(a(x), a(y)), a(p(z,t)

\_/VQ

S =

Since
a(y(z,y)) = v(a(z),aly)), ale(r,y)) = p(a(r), aly)),

then

(6 Oa 90) Oq ’y(CL’,y,Z,t) - Boa (90 Ou 7)<x’yaz7t) =
_(ﬁ On 7) Oq @(x,y, th) =+ B Cq (’}/ Ou @)(xaya th)'

Thus,
rom W (b, - - pu) = 0.
In the deformation equation corresponding to u; = Zf>0 t'; one has moreover
the equation
Sromtr = V(s s fy—1)-
Hence, the formal deformation of order (kK — 1) extends to a formal deformation
of order k& whenever ¥ is a coboundary. [ |

Corollary 4.6. If H} (A, A) = H} (A, A) =0, then any infinitesimal defor-

mation can be extended to a formal deformation.
The connection to Hom-Poisson algebra has been shown in [19).

Theorem 4.7 ([19]).  Let (Ao, po, o) be a commutative Hom-associative algebra
and Ay = (Ao[[t]], e, o) be a one-parameter formal deformation of Ay. Consider
the bracket defined for z,y € A by {x,y} = m(z,y) — 1 (y, ) where uy is the
first order element of the deformation p,. Then (A, po,{-,}, ao) is a Hom-Poisson
algebra.

4.2. Deformation of Hom-Lie algebras.
Definition 4.8. Let (£, [.,.],a) be a Hom-Lie algebra. A one-parameter formal
Hom-Lie deformation of L is given by the K[[¢]]-bilinear map [.,.]; : L[[t]] x L[[t]] —

L][[t]] of the form
[ Je =) L L
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where each [.,.]; is a bilinear map [.,.]; : £ x L — L (extended to be K][¢]]-
bilinear), [.,.] = [.,.Jo and satistfying the following conditions

[z,yl; = —[y,z]; skew-symmetry,

Ouy. (), [y, z]tL =0 Hom-Jacobi identity (4.6)

The deformation is said to be of order k if [.,.];, = Epo ., )i
Remark 4.9. the skew-symmetry of [.,.]; is equivalent to the skew-symmetry of
all [.,.]; for i > 0.

The identity is called deformation equation of the Hom-Lie algebra
and it is equivalent to

O,z Z it [a(m), [y, Z]iL =0

i>0,5>0
i.e.
Ox’sz Z t° [OJ(ZE), [ya Z]z] o—i 0
i>0,5>0
or
Nt Oy . [, Iy 2], =0
5>0 i>0

which is equivalent to the following infinite system

Ozy,z Z [Oé(l’)a [y, Z]i] ,;=0,fors=0,1,2,... (4.7)

i>0

In particular, for s = 0 we have O, . [oz(a:), ly, ZMO = 0 which is the Hom-Jacobi
identity of L.
The equation, for s=1, leads to 6%,[.,.]1 =0, i.e. D[.,.]s =[[,.],[,.]1]> = 0. Then
[.,.]1 is a 2-cocycle.

For s > 2, the identities are equivalent to :

Oirils Js(@,9,2) = = D Ouye [al(@), [y, 4],

pt+q=s

:% S el @y 2)

p+q=s,p>0,¢>0

See Section |3 for the definition of [.,.]}.

Definition 4.10. Let (£, ].,.],«) be a Hom-Lie algebra. Given two deformations
Ly = (L[, )na) and £, = (L[, .];,a) of A where [.,.]; = > .o,t'[,.]; and
[ b = Sty ] with [LJo = [,y = [,.]. We say that £, and L} are
equivalents if there exists a formal automorphism (¢;)o @ L[[t]] — L[[t]], that
may be written in the form ¢, = .., ¢:it* where ¢; € End(L) and ¢y = id, such
that

o[z, y)e) = [9e(@), D (y)];-

A deformation L, is said to be trivial if and only if £; is equivalent to £ (viewed
as an algebra on L][[t]].)
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Similarly to Hom-associative algebras, we have that two 2-cocycles corre-
sponding to two equivalent deformations are cohomologous.
Definition 4.11. Let (L,[.,.],«) be a Hom-Lie algebra, and [.,.]; be an ele-
ment of Z%,(L,L), the 2-cocycle [.,.]; is said to be integrable if there exists
a family ([.,.]J:)>0 such that [.,.]; = >, t[.,.]; defines a formal deformation

Ly= (L[, ]:,a) of A.

One may also prove

Theorem 4.12.  Let (L,].,.],«) be a Hom-Lie algebra and L, = (L, [., ], ) be
a one-parameter formal deformation of L, where [.,.Js = > .oot'[.,.Ji. Then there
exists an equivalent deformation [.,.], = Y ;5o ', I}, where u} = >".o t'u; such
that [.,.]} € Z%,(L, L) and |.,.]; does not belong to B2, (L, L). -

Hence, If H%,(L,L) =0 then every formal deformation is equivalent to a
trivial deformation.

The Hom-Lie algebras, whose all formal deformations are trivial, are said
to be analytically rigid. The previous theorem gives a criterion for rigidity.

The obstruction study leads in the case of Hom-Lie algebras to the following
theorem.

Theorem 4.13.  Let (L,[.,.],a) be a Hom-Lie algebra and L, = (L,[.,.]:, @)

be a one-parameter formal deformation of L of order k — 1, where [.,.]; =
k—1 44
2izo Ul i
Then
1
\Ij(['w]la"'v['w]k—l) = 5 Z H"']Pv ['7'}(1]2 € ZI%L(‘C"C)

p+q=k—1,p>0,¢>0

e WeZ3(L,L).

Therefore the deformation extends to a deformation of order k if and only
if W([y J1,---5 [ Jee1) is a coboundary.

Proof. with a direct computation we have

(%L(\I/([., Ji, - ] .]k))(x,y,z,t) =A+B+C
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where

Al = Z (61%1L['7‘]Q(a<x>7a<t)7 [yv Z]p) +612LIL['7‘](1<O‘(3/>7O‘<Z>? [xvt]p>

3L Jala(@), o), [ 1) + sl Ja(a
32l Jalal), alt), [ aly) + sl Ja(a |
Bl - Z ([@2<ZL’),5?{L[.,.L,(Z,y,t)]q—l— [az(y>76§{L['v']p(mvzat)]q

4 [02(2), Bl oo t)], + (030, Fogle ol 2], ),
)

Ci= Y (= [lak),a®) @), a@]], — [[a@), o)l o), a(=)]],

p+q=k,p>0,g>0

|
=
—~
<
~—
e
—~
N
=
bS]
o
—~
8
~—
e
—~
~
Pt
=
o
|
o
—~
8
~—
e
—~
~
5
o
—~
<
~—
Q
—~
N
=
IQ_I
~—

Then
Ay = A+ Ago,

where

All = Z ( Oz,y,t [Oé2(:L'), [a(z)7 [t7y]p]s]l+ Oz,yﬂf [042(y), [O‘(m)7 [t7 Z]p]S]l

pts+i=k

+ Ozvyyt [a2(2)7 [a/(t)’ [1‘, y]p]8]1+ oz,y,t [QQ(t)v [a(a:), [27 y]p]s]l),
A=Y ([la@), az)l,, [a(@), a@®)]], + [[a@), a®)], [a(y), a(2)]],

p+s+l=k

+ [[a(2), a®)]p, [a(z), a)]s], + [[at), )]y [a(z), a(2)]],
+ [la(2), a(@)],, [a(y), a)]s], + [[a(@), a()l, [a(2), at)]],),
Bi= Y (Ouye [0®@),[0(2), [y, th]slgt Oz [0° (), [e(x), [2,8)i]s],q

+ Ouye [02(2), [a(t), [y, 2lilslgt Oy [0°(1), [a(@), [y, 21i)s)q)

We have
All + Bl =0 and Alg = 0.
Therefore
5?{L(\If([.,.]1 ..... [.,.]k))(x,y,z,t) =0.

In the deformation equation corresponding to [.,.J; = Zf>o t'[., .]; one has moreover
the equation

il e =9(, 01, [ Jeet)-
Hence, the formal deformation of order (k — 1) extends to a formal deformation
of order £ whenever ¥ is a coboundary. [ |
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Corollary 4.14. If H};, (L, L) = H3(L, L) = 0, then any infinitesimal defor-
mation can be extended to a formal deformation.

As in the Hom-associative case the space H% (L, L) classify the infinites-
imal deformation and the space H3 (L, L) contains the obstructions. Note that
we also recover the results of the classical cases.
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