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Abstract. = We define the periodic Full Kostant-Toda lattice on every simple
Lie algebra, and show its Liouville integrability. More precisely we show that
this lattice is given by a Hamiltonian vector field, associated to a Poisson bracket
which results from an R-matrix. We construct a large family of constants of
motion which we use to prove the Liouville integrability of the system with the
help of several results on simple Lie algebras, R-matrices, invariant functions
and root systems.
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1. Introduction

The non-periodic (resp. periodic) Toda lattice on sl,(C) is the system of differen-
tial equations given by a following Lax equation:

L=[LL],  (resp. L(A) = [LOV), L(V)-)), (1)
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where L and L_ are the traceless matrices of the form given below. For the
non-periodic case, we impose:

aq bg 1 :
L= 0 ,
: 0
Ap—2 bnfl 1
0 < 0 ap_q1 b, (2)
0 0 0
aq 0
L.=| VY -
0
: - Qp—9 0 0
o .- ... 0 Ap—1 0

In the periodic case, we choose a formal parameter A and we impose:

by 1 0 cen 0 ap\~!
aq bQ 1 . 0
T I

0 Ap—2 bn—l 1

A0 0 an by (3)
0 0 a2\t
aq 0 0

L()\), = 0 :

: Uy o -
0 0 Ay 0

These systems of differential equations are classical examples of what is called
Liouville integrable systems [1, Definition 4.13], which form a class of equations
known to be integrable by quadrature (i.e., whose solutions can be expressed
from their initial values with the help of elementary operations, integration, and
inversion of diffeomorphism, see [1, Section 4.2] for a more precise description).
For our present purpose, we have to introduce Liouville integrability not only
for symplectic manifolds, but in the enlarged context of Poisson manifolds (see
again [1] for the notion of Poisson manifold, and related notions, like rank, Casimir
functions and involutive families):

Definition 1.1. Let (M,{-,-}) be a Poisson manifold of rank 2r. A family
F = (Fy,..., Fy) of functions on M is said to be Liouville integrable if

(1) Forall 4,5 =1,...,s, the functions F;, F; commute, i.e., {F};, F;} =0.

(2) The functions (F3,..., Fy) form an independent family on M.
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(3) s=dimM —r,ie., card F =dim M — %Rk(M,{-,-}).

The triple (M,{-,-},F) is then said to be a Liouwville integrable system of rank
2r.

By a slight abuse of vocabulary, a differential equation is said to be Liouville
integrable when one can find a Liouville integrable system such that one of the
Hamiltonian vector fields describes the equation.

The non-periodic and periodic Toda lattices admit a natural extension® and
several of them have been proved to be Liouville integrable. To start with, Deift,
Li, Nanda, Tomei [2] have proved the Liouville integrability of the (non-periodic)
Full Kostant-Toda lattice, that they define to be the system of differential equations
given by:

L=I[L L], (4)
where L is a symmetric matrix of gl ,(C) and L_ it is the skew-symmetric part
of L with respect to the decomposition of matrices as upper-triangular matrices
and skew-triangular matrices. Up to a Poisson morphism, this system is shown
by Ercolani, Flaschka and Singer [5] to be given by an equation of the form (4),
where L is of the form:

aiq 1 0
L=| @2 € g1, (C) (5)
a';zl Tt an,n‘—l a711n

and L_ is the strictly lower triangular part of L with respect to the decomposition
of matrices as upper-triangular matrices and strictly lower-symmetric matrices.

As the non-periodic Full Kostant-Toda lattice is an extension of the non-
periodic Toda lattice, there is a natural extension of the periodic Toda lattice,
namely the system of differential equations is given by:

L(A) = [L(A), L(V)_], (6)

where A is a formal parameter and L(\) is imposed to be of the form:

an L+bipA™t bygA ! e b A
L(X) = : - - by n AL (7)
an—1,1 c ce . 1+ bn_lvn/\il
an1+)\ Ap2 Qpnn
and
0 bt ... by A1
L) = | o - :
. bn—l,n/\_l
Qan1 e Apn—1 0

Here, we do not wish to give a precise meaning to the word ”extension”, that we simply use
to speak of a differential equation of the same shape on a bigger phase space.
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We call this system of differential equations the periodic Full Kostant-Toda lattice
on sl,(C). It deserves to be noticed that this system (more precisely its symmetric
equivalent) appears as the extreme case of a sequence of systems studied by van
Moerbeke and Mumford [10].

The transition from the non-periodic case to the periodic case is more
interesting to study for the Full-Kostant Toda lattice than the Toda lattice mainly
at the level of construction of the integrable system?. This explains the existence of
the large number of new variables in the phase space of the periodic Full-Kostant
Toda lattice (the dimension of the phase space of the periodic Full-Kostant Toda
lattice is almost twice than the non-periodic Full-Kostant Toda lattice). In other
words, the phase space of the periodic Full-Kostant Toda lattice is the phase space
of the non-periodic Full-Kostant Toda lattice in addition to the Lie subalgebra
formed by the strictly upper triangular matrices of sl,(C).

For all the systems previously introduced on sl,,(C), there is natural manner
to replace sl,(C) by an arbitrary simple Lie algebra g. Liouville integrability has
been proved for an arbitrary simple Lie algebra in the cases of the periodic and
non-periodic Toda lattices see [8], and in the case of non-periodic Full Kostant-
Toda lattice by Gekhtman and Shapiro [6]. The purpose of the present article is to
show the Liouville integrability of the periodic Full Kostant-Toda lattice for every
simple Lie algebra.

This article is organized as follows. To start with, we define the periodic Full
Kostant-Toda lattice and its phase space for every simple Lie algebra g in Section
2. More precisely, we construct this space as a finite dimensional affine subspace of
the loop algebra g[A, A™!]. This phase space is endowed with a Poisson structure in
Section 3. A celebrated theorem, called the AKS theorem (see [1, Theorem 4.37]),
implies that all the coefficients in A of the ad-invariant functions on g[\, A\7?]
commute, therefore this family is a good candidate to prove Liouville integrability.
In Section 4, by restricting this family to the phase space of the periodic Full
Kostant-Toda lattice, we state the main theorem: the integrability of the periodic
Full Kostant-Toda lattice on g, the proof of which will be separated in several steps.
The independence of the family of functions that we consider will be proved in
Proposition 4.8, with a help of a sophisticated result about regular sly(C)-triplets
and ad-invariant functions established by Rais [9]. But the most difficult point is
the computation of the rank of the Poisson structure on 7,. This computation
will be done with the help of Maple for the exceptional simple Lie algebras and
the treatment of the four series of regular simple Lie algebra is completed with the
help of a detailed investigation of the root system of those. In Section 5, we finish
this study by presenting a conjectured generalization.

2We know that the integrable system of the periodic Toda lattice is constructed by adding
only a function in the integrable system of the non-periodic Toda lattice. On the other side, in
this article we show that the functions that construct the integrable system of the non-periodic
Full-Kostant Toda are not included in the family of functions that form the integrable system of
the periodic Full-Kostant Toda lattice.
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2. Definition of the periodic Full Kostant-Toda lattice on a simple
Lie algebra

In this section, we define the 2-Toda lattice on every simple Lie algebra.

Let g be a simple Lie algebra of rank ¢, with Killing form (-|-). We choose
h a Cartan subalgebra with root system ®, and Il = («ay,...,qy) a system of
simple roots with respect to . For every a in ®\{—II, 11}, we denote by e,
a non-zero eigenvector associated to eigenvalue « and, for every 1 < i < ¢, we
denote by e; and e_; a non-zero eigenvector associated respectively to «; and
—a;. The Lie algebra g = @, ., g is endowed with the natural grading (i.e.,
for every k,l € Z, [gr, 0] C grsi) defined by go := b and, for every k € Z,
g =< e, | @ € ®,|a] = k >, where || is the length of the root «, i.e.,
la| = Zle a; for a = Zle a;co; and we denote by [ the longest root of g.
Recall that: (gx|g;) =0 if k+1# 0. We introduce the following notation

g<k = ®i<k i, I<k = @igk i,
O>k = ®i>k i, gk = @gk gi.

The next definition gives back the definition given in Section 1 of the periodic Full
Kostant-Toda lattice on sl,,(C) when specialized to the case of g = sl,,(C) and b
is a Lie subalgebra formed by the diagonal matrices of sl,(C).

Definition 2.1.  The periodic Full Kostant-Toda lattice, associated to a simple
Lie algebra g, is the system of differential equations given by the following Lax
equation:

L(A) = [L(A), L(V)_], (8)

where L(A\) = Xe_s + Zle(aihi +€i) + D aco, (@—abo + A7hae,) is an element
of the following phase space T, of the periodic Full Kostant-Toda lattice

¢
Thi=A""050 + (9<0 + Z €) + Aeg (9)

i=1

and L(A)- =" o, (a—ae—a+ A thaes).

3. Poisson structure on the phase space of the periodic Full
Kostant-Toda lattice

In the present section, we show that the periodic Full Kostant-Toda lattice is a
Hamiltonian system, with respect to a Poisson structure on 7y, naturally obtained
as a substructure of a linear Poisson on the loop algebra g ® C[\, A\7!], associated
to an R-matrix.

3.1. Poisson structure on the loop algebra g® C[A\, \"!]. Let g be the loop
algebra, namely the tensor product g = g ® C[\, A\™!], whose elements are sums

z(A) = Ziez TN,
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where finitely many (x;);cz are non zero. We first endow g with the unique bilinear
bracket C[\, \™!], which extends the Lie bracket of (g,[-,-]).
We construct a Poisson structure on the algebra of functions defined on the phase
space of the periodic Full Kostant-Toda lattice.
We introduce a grading on g by defining the degree of M\*e,, (a being a root of g
and k € Z) to be |a| + (|8| + 1)k, where we recall that [ is the longest positive
root of g.

We denote by g; the Lie subspace of weight ¢, which defined by:

gi .= (e, such that |a| + (|3| + 1)k =4, for every a € ®,k € Z).

Lemma 3.1. (1) For i = 0, go = b, for every i = —|f|,...,—1, g =
g D )x‘lgiﬂmﬂ and for every i =1,...,|B], i = 8 ® Agi—|g|-1-
(2) 9= P70k is a graded Lie algebra and g admits the following vector space
decomposition.:

g=0+D0-, (10)
where

g-i— = @izo gz and g- = @i<0 gz

are Lie subalgebras of g.

Let g* be the space of all linear forms on g which are identically zero on
all (g;)icz except finitely many of them. We notice that the space g* has the
following decomposition:

g" = @z’ez g;,
where
g7 :={{ € 9" | is zero on g;, for every j # i}.

Let (-]-)x be the following non-degenerate, ad-invariant, symmetric form:

<"'>)\: ﬁxg — C 11
(X, Y(N) = Speg (X | Vo). (11)

The bilinear form (11) gives an identification between g and g_;, hence between
g and g*. Moreover, the orthogonal complement of g;, for every i € Z, is
g = @j;ﬁigﬁ"

Let F(g) be the symmetric algebra generated by the elements of g* (is a
subalgebra of the algebra of polynomial functions on g and by construction is such
that the gradient of a function in a point of g is in g). Then g is equipped with
the following Poisson structure®, where for every F, G € F(g) and every z()\) € g,
by:

[F.GY (2 (N) = (20 | Vo E, Vo Gla),. (12)

where R is an R-matrix of g, defined by:

R:=P, — P, (13)

3hecause §* is equipped of the Poisson R-bracket and §* ~ §.
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and P, is the projection of § on g, . For every element z()\), we denote z(\)x :=
Pi(xz(N)). In formula (12), V) F stands for the gradient of F' at the point z(\)
computed with respect to (-|-),.

3.2. The Poisson R-bracket on F(7,). The next proposition should be
interpreted as meaning that 7 is a Poisson submanifold of (g, {-,-} ), but the fact
that g is infinite dimensional prevents us to state it in that manner. What makes
sense however is to show that there exists a unique Poisson bracket on the algebra
F(Ty) such that the restriction map F(g) is a Poisson morphism. Indeed, since
this restriction map is surjective, to prove the existence of this Poisson structure,
it suffices to prove that the ideal Z = (F' € F(g) | F =0 on 7T,) is a Poisson ideal
of the Poisson algebra (F(g),{-,}z).

Proposition 3.2.  The phase space of the periodic Full Kostant-Toda Ty inherits
an unique Poisson structure (F(g),{-,-}z) such that the restriction map F(g) —
F(T) is a Poisson morphism.

Proof. As stated before the proposition, we are left with the task of verifying
that the ideal Z is a Poisson ideal with respect to the Poisson bracket {-,-}z.
According to Lemma 3.1, the affine subspace 7, of g can be described as follows:

T\ = @ g+ f, (14)

—18]<i<0

where f := Zle e;+Ae_p € g1. The gradient at a point L(A\) € T, of an arbitrary
function F' € 7 satisfies the following relation:

VinF e @ § = 8<0® 841, (15)
—1B|<i<0
so that there exists z(\) € g<o and y(\) € g>|p/41, such that VoonF = z(A)+y(A).
For an arbitrary function G € F(g),

{F,G}a(L(N) = (LM [(VenyF) 4, (ViG] = (Ve F)-, (Vi G)-1)
= (LN [y, (VoG] = [2(N), (VopG)-])
= 0,

where, in the last line, we have used the fact that L(\) € @_ ;< 8: is orthog-
onal to both [y(A), (VLG)4] (which belongs to g541) and [z(A), (VonG)-]
(which belongs to g-._1). The ideal Z is then a Poisson ideal, which endows
(F(3)/Z,{-,-}5) with a Poisson R-bracket. Since the algebra F(§)/Z is canoni-
cally isomorphic to F(7,), this Poisson R-bracket is an algebraic Poisson structure
on 7. ]

3.3. The periodic Full Kostant-Toda lattice is a Hamiltonian system.
We intend in this section to show that the periodic Full Kostant-Toda is a Hamil-
tonian system for this Poisson structure. But, a small difficulty appears here: the
function on F(g) that is the Hamitonian of this equation:

H(L(N) := %(L(A) RACVIPY (16)
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which is not an element of F(g). Fortunately, there exist elements of Fy € F(g)
whose restriction to 7T, is equal to the restriction of H, for instance the function

Fu(x(})) := % ({1 [21) + (zo | o) + (21| 2-1)), (17)

where z(\) = > ..z 2:A". We define the Hamiltonian vector fields of H on T,
(or of any function on § which satisfies the same property) to be the Hamiltonian
vector field (on 7Ty) of any of these functions (Hamiltonian vector field which does
not depend of the choice of Fl, since by Proposition 3.2 the Hamiltonian vector
field of a function that vanishes on g also vanishes on Ty).

Proposition 3.3.  The Hamiltonian vector field on T, of the function H defined
in (16) coincides with the equation of motion (8) of the periodic Full Kostant-Toda
lattice.

Proof. This proposition is just a particular case of the Adler-Kostant-Symes
theorem [1, Theorem 4.37], up to the fact that we have to adapt it to the infinite
dimensional setting. By definition, the Hamiltonian vector field on 7, of the
function H is the Hamiltonian vector field of the function F'# introduced in (17).
Since the gradient of F(z(\)) at a point z(\) € g is 1A~ +x9+ 2\, we have
Vi FH = L(X) for every L(A) € Ty C gA™! + g+ gA, so that

Xa(L(V) = & [RILO).LO] = LO)s — L) - L],
by definition of R. Hence Xy (L()\)) = — [(L(\))_, L(\)]. ]

4. The Liouville integrability of the periodic Full Kostant-Toda
lattice

As in Section 2, we choose g a simple Lie algebra, equipped with the Killing form
(-]}, and b a Cartan subalgebra. Let Pi,..., P, be a generating family of the
algebra of the ad-invariant polynomial functions on g, such that the degree of P,
is m; + 1, for all 1 <i </, where my, ..., my are the exponents* of g (we notice
that m; < -+ < my). Each P, extends on g to a function 15Z with values in
C[\, A1, each of these functions is an ad-invariant function of § with values in
C[\, A1, so each coefficient at \ is an ad-invariant function on g with value in

C. Let Fj; be functions on g, defined by:

P(LN) = > A7E(LQ), VL) €8 (18)

j=—00

Remark 4.1. Let H be the Hamiltonian of the periodic Full Kostant-Toda
lattice, defined in (16) by:

H(x(N) = 3z [2(V),, V() € §.

4The choice of the polynomials P, ..., P, is not unique but their degrees m; +1,...,my + 1
are constant for each simple Lie algebra g and satisfy the relation Zle m; = %(dim g—10),
see [4, Theorem 7.3.8].
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It is clear that H is homogeneous, ad-invariant of degree 2 = m; + 1, therefore
we can take P := H.

The functions FN, for 1 <i< /¢ and j € Z, are ad-invariant functions on
g. According to the AKS Theorem [1, Theorem 4.36], they should in involution for
the Poisson R-bracket {-,-} 7~ However, there is a technical issue here: strictly
speaking, one cannot apply the AKS theorem, since our Lie algebra is infinite
dimensional and, moreover, the functions F], are not in F(g) in general. The
conclusion the AKS theorem, however, holds, at least after restriction to 7.

Proposition 4.2.  The restrictions to T, of the functions (ﬁ’ﬂ), 1 <</,
J € 7, pairwise commute.

Proof. The proof is an adaptation of the proof of the AKS theorem. For all
1 <i<{, jcZ, there exists a function F+ € F(j) such that F%¢ and Fj,
coincide on Ty. Moreover, although F¥ii is not ad-invariant on g, we can assume
that at all point z(\) € Ty:

£(N), Vo F] = 0. (19)

For instance, the function ﬁ’jz o pn, where p, is the projection of g on )"~ Ng,
satisfies these conditions for n large enough.

Since for all possible indices FFii and FM coincide when restricted to the
Poisson submanifold 7, the Poisson brackets {ﬁ},i,ﬁk,l}é and {FFJ"Z',FF’W}R
coincide on T, for all possible indices, so that we are left with the task of proving
that {FFM, FF’CJ} =0 on 7. From now, the usual computation that proves of

R
AKS theorem [1, Theorem 4.36] can be repeated word by word:

{Fhe pi) (@) =

R

S
8
—~

N Ve P54, Vo FP-4] )
) {Vay oy il

z(A) | [R(Var(A)F 5, Ve B Fk’l] >

4+ ol
Rl ORI NN e N
>

A

| R(V ) FF7)

| R(V ) F T

~— ~— ~——
>

A

S +

where, in the last line, we have used twice (19). [

Remark 4.3.  There is therefore a large number of functions in involution that
are a goods candidates for the integrability of the periodic Full Kostant-Toda
lattice. It will be shown later that most of them are zero or constants and the
remaining functions give the exact integrability.
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In this section we will use some results that we give in the following lemma.

Lemma 4.4. Let g be a simple Lie algebra of rank £, b be a Cartan subalgebra
of g, ® be a system of roots of g associated to by, (a,...,q) be a basis of ® and
hi,...,he be the corresponding to simple coroots. For every v € ®, we choose e,
a non-zero eigenvector of v. Let

(@1, @) U (24)e0

be the coordinates system on g given, for every 1 < i < £ and every v € ® and

for every x € g, by:
{ zi(x) = (hi| ),
zy(z) = (e~ | 7).
Let P a homogeneous ad-invariant polynomial on g of degree m + 1.
(1) The polynomial P is a linear combination of the monomials of the following
form
Ty oo Ty Ty o T, (20)

where py,...,p; € {1,...,¢} and such that:

E+j=m+1
iy 2y
(2) Let iy,... i, € {1,...,0} and 71,...,7, € P, where p,q € N. If
q q
m+1—(p+q)+zm|<0 or Z]’m>0 (22)
i=1 =1
then, for every y € h @ g1,
(dPY9P (R, iy ey, eq,)) = 0. (23)
Proof. (1) Every homogeneous polynomial of degree m + 1 is a linear com-

bination of monomials of the form (20) with &+ j = m + 1. We need to show
that when this polynomial is ad-invariant, the second condition of system (21) is
satisfied for every monomial that appear in its decomposition.

Let h € b be such that a;(h) =1 for every ¢ = 1,...,¢. We define a linear vector

field z;\(ih on g by:
adp[F)(2) := (d,F,ad, z) = (V. F| ad, z)
for every F € F(g) and every x € g. On the one hand, for every v € ®

ad[2,](2) = {ady 2 | e_,) = y(h)a,(z) = 1] 2, (2)

while ;&h[%‘] = (adp x| h;) =0, for i € {1,...,¢} on the other hand. These two
properties imply
—~ k —~
adp[2y, .. Ty Tp, .1y = Z adp |24, )Ty, o By Ty Ty T,
i=1

k
= (Z Vil )2y - Ty Ty -y (24)
i=1
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Since P is an ad-invariant polynomial, ;&h[P]<I> = (adpz|V,P) = (h|[x,V.P])
= 0. Therefore, according to (24), the sum Zle |7:| vanishes for each monomial
appearing in the decomposition of P.
(2) If p+q > m+ 2, equation (23) holds automatically, because the degree of
P is m+ 1. We assume for p+ g < m + 1, the first point of the lemma implies
that, for every y € g and every homogeneous elements zi,...,z,.1 € g with
erll Zz| 7"é 0,
(dy*'P (21, .., 2m1)) = 0. (25)

Let iy,...,ip, € {1,...,¢} and let 74,...,7, € ®. Since the function
Y > <d§+qP, (hil,...,hip,e%,...,evq»,

is homogeneous of degree m + 1 — p — ¢, according to Taylor formula, it is equal
to

1 . o
Y ,<dy+1P, (i hiyy ey ooy, y " HPT0))

(m+1-p—gq)
By restricting to b & g1, this last function is a linear combination of monomials of
the form

ag b

al bg
T T Ty Xy,

where Zizl(ak +br) =m+1—p—q. The coefficient in the decomposition of P
of the above monomial is

1
(m+1-p—q)

m+1 al ag b1 bg
<dy P (hiys oo shiy BT Ry ey e e, € )>

aq? Qg

According to (25), this coefficient vanishes if

q l
Z‘%’ +Zbk # 0.
i—1 1

Since Zi:l b € {0,...,m+1—p—q}, all the coefficients vanish if one of the two
conditions (22) is satisfied. |

Proposition 4.5. Fori=1,...,¢, the restriction of P to T, is given by
Fi(L(A) = ) N7 E(L(A) + Acdiy, VL) € T(N),  (20)
5=0

where ¢ is a non-zero constant.

Proof. Since the degree of P, for all 1 < i < ¢ is equal to m; + 1, the
restrictions of the functions Fj;(L(\)) (constructed in (18)) to 7, vanish for every
1<i</land every —m; —1 <7 <m;+1 and

P(L(N) = X35, i AP Era(L (V).

k:—mi—l
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Let us show that Fmi+17i vanish on 7,, for every 1 < i < (. Let L(\) =
Xe_g+ X + A7'Y € T, we notice that

Bi(L(N) = A IB(Y + Me_g + AX).

Therefore the coefficient of degree —m,; — 1 is

Fnisra(L(A)) = P(Y).

Since Y is an element of g-, it is nilpotent. This implies, according to [4, Theorem
8.1.3] that P(Y") is zero for every P an Ad-invariant polynomial on g.

Let us show that the functions Fj;, for all j strictly lower to —1 vanish
and that the function ]5_1,1- vanish except for ¢ = £, in which case it is a constant
function. The extensions Z; and Z,, for every 1 < i < ¢ and every v € ® to g,
of the coordinate functions (z;,z,,1 <@ < ¢,y € ®) on g defined in Lemma 4.4
have restrictions to 7, given by:

X, 1< <Y, (type I)

v, iy edN\G, (type 1)

v_g+ A ity =4 (type I17) (27)
Ay, +1, ify ell, (type IV)

Ay, if v € @ \II, (type V)

here y, stands for x, for any v a positive root. Then, for each P, an Ad-
invariant homogeneous polynomial on g of degree m; + 1, the restriction to 7y of
its extension P; on g is a combination of monomials of the following form

N
X

R

X

(l',g + )‘)la (28)
X

A oy, +1) e (A Yy, +1)

X

)\71?/51 - Afly(gq,

where oj,,...qa; € I, 7,....,7 € ®.\B, 01,...,0, € . \II, | € N et
p1--,pn €1{1,...,¢} and where the following conditions are satisfied:

htptld+k+qg=m+1 (C1),
— > vl = UBl+ k43T 16 =0 (C2) .

Of course, it should be understood that if h =0 or p=0or j=0or k=0 or
g = 0, then in (28) the corresponding term is equal to 1.

The first condition simply comes from the fact that P; is homogeneous of
degree m; + 1 and the second is a consequence of the first point of Lemma 4.4,
claiming that the P; are homogeneous of degree zero with respect to the root
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weight.

Let us now show that the functions FM vanish, for every j strictly lower to —1.
For all 1 < ¢ < ¢ the length of the root ¢; is lower than or equal to || = my.
Furthermore, £ is less than or equal to m; + 1, hence to m, + 1. But we can not
have k = my + 1, because that implies h = p = [ = ¢ = 0 and contradicts the
second condition (C2). Therefore k < my, and we obtain the inequality

p q
S=> |l =—lme+k+>_[6:] < (1+q—my. (29)
i=1 i=1
The lengths of the roots 71,...,7, are positive, and their sum S is positive (or

zero when p = 0). Hence [ < ¢+ 1. This implies that the monomials that make
up the restriction to 7 of P; have at least [ — 1 products of functions of type V
whenever they have [ products of the functions of type III. This product contains
one and only one a term in M for j > 1. Since the other types (I-II-IV) are
polynomials in A™!, the restriction to 7y of P, contains only a term in M for
j > 1, i.e., the restriction of the functions sz vanish for every j < —2.

We now show that the function F 1, vanish except for ¢ = ¢ in which case
it is a non-zero constant. It follows from (27) that a term in A\ appears in the
monomials which compose P; that if [ > ¢+ 1. But we know that [ < ¢+ 1, then
[ = q+1. According to (29), this implies that p = 0, and that j = m,. Hence the
condition (C1) becomes h + 2q + 1 + my = m; + 1, this in turn implies m; = my
and h = ¢ = 0, then [ = 1. The monomials where the term in A appears are
therefore the product of m, terms of the type IV with one term of the type III,
i.e., the product

(5 + M)A oy, +1) . (A—lyam +1),

where aj,, ..., @, are a simple roots. But the coefficient in A appearing in this
case is constant. ]

Most of the functions FN, 1 <i< {5 €Z areidentically zero (or constant)
after restriction to 7,. For the remaining functions, we introduce the following
notation.

Notation: We denote by F » the family of the restriction of functions sz to Ty,
for every 1 <i </ and every 0 < 7 <m;, i.e.,

Fo=(Fj 1<i<l, 0K <my). (30)

We can now give the main result of this article.
Theorem 4.6.  The triplet (Ty, Fa,{-,-}5) is an integrable system.

Proof. According to the definition of integrability in the sense of Liouville
(see [1, Definition 4.13]) to prove Theorem (4.6), we must show that:

(1) Fy is involutive for the Poisson R-bracket {-, -} 5.

(2) Fy is independent on 7.
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(3) The cardinal of F, satisfies

card Fy = dim T, — %ka, 1Y), (31)

The proofs of these three points are given in respectively Proposition 4.2, Propo-
sition 4.8 and Proposition 4.12, the latter two propositions being given in the next
two subsections. [ |

4.1. The family F, is independent on 7,. We use an unpublished result
of Rais [9], which establishes the independence of a large family of functions on
g x g. We stated this result below and refer to [3, Section 1] for a proof.

Theorem 4.7. Let Pi,..., P, be a generating family of homogeneous polyno-
mials of the algebra of Ad-invariant polynomial functions on g. Let e and h be
two elements of g, such that e is reqular and [h,e] = 2e.

For every F € F(g), and every y € g, we denote by d’y“F the differential of order
k of F' at y. Denote by Vi;, for every 1 <i <l and 0 < k < m;, the elements
of g defined by:

(Viilz) = <dﬁ+1Pz~, (e, z)> , Vz € g, (32)

where, for every v € g and k € N, 2 is a shorthand for (z,...,x) (k times).
(1) The family Fy = (Vi 1 <0< € and 0 < k < my) is linearly independent;
(2) The subspace generated by Fi is the Lie subalgebra formed by the sum of the
all eigenspaces of ady, associated with positive or zero eigenvalues.

. We now show the independence of the differentials of the family of functions
Fy defined in 30 in a particular point of 75 (which implies the independence of
the family F, because its elements are polynomials).

Proposition 4.8.  The family of functions F) is independent on Ty.

Proof.  Let h € b, such that |h,e] = 2e. We first prove that F, is independent
at the point Li(\) :=Xe_g+h+e+ A te.

We compute the differential of the function P, (valued in C[\, A"!]) at the po int
Li(A). Let a(A) := A+ A"'B € T, () Th = D gj<ico 8i» We have the equality:
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gk
e
—~
>
~—
~_

<dL1(A)15¢,CL()\)> = <dh+(1+)\—1)e+)\e_5 s

S DE s NN N OPTev)y

Jj=0 j'
N N . )
- <dh+(1+x-1)epi,a(A>>+Z]f (@ P ((e-sV V)

= <dh+ LoDy A> +A7! <dh+(1+)\—1)e]5i> B>

+Z '<d?:1+x 1)615 ((efﬁ)jaA)>

ml)\jl
+Z ]!<

j=1

A1 e (€Y B) ). (33)

To go from the first to the second line, we have used the fact that the polynomial
P, has degree m; + 1 (therefore its differential is of degree m;).

Since A € g<o, it is of the form A = Zle ahi + 3 cp, are—y. Since
for 1 < j < m; the integers, respectively m; + 1 — j — 1 + j| — 8] + || and
m; +1—j— 14 j| — B| + |e—,|, which are smaller or equal, respectively to
—j —my(j — 1) and —j — my(j — 1) + |e_,| are strictly negative. According
to the second item of Lemma 4.4, therefore:

m; M\ i1 ~ i
S S (A P ((e0), A)) =0 (34)

J=1 J

Moreover, B € g~q is of the form B = )_
item of Lemma 4.4, we deduce that:

yed, bye,. By using again the second

<dh+(1wl)ez5i, B> —0. (35)

Using Equations (34) and (35), (33) becomes:

m;

- - PVt - ‘
<dL1(>\)Piaa<)‘)> = <dh+(1+A—1)ePi’A> + <Z 4! dﬁl(ux e P, (<€B)jaB)> :

We denote by PN[N- the function defined on g x g by:
B(X + A7) =S AT H (XY, VX,Y €gxag.
We clearly have:
B(X+(1+ANY) =Y NTH (X +Y,Y).

We notice that on g x g-¢,
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(1) The function I:Im#lﬂ-(X +Y.Y)=PF(Y)=0;

(2) The differentials of ffoﬂ-, . ﬁmi’i at point (h + e,e) do not depend on the

variable Y, because according to (35), <dh+(1+,\71)eP B> =0,VB € g-9.
These two points imply that

At (1a-1)e s = ]Z:; )‘_]a—X’(h +e,e), (37)
where E?X , </ and 0 < 5 < m;, stands for the differential of H i

with respect to the first Varlable. Using Equatlon (37), Equation (36) becomes:

<dL1m15i, a()\)> - Z A <%(h +ee), A>
0

mg )\]_]_ 1 _ )
T Ry SR TR B
j=1

Since Li(A) is an element of 7y, according to Relation (26),
dLl(/\)pi = Z /\_jdLl(A)Fj,z’- (39)
=0

By using Equations (38) and (39), we conclude that

iA—j<dLl(A)Fj () = Z)\J< 2 (h 4 e, e), A>
g

mg )\ _ . B .
DI (A Pl B) ) (40)
j=1
aH] ;

It suffices therefore to prove that
on g<o-

Let W' = h + e, since e = Zle e; is a regular element of g and [h,¢e] = e,
according to the first point of Theorem 4.7 the family of linear form on g

(h + e,e) are independent as linear forms

OH 0,i

o, |
5X (h'se),..., 5

“(We)  1<i<d, (41)

is independent. These linear forms are given by the gradients Vj;, for 1 <@ < /¢
and 0 < k£ < m;, that belong to the space E spanned by the eigenspaces of
positive eigenvalues of ad,s (see the second point of Theorem 4.7). But the space
spanned by the eigenspace of positive eignvalues of both ad, and ad; coincide
with g>o. Therefore the restrictions to g<o of the family (41) remain independent.
As a result, the differentials of the family of functions (ka 0<i<ml<i<d)
are independent at the point L;(\) and therefore F is independent on 7j. [
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4.2. The exact number of functions. According to Equation (30), the car-
dinality of F) is related to the exponents m; of g, 1 <1 < /¢, as follows

¢
card Fy = Z(mz +1). (42)

i=1

According to the classical relation Zle m; = 2(dim g—0) (see [4, Theorem 7.3.8]),

Relation (42) implies that card Fy = :(dim g + ¢). Moreover, since the dimension
of T, is equal to dim g, the relation below is satisfied

card F = dim 7, — %Rk(fm { =)

if and only if Rk(7x,{-,-}g) = dimg — ¢. We need therefore to prove this last
equality, which shall be done in Proposition 4.12 below.

The rank of {-,-}; on T,

We show here that there exists ¢ independent Casimirs on 7, and there exists
a point Lg(A) of Ty, such that the rank of the Poisson structure at this point is
dim 7, — ¢ = dim g — ¢, which proves that the rank of the Poisson structure on 7,
is dimg — /.

Proposition 4.9.  The functions le,l, . Fmg’g, defined in (26), are Casimirs
for the Poisson R-bracket {-,-}z.

We use Lemma 4.10 below to show Proposition 4.9.

Lemma 4.10. (1) For every 1 <i <L, Z(\) = Y150 N2k € Yoo g and
Y € g-o, we have:

Frii(Z(X) + X7Y) = (dy P, P<o(Zp))

(3

where Py is the projection of g on g<o; 3 .
(2) At every point of Ty, the gradients of the functions Fy,, 1,..., Fpn,0 are in g4 .

Proof. (1) We denote, for every k € N and every X()\) € g, by (X()\))* the
k-tuple (X(A),...,X(A)) and for every P, by d*P, the kB differential of D;.
The Taylor formula of P; at point Z(\) + A7'Y is given by:
P(Z\)+2Y) = X™TIP(AZ(\) +Y)

m;+1

Jj=0

Y (SR 200 ). (43)

Recall from (18)~that the function szz is the coefficient of degree —m,; in A of
the polynomial P;. Since Z()\) € 37,5, A\*g, Formula (43) gives:

Frpi(ZO) + A7) = <dyf’i, Zo> = (dy P, Zo) . (44)
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The polynomial (dy P;, Zy) is homogeneous of degree m; + 1, of degree m; with
respect to the variable Y and of degree 1 with respect to the variable Z;. For all
Y € g0, Vy P, belong to g>o hence:

(dy P, P>o(Zo)) =0,

where P.q is the projection of g on g-¢. Therefore, Equation (44) becomes

jam

7

AZN) + A7) = (dy P, P<o(Z))

where P is the projection of g on g<o.

(2) Let X € geo, ¥ € gs0, L(N) = de g+ X +e+ AV € T, and let
Z(\) € g>1. We recall that an element Z(\) in g>; has the following expression
Z(A) = > 450\ Zk, where Zy € g>1 and Z;, € g for all k > 0. According to the
first point of the lemma

Foni(LA) = Fin (LX) + Z(X)),  VZ(X) € 821

(2]

The above equality implies

<VL(A>Fmi,z' Z(/\)> =0, VZ(\) € §>1.

\ >
This implies that the gradient of le at every point of T, isin g, . |
We now prove Proposition 4.9.

Proof.  Let G € F(7,) and let L(\) € 7, we have {Fmi’i,G} (L(N)

_ <L()\) | [V 2o B VL(A)G]R>A

B <L(}\) (V200 Eon) s (Vo G)a] = (V0 Fms) - (VL(A>G)—]>
B <L(>\) | (V2o Ermeis (VL(A)G)+]>A

_ <[L()\), Vo Em | (VL<A>G>+>A =0,

A

where we have used the result Vi) F,,; € g4+ (see item 2 of Lemma 4.10) to
justify the transition from second to third line and the fact that F,,, ; is an ad-
invariant function on g to obtain the last line. |

Corollary 4.11.  The rank Rk(Ty,{-,-}5) of the Poisson R-bracket on Ty is

less than or equal to dimg — £.

Proof. According to Proposition 4.9, for every i = 1,...,{, the functions
Fmi,i are Casimirs for the Poisson bracket {-,-}5. Therefore we need to show
that these functions are independent on 7,. For this, it suffices to prove that
the differentials with respect to the variable X of Fmi,i, for 1 < 7 < /¢ are
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independent. According to the first point of Lemma 4.10, for every 1 < i < /
and every L(\) =Xe_g+e+ X + A\'Y, where X € g<p and Y € g~ , we have:

Finii(L(A)) = (dy P, X)) .

Then the partial derivative of le with respect to X at the point L(\) is equal
to B
OFm,.i
0X
In particular, at the point L(A) = Xe_g+ e+ X + A e, (where e = Zle e; and
X € geo is arbitrary), Equation (45) becomes:

A + X +e+de_g) =dyP. (45)

<8§}f*i (Ne_s+ X +e+1Te), A> = (d.P,A),  VAEgonTnTh.

Since e is regular element of g, according to the theorems of Kostant [7, Theorem
9] and [8, Theorem 5.2], the differentials of the family (P, ..., P;) are independent
at e. Moreover, since e € g>1, the restrictions to g<o of this family are also inde-

pendent because their gradient are in g>;. Therefore the family (Fi,, 1,..., Fn,0)
is independent on 7. [ |

Proposition 4.12.  The rank Rk(T5,{-,}z) of the Poisson R-bracket on T,
15 equal to dimg — /£.

According to Corollary 4.11, to show Proposition 4.12 it suffices to find a
point Lo(\) € T, where the rank of the Poisson structure is dim g —¢. We start by
stating Lemma 4.13, the proof of which is a direct computation describing explicitly
the Poisson structure of 7. Notice that, although 7, is an affine subspace of g,
the Poisson structure obtained by restriction to 7, is linear.

Lemma 4.13. For all i = 1,...,0 and all « € O, let x;,x_4, Yo be the
coordinates functions on Ty, defined at every point L(\) = Xe_g+e+ X + A7V
of Tx, where X € g<p and Y € g~o, by:

(zi, LA)) = (hi| X),
{ (T_a, L(A)) = (eal|X),
(Yo, LAA)) = (ealY),

The expression of the Poisson R-bracket on Ty is given, for every 1 < i,j < (
and every a,y € ., by:

( {zi, 25} =0,
{zi, 2o} p = a(hi)r_q,
{xi,ya}g = —a(hi)Ya, )

{z-a, 25} = Nty NayToa—y,
{l’_a, y’Y}R - nv—aNa,—'yy'y—m
| {Ya ¥y} =0, where

17 Z a € (I) ’ .
Mo = { 0, ({;fherwis;, and Noy = £(p+1), with p :=maz{n |~y —na € ®}.



948 BEN ABDELJELIL

We now show Proposition 4.12.

Proof. Let by, ...,b, be non-zero constants and let
¢
Lo(A) =Y (1 + A 'bi)e; + Ae_g. (47)
i=1
According to (46), for every 1 < i, < ¢, the Poisson R-bracket at the point Lg()\)
is given by:

( {z, x]}R = O
Tiy, T—qx R =
_J —cyub; if ais a simple root ay,
@i Yatp = { 0 otherwise, (48)
{$ a; 77}3 =0,
{ V- Nq b if ¥ — « is a simple root o,
TP IR = 0 otherwise,
\ {yom y’y}ﬁg = 07
where (c;;)1<ij<¢ is the Cartan matrix of g. We denote by 71,...,Vdmg—¢ the
2
positive roots of g and we choose the indices such that |y < |y2] <+ < |yaimg—t].
2
It will be convenient to denote by (21, ..., 2d4img) the system of coordinates given
by:
Zpk = Ty, 1<k < dmet

) _ . dim g—¢
Z(%_ﬂ') = Yv;> 1< J < —5

By using the formulas of system (48), one establishes the matrix
M = ({zi, 2z} g)1<ij<dimg

of the Poisson R-bracket computed at the point Lo(\) given in (47). We obtain

a matrix of the form
m=("Y —A (49)
VA0 ’

where A is the following block diagonal matrix of size %(dim g—10)x %(dim g+7)
Ao 0 0

A= A . |, (50)

0 Apyr 0

where the 0 aligned vertically at right end of the matrix represents a single column
and not a group of columns, and Ag ..., A,,,_; are matrices whose expressions shall
be given later.

by 0

Let B = and C = (¢;j)1<ij<¢ be the Cartan matrix of g,

0 by

we have Ag = BC'. We recall that
dimgy =dimg; =dimg_; =/,
{ dim gm(, =1,

> dimg; = 5(dimg — ¢).
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We denote by d; the dimension of g; and we denote, for k£ # 0, by (71,...,74,) a
basis of roots of g of length &k, (31,...,fB4,,,) a basis of roots of g of length k+1.
By definition A, is the following dj.1 X dj matrix:

T
XyBI [x_,h] .. Xy’Bko,»l [z_.,]
Ay = : : : (51)
Xyﬁl [x—’)/dk] T Xyﬁdk+l [I—“/dk]

To show Rk(Lg(A),{-,-}5) = dim g — ¢ it is necessary and sufficient to prove that
the rank of matrix A is %(dim g — ¢). In turn this is equivalent to show that first
the rank of Ag, is £ and that every matrix Ay, for 1 <k < my—1 is of rank dy.
(1) The Cartan matrix is invertible, and assuming that by, ..., b, are non-zero, the
matrix Ag = BC is invertible also so that the rank of Ag is /.

(2) We recall that, for every 1 < i < di and for every 1 < j < djy1, we have:

N_g; 4.bp, it Bj —; is a simple root a,

Xy -[:U*’Yi] =
£ 0, otherwise.

Let 1 < j < dj4q. For every f3;, there exists a index ¢ € {1,...,d,} and a index
F(i,j) € {1,...,¢}, such that:

Bj =i + apgiy)-

This implies that:

Xyﬁj [ZB%] = N*ﬁj,’YibF(i’j)'

By construction, the above constant N_g, .. is non-zero and equal to 1. We prove,
for each simple Lie algebra, for by, ..., b, are all non-zero, the rank of the matrix
Ay is dy1®, forevery k=1,...,m; — 1.

(a) To prove the result for the classical simple Lie algebras of g of type Ay, By, C,
and D,, we fix an order on the roots of the same length. Then we show that the
matrices henceforth obtained have the required rank.

Case Ay: Let g be the simple Lie algebra of type A, and let aq,...ay
be the simple roots of g. We choose to arrange the d, = ¢ — k + 1 roots of
length k of g in the following (lexicographic) order v = aj + -+ + ag, 72 =
Qg+ Qi1 ey Yook = Qg+ 0+ Q1 Vo1 = Qg1 + -+ g, and the
diy1 = ¢ — k roots of g of length k£ + 1 in lexicographic order, which gives the
array below where all the decompositions of a root of length k£ + 1 as a sum of a
simple root with a root of length k£ and we have, for every 1 < j < /¢ —k,

Bi =i + Qg = Vi1 + (52)

5We will verify that the integer dy,1 depends on the choice of the simple Lie algebra g and
of the parity of k and it is written as a function of £ and k.
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The matrix Al defined in (51) is of the form:

bit1 0
bi  bito
b e
AT = o . (53)
by
0 bo_i

By removing the last row of Al we obtain a lower triangular square dj 1 X djgy1
matrix ['y, which is of rank dj.isince byyq,...b; are all non-zero. This implies
that the rank of Ay is dp 1 =0 — k.

Cass By: Let g be a simple Lie algebra of type By and let (ay,..., ) a
basis of simple roots of g. The positive roots of g have the following expressions

A=+ Fay, 1<i<d,
Ni—Aj =0+ + o, 1<i<) <Y,
)\i—i—)\j:CYi+"‘+Oéj—1+2(Oéj+"‘+a£)7 1<Z<]<€

To establish the rank of the matrix A, we need to discuss following the parity

of k. For k even, we choose to arrange the d, = ¢ — g roots of g of length £
in lexicographic order (lexicographic with respect to (Ai,...,Ar)), to wit v =
AL = Akt Yook = Aok = Ao Yokt = Aokt Yeokt2 = Aok F A Yk =

Ak g H X kg Yok = Ak Ak, and the diypy = £ — E roots of g of

length k£ + 1 in lexicographic order, which gives the array below where all the
decompositions of a root of length k£ + 1 as a sum of a simple root with a root of
length k have been indicated on the right column:

ag + 72,
ﬁl 1 k+2 { " + Qpr1,
ﬁf*k‘fl = )\Efkfl — )\[ = Qp—k—1 + Vi—k»

Ve—k—1 + Qp—1,
Qg + N—kt1,
Ye—k + Qi
Ve—k+1 1 Qu,
Op—f+1 T Ve—k+2,

Be—k = Ak =

Bo—k+1 = M—k+1+ N =

Oy & + Yk

—k_1 T Yok,
Booey = Nk F /\efﬁ+2 = ’ 2
2 2 2 ’yé—g—l_{—aé—g—i—%

ﬁz—g = )‘e—g +)‘e—§+1 = Yok +O%—§+1-

In view of the previous array, the matrix A7, defined in (51) takes the following
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form:

brt1
b1 . 0

Af = be—ky1 bet

0 bk

b« b, &
-k 1 O kg

We notice that AZ is a lower triangular square dg;q X dgy1 matrix. Its determinant
is a product of a finite number of b;, therefore it is non-zero (we recall that the

by, ..., b all different from zero). This implies that the rank of Al is dj,q = (— g

For k odd, we arrange the dp = ¢ — % roots of g of lengths k£ in
lexicographic order, to wit v = A1 — Aga1, - Veek = Mk — Ao, Ve—ki1 =
Abokot 1y Yookt = Aok TG - Yok = Akt A 1, Y b = A kon

)\‘,5_%Jrl and the dg, = 0 — % — 1 roots of g of length k£ + 1 in lexicographic
order, which gives the array below where all the decompositions of a root of length
k+1 as a sum of a simple root with a root of length £ have been indicated on the
right column:

g + 72,
— )\ — )\ _
’ 1 s { M1+ Qg
Q-1+ Vi—k,
—h= = )\ —k—1 — )\ =
i . ‘ Ye—k—1 + Qp—1,
Qg+ N—pt1
_ = M\ — )
Bﬁ ' o Ye—k + Qy,
Be—k+1 = MN_ki1+ N _ Ve—k+1 + Qy,

Qp—fr1 T Ve—k+2,

Oy k-1 + k—1
etz T Ykl

/Bg,ﬂ,1 = )\g,b,1 +>\g,ﬂ 1 =
2 2 7t ’yf_%_ljtae_%ﬂ.

In view of the previous array, the matrix A7, defined in (51) takes the following
form:
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Dot 0

bi—k—1 b
AT = —k—1 D¢

0 T be-%ﬂ

b, k1
ko1

By removing the last row of Al defined in (51), we obtain a lower triangular
square di41 X dp41 matrix I'y which is of rank dj; since b; is non-zero for all j.
This implies that the rank of Ay is dyy1 =0 — % —1.

Case Cy: Let g be a simple Lie algebra of type C, and let (o, ..., )
be a basis of simple roots of g. The expressions of the positive roots of g are

2\ =20+ ) + l<isd,
)\i—/\j:Oéi+"'+Oéj—1, 1<Z<]<€7
)\Z‘—i-)\j:Oéi—f—"'—f—(l/j_l+2(Oéj+"'+0[g_1)+(l/g, 1<Z<]<€

To compute the rank of the matrix Ay, we discuss following the parity of k. For k
even, we choose to arrange the dy = ¢ — g roots of g of length £ in lexicographic
order, to Wit 71 = A1 — Meg1, oo Yomk—1 = Mmk1 — M1y Vemk = Nk — Aoy Vomkg1 =
Avket F A0 Veoki2 = Ak F A1, Yok g = Ak T A kg, Yk = Ak
)‘f7§+1’ and the dy, =0 — g roots of g of length k£ + 1 in lexicographic order,
which gives the array below where all the decompositions of a root of length k+ 1
as a sum of a simple root with a root of length £ have been indicated on the right
column:

aq + Y2,
— N\ — ) _
I 1 — Akt2 { + et
Oy—f—1 + Ve—k;
Ny == )\ 1 — A fr—y
Be—r-1 Y Vopt + 1,
Be—k = Mrt N = e+ Vet

Ye—k+1 T Qo—k,
Q-1 + Ve—k+1,

kel = Akl T A =
Be-kt + Ye—kt2 + Qu_k41,

5 \ a Qb T Y-k,
_k_ - _k_ _k -

/Bﬁ_g — 2A€_§ — Oé(_g +’y£_§
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Therefore the matrix AT defined in (51) has the following form:

bi+1
bl 0
be_1
be—k—1 by
T _
Ay = be—r ey
be—kt1
0 b£—§+1
bffgfl bzfg

We notice that AZ is a lower triangular square dyy1 X di1 matrix. Its determinant
is a product of a finite number of b;, therefore it is non-zero. This implies that
the rank of Al is dj, =0 — g

We consider now the case where k is odd. The dy = ¢ — % roots of g of
length k are ordered by lexicographic order, to wit

M= A T Nl e Vo1 = Mkl — Ne—1, Ve—k = N—k — e,
Ye-k+1 = M—ky1t Ao, Veery2 = Mcpg2 A1,
Yokl g = )‘5—%—2 + Az—%u? Te—ksl 1 = )‘e—%—l + Az-%ﬂ?
k—1 — 2)\ k—1
Yozt =5

and the roots dj 1 = — % —1 of g of length k-+1 in lexicographic order, which
gives the array below where all the decompositions of a root of length k + 1 as
a sum of a simple root with a root of length k& have been indicated on the right
column:

aq + Y2,
B = Al — g2 =
’ { M+ Ak,
Q-1+ Vo—k,
Be—k—1 = N—p-1— N =
Ve—k—1 T Qp—1,
oy + Ve—k
Be—k = M—p+ N = ’
Yo—k+1 T ok,
-1+ Ye—k+1,
Be—k+1 = N—kt1 + Aot =
* + Ve—k+2 + k11,
B, k1 = AN k1 o+ A, ko Olg_%_ﬂ‘i")’g_%_g,
=52 =52 (=541 g/ = + Qg1 _y,
Oy k=1 + Yy k-1
{—E= e
R — 2 2
B[_ﬂ_l - )\Z—b—l + )\5_@ - {
2 2 2 k=1 + Q) k-1 4.
Yozt =51
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Therefore the matrix A7 defined in (51) takes the following form:

b1 0
by
be—1
be-k—1 by
AT = be—r be
be—k11
bz-%ﬂ
0 bz-%—z bz-%

By removing the last row of Al we obtain a lower triangular square dj 1 X djgy1
matrix Iy, which is of rank dj1; since b; is non-zero for all j. This implies that
the rank of Ay is dyy 1 =0 — % —

Case D;: Let g be a simple Lie algebra of type D, and let (o, ..., )
be a basis of simple roots of g. The positive roots of g are

ANi—Aj =+ + oo, 1<i<y </,
ANi+ M=o+ +ap_9+ ay, 1<i </,
)\H—)\j:ozi+-~~+aj,1+2(04j+---+045,2)+ag,1+04g, 1<’l<]<€

As in the case of By, to calculate the rank of the matrix A, we study separately
the cases where the integer k is even and odd. Let us start with the case k is

even. We arrange the dy = { — % roots of g of length £ in lexicographic order, to

Wit: Y1 = A = Apg1, o Vemk—1 = Ae—k—1 — Ae—1, Yok = Nk — Aoy Ve—kt1 = Aok +
Aoy Yotz = M—py1+ A1, - 775_5_1 = Ag_g_g +)\g_g+2a 'Yg_g = )‘K—g—l - )\g_§+17
and the dy, = — % roots of g of length £+ 1 in lexicographic order, which gives
the array below where all the decompositions of a root of length k + 1 as a sum
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of a simple root with a root of length £ have been indicated on the right column:

(0%} +’727
= M\ — ) =
b ! 2 { 1+ Oy,

Qo1+ Ve—k,

Bo—k—1 = MN—k—1— N = Ve bo1 + Q1
Bok = Ae—p-1+ N = 3;:::11 :gﬁ:kﬂ’
0 + Ve—k,

{ Ye—k+1 -+ Qyp_1,
Ye—k+2 + ok,
Op—f+1 T Ve—k+3;
Ye—k+2 + 2,

Bo—k+1 = M—k + M1 =

Bo—kt2 = N—k+1 + A2 =

(8 k k
ek T Yok,

Bok_y = Nk g+ A_ky =
l 2 1 ? ] 2 l 2+1 {72_3_1+a€_§+1’
(6]

B = Ax g F A = ks
Then the matrix A} defined in (51) takes the following form:
brt1
b
o by by
bo—j— 0 b

AT = l—k—1 (4

F be—k—1 be
be—r be—2
be—k+1

The matrix Af is a square matrix and we verify that

—k—1 175 be-1 be 0
det Az = Hj:2 i2:2 bg_jbg_i det bgfkfl 0 bg .
0 be—k—1 be—1

k

Therefore det Ag = —2by_1bpby_j_1 H?;g_l 25 be—jbe—;, which is non-zero. We
then deduce that the rank of A7 is dpyq =0 —£.

We now consider the case where k is odd. The dy = ¢ — % root of g of

length k are ordered in lexicographic order, to wit:

M= A = Nty Yemke1 = MN—k—1 — A—1,  Vi—k = MN—k — A,
Ve—kt1 = M-k F+ Xy Ve—ri2 = Ne—ky1 o1, .,
Yokl o = )‘e—%—:s + Az—%w? Te-ksi g = )‘e—%—Q + Az—%ﬂ?

k—1 - )\ k—1 - )\ k—1
Tzt =51 =5
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and the dy =0 — % — 1 roots of g of length k41 in lexicographic order, which
gives the array below where all the decompositions of a root of length k£ + 1 as
a sum of a simple root with a root of length k£ have been indicated on the right
column:

aq + 727
Y1+ Qg

ﬁl = )\1_)\14:4-2 = {

Qo1+ Yok,
Ye—k—1 + Qy_1,
Q-1+ Vo—kt1,
Ye—k—1 + Qy,

Bo—k—1 = N—k—1— N =

Bo—k = M—p—1+ N =

Ve—k+2 + Qi
Qp_ k1 + Vo—k43,

Bo—k+2 = N—pg1 + A2
+ + Ye—k42 + Qy_2,

Fetigt g+ Veigoa
Ve-ksi ot Qp bty

oy + Ye—k,
Be—kt1 = A—p+ Ny = Ye—k4+1 T Qp_1,

567%72 = )‘47%73"“)‘5—%“ =

[0 k-1 + ’}/ k—1
—=2==_9 —E2==)
13 k—1 - )\ k—1 2 + )\ k—1 - 2 2
eiTil ZiTi ZﬁT { ")/Z k—21 + Oéz k—21 2

The matrix "Ay, defined in (51) has the following form:

br+1
by
be—1 be
bpr—1 0O be
tAp = be—r—1 b
b b
bo—41

bh%ﬂ
b k—1 b k—1
e R

k=12

By removing the first row of AY, we obtain a upper triangular square dj 1 X dj11
matrix I'; which is of rank dj1; since b; is non-zero for all j. This implies that
the rank of Ay is dp 1 =0 — % —1.
(b) For the exceptional simple Lie algebras Gy, Fy, Eg, E7 and Eg, we check the
result by a direct computation on the software Maple. We give the program Maple
that completes the proof of Proposition 4.12. We restrict ourself to the Lie algebra
Eg (for the other types, we use the same program with a adapted vector R).
When g is the simple Lie algebra of type Ejg, the cardinality of the set of
positive roots of g is N := 36. We suppose that the elements of &, are indexed by
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lexicographic order. To each « of @, we associate a row vector R[i] := [ay,. .., ag]
such that o = Z?:l a;joj, where o, ...,ay are the simple roots.

with(linalg):

N:=36:

rank:=6;

R[1]:=[1,0,0,0,0,0]: rR[2]:=[0,1,0,0,0,0]: R[3]:=[0,0,1,0,0,0]:
R([4]:=[0,0,0,1,0,0]: rR[5]:=[0,0,0,0,1,0]: rR[6]:=[0,0,0,0,0,1]:
R[7]:=[1,0,1,0,0,0]: rR[8]:=[0,1,0,1,0,0]: R[9]:=[0,0,1,1,0,0]:
rR[10]:=[0,0,0,1,1,0]: R[11]:=[0,0,0,0,1,1]: R[12]:=[1,0,1,1,0,0]:
R[13]:=[0,1,1,1,0,0]: R[14]:=[0,1,0,1,1,0]: R[15]:=[0,0,1,1,1,0]:
R[16]:=[0,0,0,1,1,1]: RI[17]:=[1,1,1,1,0,0]: RI[18]:=[1,0,1,1,1,0]:
R[19]:=[0,1,1,1,1,0]: RI[20]:=[0,1,0,1,1,1]: R([21]:=[0,0,1,1,1,1]:
R[22]:=[1,1,1,1,1,0]: R[23]:=[0,1,1,2,1,0]: R[24]:=[1,0,1,1,1,1]
R[25]:=[0,1,1,1,1,1]: R[26]:=[1,1,1,2,1,0]: R[27]:=[1,1,1,1,1,1]
R[28]:=[0,1,1,2,1,1]: R[29]:=[1,1,2,2,1,0]: RI[30]:=[1,1,1,2,1,1]
R[31]:=[0,1,1,2,2,1]: R[32]:=[1,1,2,2,1,1]: R[33]:=[1,1,1,2,2,1]
R[34]:=[1,1,2,2,2,1]: RI[35]:=[1,1,2,3,2,1]: R[36]:=[1,2,2,3,2,1]

#We define a
long:=proc(X)
sum(X [k] ,k=1. .nops (X))
end:
#We construct a list containing the roots of the same length
lis:=proc(i)
local k, list;
list:=[];
for k from 1 to N do
if long(R[k])=i then
list:=[op(1list),R[k]]
fi
od
end:
#Relation between a root i of length k and a root j of length k+1
a:=proc(k,i,j)
local 1,res,dL;
res:=0:
dL:=lis(k+1) [j1-1is(k) [i];
for 1 from 1 to rank do
if dL=R[1] then res:=b[1]
fi;
od;
res
end:
Gammas : =proc (k)
matrix(nops(lis(k)) ,nops(lis(k+1)),(i,j)—>a(k,i,j))
end:
#We verify if the rank of the matrix [, (that is A} in the proof of

rocedure to calculate the length of a root

o
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# Proposition 4.12) is the number of roots of length k.
verif :=proc(k)

if nops(lis(k+1))-rank(Gammas(k))=0 then 1 else 0

fi
end:
K:=1;
for i from 1 to long(R[N])-1 do K:=K*verif (i)
od:
if K=1 then print(0K)

else print("pas OK")
fi;

0K |

5. A conjectured integrable system

We believe that the periodic Full Kostant-Toda lattice and the periodic Toda
lattice are two extremes cases of a string of integrable systems, that we now present.
In Proposition 3.2, we have shown that 7, is a Poisson submanifold of g, using
the fact, stated in (14), that

7;\:: @ g~z+f7

—myp<i<0

where f := S e+ Ae_s € §. The same argument shows that ’T;k) =
Do<ici 8—i + f is a Poisson submanifold of g for all k= 1,...,m,.

By construction, the phase spaces T;mé) and 7;(1) are the phase spaces of

the periodic Full Kostant-Toda lattice and the periodic Toda lattice respectively.

Since the differential equation associated to the Hamiltonian (z(A)|z(\)), is

Liouville integrable in the two extreme cases, it is natural to ask whether it is
Liouville integrable for all k.

More precisely, it is natural to ask whether the following differential equa-
tion is Liouville integrable for all k =1, ..., my:

L®ON) = [LPN), LP(N)_],V1 < k < my, (54)

where L*)()) is an element of the phase space

ﬂ(k) = Xe_g+bh+ Z g+ A719m2+17j (55)

1<j<k

and L™ ()\)_ is the strictly lower part of L*)()\).

Example 5.1.  When g is sl,,(C) and b is the subalgebra of diagonal matrices
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of sl,(C), an element L*)()\) of 7;\ has the following form:

an 1 0 ... 0 )\_1a17n_k+1 cel /\_1a17n
)Flakm
0
k41,1 : (56)
0 :
: 0
0 1
A 0 ... 0 apnus nn

Notice that these differential equations are those that appear in [10], for formal
solutions are given.

For the family of functions that give the Liouville integrability, there is
again a natural candidate, given by the restriction of the family (F;;,1 < i <

0,0 <i<my) to 7; . Again, several of these restrictions vanish or are constant.
It seems that the following families of functions:

my + 1

)

admit a restrictions to 7;(]9) which are independent. At least, we have been able
to check, with Maple, that these restrictions are independent for sl,(C) with
n = 2,...,7, and for the Lie algebras B, for n = 2,...,6 for all possible value
of k. For all the previous cases, we have also Verlﬁed by using Maple, that the
rank Rk(TAk) {.,-}p) = d11rn7'(lC Rk(T(lC {, }R) of the restricted Poisson
structure satisfies the third item of Deﬁmtlon 1.1, which establishes the Liouville
integrability. We therefore think that this should be always true.

Conjecture 5.2.  The triplet (ﬂ(k),ﬁik), {-,-}5) is an integrable system.

The first difficulty is that, for 1 < k < my, it is not possible any more to
find in the phase space of 7;(]6) points where we can apply Theorem 4.7 of Rails: we
therefore probably have to find a suitable generalization of this result. It is very
likely that we have to use a point of the form

dk dmg+l—k

Lo(N) = de— 5+e—|—th +Zaze_%+>\ ! Z Ci€n:,

=1 =1

where 7,...,74, are the dj roots of g of length £ and 7,... My 1 BTE the
dyy41-1 roots of g of length my+ 1 — k. Also, it is not clear to see at which point
one should compute the rank. It is even far from being easy to guess which ones
of the functions ]-" are going to be Casimir functions. It is clear that only the
functions F Bk may be Casimirs functions, but some of them are not. For
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instance, for kK = 1, only one of them (for i = ¢,7 = k) is a Casimir function,
while for the periodic Full Kostant-Toda, all the functions F),, ; for ¢ = 1,...,¢
are Casimirs (by Proposition 4.9). For generic values of k, the behavior seems
at first to be quite random. For instance, in the case g = sl,(C), n = 7 and
k = 2, respectively k = 3, (cases where the Liouville integrability can be proved
by Maple), the Casimir functions are Fj;, Fg o, respectively Fj 1, Fyo, Fo3.
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