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Abstract.  We give a formula for the modular operator and modular conju-
gation in terms of matrix coefficients of corepresentations of a quantum group in
the sense of Kustermans and Vaes. As a consequence, the modular autmorphism
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1. Introduction

The definition of locally compact quantum groups has been given by Kustermans
and Vaes [13], [14] at the turn of the millenium, and we use their definition
of locally compact quantum groups in this paper. We stick mainly to the von
Neumann algebraic setting [14]. Since the introduction of quantum groups in the
1980ies and their theoretical development, many results known in the theory of
groups have been generalised to quantum groups in some setting. In particular, the
theory of compact quantum groups has been settled satisfactorily by Woronowicz
establishing analogues of the Haar measure and the Schur orthogonality relations
for matrix elements of corepresentations analogous to the group case, see [21] and
references given there. In particular, in the Kustermans-Vaes approach to locally
quantum groups there is a well-defined notion of dual locally compact quantum
group. Moreover, the double dual gives back the original locally compact quantum
group.

In his thesis [2, §3.2] Desmedt generalises the Plancherel theorem for locally
compact groups to the setting of quantum groups. Imposing sufficient conditions
on a quantum group reminiscent of the conditions of the classical Plancherel
theorem, he proves a decomposition of the biregular corepresentation in terms
of tensor products of irreducible corepresentations. The intertwining operator,
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also called the Plancherel transformation, is given in terms of fields of positive
self-adjoint operators which correspond to classical Duflo-Moore operators. One
consequence of the quantum Plancherel theorem is the existence of orthogonality
relations of matrix coefficients in terms of these operators.

The present paper focusses on the modular properties of matrix coefficients
of a locally compact quantum group that satisfies the assumptions of Desmedt’s
Plancherel theorem. The orthogonality relations suggest that modular properties
of integrals of the matrix coefficients of corepresentations of a locally compact
quantum can be expressed in terms of the corresponding operators of Duflo-Moore
type. Here, we give the polar decomposition of the second operator (7) as in the
Tomita-Takesaki theorem for a general locally compact quantum group satisfying
the conditions of the Plancherel theorem, see Theorem 3.1. In the case of a uni-
modular locally compact quantum group, we obtain an explicit expression for the
action of the modular automorphism group on matrix elements of corepresenta-
tions. This result is presented in Theorem 4.8.

In the second part of this paper, we determine the modular conjugation
and the modular automorphism group for the case of the locally compact quantum
group associated with the normaliser of SU(1,1) in SL(2,C). This quantum group
was introduced in [9] and further studied in [6], where the explicit decomposition
of the left regular corepresentation is presented. We calculate the Duflo-Moore
operators for almost all corepresentations in the decomposition of the left regular
corepresentation. This extends Desmedt’s result in [2, §3.5], where he determines
Duflo-Moore operators for the discrete series corepresentations using summation
formulas for basic hypergeometric series instead of the modular formula obtained
in the present paper.

This paper is structured as follows. After introducing the notational con-
ventions, we recall Desmedt’s Plancherel theorem in Section 3. We indicate how
his theorem implies orthogonality relations between matrix coefficients and prove
a result about integrals of matrix coefficients that are square integrable, see The-
orem 3.11. Next, in Section 4 we give a formula of the modular automorphism
group of a unimodular quantum group in terms of matrix coefficients. In Section
5 we apply the theory of Sections 3 and 4 to determine the Duflo-Moore operators
of the normaliser of SU(1,1) in SL(2,C). Appendix 6 contains a technical result
on direct integration and Appendix 7 proves that the example of Section 5 satisfies
the assumptions of the Plancherel theorem.

2. Conventions and notation

For results on weight theory on von Neumann algebras our main reference is [18].
If ¢ is a weight on a von Neumann algebra M, we use the standard notation
Ny ={r € M | p(z*x) < oo} and M, = NGN,, ML =M, N M". o7 denotes
the modular automorphism group of ¢.

The definition of a locally compact quantum group we use is the one by
Kustermans and Vaes [13], [14]. We briefly recall their notational conventions,
see also [11], [21]. Let (M,A) be a locally compact quantum group, where M
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denotes the von Neumann algebra and A the comultiplication. So A is normal
x-homomorphism A: M — M ® M satisfying (A ® t)A = (+ ® A)A, where ¢
denotes the identity. Moreover, there exist two normal semi-finite faithful weights
v, ¥ on M so that

o((w@)A(z)) = p(z)w(l), Vwe M, VzeM] (left invariance),
V((t@w)Az)) = ¢(z)w(l), Vwe MS,VreM; (right invariance).

¢ is the left Haar weight and 1 the right Haar weight. (H,, A, 7,) and (Hy, ', my)
denote the GNS-constructions with respect to the left Haar weight ¢ and the
right Haar weight 1 respectively. Without loss of generality we may assume
that H, = H, and M C B(H,). The operator W € B(H, ® H,) defined
by W*(A(a) ® A(b)) = (A ® A)(A(b)(a® 1)) is a unitary operator known as the
multiplicative unitary. It implements the comultiplication A(z) = W*(1 ® z)W
for all x+ € M and satisfies the pentagonal equation WisWi3Wss = WosWis in
B(H,® H,® H,). In [13], [14], see also [11], [21], it is proved that there exists a

dual locally compact quantum group (M, A), so that (M, A) = (M, A).

A unitary corepresentation U of a von Neumann algebraic quantum group
on a Hilbert space H is a unitary element U € M ® B(H) such that (A®:)(U) =
UisUss € M @ M ® B(H), where the standard leg-numbering is used in the
right hand side. A closed subspace L C H is an invariant subspace for the
unitary corepresentation U if (w ® ¢)(U) preserves L for all w € M,. A unitary
corepresentation U in the Hilbert space H is irreducible if there are only trivial
(i.e. equal to {0} or the whole Hilbert space H) invariant subspaces. If U; is a
corepresentation on a Hilbert space H; and U, is a corepresentation on a Hilbert
space Hs, then U; is equivalent to U, if there is a unitary map Y : H; — Hs,
such that (¢ @ Y)U; = Uy(t ® Y). We use the notation IC(M) for the equivalence
classes of irreducible, unitary corepresentations of (M, A).

(M,,A,) denotes the universal dual and (M., A.) denotes the reduced
dual C*-algebraic quantum groups [10]. The dual weights are denoted by @,
and @&u for (MU,AU) and ¢, and 1&0 for (]\ZIC,AC). Similarly, we have GNS-
constructions (H,, Ag,,7s,) and (H¢,f‘1/;u,ﬂ1/;u) for (M,, A,) and (H,, Ay, 7p,)
and (Hw,f@;c,wq/;c) for (M,,A.). Recall that without loss of generality we may
assume that H, equals Hy.

~ ~

By IR(M,) and IR(M.) we denote the equivalence classes of irreducible,
unitary representations of M, and M, respectively. We recall from [10] that there

~ ~

is a bijective correspondence between IR(M,) and IC(M) and that IR(M.) is
contained in IR(M,,).
W denotes the multiplicative unitary associated with M. For w € M, we

define A(w) = (w ® 1)(W) € M. We set
T ={we M,|Ax)— w(@),z €N, is a continuous functional on H,}.

7 is dense in M, [13, Lemma 8.5]. By the Riesz representation theorem, for every
w € Z one can associate a unique vector denoted by £(w) such that (£(w), A(x)) =
w(z*). The set {(w), w € T, is dense in H, [13, Lemma 8.5]. Then the dual
weight ¢ on M is the weight defined by the GNS-construction A(w) — &(w).
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This GNS-construction of M is denoted by A. All these definitions have right
analogues.

Ip ={we M, |I'(z) = w(a®),z € Ny is a continuous functional on Hy} .

For w € Zg, there is a vector £g(w) such that (€g(w),I'(z)) = w(z*). The set
¢r(w), w € Ip, is dense in H,,.

For a € M, , we denote @ € M, for the functional defined by @(z) = a(z*).
Define Mf = {a € M, |30 € M,: (0 ®1)(W) = (a®)(W)*}. It can be shown
[10] that for every a € M} there is a unique # € M, such that (§ ® )(W) =
(a®)(W)* and 0 is determined by 0(z) = @(S(x)),z € D(S), where S is the
unbounded antipode of (M, A). We will write o* for this 6.

Basic results on direct integration can be found in [4]. For direct integrals
of unbounded operators we refer to [15], [16] and [20, Chapter 12]. If X is a
standard measure space with measure p, we use the notation (Hy)yex or simply
(Hy)y for a field of of Hilbert spaces Hy over X. If (Hy)y is a measurable field
of Hilbert spaces we denote its direct integral by [ ;(B Hydu(U). Similarly we add
subscripts to denote fields of vectors, operators and representations.

Let H be a Hilbert space. We define the inner product to be linear in the
first entry and anti-linear in the second entry. We denote the Hilbert-Schmidt
operators on H by Bs(H). Recall that By(H) is a Hilbert space itself, which is
isomorphic to H® H , the isomorphism being given by £ ®7 : h +— (h,n)¢. Here H
denotes the conjugate Hilbert space. We denote vectors in H and operators acting
on H with a bar. For £, € H the normal functional we, on B(H) is defined as
wen(A) = (A€, n). The domain of an (unbounded) operator A on H is denoted
by D(A). The symbol ® denotes either the tensor product of Hilbert spaces, the
tensor product of operators or the von Neumann algebraic tensor product. It will
always be clear from the context which tensor product is meant.

3. Plancherel Theorems

The classical Plancherel theorem for locally compact groups [5, Theorem 18.8.1]
has a quantum group analogue, which has been proved by Desmedt in [2]. This
section recalls part of Desmedt’s Plancherel theorem and elaborates on minor
modifications and implications of this theorem which turn out to be useful for
explicit computations in Section 5.

For two unbounded operators A and B, we denote A - B for the closure of
their product.

Theorem 3.1 (Desmedt [2, Theorem 3.4.1|).  Let (M,A) be a locally compact
quantum group such that M isa type I von Neumann algebra and such that M, isa
separable C* -algebra. There exist a standard measure y on IC(M), a measurable
field (Hy)y of Hilbert spaces, a measurable field (Dy)y of self-adjoint, strictly
positive operators and an isomorphism Qp, of H, onto f@ By(Hy)du(U) with the

following properties:

1. For all « € T and p-almost all U € IC(M), the operator (a ® )(U)Dy" is
bounded and (o ® 1)(U) - D' is a Hilbert-Schmidt operator on Hy; .
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2. For all o, 8 € T one has the Parseval formula
). = [ T((B20w) D7) (@0 00) - D)) dutv),

and Qy, is the isometric extension of

@
ANT)) — Bo(Hy)du(U ) / ) - Dyt du(U).
IC(M)

Here p is called the left Plancherel measure and Qj is called the left
Plancherel transform. We will be dealing with a right analogue of the Plancherel
theorem as well, see [2, Remark 3.4.11]. Here we explicitly state the part of this
theorem that is relevant for the present paper.

Theorem 3.2.  Let (M,A) be a locally compact quantum group such that M
is a type-I von Neumann algebra and such that M, is a separable C* -algebra.
There exist a standard measure pg on IC(M), a measurable field (Ky)y of Hilbert
spaces, a measurable field (Ey)y of self-adjoint, strictly positive operators and an
isomorphism Qg of H, onto f@ By(Ky)dv(U) with the following properties:

1. For all a € Ty and ug-almost all U € IC(M), the operator (a ® 1)(U)E,*
is bounded and (o @ )(U) - E;' is a Hilbert-Schmidt operator on Ky .

2. For all o, 8 € Ir one has the Parseval formula

@)@ = [ T (30 0W0)-E7") (0@ 00) - Ei')) dun(V),

IC(M)

and Qg 1is the isometric extension of

o ®
—>/ By(Hy)dpr(U) = &Er(a®) — IC(M)(a@)L)(U)-EglduR(U).

3. The measure jug can be choosen equal to the measure u of Theorem 3.1 and
the measurable field of Hilbert spaces (Ky)y can be choosen equal to (Hy )y,
the measurable field of Hilbert spaces of Theorem 3.1.

Parts (1) and (2) of this theorem can be obtained from [2, Theorem 3.4.5]
using the relations between the right Haar weight ¢ and the right Haar weight zﬁu
on the universal dual quantum group. The prove is similar to how Theorem 3.1
is obtained from [2, Theorem 3.4.5]. We elaborate a bit on the third statement.
Since ¢, and ¢u are both approximately KMS-weights on the universal dual M,,
their W*-lifts are n.s.f. weights so that [18, Theorem VIII.3.2] implies that the
representations m, and m, are equivalent. Hence

Mo (My)" = mp (M) = 7

(M) =7

b 5. (ML)". (1)

The proofs of Theorems 3.1 and 3.2 show that the measures p and v together
with the measurable fields of Hilbert spaces (Hy)y and (Ky)y in Theorems 3.1
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and 3.2 arise from the direct integral decompositions of 7, (Mu)” and Wéu(Mu)”,
respectively. That is:

. ©® R [S¥)
m (1) = [ B )ue), g, (1) = [ B )dunlo),

By (1) we may assume that u = pur, X =Y and (Hy)y = (Ky)y. Furthermore,
by [2, Equ. (3.4.2)], ms(y) =y = m;(y), Yy € M, which shows that the correspon-

~

dence between X and the measurable subspace IR(M,,) is the same for 7y, and
T - This proves the third statement of Theorem 3.2.

Qpr is called the right Plancherel transform. In the rest of this paper we
will assume that p = pugr and we simply call p the Plancherel measure. Similarly,
we 1dent1fy (KU)U with (HU)U-

Remark 3.3. Theorems 3.1 and 3.2 remain valid when the assumption that M,
is separable (universal norm) is replaced by the assumption that M, is separable
(reduced norm) and the measure space IC(M) is replaced by the measure space
IR(MC) . The proof is a minor modification of the proof of [2, Theorem 3.4.1]. Here,
IR(M,,) can be replaced by IR(M,) and V should be read as the multiplicative
unitary W, see [10] for the definition of V. The proof of this modification can be

obtained by using the following relations instead of [2, p. 118-119]:

~

To (W@ )(W)) = (w® 1)(U,) where o € IR(M..) corresponds to U, € IC(M),
Ew) =A(wa )W) = Ay, (we (V).

(2)

In [2, Theorem 3.4.8] Desmedt proves that the support of the left and right

~

Plancherel measures equal IR(M.), which is in agreement with this observation.

Remark 3.4. The corepresentations that appear as discrete mass points in the
Plancherel measure correspond to the square integrable correpresentations in the
sense of [1, Definition 3.2] or the equivalent definition of left square integrable
corepresentations as in [2, Definition 3.2.29]. A proof of this can be found in [2,
Theorem 3.4.10].

Notation 3.5. In the rest of this section as well as in Section 4 we adopt the fol-
lowing notational conventions. (M, A) is a fixed locally compact quantum group
satisfying the conditions of Theorems 3.1 and 3.2. We set D = ffg( M) Dydu(U),

E = erCB(M) Eydu(U) and H = fIECB(M) Hydp(U), where p is the Plancherel mea-
sure. All (direct) integrals are taken over IC(M). In the proofs we omit this in
the notation.

In the remainder of this Section, we express the Plancherel transformation
in terms of matrix coefficients to arrive at Theorems 3.10 and 3.11. These theorems
can be considered as direct implications of the Plancherel theorems. We will need
them in Section 5.
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Lemma 3.6.  We have the following:

2. Let x € M, such that the linear map f : (
bounded. Then x € D(I') and f(¢r(a)) = (€r(a

Proof. We prove the first statement, the second being analogous. The claim is
true for x € N,,, since D(A) = N, and by definition ({(a), A(x)) = a(z*), for all
a € Z. Now, let x € M be arbitrary. The set {{(«) | &« € Z} is dense in H, by
[13, Lemma 8.5] and its subsequent remark. Hence, by the Riesz theorem, there is
a v € H, such that for every o € T «(z*) = ({(«),v). Let (ej)jes be a bounded
net in the Tomita algebra

= {z e N, NN} | z is analytic w.r.t. 0¥ and o7 (x) € N, NN}, Vz € C},

converging o-weakly to 1 and such that Uf/z(ej) converges o-weakly to 1 (using
the residue formula for meromorphic functions, one can see that the net (e;);cs
defined in [19, Lemma 9] satisfies these properties). Let a,b € 7, and fix the
normal functional a by a(x) = p(axb),z € M. Using [13, Lemma 8.5] we find

(€(a), Awey)) = plaejz™d) = (A(bo?,(ae])), v) = (Abo?,(a)), Jmo(0]),(e)") Jv).

Hence, A(ze;) = Jr,(o z/2(6 )*)Jv, so that A(xe;) converges weakly to v. Since

re; — x o-weakly and A is o-weak/weakly closed, this implies that z € D(A) =
N, and v = A(z). n

Recall that [© By(Hy)du(U) =~ [© Hy @ Hydp(U). For n = [ nudu(U), €
— [“¢udu(U) € H the mesurable field of vectors (£ ® 7ig)y is not necessarily
square integrable. If it is square integrable, [¥ &y @Tpdu(U) € [© By(Hy)du(U).

We obtain the following expression for the left Plancherel transformation.

Lemma 3.7. Let n = ffg(M) nudu(U) € H and £ = fIC Eudu(U) € H be

such that n € D(D™Y) and (&g @ ny)y is square mtegmble Then IC(M) >
U (t® ng’Daan)(U*) € M is o-weakly integrable with respect to u and

fIC(M)(L ® Wgy,Dgan)(U*)d/‘(U) eN,, and
@
([ womn@)=a( [ (@ugun)CN). 6
Proof. For aw € 7, Theorem 3.1 implies that
6.0 ([ & emduv)) = [((a® )D& & Thusdu(U)
= [ (@ w1, ) O)AV) =l [ (8 w2, O

where the last integral exists in the o-weak sense. We see by Lemma 3.6 that,
J® We, it ) (U)dp(U) € D(A) = Ny, and (3) follows. n
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Remark 3.8.  As in the proof of Lemma 3.7 we see that for £ = fEB Eudu(U) €
H,n= f@ nudp(U) € H, the o-weak integral [(1Qwe, n, )(U*)du(U) € M exists,
and for a € M., | [(a ® wg, 5, )(U)dp(U)| < [l [1€][]I]]-

The previous lemma shows that Q;' is an analogue of what Desmedt calls
the (left) Wigner map [2, Section 3.3.1]. This map is defined as

By(Hy) = H : 27 A (1 ®we 1, )(U7)). (4)

where U is a corepresentation on a Hilbert space Hy that appears as a discrete
mass point in the Plancherel measure, cf. the remarks about square integrable
corepresentations at the end of Section 3. This map is also considered in [1, Page
203], where it is denoted by .

The next Lemma is the right analogue of Lemma 3.7, the proof being similar.

Lemma 3.9.  Let n = o mwdp(U) € H and & = [i&,p éodp(U) € H be
such that n € D(E™Y) and (&g @ Mg)y is square integrable. Then IC(M) > U
(t® ng’Eaan)(U) € M 1is o-weakly integrable with respect to . Furthermore,

fIC(M)(L ® wEU,Egan>(U)dM(U) S N¢ and

o /Ij(M) o) =T ([ o s On(0) ).

The Plancherel theorems imply the following orthogonality relations. The
theorem follows immediately from the expressions for the Plancherel transforma-
tions given in Lemmas 3.7 and 3.9. The orthogonality relations will be used in
Section 5 where we give a method to determine the Duflo-Moore operators of a
locally compact quantum group that satisfies the assumptions of the Plancherel
theorem.

Theorem 3.10 (Orthogonality relations). — Let (M,A) be a locally compact
quantum group, such that M, is separable and M is a type I von Neumann algebra.

Let n = [“nudu(U) € H, & = [“&dp(U) € H, o' = [*njdu(U) € H and
&= f@ ELd(U) € H. We have the following orthogonality relations:

1. Suppose that n,n" € D(D) and that (g @ Dunu)u, (§; @ Dunyy)u are square
integrable fields of vectors, then

o (([0o w0 @)au0)) [0 ) 00001 ) -

(5)
/ (Duti, Do) (€, €0)du(U).

2. Suppose that n,n" € D(E) and that ({y @ Eynu)u, (§, ® Eunp)u are square
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integrable fields of vectors, then:

o (([eowam@a@) [eou@mw) -

(6)
/ (v, Butly) €4 &) du(U).

Here f(L ® wSUv"]U)(U)d/’L(U)7 f(L ® WEUJIU)(U*)d:u(U)v f(L ® wﬁf]mb)(U)dM(U) ’
J(e®we e YU*)du(U) are defined in Lemma 3.7 and 3.9. The integrals are taken
over 1C(M).

As observed in Remark 3.8 the element [ (1 ®we, , )(U*)du(U) € M exists
for n = [ nudu(U) € H, € = [* &ydu(U) € H and the next theorem investigates
the consequences of [ (1t ® we, n, )(U*)dp(U) € N,.

Theorem 3.11.  Let £ = fIEg(M) Eudu(U) € H be an essentially bounded field of
vectors.

1. Letn = ffg(M) nudu(U) € H be such that fIC( (t@wey ) (UF)dp(U) € N,
Then, for almost every U in the support of (&u )U, we have ny € D(Dy).

)
2. Let n = fg an udp(U) € H be such that fIC (L @Wey iy )(U)A(U) € Ny
Then, for almost every U in the support of (fU)U, we have ny € D(Ey).

Proof. We only give a proof of the first statement. Consider the sesquilinear
form

o) = [08 05, )OO (08 g,0) 0701 )
with
a0 = a0, D)= {n= [ @) 8 w0/ Ii(0) € A}

q is a closed form on H. Indeed, assume that 7, € D(¢q) converges in norm to
n € H and that q(n, — n,m) — 0. Then [(¢ ® wey ., )(U*)du(U) converges to
J (6 ® wey ) (U*)dp(U) o-weakly. By assumption A( [ (¢ ® we, . o )(U*)dp(U)) is
a Cauchy sequence in norm. The o-weak-weak closedness of A implies that [(:®
e (U )A(U) € D(A) = N, 50 17 € D(q) and A(f (@ w0 ) (U )dja(U)
converges to A([(t® ngWU)(U*)d;L(U)) weakly. Since we know that A([(t ®
Weymnw)(U)du(U)) is a actually a Cauchy sequence in the norm topology it is
norm convergent to A( [ (¢ ® we,, ) (U*)du(U)). This proves that g(n —n,) — 0.

Since ({y)y is a square integrable, essentially bounded field of vectors,
f@ v @Mudu(U) € By(H). By Lemma 3.7, D(D) C D(q), so that ¢ is densely
defined. ¢ is symmetric and positive by its definition. By [8, Theorem VI1.2.23],
there is a unique positive, self-adjoint, possibly unbounded operator A on H
such that ¢(n,n7) = (An, A’y and D(A) = D(q). By Theorem 3.10 we see
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that for n,n € D(D) we have [(Dynu,Dun)|lEvll?du(U) = (An, An'). Since
both A and [®|&y|du(U) are positive, self-adjoint operators this yields A =
[®||év|| Dudp(U). In particular n; € D(Dy) for almost every U € supp ((&)v) =
{U € IC(M) [ ||| # 0} m

4. Modular properties of matrix coefficients

In this section we work towards expressions for the modular automorphism group
of the left and right Haar weight in terms of matrix elements of corepresenta-
tions, culminating in Theorem 4.8. The matrix coefficients of corepresentations
are preserved under the modular automorphism group. The idea of proving
this formula is to describe the polar decomposition of the conjugation operator
[(z) = A(z*),z € Ny N N explicitly in terms of corepresentations. Then, for a
unimodular quantum group, where I' = A, the modular automorphism group is
implemented by the absolute value of this operator.

Recall that in this section we use the notational conventions of Notation
3.5.

At this point we recall the relevant results from the theory of normal, semi-
finite, faithful (n.s.f.) weights and their modular automorphism groups. This
is contained in [18, Chapters VI, VII, VIII]. We emphasize that the notation
sometimes differs from [18].

Consider the following two operators [18, Section VIIL.3]

Syo: Hy — Hy : T(x) = T(z"), x€NynN, .
So: Hy — Hy : T(z) = A(2%), x e NyNN. (M)

Both operators are densely defined and preclosed. We denote their closures by
Sy and S, respectively. Sy, and S correspond to Sy and S, in [18, Section
VIIL.3, (13)]. We denote their polar decompositions by S, = JwVi, S =JV:. By
construction, Jy, and V, are the modular conjugation and the modular operator
appearing in the Tomita-Takesaki theorem. In particular, V, implements the
modular automorphism group O’;’b , Le.

ol (my(z)) = Vimy(z) VY, r €M, teR. (8)

Furthermore, Vﬁf,t € R, is a homomorphism of the left Hilbert algebra I'(NV, N
N, ie.

Vims(2)V T (y) = m(VyI(2))D(y), (9)
where m(a)b = ab for a,b € T(N, NN). By [18, Section VIIL3, (11) and (29)]

the modular automorphism group of is implemented by V, i.e.

of (x) = V'V, r€M, teR. (10)

We emphasize that in general V¥ t € R, fails to be a Hilbert algebra homomor-
phism of the left Hilbert algebra I'(NVy NN). In case (M,A) is unimodular,
we find that V = V,, and V" t € R, satisfies the relation (9). This fact will
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eventually lead to Theorem 4.8. However, we present the theory more general and
do not suppose that (M, A) is unimodular until this theorem.

It turns out that the polar decomposition of S can be expressed in terms of
corepresentations by means of the Plancherel theorems. The polar decomposition
of Qro0So ngl and the morphisms Q; and Qg give the polar decomposition of
S. Eventually this yields Theorems 4.6 and 4.7.

Remark 4.1. For ¢ = [Y&udu(U) € H and n = [“nudu(U) € H, and
A= [®Apdu(U), B = [® Bpdu(U) ecomposable operators on H, we will use
(£,7) € D®(A, B) to mean ¢ € D(A),77 € D(B), (¢ @ Tp)y is square integrable
and [® &y @mpdu(U) € D(f@(AU(X)BU)d,u(U)). For closed opeators A and B the
set of [© &y @Tpdu(U) with (&, 75) € D(A, B) is a core for [©(Ay ® By )du(U)
by Lemma 6.1. In particular this set is dense in f@ Hy @ Hydu(U).

Let ¥ be the anti-linear flip ¥ : [ Hy @ Hydu(U) — [© Hy @ Hydu(U)
[® & @mrdu(U) = [y @ Eudu(U). ¥ is an anti-linear isometry of [© Hy @
Hydp(U).

Lemma 4.2. Forn = ffg( nudu(U fIC yvdp(U) € H, with (n,€) €

D®(E~Y, D)), we have Q' (flC(M) v ® mniu(U)) € D(S) and:

0,050 0Q;! (/I@ §U®n—Udu<U>):(/I® Eﬁlnv®mdu(U))- (11)

C(M) C(M)
Proof. By Lemma 3.9:
52
ot ([ & oman)) =1 [oug ) 0im@). 2)

By Lemmas 3.7 and 3.9 we obtain

[ )00 = [0 000, )O)0) ) € NN,

Hence, by (7), (12) and Lemma 3.7

oesoo (/@ . ®n—Udu(U>) _o, (A (/@®w§U7EU1nU)(U)du(U)*)>
- (/@ Ej'ny @ %c&t(@) :

from which the lemma follows. ]
We are now able to give the polar decomposition of Qp 0 .S o le.
Theorem 4.3. Consider Sg := QproSo le as an operator on fleé(M) Hy ®

Hydu(U). Then the polar decomposition of Sq is given by the self-adjoint, strictly
positive operator fIGé(M) Dy ® E(}ld,u(U) and the anti-linear isometry X.
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Proof.  Throughout this proof, let n = [“nudu(U) € H, ¢ = [¥ &udu(U) €
H, o = [nydu(U) € H and & = [¥&,du(U) € H be such that (ny ®&y)u and
(M ® &)u are square integrable.

Assume (n,&) € D*(D, E-1), (¢,7) € D®(D, E-1), so that by (11),

5]

([ (@ oman). 5o [ (€ @ i) =
&) D .
( / (& © T5)du(U), / (' © Dol )dp(U)) =
/ (€0, B ) (Dol ddp(U) =
/ (B 6w 1i) (€ D) du(U) =

([ @ o), [ (Dons @ Be)auv

So 5% (f &y @ ) dp(U )) = [*(Duny @ Eyter)du(U).
Assuming (§,7) € D®(D2,F), it follows

® @
Sase ([ (@ omauw)) = [ (Db © BPw)iuv).
Ik @ D% @ E_(}Qdu(U ) is a positive, self-adjoint operator for which the set

¢ = spanc { [ (&0 0 mu() | () € D02 57},

forms a core by Lemma 6.1. Since 555 is self-adjoint and agrees with the self-
adjoint operator [¥ D @ E;2du(U) on C we find S5Sq = [© D} @ E;2du(U).
Assuming that (£,7) € D®(D, E~1),

so( [ Dy o)) ( | “ ST(D)) -

2 ([ v o B = [ (85 @ Digautw),

so that Sg and X o (f@ Dy ® E_Eldu(U)> agree on a core, cf. Remark 4.1. [

Finally we translate everything back to the level of the GNS-representations
H, and Hy.

Proposition 4.4.  Let

DV% :Spanc{ (L ® wﬁUﬂ?U)(U)d:u(U) ‘ where

n € D(E)ND(E™), (€ En) € DY(D,E7)},
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and define Vé ; F(DV ) — Hy by

1
2
0

I( /W)“ 9 ey )OO 5 (| (08 g, 0, U)AO),

IC(M)

1
Then Vi s a densely defined, preclosed operator and its closure V%, is a self-

adjoint, strictly positive operator satisfying QROV%OQEI = fg(M) Dy®FE; du(U).

Proof.  Let C := spang {f@ o @mudu(U) | (€,n) € D®(D2U,E52)}. Then C

is a core for [ Dy @ E;'du(U). Indeed, C is a core for [© D2 @ E;2du(U) by
Lemma 6.1, and hence this is a core for [¥ Dy @ Ejldu(U).
Now, let n = [ nudu(U) € H and € = [ &uydu(U) € H be such that

neDE)NDE™), (&, En) € D¥(D,E™).

So n € D(F) and ({y ® Eynu)y is square integrable, so that
J (e ® wey ) (U)dp(U) € Ny

by Lemma 3.9. Similarly, since E~'n € D(E) and (Dy&y ® ny)y is square inte-
grable, [(t® Wy ey e ) (U)dp(U)) € N, . Furthermore, we have the following
inclusions:

S _
€ C QT ) €D([ Dy Byldu(v)

and for x € I'(D_y) we have,

A
Vi) = 0 ([ pue Bana)) Quto)

Since Qp is an isometric isomorphism, the claims follow from the fact that [ *Dy®

E;'du(U) is a self-adjoint, strictly positive operator for which C' is a core. [

Proposition 4.5.  Let Dy, be the linear space

[S5]
span(c{ (L ® way’?U)(U)d:u(U) ’ where

¢ €D(D ), neDE), (& ® Eyny)y is square integrable},

and define Jo : I'(Dy,) = Hy -

I( /IC(M)a © ey OO 5 A [ 0w OO

1C(M)

Then Jy is a densely defined anti-linear isometry, and its closure, denoted by J,
18 a surjective anti-linear isometry satisfying Qr o J o Ql_%l =3.
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Proof.  Let C := spanc { [ & @ nudu(U) | (§,n) € D*(D~',E)}. C is dense
in [ Hy @ Hydu(U), c.f. Remark 4.1.

For n = [“nudu(U) € H and € = [¥ &ydu(U) € H so that € € D(D™Y),
n € D(E) and (§y ® Eyny)u is square integrable, we find [ (t®we, ., ) (U)dp(U) €
Ny and [(¢ ® Wpote, pn)(U)du(U)* € N, by Lemmas 3.7 and 3.9. So C' C
Qr(T(Dy,)), and for x € T'(Dy,), Jo(x) = Q' o ¥ o Qp(x). Then, since Qf
and Qp are isomorphisms, the claim follows from ¥ being a surjective anti-linear
isometry. [ ]

Note that the previous proposition is an analogy of the classical situation.
Suppose that G is a locally compact group for which the classical Plancherel
theorem [5, Theorem 18.8.1] holds. The anti-linear operator f — f* acting on
L*(G) is transformed into the anti-linear flip acting on [ K(¢) ® K(¢)du(¢) by

the Plancherel transform. Here f*(z) = f(z=1)dg(z™') and dg is the modular
function on G.

From Theorem 4.3 and Propositions 4.4 and 4.5 we obtain the following
result.

Theorem 4.6.  The polar decomposition of S is given by S = JV2.

The roles of ¢ and ¥ can be interchanged. Consider the operator:
S Hy, — Hy : AM(z) = T(z%), zeN,NN. (13)

This operator is densely defined and preclosed. We denote its closure by S’. The
polar decomposition of S’ can be expressed in terms of corepresentations in a
similar way.

Theorem 4.7.  Consider S’ : H, — Hy. Let D', be the linear space

D
spanc /IC(M)Q ® ey )(U) dia(U) | where

£e€D(D),neDE),(Duéy @)y is sq. int.},
and define Jj : A(D'})) — Hy:
A(/IC(M)(L ® wWey e )(U) dp(U)) — F(/IC(M)(L @ Wyt ot ) (U)AR(0)

Then J§ is densely defined and isometric, and its closure, denoted by J', is a
surjective anti-linear isometry. Let

Dy = spamel | (49 ) (U)d(U) | where
¢ € D(D) MDD, (D7) € DD, ).

and define VEF ; A(DV%) — Hy:

0

A(/IC(M)(L ® Weyy iy ) (U)dp(U)*) A(/IC(M)(L ® “Dalﬁu,EUnU)(U)du(U)*).
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1
Then VE)Q 1s a densely defined, preclosed operator and its closure, denoted by V'z ,
18 a self-adjoint, strictly positive operator.

Moreover, the polar decomposition of S’ is given by S’ = JV'z .

We now assume that (M, A) is unimodular, so that S = 5" = S, and
Theorem 4.6 give an explicit expression for the modular operator and modular

conjugation. This leads to the following expression for the modular automorphism

group. In this case we write o, for of = o7 .

Theorem 4.8.  Suppose that (M, A) is unimodular. Let (&), (nu)u be square
integrable vector fields. The modular automorphism group o, of the Haar weight
WY can be expressed as:

o ( /IC(M)u 9ty (O(D) ) = /IC(M)u © wppey paeny)(O) (V). (14)

Proof.  Forn= [“nudu(U) € H, ¢ = [¥ &ydu(U) € H, such that (&5 @7y
is a square integrable field of vectors and n € D(E), we find

V0 ([0 i) @)n0)) =1 ([0 wrcsgen) @) . (19
S 2it . —_—
Indeed, ([*(Dy @ By )ap(U)) " (€ @ 7) = [*(D¥'éy @ BFng)du(U) by 15,
Theorem 1.10], so (15) follows from Lemma 3.9 and Proposition 4.4. Since
or(my(z)) = Vi, (2)V=" x € M, (9) implies

o (m ( / (L® ng,nU)(U)du(U)>) =Ty ( / (¢ ® wpzitg,, m2ity, ) (U)dp(U )) :
(16

so the theorem follows from the identification of M with 7, (M), in this case.
Now let n = [“nudu(U) € H and € = [ &ydu(U) € H be arbitrary.
We take sequences of square integrable vector fields &, = [ @ Eundu(U), n, =
Ik @ Nundp(U) such that (§u, ® Mu,)u is a square integrable field of vectors,
N, € D(F) and such that &, converges to & and 7, converges to 1. Then
St ® wey ) (O)dp(U) is o-weakly convergent to [(1 ® we, ) (U)du(U) and

hence
o, (/(a@ng,nU)(U)du(U)) = lim o, (/(a®ng,n,nU,n)(U)du(U)> -

i ([ 09w, g JOMO)) = [0 g g, O)),

n—oo
which yields (14). [

We used (9) to obtain (16). The unimodularity assumption is essential for
Theorem 4.8.
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Corollary 4.9.  Let (M,A) be unimodular. Let n = [*nudu(U) € H, € =
[P epdu(U) € H, v € R be such that n € D(E*) and & € D(D?), then:

/W“ ® wey ) (U)d(U) € Do),

for all z in the strip S(r) := {z€C|0<Im(z) <r, orr<Im(z) <0}. In
particular, if n s analytic for E and if & is analytic for D, then fIC(M)(L ®
Wey ) (U)Ap(U) is analytic for the one-parameter group o.

Proof. For a € M,, define
Folz) = (/(L ®WD%Z§U,Egian)(U)du(U)> =
([(we 0@ [ Do) [eano), [ Budu@)?* [nduw)

Here the last equality follows from [15, Theorem 1.10]. By [18, Lemma VI.2.3],
F,(z) is an analytic continuation of a (of ([ (¢ ® we, ) (U)dp(U))) to the strip
S(r) such that F,(z) is bounded by a constant C| a|| where C' is indepen-
dent of «. Moreover, F,(z) is continuous on S(r) and analytic on the inte-
rior S(r)°. Therefore F(z) = [(t ® wppizg, gz, )(U)du(U) is a continuation
of oy ([ (¢ @ wey 1, )(U)dp(U)) to the strip S(r) such that F(z) is bounded and
o-weakly continuous on S(r) and analytic on the interior S(r)° [12, Result 1.2].

]

5. Example

Using the theory of square integrable corepresentions, Desmedt [2] determined the
operators Dy and Ey; for the corepresentions that appear as discrete mass points
of the Plancherel measure, see also Remark 3.4. In particular, his theory applies to
compact quantum groups, for which every corepresentation is square integrable. As
a non-compact example, Desmedt was able to determine the operators Dy for the
discrete series corepresentations of the quantum group analogue of the normalizer
of SU(1,1) in SL(2,C), which we denote by (M,A) from now on, see [9] and [6].
Having the theory of Sections 3 and 4 at hand we determine the operators Dy
and Fy for the principal series corepresentations of (M, A).

We refer to [9] and [6] for the relevant properties of (M, A) and use the same
notational conventions. In [6, Theorem 5.7] a decomposition of the multiplicative
unitary in terms of irreducible corepresentations is given:

w=ep /® Wyadz ® B Wya | - (17)

peq? (=1.1] z€04(Qp)

Here 04(€2,) is the discrete spectrum of the Casimir operator [6, Definition 4.5,
Theorem 4.6] restricted to the subspace given in [6, Theorem 5.7]. W, . is a
corepresention that is a direct sum of at most 4 irreducible corepresentations
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[6, Propositions 5.3 and 5.4]. An orthonormal basis for the corepresentation
Hilbert space L,, of W,, is given the vectors e5(p,xz),e,n € {—,+},m €
Z. The corepresentations W,,,p € ¢%,x € o(Q,) are called the discrete series
corepresentations and the corepresentations W,.,p € ¢*,x € [—1,1] are called
the principal series corepresentations. We denote D,, and E,, for Dy, and
Ew, .. The operators D, , have been computed by Desmedt [2] for the discrete
series. Hence we focus on the principal series. In Appendix 7 we verify that (M, A)
satisfies the conditions of the Plancherel theorem, so that the theory of Sections
3 and 4 applies. Furthermore, (M, A) is unimodular [9]. We denote the modular
automorphism group of the Haar weight by o, .

By [6, Lemmas 10.9] the action of the matrix elements in the GNS-space
can be calculated explicitly:

(t®w s e’ 71 1) Wae) fmoporto =
_ _ _ !
C(T]&’L’, m € 77]/; gé‘llpolp lq mem y Po, T — ml>559n(p0)77777/ m07m+m’,€s’|p0|p—1q_m_m/ to”

Fix p € ¢*. Let ,n,m,e’,n',m' be p-measurable functions of z € [—1,1], thus
e = e(x),n = n(x),.... Let f,f be p-square integrable complex functions on

[—1,1]. Then f(z)es) = f(z)e(p.x) and f'(x)e;)” = f'(x)e;,” (p,x) are p-
square integrable fields of vectors. Since the modular automorphism group o; is
implemented by v*y [9, Section 4], Theorem 4.8 yields

(/[‘ 1] (L ® wf(x)D%f;ef,’L”,f’(x)ngéesl;nl) (WP:CL") du(ﬂf)) fmo,po,to

=0 </[_1 1]<L ® wf(x)efﬁn7f’(x)eii}"/) (Wp,x) d:u(x)) fWLo,po,to

_ 2it —2it

b ([ 080 ) T ) ) Bl o
[_171] m

ot
p
—( - _°2m_2m,> F(@) f'(2)C(nezsm! &' 0’y e’ |polp ™ a~™ ™, po, m — m/)
bop g [-1,1]
X 659"(1’0 )’ mo—mA4m! g’ |po|p~lq—™— m/ todu( )

:(p2q2m+2m )it /[ 1 ](b “ wf(x)egn;",f’(a:)esl}"/) (Wh.a) di(@) fino posto-
1 m
(1

8)
Define A and B as the unbounded self-adjoint operators on f 11 L du(z)
determined by A = f 1] Ay pdu(z), A, (px) = p*¢*mes!(p,x). B =
J21 1y Boadit(@), Bpaei?(p.2) = 42"e1(p, ). So (18) yields

/ (@ Wy pases poymses ) W) dii(2)
/ , o (19)

(1 ® W az ez praym, e ) Woa) dp(@),

where the integrals are taken over [— 1 ,1]. For any two bounded operators F =
f[ v B (x), G = f 1] Gpdp(z) on f[ 1] L, dp(x), the linear mapping
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(f [~1,1] Ly dp(x > ® (f[e_BLH ﬁp,xdu(l‘)) — M given by

b S
(% ® w = / Uﬁﬂd:u(x) ® / wzdlu(m) = / (L ® wFp,zUzpr,zwz) (vax) du(x)
[ [_171] 171]

~1,1]
is norm-o-weakly continuous since

| a ® Wy, (W )dp(@)| < [l || FIGI[v]l[lwl]l, or € M.

[_171]

Therefore, for v :f[ 1) Vadi(), W f[ 1) Wadp(x Ef[ 11y Lpadu(z), using [4,
I1.1.6, Proposition 7] and (19),

/ (L®ngfivm,ng£wz) (Wp@) d[,b(l’) = / ](L@WA;{IUI,B;‘:IwI> (Wp@) d,u(l') (20)
(-1.1] 1,1

For v = f[@l ) Vedpt(z), w = f[ 11] wedp(x) € f 11y Lpadp(x), with (vy), essen-
tially bounded, w € D (f[ 1) Epedp(a )) , Theorem 3.10 implies that f[—1,1]<L ®
Wity mitw,) (W) du(z) € ./\/’w. By (20) and Theorem 3.11, B}l w, € D(E,,)

almost everywhere in the support of (vx)x Theorem 3.10 implies that for v =
f[g_gl’” vldp(z), w’ —f[ 1) Wadp(x) € f[ 11 Lpadpp(x) with the extra assumptions

w €D <f[_171} E? du(x )) and (v, ® E,,w!), is square integrable,

1t 2 it
/[ Bl B ) o, A ) )

:1/} <(/ (L ® wA;JtyzvszzlJt,zwz)( b,z d,LL ) / ® wv JWh, (Wp,ﬂ?)du(x))
(-1,1] (-1,1]

=9 ((/ (t® wD%fivz,E,?fiwz)( pe)dp(x ) / L @ Wt (Wp,r)dﬂ(x))
[(-1,1] [-1,1]

- /[ (B B ) o, D ).
1,1

E

b,
Egmwmd,u( r) are dense in f[ 11 Lpadi(@ ®f[ 1) Lpadp(z), so f[E_BLl] DX ®
EQZt f[ L] A¥ ® B” LAdp(z ) By Stone’s theorem and [15, Theorem 1.10]

f[_l 1y Dpa ® E, E,.du(r) = f n Aﬁx ® sz2du( r). Hence we see that there is a
positive functlon c(p,x), Such that

« 18 strictly positive by the Plancherel theorem. The elements f[e_al 1 vl ®

Dy € = pq™"c(p, x)e;),
By e = q "e(p,v)e).

The function ¢(p,x) depends on the choice of the Plancherel measure p, see [2,
Theorem 3.4.1, part 6].
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Remark 5.1.  Desmedt [2, §3.5] obtains a similar result using summation for-
mulas for basic hypergeometric series, a method different from the one presented
here. Note that the present method also applies to discrete series corepresentations
and avoids caclulations involving special functions.

6. Appendix

For the theory of direct integrals of bounded operators we refer to [4]. For the

theory of direct integrals of unbounded closed operators we refer to [15], [16] and
[20, Chapter 12].

Lemma 6.1.  Let (X,pu) be a standard measure space. Let (Hp), and (K,),
be measurable fields of Hilbert spaces. Let (A,), and (B,), be measurable fields
of closed operators on (H,), and (K,), respectively. Let (ey),,n € N be a
fundamental sequence for (Ap), and let (f})p,n € N be a fundamental sequence

for (Bg)p. Set A = f;prd,u(p), B = ffprdu(p), H = ff?dep(p) and
K = [ Kydu(p).
(a) (A, ® B,), is a measurable field of closed operators.

(b) The countable set
R={(eg® fI")p | n,meN},

is a fundamental sequence for (A, ® By),.

(c) The set

® §= fX fpd:“
T = spang / & @ mpdp(p) | = [ pdu(p)
X [ (& @ 1,)du(p)

is a core for f)?(Ap ® B,)du(p).

€ D(A),
€ D(B), ,
€

D([7 (A, ® By)du(p))

Proof. We first prove (a) and (b). By [4, II.1.8, Proposition 10], for (&,),,
(m,), measurable fields of vectors, there is a unique measurable structure so that
(&, @ 1), is a measurable field of vectors. We check (1) - (3) of [15, Remark 1.5,
(1) - (3)]-

(1) (e ® f;")p is a p-measurable field of vectors and e) @ fi* € D(A, ® B,) for
all p. The function

p= <(AP®BP)(€z®f1:n)p7 (egl ®f17)nl) > <A ep’ep ><Bpf;n7fpm/>7

is pi-measurable, so (2) follows. For (3) fix a p € X. By definition {e} | n € N} is
a core for A, and {f}' | n € N} is a core for B,. Then it follows from [7, Lemma
11.2.29] that spang {e? @ f" | n,m € N} is a core for A, ® B,, so that R is total
in D(A,® B,) with respect to the graph norm. In all, we have proved (a) and (b).

Using [4, I1.1.3, Remarque 1], we may assume that (ey), (resp. (f}'),)
satisfies p — [|(e}),ll (resp. p = [|(f;'),ll) is bounded and vanishes outside a set

of finite measure. Let

n,m n m n m -1
A = (max(1, [[(Ap, ® By)(ep @ £ 1Apepll, I 1Bpfy" 1))
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so Ap™ is measurable and 0 < A7 < 1. Using the assumption A" (ep@f,") € T'.
Moreover, p = [[Ap™(e) @ f;")|&rapn(a, o5,y 15 bounded. Let S = {(A\}™(ej @
) | m,m € N} CT. Now define

M = U me,
fec

p®Bp

where C is the set of bounded measurable scalar-valued functions vanishing outside
a set of finite measure and m; is multiplication by f. Then M C T C D([ f? (4,®
B,)du(p)) and by [4, I1.1.6, Proposition 7], M is total in D(f;?(Ap ® By)du(p))

equipped with the graph norm. Hence T is a core for ff(Ap ® B,)du(p). n

7. Appendix

(M,A) denotes the quantum group analogue of the normalizer of SU(1,1) in
SL(2,C). We use the same notation as in [9] and [6]. The Casimir operator {2
is defined in [6, Definition 4.5]. o(€2) and 04(€2) denote the spectrum and the
discrete spectrum of €2 respectively.

Proposition 7.1. Let x € [—1,1] and 2’ € 04(Q), so in particular v # .
Then the irreducible summands of W, are all inequivalent from W, 5.

Proof.  This follows from [6], since the eigenvalues of Q2 when restricted to W, ,
are contained in R\[—1, 1], whereas for W, , the eigenvalues of Q are in [—1,1].
]

The next propositions show that (M, A) satisfies the conditions of the
Plancherel theorem, cf. Remark 3.3.

Proposition 7.2. M is a type I von Neumann algebra.

Proof. We start with some preliminary remarks. The projections in g
correspond to the invariant subspaces of W and the minimal projections in M’
correspond to the irreducible subspaces of W. The partial isometries in M’
correspond to intertwiners of closed subcorepresentations of W'.

Let P € M' be the projection on P, f[ejl’l] L, . There are no intertwin-

ers between closed subcorepresentations of @pe £ f[e_sl 1 W, zdx and the direct sum

@peqz fiad(ﬁ) W« , see Proposition 7.1. Therefore, P commutes with every par-

tial isometry in M’ so that P is central. We have M’ = PM'P&(1—P)M'(1—P).
The von Neumann algebra (1 — P)M’(1 — P) is of type I since the direct sum de-
composition @pe 7 fiad @ W, . together with the preliminary remarks yield that
every projection majorizes a minimal projection.

Now we prove that PM'P is a type I von Neumann algebra. Define the
Hilbert spaces

Lo=|PLi |0 |PLow]. 2€(0,1);  Lo=dpeplpo

peq? peq?
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Then,
@

PK = L.dx, (21)
[0,1]
and we let Z denote the diagonizable operators with respect to this direct integral
decomposition.

We claim that Z C M’ C Z'. For the former inclusion, note that the
stepfunctions in Z are linear combinations of projections onto invariant subspaces
for M. By the preliminary remarks we find 2 C M’. To prove that M' C Z’,
note that by [6 Corollary 4. 11], M is the o-strong-* closure of the linear span
of elements JQ(pl,pg, )J p1,p2 € ¢%, n € Z. The operators Q(py,ps,n) are
decomposable with respect to the direct integral decomposition (21) as was proved
in [6]; combine |6, Proposition 10.5] together with the direct integral decomposition
[6, Theorem 5.7] and the definition of Q(p1,p2,n) [6, Equation (20)]. We prove
that J is a decomposable operator with respect to (21). It suffices to show that
J C Z' [4, Theorem I1.2.1].

Let B C [0,1] be a Borel set and let Pg € Z be the operator Pp =
f[(?il] XB(z)l,,dx, where yp is the indicator function on B. Pp is a projection
and we have

XBU—B(Q)K: = XBU—B(Q) @ ]C(p? m, ¢, 77) -

PyMLEN
Cdz @ / -
®(@ [, e @ [, ol o
$H P / Cdx = @ / Ly odr = / L.dr = Pk,
p men cBU—-B €cBU—-B x€B

where the second equation uses [15, Theorem 1.10] and the fact that there is a direct
integral decomposition K(p,m,e,n) = ff?m Cdz such that xp(Q)K(p,m,e,n) =

fsnz cp Cdx, see [6, Theorem 8.13]. Other equations are a matter of changing the
order and comblmng direct integrals.

Note that Q leaves the spaces KT and K~ invariant. Let PT and P~ be
the projections onto respectively Kt and K. Write, again using the notation of

§ N N
(@0 (950
(0w ) e (0 n )

where OF = QP* and Qf = QuP*. Note that Q* is a self-adjoint extension of
QF . By [6, Equation (11)] we see that .J leaves the spaces K and K~ invariant.
We claim that

T+ Qs = QF, Je-Q J)e- = -0 (23)

By [6, Equations (11) and (19)] we find that JQoJ frps = sgn(pt)Qo frmpe, S0 that
JQiJ = Qf and JO5J = —Qy . Hence JQ*J D Qf, and JQ~J D —Qp . Let
x € M', and write:

L 0 0 v
JoJ =y @y, y+:(?(4)1 y;)eM+, y‘z(yl gQ)GM_,



926 CASPERS AND KOELINK

where the decomposition is as in [6, Proposition 4.8]. By that same proposition, we
find that y; QY C —Q gy, 1,2 C —QFyy, 4y QT C Oy and y7 QO C Qyy .
This implies the inclusion in the following computation:

~ + A ~ a
xJ<é2 (iQ_)J:JJx

So JOQtJ @& —JOJ is a self-adjoint operator affiliated to M extending Q. So 6,
Theorem 4.6] implies that (j|;g+Q+j\;¢+ O —Jx- Q‘j|,cf> = ), which results in
(23). A

To prove that J C Z', it suffices to prove that for all Borel sets B C [0,1],
JPgJ = Pg. Indeed we have

JPgJ = Jxpu_p(Q)J = JlcsxBo-8(Q) |+ @ |- xBu-(Q7) |-
= x5u-5(Q") & x5u-B(Q7) = xXpu-B(Q) = Ps.

The first and last equality are due to (22); the third equality is due to (23). In all,
we have proved that Z2 C M C Z'.

Let W, = (@peqz p,x> ) (@peqz p,,x) for z € (0,1] and W, =
@D,cz Wpo- The operators Q(pi,p2,n) form a countable family that generates

~

M [6, Proposition 4.9]. We apply [4, Theorem I1.3.2] and its subsequent remark,
together with [4, Theorem I1.3.1] to conclude that

S
PMP:/ M, dz, (24)

€l0,1]

where M, is generated by {(w ® 1)(W,) | w € M,} almost everywhere. The pro-
jections in Mg’c correspond to irreducible subspaces of W, . Since W, decomposes
as a direct sum of irreducible corepresentations [6, Proposition 5.4], every projec-
tion in Mg’c majorizes a minimal projection. We find that M; is type I and by [7,
Theorem 14.1.21], [17, Corollary V.2.24] and (24) we conclude that PMP is type
I. |

Proposition 7.3. M., is separable.

Proof. Note that if w, € M, is sequence that converges in norm to w € M,,
then || A(wn) — AMw)|| < |lwn —w]| so that A(w,) converges in norm to A(w). Since
the norm on M, is the operator norm on the GNS-space and M, is the C*-algebra
obtained as the closure of {A(w) | w € M.,}. It suffices to check that M, is
separable. The Q-linear span of {wy,, .\ f. . . | mi € Z,pit; € I,1=0,1} is
weakly dense, hence norm dense in M,. ]
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