Journal of Lie Theory
Volume 21 (2011) 189-203
(© 2011 Heldermann Verlag
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Abstract. The starting point of this paper is an observation by Okounkov
concerning the projection of orbital measures for the action of the unitary group
U(n) on the space Herm(n,C) of n x n Hermitian matrices. The projection of
such an orbital measure on the straight line generated by a rank one Hermitian
matrix is a probability measure whose density is a spline function. More generally
we consider the projection of orbital measures for the action of the group U(n,F)
on the space Herm(n,F) for F = R, C, H, and their relation with Dirichlet
distributions.
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1. Introduction

For k = (k1,...,kn) € (R%)™, the Dirichlet distribution D is the probability
measure on the simplex

Ay g={r=(n,....,7mm) €ER" | >0, 4+ +7,=1}

defined by

(r) D (dr) = cnlm) /A Fyrat A (dr)

Anfl

where A is the normalized uniform distribution on A, _;, i.e. the normalized
restriction to A,,_; of the Lebesgue measure on the hyperplane 7 +--- 47, =1,
and C, (k) is a normalization constant.

For a = (ay,...,a,) € R", the probability measure M, (x;a) on R is the
image of the Dirichlet distribution D) by the map

A, — R, 7 aim+ -+ a,Th.
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On the other hand let Herm(n,F) denote the space of n x n Hermitian matrices
with entries in F = R, C or H, the field of quaternions. For z € Herm(n,F) let
1t denote the orbital measure associated to the orbit O, of x for the action of
the group U(n,F) on Herm(n,F). The projection of the orbital measure p, on
the straight line RE}; equals M, (k;a) where k1 = ... = Kk, = %l, d=dimgF =1,
2 or 4 and aq,...,a, are the eigenvalues of x.

Motivated by this fact, we investigate the measure M, (k;a). First we establish a
Markov-Krein type formula:

/Rﬁ]\/[n(/{; a;dt) = ﬁ(z_la)ﬁi, z € C\R,

i=1

where o« = k1 + - -+ + k,. Then, by taking the difference of the boundary values
along R of both hand sides and solving a convolution equation we obtain

1 .
M, ) =——T Y1) *Tia
(k3a) = —5—T(@)Ya1) x T,
where Y{,_1) is the distribution supported by ] — oo, 0[ with density I‘(a;—l<_t>a_2
and the distribution 7}, is the difference of the boundary values along %R of the

holomorphic function

gra(2) =[] ( ! )™

Z— a;
i=1 v

In the case 0 < k; <1, a = Kk; + -+ K, = 1, we get a formula which has been
previously obtained by Cifarelli and Regazzini [3], see also [4], [7].

Inthecase kK1 =... =k, = % the measures M, (k;a) are the projections of orbital
measures for the action of U(n,F) on the space Herm(n,F). For F = C (d = 2)
the densities of the measures are spline functions as observed by Okounkov (see
[11], page 170). For F = H (d = 4) the densities of these measures are piecewise
polynomial of degree < 4n — 2. For F =R (d = 1) the situation is not as simple.
The densities are piecewise analytic with singularities at ay,...,a,.

Finally we compute the moments of the measure M, (k;a). If k1 = ... =k, =
0, then the moments can be expressed as normalized Jack polynomials with

parameter 6.

2. Dirichlet distributions, orbital measures, and their projections

For K = (k1,...,k,) € (RL)", n > 2, the Dirichlet distribution D is the
probability measure on the simplex

Ay g={r=(n,....,mm) €ER" |, >0, +---+ 7, =1}

defined by
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where « is the normalized uniform distribution on A,_1, i.e. the normalized
restriction to A,_; of the Lebesgue measure on the hyperplane 7 +---+ 7, =1,
and

Cn(k) = /A T a(dr).

This constant can be evaluated:
[(k1)...T(ky)

Cn(k) =(n—1)! i) ,

where |k| = K1 + ... + K,, by using the following integration formula: for an
integrable function f on (R;)",

/(R+)n f(x)dz = ﬁ /0+0<> /Anl f(rr)a(dr)r™tdr. (2)

For a = (ay,...,a,) € R" satisfying a; < ... < a,, the probability measure
M, (k,a) on R is defined as the image of the Dirichlet distribution Dgf) by the
map
A, 1 — R, 7T— a4+ a,Th.

This means that, for a continuous function F' on R,
/ F(t)M,(k;a;dt) = / Flaymy + - + an7) D (dr). (3)
R An—l

The support of the measure M, (k;a) is [a1, a,].

Let Herm(n,F) denote the space of n x n Hermitian matrices with entries
in F=R, C or H, the field of quaternions.
The unitary group U(n,F) acts on Herm(n,F) by the transformations

z— uzu* (u € U(n,F)).
For x € Herm(n,F), let O, denote the orbit of x:
= {uzu” |u e Un,F)},

and p, the orbital measure on H,, = Herm(n,F) supported in O, given by, for a
continuous function f on H,,

[ o) - / |

where v is the normalized Haar measure on U(n,F). By the spectral theorem, the
orbit O, contains a real diagonal matrix a = diag(ay,...,a,), where ay,...,a,
are the eigenvalues of x; hence the orbit O,, and the orbital measure p, only
depend on the eigenvalues of z. We consider the projection of the orbital measure
(t; onto the straight line generated by the rank one matrix ;. We define the
measure M, on R as follows: for a continuous function F' on R,

/R F(t)M, (dt) = / L, Flo(dy) = / F((uau*) ) (du).

U(n,F)
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Theorem 2.1.  Let aq,...,a, be the eigenvalues of x € H,,. Then
Ma: = Mn(K'a a)a

where k= (%,..., %) with d = dimgF = 1,2,4.

This is stated in [11], p.170. See also [5].

Proof. We may assume that © = a = diag(ay,...,a,) . By computing the
product uau*, we get

(uau™);; = 0L1|uu|2 4+ 4 an|un1|2.

Consider the map ¢ : U(n,F) — S(F") which, to u € U(n,F), associates the first
column of u, u+— (uy1,...,uy1) and where S(IF") is the unit sphere of F" ~ R".
The image under ¥ of the normalized Haar measure v on U(n,F) is the normalized
uniform measure o on S(F"). Hence, for a continuous F' on R,

[ o0 = [ Pl oo,
R S(Fn)
Consider now the map
o S(F") — A1,
U= (U, .., Up) =T =(T1,...,Tp) = (|u1|2,...,|un|2).

The image under ® of the measure ¢ on S(F") is the Dirichlet distribution DS
with k; = g: for a continuous function f on A, _1,

[ Pt = [ 0,

Therefore, for a continuous function F' on R,

/ F(a1|u1|2 + 4 an|un|2)a(du) = / F(aim + -+ + an7y) D5 (dT).
Sdn—l An—l

Finally M, = M,(k;a). O

3. Markov-Krein type formula for the measure M, (k;a)

For o € C and z € C\| — 00, 0], we define the function 2 as follows: if 2z = re?,

with 7 > 0, # €] — 7, 7[, then 2® = r®ei?,

Theorem 3.1.  The measure M, (k;a) satisfies the following Markov-Krein type
formula:

n

| =grtmaan = [[(-=5)" zeu-.al

i=1
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The Markov-Krein correspondence relates two probability measures v and

i oon R:
| mmertan) = esp(= [ toa1 + zurv(an).

See [8], Section 2.
In the present case v = ﬁ Yoy Kila,, = My(k;a) and a = |s].

Proof. We first assume Rez > a,. We will evaluate in two different ways the
following integral

I(a;z) = / exp ( — Z(z - ai)xi>x*f1_1 T ey L da,.
(R4 )™ i=1
a) By the Fubini Theorem
n +oo - n F(Ii)
I(a;2) = / e~ im0 %5 gy = TT —22—
].1;[1 0 o }:[1 (2 —a;)™

b) By the formula (2),
I(a;2) = —1 /+OO/ e r(Emam——anTn) pr1—1 T””’lrm’la(dﬂdr
7 (n—1)!Jo An_1 ! "

Integrating first with respect to r we obtain

I(|x|) U i
Ia;2) = (n—1)! /An_l (z—aym — - — an7n>lﬁ|a<d7—)
T (|x)) D (dr)
A T /A —am— - — apra)H
= T(k1)...T(kn) /R mMn(/ﬁa; dt).

Both handsides in the formula are defined and holomorphic in C\] —o00, a,,].
By analytic continuation the statement holds for z € C\] — 00, a,]. O

In [2] this formula has been established in the framework of the orbital
measures. From the Markov-Krein type formula one gets the following doubling

relation

Mo (K1, K1y voy By By Q1 1y e ooy Gy Q) = My (261, .00 2R, a1, .. ., ay).
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4. A few basic facts about hyperfunctions in one variable

In order to derive a formula for the measure M, (x;a) we will use some elementary
properties of hyperfunctions in one variable. Let us recall the definition of a
hyperfunction in one variable.

Let U C R be an open set, and W C C be a complex neighborhood of U such
that W NR = U. By definition, the space B(U) of hyperfunctions on U is given
by

BU) = OW\U)/O(W),

where, for an open set V' C C, O(V) denotes the space of holomorphic functions on
V. The space B(U) does not depend on the choice of the complex neighborhood
W. For F € OW\U), [F] denotes the equivalence class of F' in B(U). Define

F inWt 0 inWt
+ _ -
d _{O in W~ and _{—F in W~

The hyperfunctions [F7] and [F~] are denoted respectively by F*(z + i0) and
F~(x —1i0), and called the boundary values of F'. Then

[F] = F*(x +i0) — F~(z —i0).

Intuitively, [F] is the jump of F along U. A hyperfunction f € B(U)
vanishes on Uy C U if there exists a representative F' of f which is holomorphic
on (W \U)UU,. The support supp(f) of a hyperfunction f € B(U) is the
smallest closed set C' C U such f vanishes in U\ C'. For a closed set C' C R, the
space of hyperfunctions with supp(f) C C' is denoted by B¢ (R). Let K C R be
compact. We define the integral of f € B (R) on K as

/Kf(x)dx _ —AF(Z)dz,

where '€ O(W \ U) with [F] = f (K C U), and ~ is the oriented boundary of
a compact set in W containing K in its interior, the integral does not depend on
the choices of either F' or ~.

Let Q(/(K ) denote the space of analytic functionals supported by K. Such a func-

tional is a linear form on the space A(K) = ﬂ O(U), where U is a complex

UDK
neighborhood of K.

The Cauchy transform of an analytic functional T € ' (K) is defined as

1 1
Grle) =5y

).

The function G is holomorphic on C \ K, and defines a hyperfunction fr:
fr = [G7]. This gives a linear map

¢:UA(K) — BgR), T+— fr.
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Now define the map
Y BrR) — A (K), fr— Ty,

where T is defined as follows: for ¢ € A(K)
T.9) = [ 1@

One shows that ¢ o4 = Id, and that the spaces 2 (K) and B (R) are linearly
isomorphic. Therefore the space Q/K(]R) of distributions on R with support in K
can be seen as a subspace of B (R) see ([12], Chapter 1).

Let U C R be an open set. A function f defined in

{z=zx+iy|lzelU 0<lyl<e} (¢>0)

is said to be of moderate growth along U if, for every compact set K C U, there
is C' > 0 and an integer N, such that

, C
[flz+iy)l < —x (e K, 0<]yl<e)

y|

Let T € 2'(K) be the analytic functional associated to the hyperfunction
f=1[F] € Bg(R). Then T is a distribution if and only if F' is of moderate growth
along R. In such a case, for ¢ € D(R),

(T, ¢) = lim R(F(t +ie) — F(t — ig))p(t)dt.

Furthermore supp(7T') = supp(f) see ([1], page 39).
For Re(a) > 0, the distribution Y, is defined by

Yo i) = ﬁ / " ot

As a function of «, Y, admits an analytical continuation for a in C. Moreover
Ya*Yﬁ:Ya—i—B; }/0:5, Y_mzém (mGN)

In particular Y, *Y_, = 9.

For a € C )
@ = -2 Ya ) 7
<[Z ]730> (2 (—Oé>< +1 30>
where @(t) = o(—t).
In particular, for m € N*,
1
[z

M = —2ir——— g,



196 FOURATI

5. A formula for the measure M, (k;a)
For k = (K1,...,kn), a = (a1,...,a,), a1 < ... < a, the function

n

1
L Ve

=1

is holomorphic for z € C\| — o0, a,], and of moderate growth along R. Hence
[¢s.a) is a distribution with supp([gx.q]) C] — 00, ay].

If o = |k| is an integer, then ¢., is holomorphic at infinity, and supp([gx..]) C
[a1,a,]. Here is the the main result of the paper:

Theorem 5.1. 1
M (5:0) = = 5T (1) ¥y 1) * ) (4)

Lemma 5.2.  Let f be a holomorphic function on C\R with moderate growth
along R, and p a measure on R with compact support. Then the function F

defined by
F(2) = [ 1= tula

is holomorphic on C\R with moderate growth along R and
[F] = [f]* p.

Proof of Theorem 5.1. The formula in Theorem 3.1 can be written
/ flz = t)M,(k;a;dt) = gxa(2),
R

where f(z) = -, hence by Lemma 5.2

[f] % My(k; a) = [gr,a)-

We saw that

1
— _r——
Since
Yoo1 % (Yicax My(k;0)) = (Yae1 * Yi_a) * M, (k; a)
(the associativity holds since the three distributions involved have right bounded
supports), we obtain finally

1 .
Mn ) =——TI Ya— * |k,al- U
(@) = — 5 -T(0) ¥(amr) * g
From this formula it follows that supp(M,,(k;a)) C] — o0, a,] but at first glance it
is not clear that supp(M,(k;a)) C [a1,a,]. However it can be seen as follows: for
x < ap, the function
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H(z—a) z—lx)2

=1

is holomorphic in C\[z,a,], and its residue at inﬁnity vanishes. Therefore,
for a simple closed path ~ around [z,a,], f F(z = 0. It follows that

f[x o [Fl(z)dz = 0, and this can be written

/ (5 — ) 2gua(5)ds = 0.

We will make more explicit the formula (4) for several special cases.
We will denote by p the density of the measure M, (k;a).
If 0 < k; <1, then [gx,] is an integrable function:

[@s.a)(x) = —2isin(m Z K; H\:c—ajl M3

{ilaj>a}  5=1

If therefore o := k1 +---+ Kk, = 1, then Y, , = 0o, and

N(I):%Sm Z“J H|x—a]| "

a; >

This formula has been given in [4], example 5; see also [7], p 161-162 and [3].
If a > 1, then

a—1 [ a2 m
w(x) = - /z (s —x)* “(sin(m ZH] H|3 a;|”

a;>s

We come back now to the projections of the orbital measures.

a) In the case of F = C, then k; =1,

Corollary 5.3.  Assume that the a; are all distinct, then

pla) = (n—1) > cjla; — )",

a; >

1
where ¢; = H .
Qe — Q4
k#j J

Proof. In this case, we have
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and supp([gxa]) = {a1, ..., an}

If the real numbers a4, ..., a, are all distinct, then the poles of ¢, , are simple and
= 5" C; L with c-—H L
QH,a—‘ ]Z—CL‘7 vy ,ak—w'
j=1 J k#j J
Therefore

Theorem 5.1, gives

Since

we see that the measure p has a density u(x) which is a spline function

pla) = (=1 ¢la; —a)" >

a; >

Hence, if n > 3 p is a spline function with knots a4, ..., a, supported by
[a1, a,]. Tts restriction to each interval [a;, a;1] is a polynomial of degree < n—2,
and u is of class C™3. It can be shown that these conditions, with furthermore
S p(x)de = 1, determine the function p.

b) In the case of F = H, then x; = 2,

Corollary 5.4.  Assume that the a; are all distinct, then

p(x) = 2n=1) Y (e(a; —2) 7 + (2n — 2)d;(a; — 2)" )

a; >x

1
where dj = Hm, and Cj = 2d; Z

k#j k+#j g — a])

Proof. In this case,
n
Gral 11 )

and supp([¢s.a]) = {a1,...,a,}. If the real numbers ay,--- ,a, are all distinct,
then the poles of ¢, , are double and

ql{,a(z) - Z P aj + Z (Z . aj)27

j=1 j=1
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Thus .
[Gr.a] = =20 (¢;0a, + d;d,,.).

j=1
Theorem 5.1 gives

M, (k,a) = (2n — 1) Yau_1 % Z(Cj5aj + djfs;j)'

j=1

Since

5 1 . ; , 1 .
ngnfl‘kéa: m(@-l’)i 2 and ngnfl*da = m(a—x)i 3,

we can see that

pla) = 2n—1) Y (e;(a; — 7)™+ (2n = 2)d;(a; — 2)"7%).

a; >

The restriction of p to each interval [a;, a;11] is a polynomial of degree < 2n —2,
and p is of class C**~*. Similarly, these conditions, with furthermore [, pu(x)dx =
1 determine the functlon L.

¢) In the case of F =R, then k; = % If the numbers a; are distinct, then
[¢s.0) is a locally integrable function.

Corollary 5.5.  Assume that the numbers a; are distinct, then

n—2

o n_o . T - 1
o /m (s —x)2 31n(§jj{ak > s})f[l\s—ai] 2ds.
j:

p(x) =

If n is even, n =2m, n > 4, then

[QHa _222 Xlaz;— 1a23( ).
V i= 1 ‘l'—

Observe that the support of [q,@a] is the union of the intervals [agj_1,as;]. The
density p is, up to a constant factor, a primitive of order m — 1 of [g.,]. In
particular its restriction to each interval as;, agj+1] (1 < j < n—1) is a polynomial
of degree < m — 2

p(z) = n2;2 ;(—1)m‘j :n ;ﬁ; jlm__ =

If n,odd n=2m+ 1, then

X}a2j717a2j[(s)ds'

[QHUL = _22 X]agj,ag]' 1[(1;) + (_1)mX]—oo,a [(SL’)) T :
; ! ' [[is |z — ail
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The support of [gy 4] is the union of the intervals Jas;, asjy1[ and of the half

line | — 00, a] E
m/ s—x)™ q,.m]( )ds.

Finally we consider the limit of the measure M,(k;a) as k goes to 0.

Proposition 5.6.  Assume k; =cv; (¢ > 0,1, >0).
Then,

hm M,(elv|;a Zl/l a;
where v = (v1,...,V,), and |v|=vi + -+ + v, for the weak convergence.

Proof. It is enough to prove this limit in the distribution sense. By Theorem
5.1

We will use

/

Jim Yiejy1) = Yoy = =0
Further, since 0 < ey; < 1 for £ small enough,
1 n

_Z[Q(eu;a)](x) = SiH(Eﬂ' Z I/j)(H ‘ZE _ ai‘fszxi).

a;>x =1

1
Since I'(e|v|) ~ —, then

elv|
8liLnOF(5|y|)sin(e7r Z vj) i Z vj.

a;>x a;>x

and

n
lim H lx —a;| " =1 a.e.

e—0 -

By the Lebesgue dominated convergence Theorem, it follows that, in the distribu-
tion sense

G
1 - via
iy = el () = 1y 2 Z”ﬂ

This limit is a step function with jumps -v; at ay, therefore

n

SO ) ==Y v,

a;>x 7=1

Finally

: 1 O
eh£>10 M, (ev;a) = m Z Vida,. O

=1
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6. Moments of the measure M, (k;a)

We denote the moment of order m of the measure M, (k;a) by:
M, (k,a,m) = /thn(/i;a; dt).
R

Proposition 6.1.

Proof.
The Markov-Krein type formula of Theorem 3.1 can be written

we obtain for |z| > sup |a]

> (CY)m ) 1 > (/’il))\l...(lﬂln))\n n 1
Z—'mnKa,m)z—m:Z( Z WIS ayt - apt) —.

m=0 m=0 Aj+-+Ap=m
Recall the notation:
() =2(x+1)---(x+m—1).
The formula follows by identification. U

In case Ky = ... = K, = 0, the moments IM?(a,m) can be expressed as
normalized Jack polynomials. Following Macdonald [9], and Okounkov-Olshanski
[10], we use the notation P, (z1,...z,;#0) for the Jack polynomial with parameter
0 associated to the partition m = (ms,...,m,). For m € N, [m] denotes the
partition (m,0,...,0). Recall the Cauchy identity

n

H (1 —xzu i Qp[m] (1, ... xn; O)u™

i=1 m=0

and the formulae

|
P[m](x17~-xn;0> = i Z Mxi\ll)\” P[m](l,...l;e) = (n0>m



202

FOURATI

Corollary 6.2.

0)m
M’ (a;m) = (Ezﬁ))mp[m](al’ ce 3 0)
_ P[m}<a1, v Qg 0)
Poy(1,...,1;0)
In case 6 = 1, the Jack polynomial P}, reduces to the complete symmetric
function:
Poj(x1, .. 20 1) = hp(@,...,25)
= Z aighr g
Hence, for k =1, ML (ay, -+ ,an,m) = hp(as, - ,a,). It can be written
1 1 1
aq a9 (07%
m!(n —1)! 1
! A, M) =
(@ anym) (m+n—1!V(a,...,a,) :
a2 e
agnJrnfl a72’n+n71 o az@—&—n—l

where V' denotes the Vandermonde polynomial

Viay,...,a,) = H(aj —a;).
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